ON THE HALL ALGEBRA OF AN ELLIPTIC CURVE, I

IGOR BURBAN* AND OLIVIER SCHIFFMANNT

Forests may fall,
But not the dusk they shield.
H.P. Lovecraft
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INTRODUCTION

Among the oldest and still most fundamental objects in representation theory and
combinatorics are the rings of symmetric polynomials

AT =Clzy,2o,...]%% = Lim Clzy,...,z,]°",

and symmetric Laurent polynomials
+1 41 Seo
A=Clz7,25,...]°>.

These rings admit numerous algebraic and geometric realizations, but one of the
historically first constructions, dating to the work of Steinitz in 1900 completed
later by Hall, was given in terms of what is now called the classical Hall algebra H
(see [Ma], Chapter II ). This algebra has a basis consisting of isomorphism classes
of abelian g-groups, where ¢ is a fixed prime power, and the structure constants
are defined by counting extensions between such abelian groups. In fact, these
structure constants are polynomials in ¢, and we can therefore consider H as a
C[g*!]-algebra. A theorem of Steinitz and Hall provides an isomorphism H ~ A; =
Clg*Y[z1, 22, ...]®>. Under this isomorphism, the natural basis of H (resp. the
natural scalar product) is mapped to the basis of Hall-Littlewood polynomials (resp.
the Hall-Littlewood scalar product). In addition, Zelevinsky [Z] endowed A} with a
structure of a cocommutative Hopf algebra and the whole algebra A, = A ® C[g*!]
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can be recovered from A;’ by the Drinfeld double construction. This Hopf algebra
structure is also intrinsically defined by means of the Hall algebra.

One aim of the present work is to initiate a similar approach for the rings of
diagonal symmetric polynomials

M++ = (C[xlvx2a"'7ylvy2a"']6067 M+ = (C[xlil7x§tla"'7ylvy2a"']GOC

and

M = (C[a:lil, . ,yfﬂ,yQil7 ],
with G acting simultaneously on the variables x; and y;, based on the category
of coherent sheaves on an elliptic curve. These rings have recently attracted a lot
of attention due to its close relations to Macdonald’s polynomials and double affine
Hecke algebras.

To any abelian category A defined over a finite field k = F, and satisfying
certain finiteness conditions one can attach an associative algebra H 4 defined over
the field Q(v), v = \/(571 called the Hall algebra of the category A. As a Q(v)-
vector space H 4 has a basis parameterized by isomorphism classes of objects of
A and its structure constants are expressed via the number of extensions between
the objects of A. The interest in this construction grew considerably after Ringel
studied in [R1] the Hall algebra of the category of representations of an arbitrary
quiver Q and showed that it contains the positive part U} (g) of the quantized
enveloping algebra of the Kac-Moody algebra g associated to Cj

In a similar direction, Kapranov considered in [K1] a natural subalgebra H;?h
of the Hall algebra Hx of the category of coherent sheaves Coh(X) on a smooth
projective curve X defined over a finite field k. This spherical Hall algebra Hifh
plays an important role in the Langlands program for the function field of X because
it can be interpreted as the algebra of (everywhere unramified, principal) Eisenstein
series for GL(n) for all n, with the product coming from the parabolic induction
functor. In the case X = P! the algebra H;ﬁ’h is isomorphic to the positive part
of the quantum loop algebra U, (£slz) (see [K1] and also [BK]). In higher genus,
Kapranov defined a surjective map from another algebra U}”} (defined by generators
and relations) to H‘;?h. Unfortunately, this map has a nontrivial kernel, and it is
not known how to describe it explicitly.

In this paper, we study in details the Hall algebra Hx of an elliptic curve X
defined over k and a certain subalgebra U} of Hx which turns out to coincide
with the spherical Hall algebra H;fh of Kapranov. We show that U} is naturally
a deformation of the ring of diagonal symmetric polynomials

+._ +1 41 S
MT =ClzT 25, Y1, Y2, -0

In Theorem 5.4 we provide an explicit description of the bialgebra U} by gener-
ators and relations. It is neither commutative, nor cocommutative. In order to ob-
tain a more symmetric and canonical object, we consider the Drinfeld double Ux of
U7, which is now a deformation of the ring M = (C[xfl, J:Qil, e ,ylil7 ygﬂ7 ]S
We prove (Theorem 3.8) that the group of exact auto-equivalences of the derived
category DP (Coh(X )) naturally acts on Ux by algebra automorphisms, yielding
an action of SL(2,Z) on Ux. In Section 5 we construct a natural “monomial”
basis of U} (resp. of Uyx) indexed by the set of finite convex paths in the re-
gion (Z*)* = {(p,q) € Z* | p > 1 or p = 0,q > 0} (resp. in Z?). This basis is
equivariant with respect to the SL(2,Z)-action.

We show that the structure constants of Ux are Laurent polynomials in o'/2

and 5'/2, where o, G are the Frobenius eigenvalues on the l-adic cohomology group
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HY (X%, Q) (observe that v = (06)~'/2). This allows us to consider Ux as a
(C[O’il/ 2 gxl/ 2]—algebra. More precisely, we introduce a generic version £€gr of the
Hall algebras UY;, which is defined over the ring R = C[0*1/2,5%1/2], where 0,5
are now formal parameters and which specializes to all the algebras Ux. Moreover,
for the values ¢ = @ = 1 one gets the ring

S
(ER)jo=sm1 = M =Clayt a3,y hyn ]

of diagonal symmetric polynomials and €g is a flat deformation of M. We show
that as in the case of Uy, the algebra £r has a monomial basis, a triangular
decomposition, and carries an action of SL(2,7Z) by automorphisms.

A very interesting two-parameter deformation of the ring

+1 +1 41 +176n
Mn:(C[;z:l N oo Ty ,...,yn]

n o

is provided by the spherical double affine Hecke algebra (DAHA) SH,, of type gl(n)
(see [Ch]). In a joint work [SV1] of the second-named author with E. Vasserot it
is shown that there are surjective homomorphisms Eg — SH,, for any positive
integer n, so that £g may be thought of as the “stable limit” SHo of the type
A spherical DAHA. In the companion paper [S3], we shall use a geometric version
of the Hall algebra to construct certain “canonical bases” of £r, which may be
thought of as some ”double” analogues of Kazhdan-Lusztig polynomials of type A.

The elliptic Hall algebra £r has recently found applications in the geometric
construction of Macdonald polynomials via Eisenstein series (see [SV1]), and in the
computation of convolution algebras in the equivariant K-theory of Hilbert schemes
of A? and of the commuting variety (see [SV2]).

Let us now briefly describe the content of this paper. After recalling Atiyah’s
classification of coherent sheaves on an elliptic curve X and the structure of the
group of exact auto-equivalences of the derived category D® (C’oh(X )) in Section 1,
we introduce, following Ringel and Green, the Hall bialgebra Hx of the category
Coh(X) in Section 2. In Section 3 we deal with the Drinfeld double DHx of Hx and
constructs an embedding of the group of exact auto-equivalences of D° (Coh(X ))
into Aut(DHx). The subalgebra Ux of DHx we are interested in is defined in
Section 4. The main theorem of this article, describing Ux by generators and
relations is proven in Section 5. Section 6 contains various important properties
of Ux (integral form, central extension, etc). In the last Section 7 sum up main
properties of the algebra Ux proven in this article. Appendix A is devoted a
discussion of Fourier-Mukai transforms for elliptic curves defined over finite fields,
whereas in Appendix B we prove some basic properties of the Drinfeld double of a
topological bialgebra.

1. COHERENT SHEAVES ON ELLIPTIC CURVES

1.1. Let k be any field. Throughout the paper X denotes a smooth elliptic curve
defined over k, that is, X is a smooth projective curve of genus one having a
rational point. Note, that by Weil’s inequality in the case of a finite field k = F,
we have ||X(k)| — (¢ + 1)| < 2,/g, hence any smooth projective curve of genus
one has such a point. We denote by Coh(X) its category of coherent sheaves. Let
us first outline, following Atiyah, the classification of coherent sheaves on elliptic
curves (in [A] it is assumed that k is algebraically closed, but the proof can be
applied for an arbitrary field k). Recall that the slope of a sheaf F € Coh(X) is
w(F) = deg(F)/ rank(F), and that a sheaf F is semi-stable (resp. stable) if for any
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subsheaf G C F we have u(G) < u(F) (resp. u(G) < p(F)). The full subcategory
C, of Coh(X) consisting of all semi-stable sheaves of a fixed slope € QU {oo}
is abelian, artinian and closed under extensions. Moreover, if F,G are semi-stable
with u(F) < p(G) then Hom(G,F) = Ext(F,G) = 0. Any sheaf F possesses a
unique filtration (the Harder-Narasimhan filtration, or HN filtration)
O=F*tcFc...cF=F

for which F?/F*! is semi-stable of slope, say j;, and p; < --- < p,.. Observe that
Coo 1s just the category of torsion sheaves, and hence is equivalent to the product
category [[, Tor,, where & runs through the set of closed points of X and Tor,
denotes the category of torsion sheaves supported at z. Since 7 or, is equivalent to

the category of finite length modules over the local ring R, of the point x, there is
a unique simple sheaf O, in 7 or,.

Theorem 1.1 ([A]). The following holds :
i) the HN filtration of any coherent sheaf splits (non-canonically). In particular,
any indecomposable coherent sheaf is semi-stable,
ii) the set of stable sheaves of slope i is the set of simple objects of C,,,

iii) there are canonical exact equivalences of abelian categories €, : C, = C,
for any p,v € QU {oo}.

The Grothendieck group Ky (Coh(X )) of Coh(X) is equipped with the Euler
bilinear form ( , ) : Ko(Coh(X)) ® Ko(Coh(X)) — Z defined by the formula

F ® G+ dim Hom(F,G) — dim Ext(F,G).
There is a natural map Ko(Coh(X)) — K{(Coh(X)) := Z?, given by
F + (rank(F), deg(F))
whose kernel coincides with the radical of the form ( , ). As we shall be mainly

interested in the class of a sheaf in the numerical K-group K{(Coh(X)), we also
denote by F the pair (rank(F),deg(F)). By the Riemann-Roch formula one has

<(T1,d1), (’/‘2,6[2)> = T1d2 - ’I“gdl.

In particular, the Euler form is skew-symmetric in our case.

1.2. Let D*(Coh(X)) stand for the bounded derived category of coherent sheaves
on X. As Coh(X) has global dimension one, the structure of D®(Coh(X)) is very
simple to describe: any object of this category is isomorphic to its cohomology,
le. F* ~ @, H"(F*)[—n].
We also consider the so-called root category Rx = D’(Coh(X))/[2], where [1]
is the shift functor. This category can be described as follows
(1) Ob(Rx) = {F*|F € Ob(Cohx)}
(2) Homg,, (F*,G%) = Homx (F,G) and Homg  (F*,GF) = Exty (F,G).
The category Rx is triangulated and there is a canonical exact functor
¥ : D’(Coh(X)) — Rx
inducing a group isomorphism K(X) — Ko(Rx). Since the shift [2] preserves the
Euler form ( , ), we can define a morphism Ko(Rx) — K{(Coh(X)), mapping
F¥E to the class £F. Moreover, one can view the root category Ry as the category
of two-periodic complexes with the functor ¥ being a Galois covering functor in
the sense of Gabriel, see [PX] for further details.
Next, let us consider auto-equivalences of triangulated categories D’(Coh(X))
and Rx. Let £ be a spherical object in the derived category D® (Coh(X)), i.e. an
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object satisfying Hom(&,&) = Hom(€, £[1]) = k. For example the structure sheaf
the curve O or the structure sheaf of a k-rational point O,,. Seidel and Thomas
considered in [ST] the functor

Tg . Db(COhx) I Db(COhx)

k
defined by Te(F) = cone(RHom(E,F) ® € =5 F). The functor T¢ is exact and
if coherent sheaves £ and F satisfy the condition Ext'(£, F) = 0, then Tg(F) is
quasi-isomorphic to the complex

(Hom(€, F) & & <% F) = (e <% F),

where n = dimHom(&, F). On the level of Ko(Coh(X)) the functor T¢ induces
the group homomorphism tg : Ko(Coh(X)) — Ko(Coh(X)), given by

Y=Y = <€7’y>57

where ( , ) denotes the Euler form on Ko(Coh(X)).

Let xg be a rational point of X. In the basis {@, @ZO} of the numerical K-
group K, (Coh(X)), the twist functors To, Tp,, and the shift [1] induce linear
transformations given by the matrices

1 -1 10 -1 0
oo W) eem() we(@ h)

Observe that for any k-rational point z¢ the equivalence To, = preserves Coh(X)
and is simply given by F — F ® O(x¢), see [ST, formula (3.11)].

Due to [ST, Proposition 2.10] the functor T¢ is an equivalence of categories for
any spherical object £ and by [ST, Lemma 3.2] it is isomorphic to a Fourier-Mukai
transform with the kernel cone(£VRE — Op) € D (Coh(X x X)). Moreover, by
[ST, Proposition 2.13] we have the following braid group relation:

To,, ToTo,, = ToTo,, To.

Proposition 1.2 (see [Mu, ST]). Let ® := To, ToTo,,, then ®2 = §*[1], where
i is an tnvolution of X preserving xo. Moreover, for the duality functor D =
RHom(—,O) we have an isomorphism

Dod>i*o[l]o®oD.

Proof. The braid group relation between Tp and T,  was proven in [ST] without
any restrictions on the base field. However, in the proof of two other isomorphisms,
given in [Mu] the assumption for k to be algebraically closed was used. We refer
to Appendix A for a proof in the case of an arbitrary field.

From the above relations one deduces that the group generated by To,To,,

and [1] is the universal covering SA’E(Q, Z) of SL(2,7Z) given by a central extension
of SL(2,Z) by Z. Since in Aut(Rx) we have [1]? =~ id, the action of the group
<To, To,, [1}) on the root category R x breaks up to the action of SL(2,7Z), where
S/’z(Q,Z) is a two-fold covering of SL(2,Z). That all may be summed up in the
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following commutative diagram:

SL(2,7)———— Aut(D*(Coh(X)))

| |

‘5/’21(27 Z)C—> Aut(Rx)

T

SL(2,Z) = Aut(K{(Coh(X)))

For any v € QU {£oo} denote by Coh<, (resp. Cohs,) the full subcategory
of Coh(X) consisting of sheaves all of whose indecomposable (= semi-stable) con-
stituents have slope at most v (resp. strictly greater then v). Next, let Coh”(X) be
the full subcategory of D® (C’oh(X)) whose objects consist of direct sums F @ G[1]
where 7 € Coh,,G € Coh<,. This has the structure of an abelian category
as the heart of the t-structure on D”(Coh(X)) associated to the torsion pair
(Cohs,,Coh<,). One can view the category Coh”(X) as a full subcategory of
the root category Rx.

For a spherical sheaf £ of class (r,d) € K{(Coh(X)) and slope 1 = ¢ the auto-
equivalence T¢ establishes an equivalence between Coh(X) and Coh”(X), where
v=—o0if p=o00and v=p— % if p# co. More generally, if § € ﬁ(?,Z) is a
lift of v € SL(2,Z) then 4 sends Coh(X) to Coh”(X) where v = %:7 and (¢',p') =
v(0, —1). Finally, each equivalence €, , in Atiyah’s Theorem 1.1 can be obtained
as the restriction to C,, of one of the above auto-equivalences of D’(Coh(X)) and

Rx. We can visualize the structure of the category Rx by the following picture,
where Coh(X)t = Coh(X) and Coh(X)~ = Coh(X)[1].

deg deg
A f y
Coh<,[1] | Coh”(X)
Coh(X)~ Coh(X)*
w(F) . gl Coh>y
u(G rank v rank
gy

Coh”(X)]1]

Figure 1. The root category R x and its auto-equivalences

2. HALL ALGEBRA OF AN ELLIPTIC CURVE

2.1. From now on we assume that k = [, is a finite field, fix a square root v of ¢*
and work over the quadratic field extension K = Q(,/q) = Q(v). Note that Coh(X)
is a hereditary abelian category. Consider the free K-module Hx with linear basis
{[F]} where F runs through the set of isomorphism classes of objects in Coh(X).
There is a natural Z?-grading on Hx given by Hx[o] = @%_,, K[F]. To a triple
(F,G,H) of coherent sheaves we associate the finite set P;{,g of exact sequences
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H

P
0—-G— H — F — 0. Next, we set P}_—'fg = #P;?’g and F}%Q = %, where
ax = #Aut(K) for a coherent sheaf K. As in [R1] we now define an associative
product on Hy by the formula

(2.1) [F]- 1G] = =59y FRgH),
H
and, following [G], a coassociative coproduct
F P]r'-jg
(2:2) A(H]) =) v P9 =2[F 2 ().
79 “n

(note that we are using the opposite of the algebra and coalgebra structures con-
sidered in [K1]). The counit € : Hx — K is defined as follows

D={0 it Fz0

Finally, the bilinear form given by

(17),16]) = brg—
aF

is a non-degenerate Hopf pairing on Hy, i.e. we have (ab,c) = (a®b, A(c)) for any
a,b,c € Hx (see [G]).

2.2. The comultiplication A only takes value in a certain completion of Hxy ® Hx
(the sum on the right-hand side of (2.2) is infinite unless H is a torsion sheaf). Note
also that the space Hx[a] is infinite dimensional for o = (r,d) € Z?,r > 0.

We denote (Z2)* = {(¢,p) € Z* | ¢ = 1 or ¢ = 0,p > 0} and for a given class
a € (Z2)* define HY"[a] = span{[F]|F = a and F & Cohs,,} and H3"[a] =
span{[F]|F = o and F € Coh>p, }.

Lemma 2.1. For any class o € (Z*)* and any integer m the vector space H)Z(m (o]
is finite-dimensional.

Proof. Note that for any m € Z there are only finitely many elements oy, s, ..., a4
of (Z?)* such that m < p(aq) < -+ < p(oy) and ag + g + - - -+ a; = a. Moreover,
it follows from the Atiyah’s classification that for any class 3 € (Z?)* there are
only finitely many semi-stable coherent sheaves of class 3. Since any coherent sheaf
on an elliptic curve splits into a direct sum of semi-stable ones, the claim easily
follows. v

For any integer m we have a surjective linear map of vector spaces jet,, :
Hx[a] — H)Z(m [a] inducing an isomorphism 7, : Hx [a]/H)Z;m [a] — H)Z(m [a]. For
any m < n the canonical embedding HZ™[o] — HZ"[a] induces a commutative
diagram

Tn

Hx[a]/HE"[o] HY"[o]

Hx[o]/HZ " [0] = HY" (o]

Obviously, (H)Z(n [a], gomyn) forms a projective system, and we can define

(2.3) Hylo] = lim (HZ"[o]).

n
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One can view Hx|a] as the set of infinite sums {Y ar[Fllar € K,F = a}. For
the sake of convenience we also denote by jet,, the canonical morphism Hy [a] —
H)Z(" [a]. By the universal property of the projective limit there is an (injective)
linear map Hx|[a] — Hy [a], and since the surjection Hx[a] — H)Z;”[a] splits,
we may consider H)Z;n [a] as a subspace of Hx[a] via the inclusion H)Z;”[a] —
Hx[a] — Hx[a]. So, the projection jet, : Hx[a] — H3"[a] is an idempotent
morphism and if we denote r,, = 1 — jet,, then any element h € Hx [a] can be
written as jet, (h) + 7, (h), where jet, (k) € H3"[a] and jet,, (rn(h)) = 0. Using this
formalism, the space Hx [o] viewed as a subset of Hx [a] can be identified with the
set of those sequences h = (h,,) for which r, (h,) =0 for n > 0.

So, we define Hy := @ Hx[a]. In a similar way, for o, 8 € (Z2)" the
ae(z2)+
>n >m _ zZn Zn
sequence of vector spaces (HY"[o] @ HY" [4]) = (Hx[a]/HY" [o] @ Hx [8]/HE"[4])
forms a projective system and we put

(2.4) Hy [a)8Hx (5] := lim(HZ"[o] © HZ"[0]).

n,m

In this case as well H X[oz]éi)H x[0] can be identified with the set of infinite sums
{Y brglFI®[GlF =a,G =3, brg € K}. For v € (Z*)T we set
F.G

(2.5) (Hx®Hx)[:= [[ Hxla]@Hx[g]
a+p=y
a,Be(z?)t

and finally

(2.6) HxGHy = @ Hx®Hx[].
e(@)*

Proposition 2.2. In the notation as above the following properties hold

(1) ﬁX and Hx®Hy are associative algebras;

(2) the comultiplication A : Hy — Hx®Hx is a ring homomorphism and ex-
tends to a map A : fIX — Hyx®Hy;

(3) let Anp: Hx[a+ 8] — Hx[a]@Hx[6] stand for the (a, 3)-component of A,
then Aa’ﬁ(Hx[Oz +ﬁ]) C Hx[Oé] ® Hx[ﬂ]

Proof. Let us show that the composition map Hx [a] ®Hy B = Hy [+ 3] given
by the rule (3 an[H]) @ (3 bglG]) — (3 arbg[H][G]) is well-defined. Indeed, for
a fixed coherent sheaf F of class F = o+ 3 there are finitely many exact sequences

0—§G —F —H—70
such that H = « and G = 3. To see this, let F = @ F, and H = P H;
i=1 j=1
be the splittings of F and H into a direct sum of semi-stable objects, then the
existence of an epimorphism F — H implies the conditions rank(H) < rank(F)

and p(H;) > min{u(}'i)|1 <i< n} for all 1 < 7 < m. Hence it follows that the
degrees of all sheaves H; are bounded below and as ) deg(H;) = deg(c), they are
=1

also bounded above. By Atiyah’s classification, there are finitely many semi-stable
sheaves of a given class and hence there are finitely many sheaves H of class «
which are quotients of F. In the same way, there are only finitely many subsheaves
of F of class 8. This means that only finitely many sheaves from Hx[«] and Hx[f]
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contribute to the element [F] from Hx[a + b], which shows that the map m is
well-defined.

In a similar fashion, one deals with Hx®H . In this case the map

[] Hxlml@Hx(3] © ][] Hxlo]®Hx[B]
ar+fi=m az+B2=m

5 ] Hxloa + 0] @Hx By + B2

az+PB2="2
ar+pB1=m

(2.7)

is convergent since for a given [F] ® [G] € Hx[v1] ® Hx[72] there are finitely many
surjective morphisms F — M and G — N, where M and N are coherent sheaves
satisfying M + N = ~;. The proof that A, s(Hx)[a+ 8] € Hx[a] ® Hx[g] is
completely analogous.

To see that A is a ring homomorphism, fix a pair of tuples («,3,a/,3") and
(7,7, 6,0") of elements of K|(Coh(X)) satisfying

T+ =a, 040 =8, y+i=a, Y+ =p
and put
cy.6 = (m@m)o Pyzo(A, v ®As5): Hxlo] @ Hx[] — Hx[o] ® Hx[0],

where P,3 is the operator of permutation of the second and third components. For
any tuples of sheaves (F,G, H,K) such that F = o,G = 8, H = o/, K = ' let
¢y,5(F, G, H,K) be the coefficient of [H] ® [K] in ¢, s([F] ® [G]). It is easy to see

that ¢, 5(F,G,’H,K) = 0 for all but finitely many tuples (v,7",9,").
Lemma 2.3. [G] The map

(moA)2 Y =P eys: Hxlo] © Hx[5] — Hx[o'] @ Hx[6).
~,9

satisfies the equality (m o A)z:’ﬁﬁ/ = Ay g om.

Note to the proof of Lemma. As in the case of quivers, this result is equivalent to
the following formula. Let F,G, M, N be arbitrary coherent sheaves on X. Then
the following equality of Hall numbers is true:

ey YT 5 an
. ar = q
H A,B,C,D

M DN pF . pG
Py Fep-Pac Pgp
ap-ag-ac-ap

This formula can be proved by essentially the same computation as in [G] (a more
detailed proof in [R2], in which all arguments involving the dimension vector are
replaced by the corresponding ones involving K (Coh(X )), can be applied in our
case literally). See also [S4]. v

Observe that since the Euler form ( , ) is antisymmetric it is not necessary to
twist the multiplication in Hy ® Hx as it was done in [G]. Lemma 2.3 implies that
the linear map A is a ring homomorphism. The Proposition 2.2 is proven. v

A graded algebra with a graded coproduct satisfying the properties of Proposi-
tion 2.2 will be called a topological bialgebra. The next important lemma says that
the linear maps

m : Hx[o] ® Hx[8] — Hxla + 4], Aa,s: Hxlo + 8] — Hx[a]§Hx|[g]
and

m: (Hx[a1]®Hx[31]) ® (Hx[a2]®Hx [32]) — Hx[a1 + f1]@Hx[az + (]
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are continuous. Recall that for an element a € H x[a] and n € Z we can write
a = jet, (a) + r,(a), where jet,(a) € H3" and jet, ((rn(a)) = 0.

Lemma 2.4. For any two classes a, 3 € (Z*)* and any m € Z there exists an-
other integer n such that for any a € Hx|o] and b € H[B] we have jet,, (ab) =
jet,, (jet,, (a) jet,, (b)). Similarly, for any pair of integers m,n there ewists another
pair k,1 such that for all elements f € Hx[a1]®Hx[B1], g € Hx|aa]®Hx[Ba] we
have
jeton(fg) = Jet,, , (Jety , (f) Jety. 1 (9))-

Finally, for any pair of integers m,n there exists k such that for and any a €
Hx o + 8] we have jetmn(Aa,s(a)) = Aq pjety(a)).

Proof. For any coherent sheaf H of class o + (3 there are only finitely many sheaves
F of class a such that there is a surjection H — F. Hence, we have a finite number
of exact sequences 0 — G — H — F — 0 with F = « and G = 3. Since the
vector space H)Z(m [a+ f] is finite-dimensional, we see that there exists n such that
rn(a) and r,(b) do not contribute to jet,,(ab). The proof of two other statements
is completely analogous. v

Later, we shall need the following property of the Hopf pairing in Hx.

Lemma 2.5. Let Y. ) ® 2/ € Hx®Hx[y] and y € Hx[y] and suppose that
S(@hxl y) < 0o. Then

S @haly) = @yl y?)
7 ¥

where Z y](l) ® yj@) =A(y).
j

2.4. There exists a natural “PBW-type” decomposition for Hy. For any u €
U{oo} we consider the subspace C Hx linearly spanned by classes €
Q ider the sub H{" c Hy linearl d by cl Fl|F
C #}. Since the category C,, is stable under extensions, Hg‘(‘) is a subalgebra of Hx
(but not a subbialgebra !). The exact equivalence ¢, ,, defined in Theorem 1.1
gives rise to an algebra isomorphism €, ,, : Hg’(‘z) = Hgé“). Let ®Hg?) stand
o

for the (restricted) tensor product of spaces Hg?) with p € QU {o0}, ordered from
left to right in increasing order, i.e. for the vector space spanned by elements of the

form ay, ® -+ ® a,, with a,, € Hg’(m and gy < -0 < iy

Lemma 2.6. The multiplication map m : ®Hg’;) — Hx is an isomorphism.
1%

Proof. As the spaces Ext(F, G) vanish for 7 € C,,, G, € C, and p < v, we have, up
to a power of v, [Fi]| - [Fo] -+ [Fr]=[Fi@---@F]if F; € Cyp, and p1 < ... < py.
Any sheaf can be decomposed into a direct sum of semi-stable summands, and these
are determined up to isomorphism. The statement easily follows. v

Let Clu1, po] be the full subcategory of sheaves whose HN decomposition only
contains slopes p € [u1, p2]. This category is exact and in particular stable under
extensions. Moreover, we have the following remark.

Remark 2.7. For any p; < po the Hall algebra of the exact category Cluq, po] is

a subalgebra of Hx, isomorphic to &) H()?).
n1<p<pz

We conclude this section by the following proposition.
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Proposition 2.8. Consider the algebra
T=K(X,Y5/(YTYT =1, Xy* =#2y*X).

Then there exists a K -linear algebra homomorphism x : Hx — T, called Reineke’s
character, given by the formula
. Xeys
X([F) =a P —r,

ar
where (o, 3) = (rank(F),deg(F)) € Z2.

Proof. Let T C K|, (Coh(X )) be the semi-group generated by the images of classes
of coherent sheaves on X. Following Reineke [Re], consider the associative algebra

K(T,(,)) = {Z a,t]a, € K}

yell

where the multiplication is given by the rule tat[i :7v<o‘*ﬁ>t°‘+ﬂ . Let X = ¢© and
Y* = t¥O=. Then we have: Y*YT =1 and t9+%%0 = vY X = v~1XY, hence
K(F, (, >) >~ T. Finally, by [Re, Lemma 6.1] the linear map x : Hx — T mapping

F avy B
[F] to 27 = q_aﬁ% is an algebra homomorphism. v
3. DRINFELD DOUBLE OF Hy

3.1. As in the case of quivers, it is natural to consider the Drinfeld double of the
bialgebra Hx. This is what we do in this Section.

Lemma 3.1. Hx is isomorphic to the K-algebra generated by the collection of
elements {xr |F is semi-stable } subject to the set of relations

(3.1) rF-xg =0 59 Z FﬁggH, vV F,G semi-stable
H

where by definition x4 = v2i<s <H“H-7'>xH1 ey, fH=H1® - ®H, with all H;
being semi-stable and p(Hy) < -+ < pu(H,).

Proof. Let G be the algebra defined above. By construction, there is a morphism
¢ : G — Hx, which is surjective by virtue of Lemma 2.6 (we have ¢(z4) = [H]).
Let G’ C G denote the linear span of elements z;, for H € Coh(X). It is clear
that ¢ restricts to an isomorphism of vector spaces between G’ and Hy, hence it
is enough to show that G = G'.

If F = Hi & - & H, is a decomposition of a sheaf F into a direct sum of
semi-stable objects with u(H;) < -+ < u(H,), we denote HN(F) = (H1,..., Hy)
and call this vector the HN-type of F. One can introduce an order on the set of
HN types as follows : ((r1,d1),...,(rs,ds)) < ((r},db), ..., (r},d})) if there exists

I such that (rs_;,ds—;) = (rj_;, d}_,) for i < while &=t > Dot op domt _ Gt

7‘::; i, Ts—1 T
ds_; > di—l'

Fix o € K{,(Coh(X)). We shall prove that any monomial zz, - - z#, of weight «
belongs to G’. For this, we argue successively by induction on the HN type HN (F)
of the sheaf 7 = F; @ --- @ F, and then on the number nx of inversions in the
sequence (u(F1),..., u(F,)). Note that if HN(F) is maximal, i.e. if p(Fy) = -+ =
W(Fr) = v then vz -7, € @yec, Koy C G5 on the other hand, if ng = 0
then p(F1) < - < u(F,) and 27, - -z, € G’ by definition. So let zz, -+ x £,
be a monomial of weight o and assume that zg, ---zg, belongs to G’ whenever

and

t—1
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HN(G) = HN(F) or HN(G) = HN(F) and ng < ng. If ng = 0 then we are
done, so we may assume that pu(F;) > pu(Fiy1) for some i. By Remark 2.7, we have

TF, " TF, € Kx]:H»l “TF; @ @ KQH'

HEC[u(Fiyr) n(Fi)]
HAF:OFit1

Now observe that the number of inversions of x7, -+ 77, - zF, -+ T F, is one less
than ngz, while the HN-type the sheaf /1 & -- - @& F;_1 @ H B Fiyo - - - @ F, is strictly
greater than HN(F) as soon as H € Clu(F;+1), n(F;)] is of class F; & F;y1 and
H # Fi®Fiy1 . We deduce using the induction hypothesis that £, - - - z£, belongs
to G’, as desired. v

Let DHx be the Drinfeld double of the topological bialgebra Hx with respect to
the Hopf pairing ( , ). Recall (see e.g. [X1]) that this is an algebra generated by
two copies of Hy, which we denote by H} and H to avoid confusion, subject to
the following set of relations for any pair g € HY and h € Hy; :

(R(g7 h)) Z h (1) - (2) + h(Q),g(l) Zg(l +h(2) h(1)7gj(2))

(we use here the usual Sweedler notation A(z*) = ixl(.l) ® x(2) ). Observe
that although the coproduct takes value in a completion of Hx ® H x, the relation
(R(g, h)) contains only finitely many terms. Indeed it is enough to consider the
case g = [G],h = [H], and then hz(-Q) involves only sheaves which are subsheaves of
H, while ggl) involves only sheaves which are quotients of G. As Hom(G,H) is a
finite set, there are only finitely many sheaves which are both quotients of G and
subsheaves of H, hence the scalar product (hz(?), gj(»l)) vanishes for almost all values
of (i,7). The same holds for the right-hand side of (R(g,h)). If h € Hx then we

write hT, h~ for the corresponding elements in H} and Hy respectively.

Proposition 3.2. The algebra DHx is isomorphic to the K-algebra generated by
two copies H}H;{ of the Hall algebra Hx subject to the set of relations

(3.2) R([G]*,[H]7) for any semi-stable G, H € Coh(X).

Proof. We have to show that the set of relations (3.2) for semistable a = [G]*,b =
[H]~ implies the set of relations R(a,b) for arbitrary a,b. By bilinearity of the
relations R(a,b) it is enough to prove this in the case a = [F]|T,b = [K]~ for some
(arbitrary) sheaves F, K.

Lemma 3.3. Let a,b € H},c,d € Hy. The relation R(ab,c) is implied by the
collection of all relations R(cucél)) and R(b, c,(f)) for all k > 1. Similarly, R(a,cd)
follows from the collection of relations R(a,(cl), ¢) and R(a,(f), d).

We refer to Appendix B for a proof of this lemma.

Now, let us consider the algebra A generated by H} and Hy modulo relations
(3.2). For any coherent sheaf F there exist semi-stable sheaves Gi,...,G, such
that [F] = v=i<i999([G,]---[G,]. Thus, in view of the above Lemma 3.3, it is
enough to prove that R([G], [K]) holds for semi-stable G and arbitrary K. We shall
prove this by induction on the rank r of L. As any torsion sheaf is semi-stable,
the statement is clear for 7 = 0. So let us assume that R([G],[K']) holds for all
semi-stable G and arbitrary K’ of rank less than r, and let K be a sheaf of rank r.
If K is semi-stable then there is nothing to prove, so we may assume that K splits
into a non-trivial direct sum of semi-stable objects K1 & --- @ K;. Assume first
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that rank(K;) < r for all . Then [K] = v i<i &K (1] ... [K;], and by Lemma 3.3
R([G],[K]) is a consequence of the set of relations R([g];i)7 [K;]). These hold in A
by the induction hypothesis since rank(XC;) < r. The last case to consider is that of
asum K =7 @7 where 7 is a semi-stable vector bundle and 7 is a torsion sheaf.
As above, R([G],[K]) is implied by the relations R([g]gl), [Z]) and R([Q];Q), [T]).
The second set of relations is satisfied by the induction hypothesis. For the first
set, let us again decompose [G] Z(-l) =v% V] [V] for some semi-stable sheaves V;.
As before, it is enough to see that R([V;], [I],(f)) holds for all j, k. But as T is
a vector bundle, any sheaf appearing in [I],gj ) is either semi-stable, or splits as a
direct sum of smaller rank sheaves. In both cases the induction hypothesis applies.
The Proposition is proved. v

Proposition 3.4. The multiplication map H} @ Hy 2, DHy is a vector space
isomorphism.

Proof. This statement is classical for Hopf algebras (see [J], 3.2.4). However, in
our situation of topological bialgebras, extra care needs to be taken because the
coproduct A takes values in the completion Hx®Hx. A proof of Proposition 3.4
is given in Appendix B. v

3.2. It is useful to view DHyx as the (yet inexistent) Hall algebra of the root
category Rx, where H} corresponds to the Hall algebra of Coh(X) and Hy cor-
responds to the Hall algebra of Coh(X)[1] (see, however [T] or [XX] for a recent
approach to Hall algebras for derived categories). For F € Coh(X) we put

_JIFT ife=0
md]_{[ﬂ if e = 1.

We define the set of semi-stable objects of the root category Rx as {]—" [e]}, where
F is semi-stable and ¢ € Z/2Z. Observe that this set is invariant under auto-
equivalences of Rx.

Corollary 3.5. The algebra DHx is generated by the set of elements [F]|, where
F runs among all semi-stable objects F € Rx.

Proof. This is a consequence of Lemma 3.1 and Proposition 3.2. v

Similarly to the case of the usual Hall numbers, for any triple of objects F,G, H
of the derived category D? (Coh(X)) we denote by P}_—fg the number of the distin-
H

P
guished triangles {g - H—-F — Q[l]} and F}_—fg = CL]:}'—gg' Next, for any four

objects M, N, A and B of Coh(X) we denote by Cﬁf‘g\/ the number of the long
exact sequences of the form

{O—>N—>B—>.A—>./\/l—>0}.

The following result of Kapranov [K2, Lemma 2.4.3] plays a key role in our study
of the Drinfeld double DH x.

Lemma 3.6. For for any four objects M,N, A and B of Coh(X) we have:
[1]eMm
CMN _ Pl/;[/lM
AB [Ext(M,N)|

Our next goal is to obtain an explicit form of the relations R([F]~,[G]"), where F
and G are semi-stable sheaves on X.
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Proposition 3.7. Let F and G be a pair of semi-stable sheaves on an elliptic curve
X with slopes p = u(F) and v = p(G).
(1) If p < v then R([F)~,[G]") can be rewritten as

A7 (6] = o9 S o I () 1B
B,C

(2) If p > v then R([F]~,[G]) reads as

N R DUl A GRS
AD

(3) Finally, if u = v then we have
> CRFIAT D= Y cgRle 8]
ADeC, B.ceC,

Proof. (1) Consider the first case when p < v. Let

7(.AB>P£B 7(CD)PCQ,D
A(m):;v B A e8] and A([m):;v P eml.

Since F and G are semi-stable and p(F) < p(G), we have ([B],[C]) = 0 for any
proper subobject B of F and any proper quotient object C of G. Hence, the relation
R([F]~,[G]") has the following shape:

- 1qt = —(A,B)—(C,D) PiBPCg,D +. 18]~
1™ - 19] > (A, [D]) [€]™ - [8]
AB.C.D arag

(F—B.B)—(C.G— 1 P,Zt:.BPCg.A _
_ Zv (F-B,B)—(C,G—C) Z ; ) [C]+ . [B] .
BC arag 1 ar

Recall that the Euler form on Coh(X) is skew-symmetric, hence for any object Z of
Coh(X) we have: (Z,Z) = 0. Next, note the following equality of Hall coefficients:

G
Z P,{BPC,A o C’C’B
—= = = Oy
A ar
Hence, the whole expression can be rewritten as
CC,B
[FI7 101 =D v TEeo 2 et )
BC arag

Since Hom(C, B) = 0 for any subobject B of F and any quotient object C of G,

Lemma 3.6 implies that C’Sfi_ = v’2<C’B>P;H]]@gB. Hence, we obtain:

F] (61 =Y v RO Ren priRE ) - 8]
B,C

To get the claim, it remains to note that
(F,G) + (F,B) +(C,G) + (C,B) = (F +C,G + B) = 0.
(2) In the case p > v, the derivation of the formula for R([F]~,[G]T) is similar to
the case (1) and is therefore left to the reader.
(3) Finally, consider the case p(F) = p = pu(G). Let sequences
0—B—F—A—0 and 0—D—G—C—0

be exact. Assume that ([B],[C]) # 0, i.e. B = C. Then B and C are necessarily
semi-stable of slope u. Hence, A and D are semi-stable of slope p as well. In other
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words, all four objects A, B,C and D belong to the same abelian category C,. The
relation R([F]~,[G]") can be rewritten as follows:

F g
Y s Tl gy
A,B.C.DeC,, aragas
BxC
F g
= Z v~ (AB)=(C.D) Pastep - B]*.
AB.C,DeC, aragaa
A=

By Theorem 1.1, C,, is equivalent to the category of coherent torsion sheaves on X.
Hence, the Euler form ( , ) vanishes on C,, and we obtain the relation

PF _pPY pF P9
Y (X IRt p = Y (3 ) s
ADeC, BeC, B B.CEC, AeC, A
which is obviously equivalent to the relation (3) of Proposition 3.7. v

Theorem 3.8. Let ® be an auto-equivalence of D° (Coh(X)). Then the assignment
[F] = [®(F)], where F is a semi-stable object of the root category Rx, extends to
a uniquely determined algebra automorphism of DH x.

Proof. Recall that DHy is a K-algebra generated by the symbols [F]*, where F
is a semi-stable coherent sheaf on X subject to the relations P([F]*, [G]*)

[]_—-]:I: . [g}:l: — p—(F.9) Z i<y (HisHg) F]t‘,g [Hl]i . [Ht]i,
HEH1OH2B--OH

where F and G are semi-stable, u(F) < u(G) and H =H1 P Ho b --- D H; is a
splitting into a direct sum of semi-stable objects such that u(H;) < u(Hz) < --- <
1(Hy); together with the relations R([F]*, [G]*) of Proposition 3.7. In order to
show that the group Aut (Db(C’oh(X))) acts on DHx by algebra automorphisms,
it is sufficient to check that all relations P([F]*,[G]*) and R([F]~,[G]T) are pre-
served for F and G semi-stable.

Consider first the case of the relations P([F],[G]). Let p = u(F),v = p(G) and ®
be an auto-equivalence of D°(Coh(X)).

Case 1. First assume that ®(F) = F[i] and ®(G) = G[i] for some i € Z. Let

fi = u(F) and & = pu(G). If we assume that p > v then it automatically follows
that & > 0. Moreover, ® induces an equivalence of exact categories Clv, u] —
C[?, ii]. Hence, we have an isomorphism of Hall algebras H (C[v, u]) — H(C[?, i)

preserving all Hall constants. In other words, the relation P([F]*, [G]*) is mapped
to the relation P([F]*, [,C'j]i)

Case 2. Assume ®(F) = F[2i + 1] and ®(G) = G[2i] for some i € Z.
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deg
i F
®(G

D(F)

g rank

Coh(X)[1] Coh(X)

Figure 2. Relation P([F], [G]), where u(F) > p(G)

First note that there exists a slope x, where v < k < p such that ®(C,) €
Coh(X)[2i + 1] for K < ¢ < p and ®(C,) € Coh(X)[2i] for v < ¢ < k. Next,
for any short exact sequence 0 - G — H — F — 0 we can write
HE(Hi®- @H) @ (M1 @ ®Hn) 2H & H”,
where all objects H; are semi-stable, u(H1) < u(Ha) < -+ < u(Hi) = K < Hegr <
o< pu(Hp), H =H1® - ®Hy and H' = Hir1 ® - © Hy. In these notations
we have:
(3.3) [F]#[G) = v=T9 N~ FES MM ) x (1)
HH

Since ®(F) = F[2i + 1], ®(H") = H"[2i + 1], whereas ®(G) = G[2i] and ®(H') =
H'[2i], we have: (F,G) = —(F,G) and (H',H") = —(H',H"). Hence, the image of
the relation (3.3) is the following equality in the Drinfeld double:

- L 1o+ o (F.G) —(H'H") H eH" (1] N+ 1" —
(3.4) [FI~ = [G]T = AZ v Pl [H']" = [H"]~.

’H/,H/I

~ -~

It remains to note that u(F) < w(G) and the equality (3.4) is nothing but the
relation of the Drinfeld double R([F]~,[G]T).

~ -~

Case 3. In a similar way, if ®(F) = F[2i] and ®(G) = G[2i — 1] for some i € Z then

~

the relation P([F],[G]) is mapped to the relation R([F]*, [G\]*)

Now we check the preservation of the relations of the Drinfeld double R([]? 1%, [é]i)
for all semi-stable objects F and G.

Case 1. First assume p(F) = pu(G) = p. Recall that any auto-equivalence @ €
Aut(D*(Coh(X))) induces an equivalence of abelian categories C, = C, for an
appropriate slope v. In particular, we obtain:

o (R([F]*,[6)F)) = R(IF]*, 19]T)

where ®(F) = F[i] and ®(G) = G[i] for an appropriate i € Z.

Case 2. Assume assume p(F) < u(G). Then there exists an auto-equivalence ¥
such that both complexes F := W(F[1]) and G := ¥(G) belong to the heart of the
standard t-structure C'oh(X). Since we have already shown that R([F]~,[G]T) =

\I/(P([]?]“‘, [QA]"’)), we have:
®(R([F]7,9]%)) = @0 W (P([F]F,[G]T)).
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Hence, this is again a relation either of the type P([ﬁ]i, [G\]i) or of the type
R([FI7,[G]F).

Case 3. The remaining case p(F) > p(G) is similar to the former one and is left to
the reader. Theorem 3.8 is proven. v

Corollary 3.9. The group ﬁ@, Z) acts by algebra automorphisms on DHx.

Remark 3.10. Theorem 3.8 is close in spirit to [K2] (see also [X2] and [PT]).
Recently, it has been generalized by Cramer, who proved that any derived auto-
equivalence between hereditary abelian categories gives rise to an isomorphism at
the level of Hall algebras, see [Cr].

It turns out that the Drinfeld double DH x carries one more symmetry :

Proposition 3.11. The duality functor D = RHom(—, Q) induces an involutive

anti-isomorphism [F] — [D(F)] of the algebra DHx satisfying the relation
Do®d=i"0o[l]o®o D,

where ® = ToTo, To and i is an involution of the curve X preserving xg.

Proof. The proof of the fact that D is an anti-homomorphism of the algebra DH x

is completely analogous to the proof of the Theorem 3.8 and is therefore skipped.
The equality relating the dualizing functor and the Fourier-Mukai transform is a

corollary of the Proposition A.2. (see Appendix A). v
Remark 3.12. Since the map D sends vector bundles to vector bundles, it restricts
to an antiinvolution of the subalgebra HTVe¢:= (@ HH 0,

—oo < <o

4. THE ALGEBRA Uy

Our main object of study is a subalgebra Ux of DHy, generated by certain
“averages” of semi-stable sheaves. Before defining Ux and giving some of its first
properties, we state some useful results on the classical Hall algebra, associated to
the category of torsion sheaves supported at a point (or equivalently to the category
of nilpotent representations of the Jordan quiver).

4.1. We shall need the usual notions of v-integers : if v # +1 we set

v —v7*
sl =
We shall usually only use [s] := [s], where v> = #k ™' is as in Section 2.1. For

a finite field I fix u € C such that u? = (#1)~!. Denote by N} the category of
nilpotent representations over I of the quiver consisting of a single vertex and a
single loop. Then there is exactly one indecomposable object I(,) of length r for
any r € N, and for a partition A = (Aq,...,As) we write Iy = I(x,) @ -+ @ I(y,).
The set {Ix}, where A runs among all partitions is a complete collection of non-
isomorphic objects in Nj. The structure of the Hall algebra Hy;, of the category
N, is completely described in [Ma], Chap. II, (see also [Ma] Chap. IIL. 3.4). The
following proposition summarizes those properties of Hy;, that will be needed later
on. Let us denote by A; Macdonald’s ring of symmetric functions, defined over
the ring Q[t*!], and by ey (resp. py) the elementary (resp. power-sum) symmetric
functions.
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Proposition 4.1 ([Ma]). The assignment [I(1)-] — u"""Ve, extends to a bialgebra
isomorphism Wy : Hy, = (Ay)ji—y2. Set Fr = U, (p,). Then

1) Fr =2\ M (LX) = 1)[1], where n, (1) = Hizl(l —u—?),

i) A(F,)=F.®1+1®F,,

i) (Fy, Fy) = by, ru’

-r _ T

u

Proof. Statements i), ii) and iii) may be found in [Mal, III. 7. Ex.2, 1.5 Ex. 25 and
II1.4 (4.11) respectively v

In particular, the scalar product ( , ) on Hy; coincides, up to a renormalization,
with the Hall-Littlewood scalar product.

4.2. Let x be a closed point of X. Since the residue field k, at the point « is of the
same characteristic as k, there is an equivalence of categories N, — 7Tor, which
provides us with an isomorphism ¥y, : Hr,,, = (At)|t:v2deg<z), where v? = #k:_l.

For r € N we define an element Tﬁff) € Hx by the equation

T _Jo if r # 0 (mod deg(z))
[r] deg—(w)\ll,;j (p ) if =0 (mod deg(z))

r deg ()

and we put TT(OO) = ZL TT(Z;O). Note that this sum is finite since there are only
finitely many closed points on X of a given degree.

Recall the subalgebras Hg?) of Hy defined in Section 2.4. In particular, Hg?o)
is the Hall algebra of the category of torsion sheaves on X. As the Hall algebra of

N, is commutative for any z, it follows that Hg(oo) is commutative and hence for

any slope p the algebra Hg’;) is commutative as well.

By definition, 7" € H$®. For an arbitrary y € Q we put T") = €,, 00 (Téoo)).

; ~ (p2)y _ p(p)
AS €11z © €papis = €pn iz, We have ey, (T7) = T for any puy, pa.

Definition 4.2. Let U;r( C H} be the K-subalgebra generated by all elements
T for r > 1 and p € QU {oo}, and let Uy C H be the (isomorphic) subalgebra
defined in a similar way. We denote by Ux the subalgebra of DHx generated by
U7} and Uy.

It will be convenient for us to introduce one more type of notation : if u = %
with n > 1 and [, n relatively prime, we put T(4,y +r) = (TT(“))i € U)i(. Similarly,
we put (g +r) = (Tﬁoo))ﬂE and Tp0) = 1. We also set Z = 72, so that

Z* = {(q,p) €Z*| £q>00rqg=0,%p >0}, Z* = 72\{(0,0}

and Z = ZT UZ~. Thus, by definition, Uf( is the subalgebra of DH x generated
by T(4.p) for (q,p) € (Z)*. Note also that by construction the S/‘E(Q,Z)—action on
DH x preserves Ux. In fact, since ¢* (T(qm)) = T(4,p) for any involution ¢ of X, this
action factors through SL(2,Z).

Finally, it will be necessary to consider a new system of generators for U}.
Namely, for a € Z+ we put

1= Y [H] € H{al.
WZ&;HGCM(Q)
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This sum is finite. If @ = (gq,p) with p,q relatively prime then (see e.g. [S1],
Section 6.3.) we have

(4.1) 1+ 1%,s" = exp (Z TM“ s>

r>1 r>1

In particular, 15 € U and the set {15 | o € Z*} indeed generates U%.

4.3. Let us now introduce completions of UL and U} @ UL, Put UZ"[o] :=
Ut[a] NHZ"[o] and U3"[o] := UL /UZ"[a]. We can define

(4.2) U [o] := lim U"[a],

then clearly ﬁ}[a] C ﬁ}[a} In the same way, we denote

(4.3) UL [o]@U (6] = lim U"[o] © U™ [0] C HY [o] @H [4].

By definition, an element a € ﬁ}[a} belongs to ﬁ}[a] if and only if jet, (a) €
U%"[a] for all n. Similarly, a € HE[o]@H%[6] belongs to UL [o]@UL[F] if and
only if jet,, ,(a) € U3 [a] ® UX"[8] for all m,n.

Next, we set

Ut = Ph Utlo] and ULSUL = P ( [] vkpBeuih).
a€Zt a€Zt BHy=«a

The aim of this section is to prove the following result :

Proposition 4.3. [AJ} is a topological sub-bialgebra of ITIJ;( That s, IAJ} 1s stable
under the product, and we have Ay 5(Uk[a+ 8]) C UL [a]@UL[A].

Proof. We first show that [AJ} is stable under multiplication. Let a € ﬁ}[a] and
b e ﬁ}[ﬁ}, and fix u, € U¥lal, v, € UL[A] so that jet,(a) = jet,(u,), and
jet,, (b) = jet,, (v, ) for all n. Then by the continuity of the product (Lemma 2.4) for
all m we can find n such that jet,,(ab) = jet,, (u,v;,), hence ab € ﬁ}[a + ]. The
same proof shows that U;@U} is a subalgebra of H}@Hj}

To prove the stability of ﬁ} under the coproduct, it is enough to show that
A1) e U}@U} for any «. For this, we introduce another set of generators, this
time for ﬁ} Namely, we denote

F; F=a

From the existence and splitting of the Harder-Narasimhan filtrations we deduce
the following equality in Hx o]

(4.4) La=15+) > plicilenalyss g
t>1 a1+Foar=«
plon)<--<p(o)

from which we conclude that jet,,(1,) € U3"[a] for any n, and thus 1, belongs to

[AJ} Next, we use the following well-known property of Hall algebras (see e.g. [S4,
Lemma 1.7]) : for any «, 3 € Z,

(4.5) Ao s(larg) =01, ©15.
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It follows that for any polynomial u = u(1a,,...,1a,) we have A(u) C UL&UYL.
The inclusion A(1%) € UL®UY, is thus a consequence of the continuity of the map
A together with the next Lemma :

Lemma 4.4. For any o € ZT and any n € 7 there exists an integer m(n), a
polynomial u, € K[tl,tg, e ,tm(n)} and classes a1,z ...,y € 77" satisfying
> «; = « such that jet, (1) = jet,, (un(lal,l(127 R 1am<"))).

i=1

Proof. 'We prove this lemma by induction on rank(a). The case rank(a) = 0 is
clear since 1% = 1,. Assume that « = (r,d) and that the assertion is proven for
all classes § such that rank(3) < r. From the formula (4.4) we get the following

expression in Hx[a]:

P SRt i) DD DR e R R
rank(a)=rank(~y) t>1 Bi4-+i=a
n<u(y)<n(a) rank(3;) <rank(a)

n<p(B1)<--<p(Bt)

where jet, (r,) = 0. Note that both sums in the right hand side of the equality are
finite. In particular, there are finitely many classes v = (r,d’) such that d > d’
and p(y) > n. Applying the above formula an appropriate number of times to the
element 15 we obtain

k l
(46) 1T=1.+ > Lyp+ > G1F1E...15
=1 =1
rank('yz-l):rank(oz) Bl+"'i,8n(j):a
rank(3;)<rank(o)

where jet,, (r7,) = 0, p; are polynomials in elements of type 1(p ;) and ¢; are scalars.
Now by the continuity of the product (Lemma 2.4) there exists an integer N such
that for all classes 31,52, . .., B, (;) occurring in the decomposition (4.6) of 13 and

for any ri € I/‘\Ix[ﬂl],dfg S I/‘\Ix[ﬁg], <o Tn(y) S I/‘\Ix[ﬂn]] we have

jet, (122 .. 2y (;)) = jet, (jetN(:El)jetN(xg) .. .jetN(:c,L(j))).
Approximating the elements 1% , 13 ... ., 1§W) up to the order NV by polynomials

ug,,Ug,, .., ug,;, in classes 1,, we obtain the desired polynomial w,, approxi-
mating 1% up to the order m. This concludes the proof of the Lemma and of
Proposition 4.3. v

4.4. We now come to the main result of this Section. In Section 2.4. we described a
PBW-type basis of H;r(, which by Proposition 3.4 extends to a PBW basis of Hx.
We give a similar construction for Uy. For u € Q U {oo} let us denote by

U)i(’(“) C UZ the subalgebra generated by {(TT(”))jE |7 >1}. We also let ® stand
“w

for the restricted ordered tensor product (see Section 2.4.).

Theorem 4.5. The multiplication map induces isomorphisms of K -vector spaces

(4.7) ®U§7(u) ~ Ut ®U+ () ®®U ()~

“w
Moreover, U% is a topological bialgebra: A, 5(Ux [a +6]) c UL[a] @ UL ().

Proof. In order to prove the above result, it will be convenient to consider ﬁ; [a] :=
U7 [o] N HY[a], where the intersection is taken in H¥[a]. Of course, U [a] C
ﬁ; [a] and as it will turn out in the end ﬁ; [a] = U¥lal, but a priori ﬁ; (o]
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might be bigger. Observe however that ﬁ; [a] = U¥[a] for any class a = (0,d),

d € Zso. It is easy to see that ﬁ; = &b ﬁ; [a] is a subalgebra of HY. In
acZt
addition, it is also a sub-bialgebra :

Lemma 4.6. For any «,  we have A, g (ﬁ; [a+3]) C U; (o] ®U} 3]

Proof. By Proposition 4.3 It is enough to show that

(48) (U%[)@U%18]) N (HE [o] © H[5]) = Uxla] © Ux[5),

where the intersection is taken in H[a]@H [3]. Let V,, g stand for the left hand
side of (4.8). The inclusion ﬁ; [a] ®ﬁ; [8] C V4, g is obvious since ﬁ; [o] ®ﬁ; (8] C
U [a]@UL (6] and ﬁ; [o] ® ﬁ; (3] € Hi[a] ® H{ [B]. For any sheaf F of class v
let prg: I/-\I} [7] — C be the linear form picking the coefficient of [F]. To prove the

reverse inclusion, it is enough to show that for any F of class a and any G of class
G we have

(49)  (prr@1)(Vap) CUXE  and  (1@prg)(Vas) C Uxlol.
Indeed, if (4.9) holds then
Vas © (Ux[o] @ HE[5)) N (H{[o] @ Ux[]) = Uxlo] & Ux[9].

Finally, we prove (4.9). Let v € V, g, and let F,G be sheaves of class « and
respectively. Choose m € Z such that F,G € Cohsp,. As v € UL[a]@U%[A)] for
any m’ < m we have v € U%[a] @ U%L[3] + (H)Z;m/ [a]@HE (3] + H}[a}QA@H)Z;m/ 13])
from which we deduce that (prr®1)(v) € UL[B] + ITI)Z;m/ [3] and (1 ® prg)(v) €
Ui a] + ﬁ%m/ [a]. Equation (4.9) follows and the Lemma is proved. v

Let Ux C DHx be the subalgebra generated by two copies ﬁ)i( C Hf( of ﬁ;

Corollary 4.7. The algebra Uy is isomorphic to the Drinfeld double ofﬁ;, and
the multiplication map induces an isomorphism ﬁ; ® Uy ~ Ux.

Proof. Since ﬁ; is a topological bialgebra, by the same proof as for Proposition 3.4
we see that DU; = ﬁ; ® Uy and Dﬁ; is isomorphic to the subalgebra of DH x
generated by ﬁ; and U . v

Recall that we defined for any v € QU {0} a subalgebra H}’(V) and that we set
U;’(V) = U} N H;’(V). By Lemma 2.6, we have a tensor product decomposition
m: ®H;’(V) SHY. Lt HY™ =m( @ H;’(”)) be the subspace spanned by the

v<oo

classes of the vector bundles, so that the multiplication map m : H;’V6C®H;’(°°) —
H;} is an isomorphism. The following property of ﬁ; will be crucial for our
purposes.

Lemma 4.8. We have ﬁ; CHL™® U;(OO)'

Proof. Consider an element u € ﬁ; [a]. Viewing it as an element of m(H;F(’Vec ®
H;’(Oo)) we can expand it as a finite sum u = >, w; with w; = 3, uj; - uj/;, where

up; € HYY™ and uf; € H;’(OO) [(0,7)] for all 4,1. Let = : H} — H}"* denote the
projection of the Hall algebra on its subspace. Observe that as any coherent sheaf
F has a unique maximal torsion subsheaf, we get

(4.10) (m @ 1)An—(0,1),(0,0) (1) = ple=OD.0D) Zufz ® Ul
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On the other hand, by Lemma 4.6 we have
—+ —=+ —+
Aa—(o,0),00)(w) € Ux [04 - (0, l)] ®@ Uy [(O,Z)] =Uy [a - (0, l)] ® Uk [(Oa m
But then from (4.10) we obtain },uj; ® u; € H}' ® UL[(0,1)]for all I, and
hence u € HY'* ® U;’(OO) as wanted. v

After these preliminaries we are now ready to prove that the multiplication map
induces an isomorphism ®U;’(”) ~ U%. For any v € QU {oo} there exists

v

~v € SL(2,7Z) such that y(v) = co. Recall that the group S/‘E(Q,Z) acts on DHx
and preserves Ux. Moreover, this action is compatible with the decomposition

DHy ~ @HL"™ @ @Hy" (ie. it permutes the subalgebras HE ). Hence,
u u
using Corollary 4.7 and Lemma 4.8 we obtain the chain of inclusions
(4.11) 4(U%) c Ux e Uy c (QHYW o U)o (RHyYW o Uuy™).
p<oo pn<oo

But then, applying v~! to (4.11) and using the equality W*I(U;’(w)) = U;’(V)
we see that U C ®H;’(“) ® U;’(”) ® ® H;’(”). As this is true for all v,

n<v n>v
we get UL C ®U;’(“) and finally U} = ®U;’(”). Of course, this also proves
1 1

the equality Uy = ®U)_(’(“ ). The second statement in Theorem 4.5 is now a
“w
consequence of Corollary 4.7 and the next result :

Lemma 4.9. The two algebras U} and ﬁ; coincide.

Proof. Recall that the condition u € ﬁ; [a] means that u € H{[a] and for all n
there exists u, € U%[a] such that jet,(u) = jet, (u,). But note that for n > 0

we have u = jet, (u) and as UL ~ ®U;r(’(l’)7 we get jet, (u,) € U¥[a]. Therefore,

U} = ﬁ; and as a corollary,
Uy =DUy = Uy ® Uy = U @ Uy = DU} = Uy.
This concludes the proof of Theorem 4.5. v

4.5. We finish this section with several important computations regarding U}.
They will be used in a crucial way in the next section. Let us set, for i > 1

ci(X) = #X(F ) v'li]/i.
Lemma 4.10. For any x = (¢,p) € ZT we have
er(X)
T, Tx) = ———,
(T ) (v=1 —wv)

where r = ged(g,p) € N.

Proof. Using the SL(2,Z) action, we may restrict ourselves to the case of x = (0, 7)
with 7 > 0. We have

(T, Tio,m)) = Z Z (1852, 1(5)).
d|r x: deg(z)=d
If x is of degree d, it follows from Proposition 4.1, iii) that

2 r
(T(OO) T(OO)) — dfr] __ v [r]d .
) S D T -y
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The statement of the Lemma follows from the equation
S d=#X(Fy).
d|r x: deg(z)=d

v
We now turn to the coproduct. Define elements O, € Ux by equating the
coefficients of the following generating series:

(4.12) Z@les = exp < 1) Y Trxys >
r>1
for any x¢ € Z* such that deg(xg) = 1.

Lemma 4.11. For any p € Z we have:
ATap) =Tap @1+ 000 @ Tap-i)
1>0
Proof. Up to a twist by a line bundle, it is enough to consider T{; gy = 1?51’0). By

the proof of Proposition 4.3, we have

Aa—n),0m)(La0) = "1 ) @1 n),
Ao,n),(1,—n)(1(1,0)) = v "lom) @ L1,n),
A0,n),0,m) (L(0,n+m)) Lo,n) ® Lo,m)

and moreover
10) ZU L1, —n)Xns

n>0

where xn = >, o(=1)" 220 4 11 —n Lo,1) - L(0,1,)- Denote by

= Z Los, x(s) = ZXlSl

1>0 1>0

the generating functions of 1(g,) and {x,}. It is easy to see that the elements
{Xn} are completely determined by the relations >, ._; 1(0,i)X; = 61,0, which can
be rewritten in the form 1(s)x(s) = 1. In particular, from the formula for the
coproduct we have A(1(s)) = 1(s) ® 1(s) from which we deduce that A(x(s)) =
X(S) @ X(S), Le A(O,n),(O,m) (Xn+m) = Xn ® Xm. This implies that

A0 (AE0) = Zvl+k1(1,—l—k)Xk ® (Lo + Lo—1n)X1 + -+ x1)-
k>0

Using Ziﬂ.:l 1(0,i)X; = 01,0, We get A(l-,—l)y(O,l)(lﬁ,o)) = 51,01?51’0) ® 1. A similar
computation shows that

A, 1,-n(1{,0) = Z(Uk*ll(o,z) +0PF gy xa + 0 ) @1 s X
k>0

Hence, setting 0; = Z;ZO v%_ll(o,l,k)x;g we obtain
A1) = 1o @1+ 0 @15,
1>0

Finally, we claim that the elements 6; can be characterized through the rela-

tion Y ;5" = exp ((v™! —v) X T(o,r)s"). To see this, note that by definition
>0 r>1



24 IGOR BURBAN* AND OLIVIER SCHIFFMANNT

T T
> Lops' = exp ( > ([2’]” sr>, hence 3 ;8! = exp (— > ([(;‘]T)sr). But then
>0

r>1 >0 r>1
T To.r
Z 15" =1(v=1s)x(vs) = exp (Z pr O g Z pr =0 sr)
1>0 r>1 [r] =1 [r]
=exp <(v1 —) Z T(O)T)sr)
r>1
as desired. v

The final computation which we shall need is the following. Set

=Y [FleUL.
F wvec. bdle
F=«

Lemma 4.12. For any n > 0 and for any o = (r,d) € Z" we have

Pt T

(4.13) [To.ny 1a] = en(X)——="Tatom:
vec vt — T vec
(4.14) [To.my 165°] = en(X) —— = Lo 0m)-

Proof. Since 1, = Zd>0v<o"(0’d)>l‘ff(o’d)l(o,d) and [T(o,n),l(o,d)] = 0 for all n
and d, the equation (4.13) is a consequence of (4.14). We shall thus only deal with
(4.14).

Assume first that rank(«) = 1. Up to twisting by a line bundle, we may assume
that a = (1,0). Note that 115%) = T,0)- There exist elements Sy, ..., S, with
S; belonging to the algebra generated by T(o 1), ..., T{0,;) such that T(g ,yT(1,0y is
equal to a linear combination

(4.15) To,mT1,0) = ZT(l,n—i)Sia
i=0

We first compute S,. Let us write T{o,) = > ywr[7] and S, = >, ur[T], for
some scalars wr, ur € K. Observe that a term of the form [LHT], for a line bundle
L of degree zero and a torsion sheaf 7 of degree n, only appears on the right hand
side of (4.15) in T{; ) Sy, and with a coefficient equal to uzv~". On the other hand,
the coefficient of [£ @ 7] in the left hand side is equal to U”wTFéf‘zT = v "wr.
Hence ur = wr for all 7 and S, = T(o,n)-

Now we show that S; = 0 for i # 0,n. By Proposition 2.2, A([T(.), T(1,0)]) =
[A(T(0,n))s A(T(1,0y)]. By Proposition 4.1, ii), A(T(0.n)) = T(o.n) ® 14+ 1 & T(g.n)-
Let C = A([T(O’n), T(l,o)])- From Lemma 4.11 we deduce the formula

(4.16) C = [Tio.m), T1,0)] ® 1+ 1@ [To.m): Ta.)) + D Oy @ [Tio.my» T1.—)-
I>1

Let ip be the maximal value of i distinct from n for which S; # 0. Note that
A(l,nfio),(o,io) (T(l,nfi)si) =0ifi < 7;(), while we have A(l,nfio),(o,io) (T(l,nfio)s’io) =
V"T(1,n—iy) ® Si,- But on the other hand, for any j > 0, (4.16) implies that
Awn—).0.) (Tlom, Taol) = 0. Hence io = 0, [Tio.n) Tt1,0)] = 20T(1,n) for some
zo € K. In order to determine the value of zy we compute the scalar product
(T(O,n)T(1,0)7 1(1’,1)) in two different ways. By Proposition 4.1 ii), T(o,n) is orthogo-
nal to the subalgebra generated by T\ ;) for i < n. Hence, using (4.1) and (4.4), we
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. n L
obtain lany =Tan + ﬁT(LO)T(Q,n) + u where u € (KT(l,n) S KT(l,O)T(O,n)) ,

and using Lemma 4.10 we get

(Tlomy Tr.0) (1) =13 Ty Tom)s TvyToumy) + 20 (Tmys T

[l
(4.17) _ " cp(X)er (X) a1 (X)

o] =
On the other hand, we have (T(O,n)T(l,O), 1(1@)) = (T(o,n) ® T(l,o),A(l(l,n))) and

by (45) we have A(l(l,n)) = Ui]T(o,n) ®T(170) —|—u' where u’ € (KT(O,n) ®T(1)0))l

[n
It follows that
(4.18)

(To.mT,0): Lam) =

vl —w’

’U_n U_n a X Cn X
W (T(O,n)7 T(O,n)) (T(I,O)a T(l,O)) - [TL]M

Combining (4.17) and (4.18) we finally obtain zy = ¢, (X) as wanted.

Now let r = rank(a) be arbitrary. Repeating the argument above, we have
[T(O,n)7 1‘(’§fd)} € ﬁ}?c Let V be a vector bundle of class @ + (0,n) and let 7 be a
torsion sheaf of degree n. The coefficient of [V] in [[T],1%] is easily seen to be

equal to v"™ ’Homs‘"j v, T) ‘ /aT, where Hom®“J(V, T) stands for the set of surjective
maps V — 7. By the inclusion-exclusion principle, we have

[Hom™3(V, T)| = [Hom(V, T)| = > [Hom(V,7")|+ Y |[Hom(V,T")| -
T'CT T"CT'CT
— 2 _ Z Uf2rdeg(7') + Z U72rdeg(T”) L
T'CT TCT'CT
(the sum is finite since there are only finitely many subsheaves of 7). The above

expression only depends on 7 and the rank r. Hence [T(O,n), 1‘&“] = url‘&ej(o n)

for some u, € K, which remains to be determined. For this, we use the iterated
coproduct map A; ;. We have, by (4.5)

(4'19) Al,...,l(]-(r,l)) _ Z UZKj(lj_li)]—(l,h) ®"'®1(1,lr)7
i+ A=l
while by Proposition 4.1, ii),
(4.20)
Ar 1 ([Tomys 1ra))

= [Z 1@ @Ton @ - ®1,A11(1¢ra))
=1

=uy, Y v @ @ @ @ 1)
i=1 dy+tdn=d
Comparing (4.19) with (4.20) and using the case r = 1 treated above we get

T
up = ugortH” Z p 72T = en(X)
i=1

T N

v — v~

,Un — ,U—n

as wanted. We are done. v
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5. THE ALGEBRA &, 5

5.1. The aim of this section is to give a presentation for U x by generators and rela-
tions. Since it is convenient to depict elements of Uy graphically, a few notational
preparations are in order. Let o stand for the origin in Z. By a path in Z we shall

mean a finite sequence p = (x1,X2,...,X,) of non-zero elements of Z, which we
represent as the piecewise-linear curve in Z joining o,x1,X1 +Xo,...,X1 + -+ X,.
Let xy € [0,27[ denote the angle between the segments ox and oy. A path
p = (x1,...,%,) will be called conver if 0 < X;x3 < X1x3 < --- < X1%, <
2m. Put Ly = N(0,—1) and let Conv’ be the collection of all convex paths
p = (xi1,...,X,) satisfying )ZL\O > @ > > X/TEO > 0. Two convex

paths p = (x1,...,%,) and q = (y1,...,ys) in Conv’ will be called equivalent
if {x1,...,%:} = {y1,...,¥s}, L.e. if p is the result of permuting together sev-
eral segments of q of the same slope. We denote by Conv the set of equiva-
lence classes of convex paths in Conv’. We shall only consider convex paths up
to equivalence, and we shall simply refer to elements of Conv as “paths”. We
also introduce Conv™ (resp. Conv™) as the set of convex paths (xi,...,Xs)

satisfying x/lfo > - > xsLg > 7 (vresp. W™ > X/lfo > -+ > xsLo > 0).
+

Concatenation of paths then yields an identification Conv ~ Conv™' x Conv .

e o o o
e o o o

e o o o o o o o o o o
e o o o e e—e o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o
e o o o o o o o o o o

o e o o o o o e o o o

e o o o o W
e o o o o o o o o

e o o o o
e o o o o
e o o o

. . . p
P1 is not convex P4 is convex but ps € Conv Ps is not convex
p2 € Conv™,p3 € Conv™ ps € Conv, but ps € Conv*

Figure 3. Examples of paths

Observe that distinct paths could give rise to the same polygonal line in Z: for
instance p = ((0,1),(0,1)) and p’ = ((0,2)). To a path p = (x1,...,%;) we
associate the element Ty, := T, - -- Tk, € Ux. This expression is well-defined since
Ui’(“) is commutative for all slopes p. Moreover, it follows from Theorem 4.5 that
the set of elements {Tp p € Convi} is a K-basis of Uf(.

Remark 5.1. The group SL(2,Z) naturally acts on the set of paths. For any ray
L in Z starting at the origin we can define the set Conv’ by replacing Ly by
L, and any o € SL(2,Z) maps bijectively Conv’ to Conv’". In particular,
{T, |p € Conv’} is a K-basis of Ux for any L. Such a choice of L corresponds to
a choice of a t-structure in the derived category D°(Coh(X)).

For x,y € Z* we let Ay stand for the triangle with corners o,x,x+y. If
xy < m then Ty Ty (corresponding to the path (y,x)) can be written as a linear
combination of elements T, where p runs through the set of conver paths lying in
Ay y. Indeed, this is a reformulation of Remark 2.7 when x,y € Z*, and follows
for an arbitrary pair (x,y) by SL(2,Z)-invariance of Ux.



ON THE HALL ALGEBRA OF AN ELLIPTIC CURVE, I 27

Figure 4. The triangle Ay y and some convex paths in it

Several arguments in this Section are based on Pick’s formula, which we recall :
for any pair of non-colinear points x,y € Z :

(5.1) |det(x,y)| = deg(x) + deg(y) + deg(x +y) — 2+ 2#(Axy N Z).

5.2. We shall describe Ux as an abstract algebra of paths modulo a minimal set
of “straightening” relations given below. If x = (¢,p) € Z* we write deg(x) =
ged(q,p) € N. For non-collinear x,y € Z* we set ey = sign(det(x,y)) € {£1}.
Definition 5.2. Fix 0,6 € C* with 0,5 ¢ {£1} and set v = (¢5)'/? and

ci(o,) = (6% — 72 (52 — 57 /?)[d], /i.

Let £, 5 be the C-algebra generated by {tx |x € Z*} modulo the following set of
relations
i) If x,x’ belong to the same line in Z then

[txa tx’] = 07

i) Assume that x,y € Z* are such that deg(x) = 1 and that A, has no interior
lattice point. Then

0
[tya tx] = €x,yCdeg(y) (Ua 0—)%

where the elements 6,, z € Z* are defined by the following generating series
(5.2) Z Bix,s" = exp ((u_l —v) ZtT"OST)’
i r>1
for any xg € Z* such that deg(xg) = 1.

Observe that 6, = (v~! — v)t, whenever deg(z) = 1. We also denote by Si[-, the
subalgebra of £, 5 generated by ty for x € Z*.

Lemma 5.3. For any v € SL(2,Z) we have an algebra automorphism ® : €55 —
€55 given by the formula ®.(tx) =t (x) for any x € Z*.

Proof. Obvious. v

5.3. Now let #X (F ) stand for the number of rational points of X over F,- and
recall that v = ¢~/2. By a theorem of Hasse (see e.g. [Ha], App. C) there exist
conjugate algebraic numbers o, @, satisfying @ = ¢, such that

#X(Fgr)=q" +1—(c"+7")
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for any r > 1. These numbers 0,7 are the eigenvalues of the Frobenius automor-
phism acting on H* (XE’ Q). Note that ¢;(0,5) = v [i{]#X (Fi) /i = ci(X).
Theorem 5.4. The assignment § : tx — Ty for x € Z* extends to an isomorphism

Q:gg,gﬁUX Rk C.

Example 5.5. Before giving the proof of this theorem, let us illustrate the use of the
straightening relation ii). We shall compute #(; 2)t(1,—1), which corresponds to the
path ((1, 2), (1, 71)) not belonging to Conv. By ii) we have [t(071),t(171)] = c1t(1,2),
hence

1
[tz ta,-n] = a{[[t<o,1>7f(l,—l)]vfu,l)] + [t b ta,vl] |

1
= oy tan] + [t teo + 507 = 0)t )

where we have used ii) in each term, and the relation

0(2,0) | 2
’ =t + (T =)t oy
T = teo 5l )t(1.0)
NOW, by 11) again we have [t(l,O)at(l,l)] = *Clt(%l), [t(0,1)7t(2,0)] = Cgt(271) and

[t(O,l)vt(l,O)] = t(l,l)- Hence, we obtain

1, _
[t(1,2),t(1,—1)] = (c2 —c1)t21) + 5(”0 t— v)er(ta,yta,o +taot,n)

1, _
= (c2 — c1)t21) + §(v ' — ) (crt1) + 2t 00t a1,1))

Gathering terms, we get

1, _
taota,—1) =1ta,—nta) + 5(” t— v)ertot(i,n + 1 ([3] — UCl)t2,1-

Observe that all three paths ((1,-1), (1,2)), ((1,0), (1,1)), ((2,1)) belong to Conv.

We begin the proof of Theorem 5.4. Let us first show that the map 2 is well-
defined, i.e. that relations i) and ii) hold in Ux. By the SL(2,Z)-invariance of
E,5 and Uy it is enough to prove relation i) for x = (0,7),x" = (0,7). The
subalgebra H()?o) of Hx is stable under the coproduct (as any subsheaf or quotient
of a torsion sheaf is again a torsion sheaf) and can be described as the product over
all points x € X of the Hall bialgebras of the categories N, . By Proposition 4.1, ii),
A(T,Ef;o)) = Tﬁ:}o) ®R1+1® Tﬁf;o). Hence, from the definition of the Drinfeld double
we get [T(O,r)aT((],r’)] = 0 as desired.

Let us prove the relation ii). Assume that x,y are as in ii). Since deg(x) =1
we cannot have deg(y) = deg(x +y) = 2. On the other hand, it is easy to see
that if deg(y) > 2 and deg(x +y) > 3, or if deg(x +y) > 2 and deg(y) > 3 then
Ay y contains interior lattice points. In conclusion, we either have deg(y) =1 or
deg(x +y) = 1. We split our argument according to this dichotomy.

Case a.1. We have deg(x+y) = 1 and exy > 0. Up to the SL(2,Z)-action, we may
fix x = (1,0) and if det(x,y) = r then we may furthermore assume that y = (s,r)
for some 0 < s < r. Using Pick’s formula (5.1), we deduce that there are no points
inside Ay if and only if deg(y) = r, which implies y = (0,r). Then relation ii)
follows from Lemma 4.12.

Case a.2 We have deg(x +y) = 1 and exy < 0. Without loss of generality, we
may assume that x = (r1,d1),y = (r2,d2) with r1 > 0 and r5 > 0. Now let us use
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the antiautomorphism D of Proposition 3.11. Note that D(T{, 4)) = T{(y—q) and
€D(x),D(y) > 0 hence the desired relation follows from case a.1 above.

Case b. We have deg(y) = 1. In that situation, simple application of Pick’s
formula (5.1) shows that deg(x + y) = |det(x,y)|, and, after exchanging the role
of x and y if necessary and using the SL(2,Z) invariance we may assume that
x = (1,n),y = (=1,1). The expression for the commutator [Ty, Tx] can be now
derived from the definition of the Drinfeld double together with Lemma 4.11 : if
n+1> 0 then € ) -1, = 1 and the relation R(T(Ln),T(,l’l)) is

O0,n+1)
TernTam = Tam L1 + Oomin (L1, T-1p) = TomT-rp + e 57—
and if n +1 < 0 then €(y ) (—1,;) = —1 and the relation R(T(Ln),T(_Ll)) is

O 0,041

Tam -1y = T T,m) + Owmtny (T, T-1p) = T Tam + i s
This concludes the proof of relation ii).

By the above, ) is well-defined and extends to a surjective algebra morphism
Q2 :E,5 - Ux ® C. Moreover, this morphism is SL(2,Z)-equivariant. In the rest
of the proof, we construct an inverse of 2. We first concentrate on the “positive”
subalgebra £ of £,5. For any path p = (x1,...,%X,) we set tp = tx, = tx, .
Note that from the surjectivity of {2 and Proposition 4.5 it follows that the elements
{tp |p € Conv+} are linearly independent.

+

Lemma 5.6. The subalgebra €, is equal to P, ccony+ Ctp-

Proof. The inclusion is obvious in one direction. For the other inclusion, we have
to show that any path p in Z* can be “straightened” using the relations ii). By an
argument, which is at all steps similar to the proof of Lemma 3.1, it is sufficient to
show that for any x,y € Z™ with u(y) > p(x), we have

(5.3) tytx € €P Ctp,

PElx,y

where by definition I y is the set of convex paths in Ay , joining o to x +y. We
shall achieve this by induction on det(y, x).

If det(y,x) = 1 then (e.g. by Pick’s formula) deg(x) = deg(y) = deg(x+y) =1
thus tytx = txty + c1tx+y by relation ii). So let us fix d > 1 and let us assume that
(5.3) holds for any x’,y’ satisfying det(y’,x’) < d.

If p=(X1,...,%,) is any path in Z* we put p* = (Xo(1)s -+ + s Xo(r)) Where o is
the least length permutation satisfying 1(x,(1y) < p(Xs(2)) < --+ < pu(Xo(ry), and
we denote by a(p) the area of the polygon bounded by p and p#. Observe that if p’
is a subpath of p then a(p’) < a(p). Also, if z,w € Z™ are such that pu(z) > p(w)
then a((z, w)) = det(z, w).

Figure 5. The area a(p) of a path in ZT.
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Claim. For any path p in Z* satisfying a(p) < d we have tp, € @ cconv+ Clp-
Proof of Claim. The assertion is true by definition if a(p) = 0. If a(p) > 0
then p = (x1,...,%,) with p(x1) < -+ < p(xs) > p(xs+1) for some s. We have

det(xs,X541) < a(p) < d hence ty ty ., = >, uitq, for some q; € Iy, x, and,
setting p; = (X1,...,Xs—1, Uiy Xs42, ..., Xy) We get tp = > uitp,. It is clear that

for all 4 both p; and pfﬁ strictly lie inside the polygon bounded by p and p#, so
that a(p;) < a(p).

e o o o o o o o o o o

Figure 6. The area of a path p before and after one straightening.

We may iterate this process until we are only left with paths q satisfying a(q) = 0.
Hence tp, € @pecoanr Ctp and the claim is proven. v

Now let us fix x,y such that p(y) > p(x) and det(y,x) = d. If Axy has
no interior lattice point then (see the proof of relation ii) above) either deg(x) =
deg(y) = deg(x +y) = 2, or deg(x) = 1 or deg(y) = 1. In the first case, we
can assume up to the SL(2,Z)-action that y = (2,0) and x = (0,2). We leave to
the reader to check that repeated applications of ii) as in Example 5.5 lead to the
equality

c
t0,2)t(2,0) = t2,00t(0,2) + Ct%m) + 02(5 = 2)t2,2),

where ¢ = w (%(CQ +2-1)+ WT_v)cz(l - 01)> . In the last two cases,

relation ii) directly yields (5.3). So we may assume that A, contains interior
lattice points.

Let us choose z € A,y so that the triangle ozx has no interior points and
deg(z) = deg(x — z) = 1. Note that (5.3) is stable under the action of SL(2,7Z),
hence without loss of generality we can assume that x —z € ZT. By construction,

z and x — z satisfy both conditions of the relation ii), hence [t,, tx—z] = 1 U,Gf‘_v

c1tx + u for some u belonging to the subalgebra (tx,, ..., t(deg(x)—1)x,) generated
by txgs - -5 t(deg(x)—1)xo, Where xo = @. Therefore,

(54) 1 [t}” tx] = [[tya tz] ) tx—z} + [tza [t)” tx_z]] - [tya u]

e o o o o o o

Figure 7. The decomposition x =z + (x — z).

Note that ¢; # 0 since |o| = |G| = \/q. As z is an interior point of Ay y we have
z = ax + By for some «a, 5 €]0,1] satisfying « > 8. It follows that det(y,z) < d
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and det(y,x — z) < d, and by the induction hypothesis

ty.tz] € €D Ctp, [ty.tx—2] € €D Ctq.
PElLy qQ€lx—z,y
Next, as p(x —z) < p(z) < p(y) we have, for any p € Iy, ((x —z),p) €
Conv* and (p,(x —2z))# = ((x —z),p). Thus a((x —z,p)) = 0 and a((p,x —
z)) = det(y + z,x —z) = (1 + 8 — a)det(y,x) < d. It follows by the Claim that
[[ty,tz],tx_z] € Pconyv+ Ctp. In a similar manner, for any q € Ix_,, we have
a((z,q)) < a((z,y,x —2)) = det(y + z,x — z) = det(y,x) — det(x +y,z) < d
since det(x +y,z) > 0; and a((q,2)) < a((y,x — z,2)) = det(y,x) = d. Thus
[tz, [ty, tx—z]] € Pcony+ Ctp- Finally, let us write u = Z?e:gl(x)_l ajtix, with
a; € <txO, e 7t(deg(x)—1)x0> of weight (deg(x) — j)xo. By the induction hypothesis,
tya; € @p Ctp where p ranges in I(geg(x)—j)xo,y- But as for any such j and p
we have a((p, jxo)) = %’&yd < d the Claim implies that tyu € @ gone+ Clp-
Hence all together, by (5.4), tytx € Peony+ Ctp- Finally, let us write tytx =
Zpeconv+ cptp. Applying Q, we get 13Ty = Zp cplp. By Remark 2.7, we have
TyTx € Bper,, , CTp so that ¢, =0 for p & Lcy. Therefore tytx € Peq, , Clp as
desired. This closes the induction step and proves Lemma 5.6. v

Now we are ready to finish the proof of Theorem 5.4. Define £ ; in the same way
as Sjﬁ by replacing Z* by Z~. By Lemma 5.6, £, 5 is equal to @peccmv, Cix.
The map € restricts to isomorphisms Si& o~ U§ ® C. By Theorem 4.5 and
Corollary 4.7, Uy is generated by U§ modulo the collection of relations R(g, h)
for sums of classes of semi-stable sheaves g € UL and h € Uy. Now, if g and h are
as above and 1i(g) = p(h) then R(g,h) expresses the fact that UL" and Uy ®
commute. By relation ii), R(27"(g), 27!(h)) holds in €, 5. If on the other hand
w(g) # p(h) then there exists v € SL(2,7Z) such that v(g),v(h) € U¥. In that
situation, applying v to R(g, h) yields a relation R?(v(g),v(h)) in U}. We deduce
that RY(Q tov(g)), 2 toy(h))) holds in E7 ;. As €, 5 carries an action of SL(2,Z)
compatible with €, it follows that R(Q27*(g), Q2 *(h)) holds in £, 5. Therefore, Q™
extends to a morphism Ux ® C — £, 5, which is the desired inverse to 2. The
theorem is proved. v

5.4. We still assume that (o, ) is associated to an elliptic curve X. The proof of
Theorem 5.4 in fact gives the following. Let ’ 8;5 be the C-algebra generated by
elements tx for x € Z™ subject to relations i) and ii) of Section 5.2.

Corollary 5.7. The assignment Q : tx — Ty for x € ZT extends to an algebra
isomorphism ’83',[-, 5 U%. In other words, the natural morphism ’82_',[-, — 8;5 is
an isomorphism.

6. FURTHER RESULTS : INTEGRAL FORM AND CENTRAL EXTENSION

In this section, we gather some useful properties of the algebras £, and Ux.

6.1. For any smooth projective curve X Kapranov [K1] considered! a natural sub-
algebra H;?h of Hx which we call the spherical Hall algebra of X. By definition,
H;fh is generated by the elements {14 | d € N} U {1?‘10 | 1 € Z}. In the

Lat least implicitly
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language of automorphic forms used in [K1], these generators are the simplest and
most natural cuspidal elements of Hx. In the case of an elliptic curve X it turns
out that our algebra U} coincides with Hifh. This is an easy consequence of the
following corollary of Theorem 5.4 :

Corollary 6.1. The algebra U} is generated by {T, |rank(a) < 1}. Similarly, the
algebra Ux is generated by either of the following two sets :

{Tix1,0, To,21) }» {T,0), To,1), T=1,-1) }-

Proof. We prove the first statement by induction. Denote by 2J the subalgebra
generated by {7, |rank(a) < 1} and assume that T, s € 20 for any (r,s) € ZT with
r<n>2 Fixz=(np) € Z", and let x be the point of {(r,s) | 7 < n} closest
to the segment oz. By construction there are no interior lattice points in Ay ,_x
and thus [Ty, T,—x| = ub, for some u # 0. By the induction hypothesis, we have
T, Ty« € W, and 0, € (v=! —v)T, & 2. We deduce that T, € 2 as wanted.

Let us deal with the second assertion. As before, denote by 20 the subalge-
bra generated by {T(:tl,O)vT(O,:tl)}- We have, for any [ € Z, [T(O,:I:l)vT(l,l)] =
+c1T(1,+1) and it follows that T{; ;) € 20 for any | € Z. Similarly, T(_, ;) € 2 for
any [ € Z. But then, considering commutators [T(,Ll), T(Ll/)}, we have © (g ,,) € W
for any n as well. The subalgebra generated by {© )} and the one generated
by {T(0,n)} being equal, we see that 20 contains all T\, ,) with |[r| < 1. Applying
the first statement of the corollary, we get Ui C 20, from which we deduce that
W =Ux.

The last statement follows the second statement together with the relations
[T(1,0)7T(71,71)] = ClT(O,fl) and [T(fl,fl)zT(O,l)] = ClT(fl,O)- v

Kapranov exhibited certain relations satisfied by the generators {1(074), 1?51 ) | d >

0,0 € Z}, for any curve X. These are the so-called functional equations for Eisen-
stein series. When X is an elliptic curve, they take the following form. Put

Et(t) = Z 135 7 YH(s) = Z 1(0.0)5%
PEZL d>0

Then (see [K1], Thm. 3.3.)

_ i/t

(6.1) ET(t)ET(ty) = <X<t2/t1)E+(t2)E+(t1)
(6.2) YT (t)ET(t2) = (07126712t Jto) ET (t2) ET (t1),
(6.3) YT ()Y (t2) = T (t2)Y™ (1),

where (x(t) = % is the zeta function of X. It is known however
that relations (6.1-6.3) do not exhaust the complete list of relations of Uj. In
other words, if IU; denotes the algebra generated by some elements T(; ), T{0,q)
subject to relations (6.1—6.3) above then there is a nontrivial surjective algebra
homomorphism U; —» U}. One may hope to use the description of U} given in
this paper to explicitly describe the kernel of this map U} —» U}. This appears
to us to be a very interesting problem: using Kapranov’s interpretation of the Hall
algebra in terms of automorphic forms for GL(n) over a function field, elements of
this kernel correspond to some new, higher rank relations satisfied by residues of
Eisenstein series.
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The reader will find yet another presentation of U} in [SV2], Section 9, this
time in terms of shuffle (or Feigin-Odesskii) algebras.

6.2. We have only defined so far an algebra £, 5 for complex values of o and &.
However, it is also natural to consider a version of £, 5, where ¢ and & are formal
parameters. Put R = (C[Jil/Q,&ﬂ/ﬂ, K = Frac(R) = (C(Jl/2,61/2) where o, &
are now formal variables, and consider the K-algebra €k generated by elements
{tx | x € Z*} modulo the relations i) and ii) of Section 5.2.We also set v = (¢5) /2,
tx = tx/[deg(x)],, and for an arbitrary path p = (x1,...,%,) we put tp = tp/[pP].
with [p], = [deg(x1)], - - - [deg(x,)],. Finally, we let Eg stand for the R-subalgebra
of Ek generated by {fx |x € Z*}. Subalgebras € ﬁ are defined in a similar fashion.
There is an obvious action of SL(2,Z) on £k and Er.

Proposition 6.2. The following hold :
. =+ g
1) EK = Gape(jonvi KtP’
il) there is a triangular decomposition Ex = EE ® Ex; n particular, we have
SK = @pEConv Ktp'

Proof. We begin with i). Let us first show that the elements {fp |pe€ Conv+} are
linearly independent. For this we shall use a specialization argument. Let ’ SE be
the R-algebra generated by some elements {' I | x € Z+} modulo the relations i)
and ii) in Section 5.2 (these relations have coefficients in R when written in terms
of the generators ). By construction there is a canonical map '€ — '€ ®r K =
Ex,u — u®1 whose image is 81‘;. Moreover, for any elliptic curve X with Frobenius
eigenvalues {«, @} there is a specialization morphism

et e+ _ et
evyx gRH(ER)gE%_ga,E—U;'

Now assume that > cony+ 2plp is a nontrivial (finite) linear relation in Eg, with

zp € R. Then ¢:= 3" cony
support, which a strict subvariety of Spec(R) ~ C* x C*. We have

(6.4) evx(c) = evyx <Z zp’fp) = Zzpfp e UL
P P

+2p fp is a torsion element of ’/ SJ{{. Let Z denote its

where fp =Tp/[p]. If (o, @) & Z then evx(c) = 0 and (6.4) yields a nontrivial linear
dependence relation between the elements {Tp |p € Conv? }, in contradiction with
Theorem 4.5. It remains to find an elliptic curve with (a,@) ¢ Z. For all prime
powers ¢ let N(g) be the number of possible Frobenius eigenvalues {«, @} for an
elliptic curve over F, (i.e. the number of isogeny classes of elliptic curves over F,).
Then limg_,o, N(g) = oo (this is, for instance, a consequence of the main theorem
in [Ho]). But by Bezout’s theorem the number of intersection points between Z
and Y, = {(y,v') | y¥' = q} is bounded as ¢ — oco. This provides the existence of
the required elliptic curve, and concludes the proof of the linear independence of
the elements {fp |p € Conv+} in SE and hence in 8;2. The same arguments as
in Lemma 5.6 now show that £5 = Docconv+ Kt,.

We turn our attention to ii). We shall first show that the multiplication map
81'2 ® Ex — Ex is surjective. For this, using i), it is enough to see that
(6.5) B0, c ELEx

for any y € Z~ and p € Conv'. We say that a path p = (x1,...,X,) is concave
if (xp,...,%1) is convex. Let Conc® denote the set of concave paths in Z*, and
put Conc ~ Conc’ x Conc™. A symmetric version of Lemma 5.6 and i) above
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shows that £ = @
can write tyfyx as a linear combination of elements ¢, for concave paths p lying in
the triangle Ay y (compare with Section 5.1.). Now choosey € Z~ and x € Z*. If
Xy > 7 then by the above remark tyfx € @, cconc Kip; if Xy = 7 then [fy, fx] = 0;
and if Xy < 7 then t,t, € @ Kt,. In all cases,

peConct Kfp. In particular, for any x,y in Z with Xy > 7 we

pceConv
(6.6) tytx € ERER

We shall prove (6.5) by induction on the rank of —y. If rank(—y) =0 (i.e. if y =
(1,0) ff)r some [ €~N’~) tlzen [fy,fx] € c‘:f( for any x € Z*. Thus [fy,f(xh.__,x”] =
23:1 t(xl)””xiﬂ)[ty,txi]t(xiﬂ)wxr) € ER. Now fix y € Z~ such that —y is of
positive rank and assume that (6.5) holds for all y’ of smaller rank. Observe that
if rank(x) > 0 then from (6.6) we have [ty,tx] = >, uifpffpf with p£ € Conv™®

and p; = (zgi), .. 7z(j)) satisfying rank(—zy)) < rank(—y). As a consequence,
by the induction hypothesis we have fp; Ef C &L @ Ex. Next, if rank(x) = 0
then [y, 1] € Ex. From these two facts we deduce that if (x1,...,x,) € Conv’

then [ty tp] = Yr_1 Ty, 1) [y Exi JE(xipa . x0) € ExER» as wanted. This closes
the induction and proves the surjectivity of the map 814; ® Eg — Ek. It only
remains to see that the elements fp+fp— for p* € Conv™ and o € Z are linearly
independent over K. For this, we may argue in the same fashion as in i) above
using a specialization argument. v

We view €r and £k as generic versions of the Hall algebra Uyx. Moreover, one
can lift various notions from Uy to these generic forms. For instance we set

5+ 5+ =5+ -
€k = @SK[O‘]’ Exla] = H Kip
a€Z peConv™

wt(p)=a

S+
and define elements 1% € £, 1, € £k for any a € Z* by the formulas

1+ Z 1%, s = exp (Zflaosl>

>1 1>1

for any aq such that deg(ag) = 1 and

1, =1%+ Z Z V2i<j<ai,aj>1zsl 1%
t>1 agt-For=a
plon)<--<p(ow)
The elements {1;s |a € Z+} belong to and actually generate over R the subalgebra
&L, while the elements {1a | « € Z+} belong to and topologically generate over

~+
R the subalgebra £g. It is clear that the elements 1% and 1, specialize, for each
given elliptic curve X, to the corresponding elements of the Hall algebras U} and
U}. Using the generators {1a | @ € Z+} we may define a comutiplication A on
£ by means of the formula (4.5). This comultiplication preserves £f.

Let us now give a more precise description of the integral form Eg :

Proposition 6.3. The following proposition hold :
. + g
l) SR = @peComvi :R‘tli’7
ii) there is a triangular decomposition Er = 81'; ® Eg; in particular, we have

gR = eapeConv REP’

iii) for any o, @ € C\{£1} we have (SR)| o« =Eam;

o=
o=
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1 = Cltx)xez+ is a (commutative) polynomial algebra.

iv) we have: (SR)‘
1

g
I

Proof. To prove statement i), we have to check that EE is linearly spanned over R
by {fp |p € Conv+}. Let us temporarily denote by V the~space @pe&mw pr.
It is enough to show that V is a subalgebra of 81'2, i.e. that t, € V for an arbitrary
path p in ZT. For this we proceed along the lines of Lemma 5.6, whose notations
we shall freely use. It is sufficient to show that

(6.7) txty €V

for any x,y € ZT. We argue by induction on |det(x, y)| € N. The claim (6.7) is
clear if det(x,y) = 0. Let us fix an integer { > 0 and assume that (6.7) holds for
any pair x’',y’ with |det(x',y')’ < I. Then, as in Lemma 5.6 we have t, € V for
any path q with a(q) < I. Let us fix a pair x,y such that det(x,y) = {. Up to
SL(2,7Z)-action, we may assume that x = (0,n) and y = (r,d). Because the change
of basis matrix between {t,} and {15} is invertible over R, it is equivalent to prove
that [tx, 1] € V. By Proposition 6.2 i) we have [tx, 1] € Do, . We have
to show that all the coefficients belong to R. For this we write

1y = 1) =130 + Z VLS 10t
E>1
(68) + Z Vzi<1(7” dj—r;d )155

ss
(ri,d1)° (r1,di)"
(Tl,d1)+-“+(rl,dl):(’l“,d)
d
%<--~<#; ri<r

Thus
tom 15 = [fom: Iyl = Lybom = 2 V™ o Lia—i) 1w —
k>1
. (ridj—ridi) T
(6.9) - > p s T o 1B 1)

(r1,d1)+»--+(rl,d1):(r,d)
Lcocilimar

tp-
pE€lx,y P
In the second sum in (6.9) we have ry < r therefore det((0,n), (r1,d1)) < rn =1 and

by our induction hypothesis we may straighten ’E(O,n)l?il,dl) = qu[x () uqfq.

Observe that the infinite sums in (6.9) become finite after projection to €

For any convex path q € Iy (., q4,) we have a(q U ((re,da), ..., (rl,dl)) < | and
hence £, l(r da) " 1?j“z,d1,) € V. By Lemma 4.12 [E(O,n)ul(r,d)] € V. Finally, after

projection to @ Kfp we have lyf(oyn) € V. All together, working modulo V

pElxy N
and projecting to @pelx N Kt, we get:
(6.10) tom15a =— Z V" 0m) 130k 10,0
k>1

Substituting (6.10) into itself (i.e. developing each f(om)l?i, i) according to (6.10))
sufficiently many times yields an expression

(6.11) tom13, Z t0,m) 17,1y Wh>
k>N

where wy € R[E(O,l),f(o,g),...]. For N > 0 the right-hand side of (6.11) van-
ishes after projection to ®pelxy Kfp. It follows that t(o n)l( a € V as desired.
Statement i) is proven.
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The proof of ii) is completely parallel to that of Proposition 6.2 ii). For iii),
notice that by Theorem 5.4 there exists an algebra map
evy :Ux ~E&,5 — (ER)|o=a> Ty — Iy
c=a
This map clearly sends the C-basis {fp |pe Conv+} of U} ®x C to the C-basis
{to | p € Conv'} of (ERr)|y—a- It remains to prove iv). For this we shall show that

[Er,ER] € c1(0,0)ER. Obv;ously, it is enough to prove that [tx,ty] € c1(0,5)ER
for any x,y € Z*. Using the SL(2,Z)-action we may assume that x = (0,n) for
n > 0 and that y € ZT. By Lemma 4.12 we have

- cn (o, 7)[rank(@)]yn

[t(07l)7 1o¢} = [n]u 105_;'_(07”)

and it is easy to check that c¢,(0,5)/[n], € ci(o,0)R. Since the elements 1,

topologically generate £, we may approximate t~y up to any degree of precision
by a polynomial with R-coefficients in the 1,. We conclude using the continuity of
the multiplication (see Lemma 2.4). v

As a consequence of iv) above and Weyl’s theorem (see [W]) there is a natural
isomorphism

(SR)‘gz% — C[xitla e 7yit17 .- ']600 = Ma g(r,d) = Zx:yzd
i
Hence £€r may be thought of as a flat deformation of the ring of invariants M.

6.3. There is an obvious Go-symmetry in £k : numbers o, & corresponding to the
two Frobenius eigenvalues in H!(Xz, Q;), are interchangeable. Less obvious is the
fact that this G-symmetry may be upgraded to an G3-symmetry. To see this, we
simply renormalize the generators. Set

2%

—_—, X € Z*
Cdeg(x) (0’, U) ( )

Ux =

and for any ¢ > 1 put
(6.12) a; = ai(0,6) = (1 -1 -a")(1 - (60)7")/i.

The defining relations in Section 5.2 may now be rewritten as
i) For a pair of collinear x,x’ we have

[ux, ux’] = 0.

i) Assume that x,y € Z* are such that deg(x) = 1 and that A , has no interior
lattice point. Then

>

_ xty
0] = ey 2
where the elements 0,, z € Z* are obtained by equating the Fourier coefficients

of the collection of relations
(6.13) Z Bixg 8’ = exp (Z Uy, sr> ,
[ r>1

for any xg € Z* such that deg(xg) = 1.

In this presentation it is obvious that £k is equipped with an &3 family of C-
automorphisms O, for v € Perm{c, 5, (c5)"'} simply defined by O, (ux) = ux,
O, (e) = (o) for ® € {0,5,(05)"'}. This symmetry may seem puzzling at first
glance : for any fixed elliptic curve X over a finite field F, we have |o| = |7| = ¢'/2
while |(05)7| = ¢~
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6.4. In order to define the coproduct A of a Hall algebra H or to construct the
Drinfeld double of H, it is usually necessary to add an extra commutative ‘Cartan’
subalgebra K to H (see e.g. [S4]). In the present case of the category of coherent
sheaves over an elliptic curve we could avoid doing so because the symmetrized
Euler form vanishes. However adding the corresponding “Cartan” subalgebra IC
provides a natural central extension Hx of H (and similarly for Uy and £k). This
central extension is also important in applications (see e.g. [SV2])

For the sake of brevity, we only write down the relations in EK, using the rescaled
presentation of Section 6.3.

Definition 6.4. Let £k be the K-algebra defined by generators {kq | o € Z} and
{ux | x € Z*} modulo the following set of relations :
i) the subalgebra K generated by {kq | @ € Z} is central and we have
Ko =1, KaoKg = Ka+8,

ii) if x,y belong to the same line in Z then
1

Kx — Ky
[Uya Ux| = Ox,—y = =
Qdeg(x)
ili) if x,y € Z* are such that deg(x) = 1 and that Ay has no interior lattice
point then
Ox+
[uya ux] = ex,y'{‘:a(x,y) = yv
o
where

ex(ExX + €yy — exty(xX+Y))/2 ifexy =1,
a(x,y) = Y Y LY
ey(exX + €yY — exty(x+¥))/2 ifexy = —1,
and where the elements 6,, z € Z*, are given by
Z Oixo st = exp (Z QU ST),
7 r>1

for any xg € Z* such that deg(xo) = 1, where the coefficients «,. are given by
(6.12).

Note that by relation ii), the algebra «‘N:K contains many copies of the Heisenberg
algebra (one for each line in Z). Hence £k can be thought of as a flat deformation
of a Heisenberg algebra over Z.

The triangular decomposition of Ex now takes the form
(6.14) Ex 2 ELOK ® Ex.

One consequence of the central extension is that the group SL(2,Z) no longer acts
on £k : only its universal cover SL(2,7) does. There is a short exact sequence

1—7Z— ﬁ(?,Z) — SL(2,Z) — 1.

For any slope 1 € QU{co} and any v € SL(2,7Z) we define a winding number n(~, 1)
as follows. There is a natural action of SL(2,Z) on the circle ST = (R?\ {0})/R**.
Using the identification S! = R/2Z, we can uniquely lift this action to an 5@(2, 7)-
action on R. Any (g, p) € Z* gives rise to an element (¢ : p) € S* and if (¢: p) € R

is any lift of (¢ : p) then

(6.15) n(% q) _ {#(Z; (@), 3@ p)) i@ p) = (ap)

p N[F((g;p). (q: p)]) otherwise.
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One checks that the following rule gives rise to an ﬁ(lZ)—aetion on gK by
automorphisms :

n(®,u(x
(6.16) D(kx) = Kax),  Plux) = u@(x)K¢((x)N( ).

We leave it to the reader to define the integral forms, specializations, etc of Ex.
All properties (such as (6.14) and (6.16), finite generation etc.) extend to these
settings.

7. SUMMARY

Let us sum up the main results obtained in this article. To any elliptic curve
X defined over a finite field k = [F, we have attached an associative algebra Ux
over the field K = Q(v), where v™2 = ¢. Let 0 € Q be such that 50 = ¢ and
| X(Fyi)| =¢" +1— (6" +&"). Then we have:

1. The algebra Uy is Z?-graded and K = Uy [(O7 O)] is the center of Uy.

2. The algebra Ux can be described by the following generators and relations:

(1) For (r,d) € Z*\ {(0,0)} we have a generator T{,.q) € Ux[(r,d)].

(2) Let ged(r,d) = 1, then we defined elements ©;(,. ) € Ux[i(r,d)], i > 1 using
the following equahty

oo
1—|—Z@ Td)s —eXp ZTer)SJ
Jj=1

i=1

where s is a formal parameter.
(3) If the vectors (r,d) and (r/,d’) are collinear then we have:

[T Tr,an)] = 0.

(4) Assume that (r,d), (r',d') € Z?\ {(0,0)} are such that gcd(r,d) = 1 and the
triangle with the corners (0,0), (r,d), (r',d’) contains no interior points. Then

O (1, dtd)

[Tir,a)s T 0| = sign(rd’ — r'd)cp, P

h
where h = ged(r’,d") and ¢;, = %|X(th)|. Relations (3) and (4) form
a complete list of relations of Uy, see Theorem 5.4. The structure constants

. . 1 _ 41 .
of Uy are Laurent polynomials in 0%z and %2, so we may also introduce

a generic version £r of the Hall algebra Uy, defined over the ring R =
Clo*2,5%2], see Section 6.2.

3. The algebra Ux is finitely generated and the elements T(41 ), T(0,+1) generate
Ux, see Corollary 6.1.

4. The algebra Uy carries a natural SL(2,Z)-action: for any v € SL(2,Z) the
map T(, q4) = T(r,q) induces an algebra automorphism of Ux.

5. Let U)i< = <T(T’d) |(r,d) € (ZQ)i>7 then U§ are graded topological bialgebras, see
Lemma 4.6. This means that there is a graded coassociative ring homomorphism

A: UL —ULtaut

taking value in a certain completion of Uf( ® Uf( and given by the collection of
linear maps for each «, 3 € (Z?)*

Ao Uk [a+ f] — Uila] @ UZ[A].
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6. The algebra U x is isomorphic to the Drinfeld double of the topological bialgebra
U} and one has the decomposition Uy = U} ® Uy, where U = (T{,.4)|(r, d) €
(Z*)*), see Theorem 4.5.

7. The algebra Ux has a monomial basis {T(,.l’dl)T(,.%dz) e T(rmdn)} parameter-
ized by the set of convex paths ((r1,d1), (r2,d2), ..., (rn,dy)) in Z?, see Theorem
4.5.

8. The algebra Uy is a flat deformation of the ring
+ + +  + (CP
K[ajl,xQ,...,yl Y5 ,]
of symmetric Laurent series.

9. One can also write down some explicit formulas for the coproduct of certain
generators of U% (Proposition 4.1 and Lemma 4.11):

A(To.a)) = To.a) @1+18 T4y and A(Taa)) = Taa) @1+ Owp @ Taa -
1>0

Appendix A

In this appendix, we provide the details regarding the properties of the Fourier-
Mukai transforms on elliptic curves defined over a finite field k.

For a projective curve ) defined over the field k consider the functor Picg, ke
Schy, — Sets given by

Picg,/k(S) = {.7: € Cohyys| Fis S — flat and for any closed point
s : Spec(l) — S holds s;(F) € Pico(yl)}/ ~

where Y = Y Xgpec(k) Spec(l) and the map s; : V) — Y x S is induced by the base
change and the equivalence relation is F ~ F @ §(L) for any locally free rank one
sheaf £ on S.

In the case of an elliptic curve X over k with a rational point py the functor
Picg(/k is representable by the pair (X, P), where P = Oxx x (—A+pgx X +X X pg)
and A C X x X is the diagonal, see for example [AK, example 8.9.iii].

The sheaf PV is locally free on X x X and hence flat over X. Moreover, for
any closed point p : Spec(l) — X one has an isomorphism PV|Xl = (77|XL)V. By
the universal property of (X, P) there exists a unique map ¢ : X — X and a line
bundle £ on X such that PY@m3L =2 (1xi)*P. Denote by 0 = pox1: X — X x X.
From equalities 0*PY = O and o*(1 x i)*P = (1 x i)*c*P = O we conclude that

PV = (1xi)P.
Moreover, the isomorphism P = PVV and the universality of (X, P) imply i? = 1.

Proposition A.1. Let Y be a projective variety over k and k the algebraic clo-
sure of k. For any field extension k C 1 denote by Vi = Y Xspec(r) Spec(l) and
by wr : Yy — Y the base-change map. Let F, G be two coherent sheaves, denote
Fi = @i (F) and Gy = ¢;(G). Assume that Fg = Gi, then F =2 G.

Proof. Let f : Ff — Gg and g : G — Fg be two maps such that gf = 15,
and fg = 1g,. From the isomorphism Home (F,G) ®y k = Homo, (F, Gy) follows
that f = >

=1
is a basis of Homo(F,G) over k and ¢, ...,%m, a basis of Home(G,F) over k.
Let I be the finite extension of k generated by the elements aq,...,an; b1, .., bm,

m — — — —
C_Li(pi andg: Zb]ﬂ/)j, where &1,...,&n,b1,...,bm € k, P1y-+-5Pn
Jj=1
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then for the base-change map ¢ : i — X we have ¢} (F) = ¢;(G). By the
projection formula we get @i (0;F) = F @ ¢1.(Oy). Let d = deg(l/k). Since
Spec(l) = Spec(k) U Spec(k) Ll - - - LU Spec(k) as a scheme over k, we have ) =

d times
YUYU---UYand ¢1.(O) = O Hence F¢ = G4 and the Krull-Schmidt theorem
S

d times
implies F = G. v

Proof of Proposition 1.2. In the case of an algebraically closed field k this result
was shown by Mukai [Mu]. This isomorphism is equivalent to the fact that

Ri3(mi,P @ 77;37)) = Oi(A) [_ 1]»

where O;(a) is the structure sheaf of the subscheme i(A) € X x X. The case of a
finite field k can be derived from the corresponding result about k by going into
the algebraic closure: ¢g : Xz — X and using the isomorphism

(& X &) Oxxx (A4 po x X + X X po) = Oxpxy (A% + Po X Xi + Xz X Po),
the flat base-change and the Proposition A.1 above. v

Proposition A.2. [see [Mu, Proposition 3.8]] Let D = RHom(—,O) be the dual-
izing functor. Then there is an isomorphism of functors

DodX=i*o[l]o®oD.

Proof. This result is a corollary of the isomorphism PY 2 (1 x 4)*P and can be
proven along the same lines as in [Mu]. v

Appendix B

In the second appendix, we provide proofs for some technical statements regard-
ing the Drinfeld double construction for topological bialgebras and some properties
of Hopf algebras, which are crucial for the proof of Theorem 4.5.

Proof of Lemma 3.3. For simplicity, we drop the exponents =+ in the notation. Since
both statements in the Lemma are similar, we give a proof only of the first one. By
assumption, we have for any k

1 1 2 1 1 2 1 1 2 1 2 1
(B.1) ST aP (AP (e, 6Py = 3 ()M alP ()P ),

i,j ,J
1), (2)\(2 2)5 (1 2 2 2 2)\(2 1
B2) Do E)P (@ 67) = 3@ () b).
i,j 1,

Note that all sums above are in fact finite. Now, we compute

1) (2)/.(1 2 DD (2) s (1 o (2
S (@) P e (e, (a6)P) =3 albPe® (e, alPb?)

(B.3) ok
’ 1),(1) (2 1)5 (1 2 1) (2 2
= > a6 (i, a) (i o),
i,7,k,l

where we used the Hopf property of the pairing ( , ) and Proposition 2.2. Next, by
coassociativity, we have 7, ;(c (1))(1)@’(01(;))1(2) (2) = ki€ (1)®( (2))(1)@)( (2))(2),
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and substituting in (B3), we obtain

1 1 2 1 1 2 1 2 2
S a0 (0, o) (), )

1,5,k
1),.(1) 2) 2 2 2 (1) (2
(B.4) = Z a( b( ( )( k)a 5 ))((Cl(c))l )755' ))
i,7,k,l
= > aP ()P (e aP) ()P b)),
1,5,k

where we made use of (B.2). In the same way, coassociativity and (B.1) allow us
to transform the last expression into

ST a0 (e, al) (e, b))

i,9,k,l
= > @aP ()7, a) (e 05

i,5,k,1
1 2),(2 2)5(1 1 2)\(2 1
= 3 a®b® ()M, a®) ()P, 6.
i,5,k,1

Finally, using the Proposition 2.2 and the Hopf property of ( , ) again, we can
rewrite the last term as

5 a2 (2, 1) = 3 @) (2, @)

1.5,k ik
All together, we see that R(ab, c) is a consequence of relations (B.1) and (B.2). The
Lemma is proved. v

The remaining part of Appendix B is devoted to the
Proof of Proposition 3.4. Recall that by the definition of A we have

P
A([F]) = S o PR IR 176 0 K.
K F ar
Iterating this formula we have

N (F) =1 MA(F) = > FxxpeclF/KleK/L (L],

L—C—F

—(K/KK)—(K/L,L
where cf_./lc K/LL = P}-/,C ,CP,’CC/L Lv l a; Gl >. So, in general we can write
(B.5)  A™([F]) = > s A Air [A1] ® [Ad] @ -+ @ [Ani],

Fn—oFn_1——F1—F
where A; = F;_1/Fi, Any1 = Fn and

v ZZL=1<-AH]:1>

F _ F fl n—1
CAy Agyo Ay = PA17-7‘-1 PAz,]‘—z P-Am]: ar

We can also write in a dual way:
A" ([F]) = > b, By... By [Bri1] © [Ba] © - @ [Bi],
Fo»F1—»Fo—»—»F,
where B, 11 = F,, B; = ker(F;_1 — F;) and

Fn_1 YV

F F F — X (B
J— 1
(BG) dBl,Bz ..... Bn+1 - P.7:1,B1 P]:Q,BQ ot Fa,By :

ar

Definition B.1. For a € (Z2)" define an operator T : Hy[o] — Hx[a] by the
following formulas:
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)=1.
) and F be a coherent sheaf of class a. Then

,\
©)
S~—
—=
&
-t
Q
RN
—~
=)
S =

B.7) T(F) ==F+ D D" Y. sty [Anp] @ @ [Al],

Fuloo PV F
‘F .
where Ay, As, ..., A1 and Clty Aa, o Ay OT€ the same as in (B.5).
In order to see that the operator T is well-defined we introduce one more definition:

Definition B.2. We call two coherent sheaves F and G of the same rank and
degree swept-equivalent, if there exist two filtrations 0 = F,,41 C F,, C Fp-1 C

'CflC]:o:fand():gn_Hancgn—1C"'Cg1Cg0:gWith
quotients K; := F;—1/F; =2 Gnit1/Gn—it2, 1 <i <n-+1. Two such filtrations are
called admissible filtrations associated to the swept-equivalent pair (F,G).

Lemma B.3. For given two coherent sheaves F and G
o there are finitely many swept-equivalent pairs of coherent sheaves (F',G') such
that F' — F and G — G'.
o [fF and G are themselves swept-equivalent, then there exist only finitely many
admissible filtrations associated with (F,G).

Proof. Let us first deal with the second part. Denote by 7(H) the torsion part of the
sheaf H. We argue by induction on the pair (rank(G), deg(7(F))), where the order
is lexicographic. The Lemma is obvious if rank(G) = 0. Now we fix F,G € Coh(X)
and assume we have an admissible filtration associated with the pair (F,G) and
having the quotients IC1, KCa, ..., Kpi1.

Note that K,,+1 is both a subsheaf of F and a quotient of G. Hence there are
only finitely many possibilities for IC,, 1, and for each such KC,, 41, only finitely many
embeddings ¢ : K,,+1 — F and quotients 1 : G — IC,, 1. For fixed ¢ and 9 there is
a bijection between admissible filtrations of (F,G) with quotients Ki,...,Knt1
and admissible filtrations of (coker(¢),ker(y)) with quotients Ky,...,K,. But
(rank(ker(1))), deg(7(coker(¢)))) < (rank(G),deg(7(F))), so the induction hypoth-
esis allows us to conclude.

To prove the first part note that there is a bijection between the sequences
of inclusions 0 = Hj, ., — H; — H;, _; = --- — Hj = H and sequences of
projections H = Hy — H{ — ... H, — H,,,; = 0 such that coker(Hj , — Hj) =
ker(H, _; = Hj_; 1) (we can simply put H}' :=H/H;, ;).

Therefore, existence of a swept-equivalent pair (F’,G’), where 7' — F, G — G’
is equivalent to existence of a sequence of inclusions 0 — F, — -+ »— F] — F} =
F' »— F and a sequence of surjections G - G’ = G} - G| — --- - G/, - 0 such
that coker(Fj , — Fj) = ker(G; — G;,,). But obviously, such sequences stand
in a bijection with sequences associated with the pair (F/F,, ker(G — §.,)). This
implies the first part. The lemma is proved. v

From this lemma it follows that the operator T : Hx[a] — Hy [a] is well-
defined, i.e. the series (B.7) for T([F]) is convergent. Indeed, for any coherent
sheaf G of class a there exist only finitely many admissible filtrations associated
with (F,G), what means that each term [G] € Hx[«a] appears the expansion of
T([#]) finitely many times.

For a € (Z?)* and let A” be the composition of A™ and the canonical projection

[I Hxlm®.. &Hx[on] — 11 Hx[1]® ... ®Hx[o,]
arttap=a arpttap=a
o €(z%)t i €(Z%) T 070
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then we denote

A= Y aVed’e--eqd".

a§1)75()’... ,a§l+1)7$0

Using this notations, we may write the operator T : Hx[a] — Hx[a]:

o0
T()=|—-a+ Z(—l)l Z al(»Hl) e agl)
I=1

a51)750)... ,a§l+1)7$0

Note that in the case of the Hall algebra of the category of representations of a
finite quiver the map T is the inverse of the antipode.

Lemma B.4. Let F be a coherent sheaf and A([F]) =, .ﬂ(l)@.ﬁv(z) € Hxy®Hy.
Then we have Zi[]:i(Z)]T([}'i(l)]) = ¢([F])1 and ZiT([E(Q)])[fi(l)] = e([F))1,

where both equalities are taken in Hx.

Proof. We shall prove, following Theorem 1.6.3 in [K1] only the first statement, the
proof of the second is dual. Since the assertion trivially holds for F = 0, assume we
have a coherent sheaf F of class o # 0. First of all let us check the convergence of

the series Zi[fz-(Q)}T([}"m]) in Hy[a]. It is clear that cach [G] € Hx[a] gets non-

zero contributions only from finitely many summands []—"i(Q)]T([fi(l)]). Indeed, by
Lemma B.3 there are only finitely many exact sequences 0 — fi(Q) - F — fi(l) —0

and 0 - G — G — _7-'1.(2) — 0 such that G’ and ]—"i(l) are swept-equivalent. Now
note that

SFEDT(FM) Z 3 A% gy Bup] ® - ® [Bi],

‘ FARBr 2,
where B,,+1 = Fp, B; = ker(F;_1 RN F:) and the sum is taken in such a way that
the epimorphisms o, . .. ¢, are strict and ¢, is arbitrary. Now note that each term
[Bri1] ® -+ ® [B1] occurs exactly twice in the sum with two different signs: one

comes from the sequence F % F1—» Fo —> - ﬁ; Fn Where all eplmorphlsms Vi
are strict and the second comes from F —% F % .7:1 % Fo —» -+ % Frn. This
shows the lemma. v

Lemma B.5. Let o,3 € (Z*)", a € Hx[a] and b € Hx[]. Then we have
T(ab) = T(b)T(a) in Hx|[a + ).

Proof. Let A2%(a) = a( '®al® ®al® and A2(b) = >, b;l) ®b§2) ®b§3). Consider
an expression

= ST T

in Hy [ + B]. To see that this sum converges, assume that both a and b are
classes of coherent sheaves. A coherent sheaf F of class o + 3 enters in the sum

c if and only if there is a filtration 0 — Fy 23 F3 22 Fo 2 Fi 25 Fo = F such
that coker(yg) is swept-equivalent to bg_s), coker (1) is swept-equivalent to al(-3),

(2

coker(p2) is isomorphic to a;”’, coker(ys) is isomorphic to b§2) and finally Fy is

swept-equivalent to a( )b(l)
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Since bf’) is a subsheaf of b and is swept-equivalent to coker(y¢p), by Lemma B.3
there are finitely many choices for b§3)
tributions of T(b(s)) to F. Assuming that b(3) and Fp o .7-" are fixed, by the

same argument we see that there are finitely many subobjects a ) of @ and finitely
(3)

and g, and therefore finitely many con-

and coker(pq) are swept-equivalent. Next,
)

many inclusions Fj 2 F1 such that a;
there are finitely many inclusions F3 Nt F> such that there is a subobject a;
of a/ ai 1somorphlc to coker(yz). In the same way, we have only finitely many
inclusions 7 > Fs3 such that coker(ys) is isomorphic to a subobject of b/ b§-3). But

choices of aEQ) and agg) also determine al(-l), the same holds for b§-2) and b§-3)7 hence

there are finitely many subobjects of F4 swept-equivalent to some summand of

al(-l)bg-l). Gathering all together we conclude, that the element c¢ is correctly defined

in Hy [a+ B].
Using Lemma B.4 we can transform the series ¢ in two different ways. From the
one side we have

C_ZT b (@®pOT(Mb) = ZT b T(ab))

_ Z b(Q) ab(l)) T(ab)

and from another side,

c—= Z T(b§2))T(a§2))( (1))(2)(b(1))(2)T(( (1))(1)(b(1))(1))

irj kil
2 2 1 1 2 1 1 1
_ZT () () )(a E)bg ));)T((ag )bg))l(c))
i,4,k

=310 T(aP)e(a{V0M) = T(0)T(a).

v
Lemma B.6. Leta € Hy and b € H}, then the following equation holds in the
Drinfeld double DH x :

(B3) ab= 3" (06920 (7(a), 5.
,J

Proof. First of all note, that the right-hand side of the equation (B.8) is finite by
Lemma B.3. The relation R(a,b) in the Drinfeld double implies

b= 3 a2 (o) + 360 (0.

a0
Now use this equality to rewrite each term a(l)b(z)
1), (2 )5 (1) /1.(2)1 (2 15 (2 2), (1
== 30 @O (@ e+
k,l
(@) P 0

+ 3P (@) (@M, 6.

k,l

)
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Combining these two equations we obtain

w= Y a0 ) 0= Y 8P ) @ 00+
F#Zigﬁ;éo a(?);o

£ 3600 (052
,J

But note that

1 3 2 2 3 1 1 2 3 2 1
> a6 = Y P e a® b).
ROO s o

Moreover, we have
S0P 6D ) = 3 (@ B P ),
i,

J ? J

Summing everything up, we get
D ;G2 (2, 3) ;0 2) (2), (1) (3 3) (1
ab="" (@, 6P a® @, 68~ 3 66l (@), 6P) (@, b))+
a;q”)j:o 0,57;’3]#0
D,(2), (3) (2) (1
FY D@ D),
i,J

Iterating this procedure, we get, for each k& > 0,
1D (3)\.(2) (2 3 1
ab = 3 (@, B0 (T(a), 1) 4

3
0,J

1), (2 k+1 2 1
(B.9) FEDE S aE L a® pD),

7

where

Ti(@) = [—a+d> (-0 > af"Vea?
aM 0, a0
It follows from the first part of Lemma B.3 that the second term in (B.9) vanishes

for k > 0 and the operators T* converge pointwise as k — oo to operators T :
Hx[a] — Hx|a] yielding the equation (B.8) as wanted. v

This lemma shows that the map Hf ® Hy - DHy is surjective. Next, we
define an associative algebra structure on H} ® Hy; by setting

(a@d)-(b@b)=(me@m)(a® L(d,b) @),

where
i) @3y, (2), .2 3 1
L(z,y) = > (a1, 4y P e (1), y1V).
2]

A proof of associativity of this product is based on Proposition 2.2, Remark 2.5 and
Lemma B.5 and can be shown along the same lines as in in [J, 3.2.4] using similar
calculations as in the proof of Lemma B.6.

Now we can construct the inverse map n : DHxy — HY ® Hy by putting
n(a) =1®a, n(b) =b® 1 for a € Hy C DHx and b € H € DHx. To see that
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we get a well-defined map we need to check that all relations R(a, b) are preserved
in the Drinfeld double. But indeed,

1 2 2 1 1 4 2 3 3 2 4 1
> al 6P @ bY) = 3@, 006 (1), ) (V) b) =
,J

%]

1 3 2 2 3 4 1 1 3 2 2 3 1
(@, 6)aPo (1(a®)a bV) = S (@l 67)aPb (e(a®)1,68) =

i,j ,J
1) (2 (2),0
= Z(az(» ),b§ ))ag )bg ),
0,J

This concludes the proof of injectivity and surjectivity of the linear map
m: H} ® Hy — DHx. Proposition 3.4 is proven. v
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