SEMI-STABLE VECTOR BUNDLES ON ELLIPTIC CURVES AND
THE ASSOCIATIVE YANG-BAXTER EQUATION

IGOR BURBAN AND THILO HENRICH

ABSTRACT. In this paper we study unitary solutions of the associative Yang—
Baxter equation (AYBE) with spectral parameters. We show that to each point 7
from the upper half-plane and an invertible (n x n) matrix B with complex coeffi-
cients one can attach a solution of AYBE with values in Mat,, «,,(C) ® Mat,,«,(C),
depending holomorphically on 7 and B. Moreover, we compute some of these
solutions explicitly.

1. INTRODUCTION

Let 7 € C be such that Im(7) > 0, ¢ = exp(mit) and

0(z) = 0, (z|7) = 2¢4 Z(—l)"q"("ﬂ) sin((2n + 1)7z)
n=0
be the first theta-function of Jacobi. Consider the following meromorphic function

/
o(u,x) = % introduced by Kronecker, see for example [15, Chapter VIII].

It is well-known that o(u, z) satisfies the celebrated Fay’s identity
(1) O-(Ua x)a(u + v, y) = U(u +v, T+ y)U(—U, JT) + 0<Ua y)a(u, x + y)
Note that the Kronecker function also satisfies the equality o(—u, —z) = —o(u, ).
As it was shown by Polishchuk [12, Theorem 5], up to a certain equivalence relation
the Kronecker function and its trigonometric and rational degenerations cot(u) +
cot(z) and % + % are the only solutions of the functional equation (1).

In this paper we study solutions of the matrix-valued generalization of the Fay’s
identity (1). Namely, we are interested in meromorphic functions r : (C?,0) — A®A,
satisfying the following equality:

(2) P (u,2)rP(ut v, y) =rPut v+ y)r (-, @) + P (0, g)r (v, +y),

where A = Mat,»,(C). The upper indices in (2) indicate various embeddings of
A® Ainto A® A® A. For example, the function r*? is defined as the composition

S AR A TS AR AR A,

where p;3(r ® y) = 2® 1 ® y. The two other maps r'? and r* have a similar

meaning. The equation (2), called associative Yang—Baxter equation, was introduced

by Polishchuk [12]. Its theory was further developed by Burban and KreuBler in [6].
1
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The first version of the associative Yang—Baxter equation (without spectral pa-
rameters) appeared in a paper of Fomin and Kirillov [7]. Later, it arose in a work of
Aguiar in the framework of the deformation theory of Hopf algebras [1]. A special
version of the equation (2) was also considered by Odesskii and Sokolov [11].

In what follows, we shall be interested in unitary solutions of the associative Yang—
Baxter equation, i.e. in solutions of (2) satisfying an additional identity r(—u, —x) =
—p(r(u, x)), where p : A® A — A® A is the automorphism given by the rule
pla®b) =b®a for all a,b € A. In this case, the function r(u,z) automatically
satisfies the “dual equation”

3) B, y)r*(u+v,2) =r2(u,2)r® v,z +y) +r?(u+ v,z + y)r?(—u,y),

see for example [6, Lemma 2.7]. The unitary solutions of (2) having the Laurent
expansion with respect to the first variable of the form

(4) r(u,z) = % +ro(z) +ur (z) + ...

were studied by Polishchuk [12, 13] as well as by Burban and Kreufller [6]. Such
solutions are closely related with the classical and quantum Yang-Baxter equations,
see [12, 13, 6] for more details.

In this paper we construct non-degenerate unitary solutions of (2) not satisfying
the residue condition (4). Moreover, we get solutions having higher order poles with
respect to the first spectral parameter u. It turns our that they can be frequently
expressed via the Kronecker function o(u, ) and its derivatives with respect to the
first variable. For example, we show that the elliptic function

r(u,z) = o(u, z) (611®611 +en®exnten®ern +621®€12) +0'(u, x) (612®6’11 —e12Qe22—

€11 ®epp +end® 612) — 0" (u,r)e1n ® ery
is a unitary solution of (2) for A = Matay2(C), where derivatives of o(u, z) are taken
with respect to the first variable.

The study of solutions of the associative Yang-Baxter equation is also motivated
by an observation of Kirillov [9] stating that any unitary solution of (2) determines
a certain family of commuting first order differential operators and hence, a very
interesting quantum integrable systems, see also [6, Proposition 2.9]. In particular,
one can attach to any unitary solution of (2) a second-order differential operator
of Calogero-Moser type, generalizing the construction of Buchstaber, Felder and
Veselov [5]. We hope that our approach to the construction of these operators via
the theory of vector bundles on genus one curves will be helpful to clarify their
spectral properties. On the other hand, our explicit solutions of (2) provide new
identities for the higher derivatives of the Kronecker function o(u, z).

The main result of our paper is the following. We fix a complex parameter 7 € C
such that Im(7) > 0 and an invertible matrix B € GL,(C). Let A = Z + 7Z be the
corresponding lattice in C and &(B) = {\y,..., A\, } the spectrum of B. We denote
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by ¥ = Xp the lattice {\ — X | exp(27i)), exp(2miN) € &(B)} + A C C. Then we
attach to the pair (B, 7) a meromorphic tensor-valued function

rg =rp(v,y) : C x C — Mat,«,(C) ® Mat,,»,,(C)

having the following properties:

(1) The function rp is a non-degenerate unitary solution of (2).

(2) Moreover, rg depends analytically on the entries of the matrix B and is
holomorphic on (C\ X) x (C\ A).

(3) Let S € GL,(C) and A = S'BS. Then we have:

ra(v,y) = (ST @S Hre(v,y)(S®9)

i. e. r4 and rp are gauge equivalent in the sense of [6, Definition 2.5].
(4) If B = diag(exp(2mi)y), ..., exp(2mi),)) for some Ai,..., A\, € C then the
corresponding solution rp is given by the following formula:

re(v,y) = Z o(v— M, y) ek @ ek,
k,l=1

where Ay = Ay — A, and o(u, ) is the Kronecker function.
(5) If B = J,(1) is the Jordan block of size n x n with eigenvalue one then

re(,y) = Y V(o) Y. e ®ein,

0<k<n—1 1<i<n—I
0<i<n—1 1<j<n—k

where V), are certain differential operators described in Definition 4.6.

The core of our method is the computation of certain triple Massey products in the
derived category D’(Coh(E)), where E = C/A is the complex torus corresponding
to the lattice A.

Acknowledgement. This work was supported by the DFG grant Bu-1866/1-2.

2. BRIEF DESCRIPTION OF THE MAIN CONSTRUCTION

In this section we present an algorithm attaching to a pair (B, 1) € GL,(C) x H,
where H C C is the upper half-plane, a non-degenerate unitary solution of the
associative Yang-Baxter equation (2) with values in Mat, »,,(C) ® Mat,,«,,(C). The
explanation of this method as well as proofs will be given in the next section.

In what follows, we denote A = Z+77Z. Let &(B) = {)q, ce )\n} be the spectrum
of B and ¥ = ¥ C C be the lattice {\ — X' | exp(2mi)), exp(2miX) € B(B)} + A.
We construct the tensor—valued function

rg: (C\X) x (C\A) — Mat,»,(C) ® Mat, »,,(C)

in the following way.
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e For any v € C consider the function
e(z) = e(z,v,7) == —exp(—2mi(z + v + 7)).
e Let Sol = Solg ,, » be the following complex vector space:
® is holomorphic
Sol = ¢ @ : C — Mat,x,(C) | ®(z+1) = D(2)
O(z+47)B =e(2)BP(2)
e For any y € C\ A consider the evaluation map ev,, : Sol — Mat,,(C) given

by the formula ev,(®) = mqmy), where

O(y) =03(yl7) =1+2 Z 7 cos(2mny)

n=0
is the third Jacobian theta—function with ¢ = exp(miT). Next, consider the
residue map resy : Sol — Mat,,,,(C) given by the formula resy(®) = &(0).

Proposition 2.1. For any v € C and B € GL,(C) the vector space Solg , , has
dimension n®. Moreover, if v & X then the linear map resy : Solg 4, — Matan((C)
s an zsomorphzsm

For a proof of this Proposition, see Corollary 3.13, Theorem 3.14 and Remark 3.15.

Next, we continue the construction of the tensor valued function rg.

e For any pair (v,y) € (C\ X) x (C\ A) consider the linear map 75(v,y) given
by the following commutative diagram:

Matan Matan

(5) \ /

SOIB7 v, T

In other words, 75(v,y) := ev, ores; .
o Let rp(v,y) € Mat,»,(C) ® Mat,,«,,(C) be the tensor corresponding to the
linear map 7g(v,y) via the canonical map of vector spaces
can : Mat,,,,(C) ® Mat, 5, (C) — HomC(Matnxn((C), Matnxn(C))

sending a simple tensor X ® Y to the linear map Z — Tr(XZ)Y.
The following theorem is the main result of our article.

Theorem 2.2. Let (B, 7) € GL,(C) x H.

(1) The function (C\X)x (C\A) — Mat, x,(C)®@Mat, «,(C), assigning to a pair
(v,y) the tensor rg(v,y) constructed above, is a non—degenerate holomorphic
unitary solution of the associative Yang—Bazter equation (2). Moreover, this
function is meromorphic on C x C.
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(2) Let S € GL,(C) and A = S7'BS. Then for any (v,y) € (C\ X) x (C\ A)
we have the following equality:

ra(v,y) = (S @S rp(v,y)(S® 9).

In particular, the solutions r4 and rg are gauge—equivalent in the sense of
[6, Definition 2.5].

The key idea of the proof of this theorem is to interpret the linear morphism 7g(v, y)
from the diagram (5) as a certain triple Massey product in the derived category
D*(Coh(E)), where E = C/A. The fact that rp(v,y) satisfies the equation (2) is a
translation of the A, —constraint mgo (m3@ 11T +1@mz®1+1®1®ms) =0.
For further details, see Theorem 3.16, Proposition 3.18 and Proposition 3.20.

3. PROOF OF THE MAIN THEOREM

In this section we explain the algorithm of the construction of solutions of the
associative Yang-Baxter equation (2) stated in Section 2 and prove Theorem 2.2.

3.1. Vector bundles on a one-dimensional complex torus. Let 7 € H, A =
Z+ 77 C C and E = C/A be the corresponding complex torus. In this subsection
we recall the basic techniques for dealing with holomorphic vector bundles on FE.

Definition 3.1. Let A : C — GL,(C) be a holomorphic function satisfying the
condition A(z + 1) = A(z) for all z € C. Such a function A, called automorphy
factor, defines the following topological space £(A) := C x C"/ ~, where (z,v) ~
(z 4+ 1,v) ~ (2 + 7, A(2)v). Note that we have a Cartesian diagram of complex
manifolds

CxCr——E(A)

S

C———E
and £(A) is a vector bundle of rank n on the torus E.

Remark 3.2. Let 7 : C — C/A = E be the quotient map. Another way to define
the locally free sheaf £(A) is the following.

The open subsets U C E for which all connected components of 771(U) map
isomorphically to U, form a basis of the topology of E. For such U, we let Uy be
a connected component of 771(U) and denote U, = v + U for all v € A. Then
m.O%(U) = [1,ea OZ(U,) and we define

F 1(z4+1)=F,(z
e)v) = {F e e mion©) | FrE T R0 L)

ol ol
In this way we get an embedding my : £(A) C 7. OF as well as a trivialization 4 of

7*(£(A)) given by the composition 7*E(A) T (ma) 08 25 OR.
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The following classical result is due to A. Weil.

Theorem 3.3. Let E = C/A be a one-dimensional complex torus.

(1) For any holomorphic rank n vector bundle € on the torus E there ezists an
automorphy factor A : C — GL,(C) such that £ = E(A).
(2) For any automorphy factors A : C — GL,(C) and B : C — GL,,(C) we have:

® is holomorphic
Hom(£(A), E(B)) = Solap = { ® : C — Mat,,,(C) | D(z+1) = P(2)
O(z+7)A(2) = B(2)®P(2)

and E(A) ® E(B) 2 E(A® B).

Proof. This result is a corollary of the monoidal equivalence of the category of A—
equivariant holomorpic vector bundles on C and holomorphic vector bundles on the
quotient torus £ = C/A. See [3] or [8] for a detailed proof. O

Corollary 3.4. For any pair of automorphy factors A, S : C — GL,,(C) we have an
isomorphism of vector bundles E(A) = E(B), where B(z) = S(z+71)7'A(2)S(2). In

[

particular, we have an isomorphism E(A) = E(A), where A(z) = exp(2miT)A(z).

In the next step, we need an explicit description of the indecomposable semi-stable
vector bundles on E of degree zero.

Theorem 3.5. Let E = C/A be a complex torus.
(1) The map C — Pic(E) assigning to A € C the line bundle Ly := & (exp(2mi\))
yields a bijection between the points of E and the isomorphy classes of degree

zero line bundles on E.
(2) For any m > 1 let

11 0 0
01 1 0
I =) =] 1+ . | € GL,,(C).
00 ... 1 1
00 ... 0 1

Then E(J,,) is isomorphic to the Atiyah bundle A,, defined as follows. For
m =1 we set Ay = O and for m > 2 the vector bundle A, is recursively
defined by the following property: it is the unique (up to an isomorphism)
vector bundle occurring as the middle term of a non-split short exact sequence

0—>Am_1—>Am—>O—>O.

(3) Let B € GL,,(C) and J = Jp, (p11) ® -+ - B I, (pe) be the Jordan normal form
of B with p; = exp(2mwiA;) for some \; € C, 1 <1 <t. Then we have:

5(3) = (‘Ch ®"4m1) S (‘C>\t ®Amt>'
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In particular, E(B) is a semi—stable vector bundle of degree zero on the torus
E, whose Jordan—Holder quotients are Ly, , ..., Ly,. Moreover, for any semi-
stable vector bundle £ of rank n and degree zero on the torus E there exists
a matriz B € GL,(C) such that € = E(B).

Proof. A proof of the first two statements can for instance be found in [6, Section
8.1] or in [8]. To show the third one observe that by Corollary 3.4 we have an

[

isomorphism £(B) = £(J). Since for any A € C and m € N we have an isomorphism
E(Jn(N) = Ly ® Ay, we have: E(J) =2 (Ly, ® Apy) &+ & (Ly, ® Ay,). Hence,
the result follows from Atiyah’s classification of vector bundles on £ [2]. O

Corollary 3.6. Let A € GL,(C) and &(A) = {exp(2mi)1),. .., exp(2mi),)} be its
spectrum, B € GL,,(C) and &(B) = {exp(2mip1), ..., exp(2mip,)} be its spectrum.
Assume that Ay — g & A for all1 <k <n and 1 <1 <m. Then we have:

Hom (£(A), £(B)) = 0 = Ext' (£(A),£(B)).

Proof. The assumption on the eigenvalues of A and B implies that the degree zero
semi-stable vector bundles £(A) and £(B) have no common Jordan—-Hoélder quo-
tients. From this fact it follows that

Hom(£(A),E(B)) = 0 = Hom(E(B),E(A)) = Ext' (E(A),E(B))",
where the last isomorphism is given by the Serre duality. O

Lemma 3.7. Let p(z) = exp(—mit — 2miz), v € C and [z] be the corresponding
divisor of degree one on E. Then we have an isomorphism.:

Op([z]) = E(p(z + Tl — x)).

Proof. A proof of this result can be for instance found in [6, Section 8.1]. O

3.2. Residue and evaluation morphisms. Let Q25 denote the sheaf of regular
differential one forms on the torus E. Then we have an isomorphism O = Qp
given by a nowhere vanishing differential form, e.g. by w = dz. For any z € F
consider the canonical short exact sequence

(6) 0— Qp — Qp(z) =5 C, — 0.

Let F and G be a pair of vector bundles on E. We identify the line bundles {25 and
Op using the differential form w, tensor the sequence (6) with G and then apply the
functor Hom(F, —). As a result, we obtain a long exact sequence

(7) 0 — Hom(F,G) — Hom(F,G(z)) — Hom(F,G ® C,) — Ext'(F,G).

Definition 3.8. The linear map res’*9(w) : Hom(F,G(z)) — Lin(F o g}w) is the

composition of the following canonical morphisms
Hom(F,G(z)) — Hom(F,G ® C,) — Lin(F

137 g‘$)7
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where the first map comes from the long exact sequence (7) and the second one is a

canonical isomorphism. The morphism res”9(w) is called residue map.

The following lemma is a straightforward corollary of the definition and the long
exact sequence (7).

Lemma 3.9. Let F and G be a pair of vector bundles on E such that Hom(F,G) =
0 = Ext'(F,G). Then for any x € E the residue map res’ 9 (w) is an isomorphism.

Definition 3.10. Let F and G be a pair of vector bundles on E and x,y € F be a

pair of distinct points. Then the linear map evf’g(x) defined as the composition of

the following canonical morphisms

Hom(F,G(z)) — Hom(F @ C,,G(z) ® C,) = Lin(F

s 90,)
is called evaluation map.

Lemma 3.11. Let F and G be a pair of vector bundles on E and z,y € E be a
pair of distinct points such that Hom(F(y),G(z)) = 0 = Ext'(F(y),G(z)). Then

F,G(x)

the evaluation map evy’ 18 an isomorphism.

Proof. Consider the short exact sequence

ev,

(8) 0—>(9(—y)—>Oe—>Cy—>O.
It induces a short exact sequence of coherent sheaves

1®ev,

0—G(zr—y) — G(x) —> G(x) @ C, — 0.
Using the vanishing Hom (]—", Gz — y)) =0= Ext(]—", G(r — y)), we get an isomor-
phism Hom(F,G(z)) — Hom(F,G(z) ® C,). It remains to observe that evy 90
the composition of the following canonical isomorphisms:

Hom(F,G(z)) — Hom(F,G(z) ® C,) — Hom(F,G ® C,) — Lin(F

S

y’ g‘y)
U

Lemma 3.12. For B € GL,(C) andv € C we set F, = € (exp(2miv)B) = E(B)QL,.
Then for any vi,v2 € C and y € E we have:

dimg (Hom(F,,, Fo, (y))) = n*.
Proof. The vector bundle F,,(y) is semi-stable of slope one. Hence, we have:
Ext' (Fo,, Fou(y)) = Hom(F,,(y), Foy)” = 0.

Thus, the statement of Lemma is a consequence of the Riemann—Roch formula. [
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Corollary 3.13. For any v,y € C the dimension of the complex vector space

® is holomorphic
(9)  Sol =Solg 4+ = P:C— Mat,x,(C) | (z+1) = P(2)
O(z+47)B =e(2)BP(z2)

is n2, where e(2) = e(2,v,y,7) = —exp(=2mi(z + v —y + 7).

Proof. By Theorem 3.3 and Lemma 3.7, we have an isomorphism of vector spaces
Sol = Hom (.?’-"1,1,3’-"1,2 (y)), where v = v; — vo. Hence, by Lemma 3.12, the dimension
of Sol is n?. Taking y = 0 € E, we also recover the first part of Proposition 2.1. [

Theorem 3.14. Let B € GL,(C) and w = ¢/'(4%)dz € H°(Qg). Let U C C be a
small neighborhood of 0. Using the projection map 7 : C — E, we identify U with a
small neighborhood of w(0) € E. Then for all vi,vq;y1,ys € U such that y; # yo the
following diagram of vector spaces is commutative:

Fuqs Fog (Y1)
) 127 v W1
resy; (w) eVygy

Lin(Fou ], Foal,, ) ¢ Hom (F,y, Fou (y1)) ———— Lin(Furl,» Fual,)

J | J

res. ev,
Matan(C) - SOlB,U,yl,’T z Matan(C)7

where v = v1 — V9, the middle vertical arrow is the isomorphism from Theorem 3.3,
whereas the first and the last vertical arrows are isomorphisms induced by trivializa-
tions v from Remark 3.2. The maps res,, and ev,, are given by the formulae:

1

res,, (CI)(Z)) = (I)(y1> and €Vy, (@(g)) = é(yg oy ﬂ)q)(y?)a

where O(y) is the third Jacobian theta—function.

Proof. The proof of this theorem is literally the same as the one given in [6, Section
8.2], see in particular [6, Corollary 8.10]. O

Remark 3.15. Let vy,v9 € C be such that v; — vy does not belong to the lattice
Y. By Corollary 3.6 we get the vanishing Hom(F,,, F,,) = 0 = Ext(F,,, Fu,)-
Next, Lemma 3.9 implies that the morphism resi,rl’”’jrv2 (w) is an isomorphism. The
commutativity of the left square of the diagram from Theorem 3.14 implies that the
linear map res,, is an isomorphism, too. Setting y; = 0, we obtain a proof of the
second part of Proposition 2.1.

3.3. Triple Massey products and the associative Yang—Baxter equation.
In this subsection, we give a proof of Theorem 2.2.

Theorem 3.16. Let B € GL,(C), vy, vy € C such that v = v1—vy & 3 and y1,y2 € C
such that yo —y; ¢ A. Consider the linear map 7p(v1,va;y1,vy2) : Mat,x,(C) —
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Mat, ., (C) defined via the commutative diagram

75 (v1,v2; y1,Y2)

Mat,,»,,(C) Mat,, ., (C)

(10) \ /

SO|B7 U, Y1, T

where res,, and ev,, are as in Theorem 3.14. Let rp(v1,v2;y1,Y2) € Mat,x,(C) ®
Mat,,«,(C) be the tensor corresponding to the linear map 7g(vi,ve;y1,y2) via the
canonical isomorphism of vector spaces

Mat, . (C) ® Mat, x,(C) — Lin(Matan((C), Matnm(@)),

which sends a simple tensor X @ Y to the linear map Z — Tr(XZ)Y. Then the
obtained function of four variables

r:C} — Mat,, ., (C) ® Mat,,,,(C)

(v1,v2;91,y2)

satisfies the following version of the associative Yang—Bazter equation:

(11)  rp(v1,va; 41, y2) Pre(v, vs Yo, y3)*® = ru(v1, vs; y1, ys) Pre(vs, v 1, yo) P+

+rp(v2, V3; Yo, 93)237"3(7)1, V23 Y1, y3)13-

Moreover, the tensor-valued function r is unitary, i.e. it satisfies the condition

(12) TB(U17U2;91,Z/2>12 = _TB(U2,U1;y2ay1)21'

Proof. As above, for v € C we set F, := & (exp(2miv)B) = £(B) ® L,. We split the

proof into the following logical steps.

e By Corollary 3.6, for any vy, vy € C such that v = v; — vy ¢ ¥ we have
Hom(F,,, F.,) = 0 = Ext'(F,,, Fu,).

For simplicity of notation we write F; for F,,, ¢ = 1,2. The following linear map

mg = m’ "2 Hom(F,C,,) ® Ext' (C,,, F») ® Hom(F,, C,,) — Hom(F;,C,,),

Y1,Y2

called triple Massey product, is defined as follows.

Let a € Ext'(C,,, F2), g € Hom(F;,C,,), f € Hom(F,,C,,) and 0 — F, = A LR
C,, — 0 be an extension representing the element a. The vanishing of Hom(F;, F3)
and Ext!(F,, F;) implies that we can uniquely lift the morphisms g and f to mor-
phisms §: F; — Aand f: A — C,, such that 3g = g and fa = f. So, we obtain
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the following commutative diagram

C?/Q

and the triple Massey product is defined as m3(¢ ® a ® f) = fg.
e By the Serre duality, we have Ext'(C,,, F2)* = Hom(F,, C,,). Let
(13)  m’27"> : Hom(F;,C,,) ® Hom(F, C,,) — Hom(F,, C,,) ® Hom(Fy, Cy,)

Y1,Y2
be the image of myf1 17’;?
Lin(Hom(F;, C,,) ® Ext'(C,,, F2) ® Hom(F,, Cy, ), Hom(F;, C,,)) =

Lin(Hom(Fy, C,,) ® Hom(F, C,, ), Hom(F,, Cy, ) ® Hom(F;, Cy,)).

By [12, Theorem 1] the linear map m, ;>

(14) (i) P (gt )™ — (g, ) (1) ™ o+ (g 02) P (g 20 )* = 0.

under the canonical isomorphism of vector spaces

satisfies the following “triangle equation”

Both sides of the equality (14) are viewed as linear maps
Hom(F;,C,,) ® Hom(F2,C,,) ® Hom(F3,C,,) —
— Hom(F;, C,,) ® Hom(F;,C,,) ® Hom(F;,Cy,).

Moreover, the tensor ﬁzi;l ’yf? is non-degenerate and skew-symmetric:
~ F1,.F2\ _ _ ~F2.F1
<15) p<my1792 ) = TMys

where p is the isomorphism
Hom(F3,C,,) ® Hom(F2,C,,) — Hom(F;, C,,) ® Hom(Fy,Cy,)

given by the rule p(f ® g) =g ® f.
e The idea of the proof of the relation (14) is the following. Since the derived
category Db(Coh(E)) has a structure of an A,,—category, we have the equality:
(16) mzo(mz@1R1T+1@m31+1®1®ms) =0,
where both sides are viewed as linear operators mapping the tensor product

Hom(F;,C,,) ® Ext'(C,,, F2) ® Hom(F,,C,,) ® Extp(C,,, F3) ® Hom(F3,C,,)

to the vector space Hom(F;, C,,). In other words, the Yang-Baxter relation (14) is
just a translation of the A.—constraint (16). Similarly, the unitarity property (15)
of mJ 172 is a consequence of existence of a cyclic Ay —structure on D*(Coh(E)), see
[12, Section 1] for more details.
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e Consider the linear map
i s Lin(F| Pl ) — Lin(F],F| )

Y1,Y2 Y1 Y2
defined by the following commutative diagram of vector spaces:

Hom (]:1, fg(yl))

resfll’ T2 (w) evz:zl’ Faly1)
(17)
~F1,Fp

. Ty1,y2 :
Lln(fl‘y17F2’y1) Lln(f1|y2,f2}y2).
Then 7172 is the image of 727 172 under the canonical isomorphism of vector spaces

Lin(Hom(]-"l,(Cyl) ® H0m<f2a(cy2)7 Hom(f%(cm) & Hom(]:b(cyz)) =
Lin<Lin(f1\y1,f2\ ), Lin(FA], , P )),

Y1 Y2 Y2

see [6, Theorem 4.17] and [12, Theorem 4].

e Let A be an arbitrary automorphy factor, 7 = £(A) and y € E. Then we have
an isomorphism of vector spaces

v(A,y) : Hom(F,C,) — Hom(F ® C,,C,) — ]:}y —.Cn

induced by the trivialization 4 from Remark 3.2. For any v € C we denote by v(v, y)
the isomorphism Hom(F,,C,) — C". We obtain a linear map 75(v1, v2;y1,¥2),
defined by the following commutative diagram of vector spaces:

~ F1,Fo

Hom(F,,,C,,) ® Hom(F,,,C,,) T Hom(F.,,,C,,) ® Hom(F,,,C,,)
'Y(vlyyl)®“/(”2’y2)l l7(1}2,y1)®’7(vhy2)
7B (v1,v2;Y1,Y2)

CrecCr CreCm.

e Using the canonical isomorphism Lin(C"®C", C"®C") — Mat, «,(C)®Mat, x, (C),
we end up with a tensor-valued meromorphic function

(C% X (C% ) i Matnxn(©) ® Matan(C),

v1,V2) Y1,Y2
satisfying the Yang-Baxter equation (11) and the unitarity condition (12). More-
over, for any vy, ve;y1,y2 € C such that v; — vy ¢ 3 and y; — yo ¢ A the tensor
r5(v1,v2;41,Y2) coincides with the image of 77172 under the composition of the
canonical isomorphism of vector spaces

Lin(Lin(F],,, 7,,). Lin(A,,. 7[,,) ) — Lin(&l, . A],) @lin(F],. 2],))

Y1 Y2 Y2 Y1 Y2 Y2

with the isomorphism Lin(fl‘yQ,fQ‘ )) — Mat, x,(C) ® Mat, «,(C) induced by

Y2
trivializations v from Remark 3.2. U
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Remark 3.17. In order to prove that the function r = rg(vy, vo; Y1, y2) is actually
holomorphic with an analytic dependence on the entries of the matrix B, we need
again the formalism of sheaves. This will be done in Subsection 3.5. The reader,
interested in the actual solutions may go directly to Section 4.

3.4. Remarks on the constructed solutions. In the previous subsection we have
seen how one can attach to a matrix B € GL,(C) a unitary solution

C? x C? 22 Mat,,,(C) ® Mat,, ., (C)
of the associative Yang-Baxter equation (11), see diagram (10) from Theorem 3.16.
Proposition 3.18. For general vy, v, u;y1,y2, x € C we have the equality
rp(v1 + U, vg + u; Y1 + T, Y2 + x) = 15(0V1, V25 Y1, Ya2)-

In other words, the function rg(vi,ve;y1,y2) depends only on the differences v =
v —vg and y = ya — 1. In particular, the function rg(v,y) = re(vi,v2;y1,y2)
satisfies the associative Yang—Bagzter equation (2).

Proof. Since the vector space Solg , 4, » from Theorem 3.14 only depends on the
difference v = vy — v, whereas res,, and ev,, depend only on y; and y,, we have
the equality rg(vy + w,va + w;y1,92) = r5(v1,v2;91,y2). To show the translation
invariance of the function rp with respect to the second pair of spectral variables
note that we have the following commutative diagram:

SOIBzvvylvT

resuy &)

Mat,, ., (C) te Mat,,«,,(C)

SOIB7 v, Y1+, T

where ¢, (CID(Z)) = ®(z—ux). It proves that rg(vy, vo; y1 +2, y2+7) = r(v1, V2; Y1, Yo)-
]

Remark 3.19. Proposition 3.18 implies that in order to compute the linear map
rp(v,y) we can take y; = 0 and y2 = y in the commutative diagram (10). In
particular, the solution r5(v,y) can be computed using the diagram (5).

Proposition 3.20. Let B,S € GL,(C) and A := S™'BS. Then we have:
ra(v,y) = (S_l ® S_l) re(v,y) (S® S).

Proof. For simplicity of notation we denote Solg = Solg, , , » and rg = rg(v,y).
Observe that we have an isomorphism of vector spaces ¢g : Solg — Sol4 mapping a
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function ® € Solg to S~ ® S € Sol,. We have a commutative diagram

resp

Mat,,x,(C) Solg —2 Mat,, ., (C)

(18) csl st lcs

Mat,,«,,(C) 0 Soly il Mat,,.,(C),

where cg(X) = S7'XS. This implies that for any X € Mat,x,(C) we have:
F4(STIXS) = S71p(X)S. The matrix S defines the following linear automorphism

Ys @ Lin(Mat,,»,,(C), Mat,x,(C)) — Lin(Mat,x,(C), Mat,x,(C))

sending € Lin(Mat,».,(C), Mat,,.,(C)) to the linear map X 2% §-17(5x5-1) s,

Then we have: 15(7p) = 74.

Finally, let can : Mat,»,(C) ® Mat,,«,(C) — Lin(l\/latnxn((C), I\/Iatnxn((C)) be the
canonical isomorphism of vector spaces mapping a simple tensor X ® Y to the linear
map Z +— Tr(XZ)Y. Then the following diagram is commutative:

Mat,, ., (C) ® Mat,, ., (C) —"—— Lin(Mat,,,(C), Mat,x,(C))

cs ® CSJ rbs

Mat, ., (C) ® Mat,,»,, (C) —="— Lin(Mat,,,,(C), Mat,+,(C)).
But this implies that r4(v,y) = (S @ S™) rp(v,y) (S® ). O

3.5. Semi—universal family of degree zero semi-stable vector bundles on a
complex torus and the associative Yang—Baxter equation. In the previous
subsections we have explained how one can attach to a matrix B € GL,(C) a unitary
solution rg(v,y) of the associative Yang—Baxter equation (2). However, it still
remains to be shown that rg is a meromorphic function in v and y, holomorphic
on (C\ X) x (C\ A) and with an analytic dependence on the matrix B. Although
this fact can be verified by a direct computation, we prefer to give an abstract proof
based on the technique of semi—universal families of semi-stable sheaves.

e Let G = GL,(C) and P € VB(E x G) be defined as follows
P:=CxGxC"/ ~, where (z,9,v)~(z+1,9,0)~(24+7,9,9v)
for all (z,g,v) € C x G x C". Note that we have a Cartesian diagram
(CxGE) xC"——p
S
CxG——5ExG,

where 71 : C — C/A = E is the quotient map. Note that for any g € G we
have an isomorphism P| Exig) = E(g), where &(g) is the semi-stable degree zero
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vector bundle on E determined by the automorphy factor g € GL,(C). Thus, the
constructed vector bundle P is a semi—universal family of degree zero semi-stable
vector bundle on the torus £.

e Let J = Pic’(E) be the Jacobian of E. One can identify J with the torus E using
the following construction. Consider the line bundle £ on F x E = C/A x C/A
defined as the quotient space £ := (C x C) x C/ ~, where

(z,w,v) ~ (z + Lw,v) ~ (z,w+ 1,0) ~ (z,w + T,v) ~ (2 + T,w, exp(2miw)v)

for all (z,w,v) € (C x C) x C. The constructed line bundle £ is a universal family
of degree zero vector bundles on E.

e Wedenote X = EXJXJXxEXEXG,T=JxJxFExEFExG and set
q: X —Tand p: X — E X G to be the canonical projection maps. Similarly, for
t = 1,2 we define p; : X — E x J and h; : T — X to be given by the formulae

pi(@, V1,02, Y1, Y2, 9) = (z,v;) and hi(v1,v2, Y1, Y2, 9) = (Yi, V1, V2, Y1, 2, 9). Note that
hy and hy are sections of the canonical projection q.

e Fori = 1,2 we define F; := p*P®p; L. Obviously, for any point t = (vy, v, Y1, Y2, 9) €
T we have: E}q,l(t) = 77|Ex{g} ® E’Ex{vi} = E(exp(27w,~) '9)-

Lemma 3.21. The coherent sheaf g, Homx (F1,Fs) is supported on a proper closed
analytic subset of T.

Proof. By Grauert’s direct image theorem, the sheaf g, Homyx(Fi,Fs) is coher-
ent, hence it is supported on a closed analytic subset A of the base T. Since
Homx (Fi, Fz) is a vector bundle on X, it is flat over T and for any point ¢ =
(v1, v, Y1, Y2, g) € T we have a base—change isomorphism

Q*HOmx(Fl,JTQ) & Ct = HomE(é'(g) ® Evl,g(g) & ,CUQ).

By Corollary 3.6, we have the vanishing Homg(£(g) ® L.,,€(g9) ® L,,) = 0 for
generically chosen v1,v, € J and g € G. Hence, A is a proper subset of T O

The following result can be proven along the same lines as Lemma 3.21.

Lemma 3.22. Let D; :=Im(h;) C X. Then the sheaf ¢. Homx (fl(DQ),FQ(Dl)) 18
supported on a proper closed analytic subset A" of T and ¢, Homx (}"1, .7:2(D1)) is a
vector vector bundle of rank n?.

eLet T:=T )\ (AUA') and X := ¢~ (7). For the sake of simplicity we denote
the restrictions of F; and F, on X by the same symbols. Let w € H° (QX/T) be the

pull-back of the differential form dz € H° (QE) Note that we are in the situation
of [6, Section 5.3]. In particular, we have the following commutative diagram in
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Coh(T), where all arrows are isomorphisms of vector bundles on 7'

¢ Hom g (]:1, fg(Dl))

resfl’}b () evflafz(Dﬁ
1 2
(19) / s \
Homy (Wi F1, biFy) Homy (hsF1, B3 Fs).

The morphisms resfll’ﬁ( ) and evfl’ﬁ( ") are induced by the short exact sequences

0= Qg/p — Qg /p(D1) — e Op, =0, 0—0x(—Dy) =04 — Op, — 0,

see [6, Section 5.3]. By [6, Theorem 5.17], after tensoring the diagram (19) with

Cy, where t = (v1,v2,91,Y2,9) € T, and applying base change isomorphisms, we
get the commutative diagram (17). In particular, the function 75 (v1, v2; 1, y2) from
Theorem 3.16 is just the isomorphism of vector bundles Thf“hf > written with respect
of the trivialization 7, described in Remark 3.2. This implies that the tensor r5(v, y)
is non-degenerate.

In a similar way, the isomorphism 7g(v1, v2; 41, y2) determines a holomorphic sec-
tion rfl’fQ e H° (T Homy. (h*}"g, h*}"l) ® Homyy (h Fi, h*]—})) Trivializing F; and
Fy asin Remark 3.2, the section r}];l’ﬁ becomes the tensor-valued function 75 (v, y)
from Theorem 3.16. This proves that r5(v,y) is holomorphic on (C\ Xp) x (C\ A)

and as a function of the input matrix B. To show that rz(v,y) is meromorphic on

C x C note that resfl’]:z( ) and evjCl #2(P1) are morphisms of vector bundles of rank
n? on the whole base T' and rhfll’,i > = evf;l’fz(Dl) (resf1 72 (cu))f1 is a meromorphic

isomorphism of Homy (hl}"l, h¥ }"2) and Homr (h Fi, h fg).

4. COMPUTATIONS OF SOLUTIONS OF AYBE

In this section we compute the solutions of the associative Yang—Baxter equation
(2) attached to a diagonal matrix and to a Jordan block.

4.1. Solution obtained from a diagonal matrix. All or computations are based
on the following standard fact.

Lemma 4.1. Let p(2) = exp(—miT — 2miz). Then the vector space

f is holomorphic
(20) f:C—C| f(z+1)= f(2)
flz+71) =0(2)f(2)
is one—dimensional and genemted by the third Jacobian theta—function
0(z) = 03(z Z exp(min®T + 2winz).

nel

Proof. A proof of this result can for instance be found in [10, Chapter 1]. U
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Theorem 4.2. Let B = diag(exp(27i)1), ..., exp(2mwi),)) for some Ay, ..., A, € C.
Then the corresponding solution of the associative Yang—Bazter equation described
i Theorem 3.16 is given by the following formula:

(21) re(v,y) = Z o(v— A, y) €k ® ex,
k,1=1

where Ay = Ay — N for all 1 < k1 <n and o(u,x) is the Kronecker function.

Proof. Let ®(z) = (an(z)) be an element of Sol = Solg,,, 0,7, Where v = vy — v,.
Then for all 1 < k,l < n we have:

{ akl(z+1) = akl(z)

aw(z+7) = exp(—mit — 2mi(z + v+ T — Ay))an(z).

Hence, there exist 34 € C such that ay(z) = Buf(z + v + TTH — Akt)-
If A= (ay) € Mat,»,,(C) is such that res, (q)(z)) = A then Gy, = m%.
2
If C = () := evy (®(z)) then for all 1 < k,I < n we have
0(v+y— A+ ) 1 O(v — A\t +v)
Qg = - — ki,
iexp(—mi%) 6(v — A\)6(y)

Yol = = = — =
O(v — A + %1) 0y + %1)
where we have u§ed the well-known relation between the first and the third Jacobian
theta functions 6(z 4+ =+) = iexp(—mi(z + £))6(z). Hence, the linear map rg(v,y) :

Mat,«,(C) — Mat,,,(C) sends the basis vector ey to % (v — At, y)€xy. Ne-

we end up with the solution rg(v,y) given by (21). O

glecting the constant %,
4.2. Solution attached to a Jordan block. In this subsection we compute the
solution of the associative Yang-Baxter equation (2) attached to a Jordan block of
size n X n. Fist note the following easy fact.

Lemma 4.3. For any n € N and A € C* the solution rj,»)(v,y) constructed in
Theorem 3.16, is gauge equivalent to r;(v,y), where J,(\) is the Jordan block of
size n. X n with eigenvalue A and J = J,(1).

Proof. Since the matrices J,(A\) and A - J are conjugate, Proposition 3.20 implies
that the corresponding solutions are gauge equivalent. From the algorithm of the
construction of solutions of (2) presented in Theorem 3.16 it is clear that the matrices
A-J and J give the same solutions. 0

Hence, it suffices to describe the solution of the associative Yang—Baxter equation
(2) attached to the Jordan block J.
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(=D*

Definition 4.4. Let n € N be fixed. Forall 1 <k <n—1 we set a; =

P
0 - - 0
Ay = a'l ' and A, = —a - Lyun.
a1 - a; 0
Next, consider the following matrix N from Mat,2,,2(C):
Ay A - A,
(22) N=| ! o
: - A
0 --- 0 A
Note the following easy fact.
Lemma 4.5. The matriz N is nilpotent. More precisely, N**~! = (.
Definition 4.6. Consider the differential operator V = —ﬁ . d% acting on the vector

space M of meromorphic functions on C. For all 0 < k,I < n — 1 we define the
linear operator Vi ; : M — M given by the following formula:

(23) Vii = €nint1y101 P (VN) enm-1)11-

Since the matrix N is nilpotent, the operators Vi ; are polynomials in V. Note that
Voo = 62(n71)+1 exp (V N) ep(n-1)41 is the identity operator.

Now we can state the main result of this subsection.

Theorem 4.7. Let J be the Jordan block of size n xn with eigenvalue one. Then the
corresponding solution of the associative Yang-Baxter equation, described in Theo-
rem 3.16, is given by the following formula:

(24) ri(v,y) = Z V(o (v.y)) Z Cijtk & €+l |

0<k<n—1 1<i<n—l1
0<i<n—1 1<j<n—k

where o(v,y) is the Kronecker function and Vi acts on the first spectral variable.

Remark 4.8. Let 1 < a,b,c,d < n. Then the coefficient of the tensor e,;, ® e.q
in the expression for r;(v,y) from Equation (24) is zero unless d > a and b > c.
Moreover, this coefficient depends only on the differences d — a and b — c.

Example 4.9. Let n =2 and J = (}1). Note that
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and that all higher powers of N are zero. Hence,

10V 0

V2 N? -V 1|-V* V

exp(VN)=1+VN + = 0ol 1 0
0 0 -V 1

and we derive that
ri(v,y) =o(v,y) (611 @ e11 + €22 @ €22 + €12 & €21 + €21 @ 612)+
Vo (v,y) (612 ®@h—h® 612) — V%0 (v, y)e1s ® eqs,
where h = €11 — €922.

Remark 4.10. From the fact that the function r;(v,y) from Example 4.9 satis-
fies the associative Yang-Baxter equation (2) we obtain the following identity for
derivatives of the Kronecker function with respect to the first spectral variable:
o'(u,x +y)o'(v,y) — o' (u,2)0" (u +v,y) — o' (=v,2)0' (u + v,z + y)
=o(u,z)o"(u+v,y) —o(—v,2)0"(u+v,x + 7).

Example 4.11. For n =3 and J = (é é ?) we have
00 0/1 002 00
-1 0 00 1 0[]0 -2 0
-1 000 1|0 0 -3
00 0f0O 0 O0[1 0 0
N=| 00 0/-1 000 1 0
00 0/32-10/0 0 1
00 0[O0 0 0[O0 0 0
00 0/00O0-1 0 0
000/ 00O0 3 -1 0
Note that
0 -3 1 0 0
0 0 1 -3 0
0 0 -1 0 6
0 1 0 2 0 3 0 4
exp(VN)er=| 0 | + 0O |V+]| -2 %—l— 0 %+ 0 %
0 0 1 3 0
1 0 0 0 0
0 -1 0 0 0
0 . 1 0 0
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and that Vy,; = eé(%k)ﬂﬂ (exp(V N) 67). Carrying out computations, we end up
with the following solution of the associative Yang—Baxter equation:

T'J(’U y E €i,j (%9 €;.i + Vo E (ei,j+1 & €5 — €5 X ei,j+1)+
1<4,5<3 1<e<3
1<5<2

1 1 1 1
<—§V + §V2>U Z ei3®ey; + (év + §V2>0 Z e1; ® €3

1<i<3 1<i<3

1 1 1 1
<§V2 - §V3>0 Z €3 X e1i41+ <§V2 + §V3)U Z €141 ® €3+
1<i<2 1<i<2
1 1
- Vo Z Cij+1 @ €jiv1 + <—1V2 + ZV4> oe13® e s,
1<i,j<2

where 0 = o(v,y) is the Kronecker function.

Proof of Theorem 4.7. We divide the proof into several steps.
Computation of a basis of Sol. First, we compute a basis of the vector space

® is holomorphic
(25) Soljy.0.r = @:C — Mat,xn(C) | &(2+1) = P(2) ,
O(z+471)J =e(2)JP(2)
where e(z) = e(z,v,7) = — exp(—2mi(z + v+ 7)). The proof of the following result
is straightforward.

Lemma 4.12. Let C : C — GL,(C) and D :— GL,,(C) be a pair of automorphy
factors. Let D := (D_l)t be the transpose of the inverse matrix of D. Next, we set

CllD ce ClnD

C®D= : .
euD ... D
(1) In the notations of Theorem 3.3, we have isomorphisms
Hom (£(C), £(D)) — Sole, p — Soly) cop — H'(E(C @ D)),
where for & = (fij)lgl.’jgn € Sol¢, p we set a(CI)) = (f"(ifl)ﬂ)gi,jgn'
(2) We have: J® J = exp(N), where N is the matriz from Definition 4.4.
The following result is due to Polishchuk and Zaslow [14, Proposition 2].

Proposition 4.13. As above, let V = —3- - L and e(z) = — exp(—27i(z +v+7)).

Then we have an isomorphism of vector spaces:

5 H(£(e(2)) © € — H(£(e(2) - exp(N)) )
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given by the rule 0(f @ u) = (exp(VN)f)u =>>, %(!JC)N’”(U) for any f €
H° (S(e(z))) and u € C".

Proposition 4.14. Let ,(z) = 6(z + v+ Z1). Then we have an isomorphism of

vector spaces A : C*° — Sol; 0, mapping a vector u € C™ to the matriz-valued
function A(u), where for any 1 < k,l < n we have:

(A(u))k75<z) = 6;(k—l)—i-l (eXp(VN)Q_U(Z))U

Proof. By Lemma 4.1, the vector space H°(€(e(z))) is one-dimensional and 6, (z) =

0 (z—l—v—i—TTH) is its basis element. Hence, Proposition 4.14 is a consequence of Lemma,
4.12 and Proposition 4.13. 0

Definition 4.15. In the notations of Proposition 4.14, let U be the element of
Sol = Sol 4,0, corresponding to u = ep(n_1)+1 € C"”. Note that (U(z))n L= 0,(2).

Proposition 4.16. Let K = J,,(0) be the Jordan block of size n x n with eigenvalue
zero. For all 1 <i,j <n we set F;; = K" 'UK’~. Then we have:

(1) All matriz-—valued functions F;; : C — Mat,»,(C) belong to Sol.
(2) If 1 < p,q < n are such that i < p < n orl < q < j then we have:
(E-)p . 0. Moreover, (E])Z ;= 0,. In other words, all non-zero entries

of F;; are located in the rectangle whose lower left corner is (i, 7).
(3) Moreover, {Fij}lgi’jgn is a basis of the vector space Sol.
Proof. The statement that F;; belongs to Sol is equivalent to the equality
(26) K" ' U(z+ 1)KV =e(2)J K" U(z) K71,
Since the matrices K and J commute, Equality (26) is equivalent to

K" (U(z+7)J —e(2)JU(2)) K’ =0,

which is true since U belongs to Sol. The second part of the proposition follows from
the definition of the functions Fj;. From this part also follows that all elements of
the set {Fij}1 <ij<n A€ linearly independent. By Corollary 3.13, the dimension of

Sol is n2. Thus, {E is a basis of Sol. 0

j}lgi,jgn

Example 4.17. Let n = 2. Similarly to Example 4.9, we obtain:
vl, —V?,

FMU( 6, —Vo, )

Moreover, we have:

0, —Vo, 0 Vb, 0 4,
Fl’lz(o 0 >,F272:(0 é )andFLg:(O 0>
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Computation of res;'. As the next step, we compute the preimages of the ele-
mentary matrices {ea,b}l cabn under the isomorphism resj : Sol — Mat,,.,,(C).

Let X = (Zpg)1<p4cn € Matyxn(C) be a given matrix and A € Sol be such that
reso(A) = X. By Proposition 4.16, we have an expansion A =, ., m;F;; for
certain uniquely determined 7, ; € C. It is clear that for all 1 < p,q < n we get:

(27) Tpq = Z m’j(ﬂﬁj(o))p,q'

p<i<n
1<j<q

Next, for all 1 < p,q < n we have (FM(z))pq = 0,(z). This implies that

1
(28) e = gy | e T > iy (Fy(0)
v p<i<n '
1<5<q
(,9)#(p,q)

Hence 7, 4 can be expressed as a linear combination of those x; ; for which p <7 <n
and 1 < i < ¢q. Moreover, due to the recursive structure of the Equality (28), it is
clear that 7, , can be written as a certain linear combination of z; ;, whose structure
is controlled by the set of paths starting at (p,q) and ending at (i,7). In order to
make this more precise, let us make the following definition.

Definition 4.18. For any x € N and (4, 7), (p,q) € Nx N such that i > pand j < ¢
we denote

(aS »68)7&(018-%1 ’6s+1)
(@0,80)=(p,q)
(ox:Bx)=(1,5)

a5§a8+lyﬂszﬁs+1
W(é,q),( ) {<&s’ﬁ3)0<s<x € (N x NyvHt }

In other words, Wé D.(5) is the set of all paths of length y on the square lattice

N x N starting at (p, ¢), ending at (,j) and going in the “south-west” direction.

Applying the recursive formula (28), we end up with the following result.

Lemma 4.19. Let X = (xivj)lgz’,jgn € Mat,«n(C) and {np,q(X)}lgp’an be such
that the equality (27) is true. Then we have:
i—p+q—j ) x—1
(29) 7]p7q(X> = Z xi,j Z Z X+1 H (Faerl»ﬂerl (0))045“38 )
1{%2 Wio.a). (u) =0

where the third sum runs over all elements (as,ﬂs) of W(X

0<s<y P,q),(3,4) "
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Corollary 4.20. Let {eavb}1<a pen, D€ the standard basis of Mat,«,(C). If a > p and
b < q then we have: -

a—p+q—b ( 1)X x—1

Mpg (€ap) = Z Z W H (Fas+17ﬁs+l(0))as7ﬁs )

XZO (asﬁs)ogsgxewéyq),(mb) s=0

whereas in the remaining cases n,.4(eqp) = 0. Hence, resy’ (eqp) = v*°, where

a—p+q—b ( 1)X x—1

Z prq(z) Z Z W H (Fas+1,ﬁs+1 (O))as,ﬁs

1<p< —0 X =0
bigig X (as’ﬁS)OSSSXEW(WJ),(a,b) 8

Denote the matrix entries of (y*(z)) _ by ’ygfi’(z) If c < aord< bthen ”yff(z) =0.
On the other hand, if a > ¢ and d > b then we get:

a—p+q—b X x—1
(30) 420 = 3 [(Fg IDPRD IR gl (Forrrons ), 5]
‘é’g; Wep0),(a, b) s=0

Remark 4.21. In the formula (30) the function 72’5 depends on one variable z.
However, from its definition it is clear that it also depends on the parameter v € C\A.
Hence, in what follows, we shall consider it as a function of two variables z and v.

Computation of 7;(v,y) : Mat,x,(C) — Mat,«,(C). Recall that 75(v,y) :
Mat,xn(C) — Mat,x,(C) is the composition ev,ores;'. The tensor rp(v,y) €
Mat,,«,(C) ® Mat,,,,(C) is the image of 75(v,y) under the canonical isomorphism

Lin(Matnxn((C), Matnxn(C)) — Mat,;»,,(C) ® Mat, »,,(C).

In the standard basis {ea7b}1<a pen OF Mat,,«,,(C) this map is given as follows:

a,b a,b
€ab — aqd €ed | — Oéc,d €b,a & €c,d-

1<¢,d<n 1<¢,d<n

Hence, the solution of the associative Yang-Baxter equation (2) attached to the
Jordan block J is the following:

i+k, z
(31) ri(v,y) = m Z Z 7§z+z 0, Y) €ijrk @ €t
2 0<k<n—1 1<i<n—I
0<i<n—1 1<j<n—k
where fy P +z “(v,y) are given by (30). Our next goal is to simplify this expression.

Definition 4.22. For any ¢, 7, x in N, we set

(s, B) # <Z s, Z@) } .

Wé,j) {(a5765)1<3<x (N X N)X
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We may think of W(f ;) as the set paths of length y in N x N starting at the point
(0,0), ending in (4,7) and going in the “nord-east” direction. Note that any path
{ a, Bs) }0< “ from W(j+a i), (k) corresponds to the element {(ost — g, By —

Bsi1) }1 <o<x of W (h—ab)- For the sake of simplicity, we shall use the same notation
{(as, ﬁs)}0<s<x for both elements.

In these notations, the formula (30) can be rewritten as follows:

k—a+b X
k
7§7er+lz(y): Z (FJ“‘ZM@))J,H!' Z Z x+1H oo o )as,ﬁs ’
0<a<k x=0 W(%c—a,b) s=1

0<b<l
where the third sum is taken over all elements (043, ﬁs)l <s<x of Wéfayb). Recall that
(Faﬁ)ws =0ify >aor 8 >46. Fora >~andd > 3 we have: (Fop),s =
Utn—(a—v),6—3+1), Where (U(U, z))a’ﬁ = eZ(aq)w exp(V N)8,(2) €n(n—1)41- Hence,

k—a+b X
1 _1 X
%]Jffz (v,y) = Z (U(Uay))(n—a,l—b-i-l) : Z Z W H(U(()))n—asﬁs—l-l
0<a<k X=0 Wy " s=1

0<b<l

Next, we need the following combinatorial lemma.

Lemma 4.23. In the notations of Definition 4./ we have the following results.
(1) For allr € N we get

)
v |0 |
: .o N
o - 0 N

where each NZ»(T) 0 <i<n—1is the matriz of size n X n given by

(7“) Z z Ar k Z HASZ e

s€Sk 1=0

where for all k,i € N we denote
S,Lk = {(Sj)ogjgk € Nk—’—l{SO =1,5;, = 0>3j+1 < s, 0<5< k’} .
(2) For anyi,j,x € N, (us)1<s<x € [0,2n — 1]X and uw = >_*_, u, holds:

Z Heﬁﬂ us)el_eﬂN()

(asﬁshgngGW(Xi’J) s=1
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The proof of this lemma is based on some elementary but tedious combinatorics,
and is therefore omitted.

From Lemma 4.23(1) it follows that for all 0 < a <n, 1 < < n we have:

2n—1 Y
_ v (6, (2
(U0,2)), 05 = inaryip eD(Va NBu(2) nuonyis = 3 s N &1 (0:(2))

r=0

rl

Recall that 6,(2) = 6(z + v + 7). Note that we have:

VI(6.()) = VI(8.(2)) = (%)re (z+ T +v) .

Therefore, we can rewrite the expression for ] jflz(v, y) as follows:

@ e = 3 (e ),

0<a<k
0<b<li

k—a-+b

Z ( 0)x+1 HCHZI 41 NS e %f()))))

XZO (Oég /69)1<S<X€W(k ab) TS_O

Next, we need the following generalization of the Leibniz formula.

Lemma 4.24. Let f, g be any meromorphic functions on C and V = —Qidi Then
i the notations of Definition 4.6 the following formula is true:
2n—1 k—a+b
f n . V() (=1)x
Vk,l(g) = Z [(Z €l_pt1 NLS Ve 1 ) ) ( Z Z gX+1 '
0<a<k  r=0 ' X=0 (as,85)120<x EW_ oy

0<b<l

X 2n—1 ‘7&
HZ% NI e %)]

s=1 rg=

The proof of this lemma is based on some elementary combinatorics and the second
part of Lemma 4.23. We leave it to an interested reader as an exercise. 0

Applying Lemma 4.24 to Equality (32), we finally get:

1 j+k,i é(y‘+'£§l +‘U)
g(HTT _i_y)'yjz—i-l (v,y) = (Vk,l)v (é(HTT'f'y) 9‘(7—T+1_|_U>

Recall that the first and third theta functions 6 and 0 are related by the equality
0 (z+17) = iq(z)0(z), where ¢(z) = exp(—mi(z + %)). Thus, up to the con-

stant %, the coefficient of the tensor e; jir ® e;,4; in the expansion (31) is

(Via)v(o(v,y)). This finishes the proof of Theorem 4.7.
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Remark 4.25. The algorithm from Section 2 assigning to a matrix B € GL,(C)
and a complex torus E a solution of the associative Yang—Baxter can be generalized
to the case when FE is a singular Weierstral cubic curve. In this case, one can use
a description of semi-stable vector bundles on F following the approach of [4], see
also [6]. However, all solutions produced in this way turn out to be degenerations of
the constructed elliptic solutions, where we replace the Kronecker function o(u, x)

by its trigonometric or rational degenerations cot(u) + cot(x) or — + —.
u T
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