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Abstract

It is shown that a maximizing function u, € L? does exist for the Strichartz inequality
He”BQUHLﬁ 6) < S|[ul[ 2, with S > 0 being the sharp constant.

1 Introduction and main result

The LY(LE)-Strichartz inequality in one spatial dimension states that there is a constant C' > 0

such that

ito?

le"ullpsze) < Cllullp. forall we L? = L*(R; C),

see [12] for instance. The sharp (or best) constant for this estimate is

th‘“”Lﬁ (L8)

S :=su {He
I BT

Here €% denotes the evolution operator of the free Schrodinger equation, so that w(t,z) =
(e"2y)(2) by definition solves

2u0f = sup {Ieull gy u € L2 ule = 1},

iuy + Uz =0,  u(0,2) = up(z). (1.1)

The purpose of this paper is to verify that a maximizing function u, € L? does exist, i.e., u, gives
equality in the estimate ||| Lore) <5 |ul| 2. Stated differently, ¢(u.) = S° for some u, € L?
with ||us||;. = 1, where

o(u) = %] by 1) = / / (%)) dadt. (1.2)

The main difficulty of this problem results from the many invariances of ¢: it is not hard to show
that @(u(- + z0)) = @(u) for xg € R, p(e0u) = ¢(u) for & € R, and moreover ¢(uy) = ¢(u) for
A > 0, where uy(z) = A?u(\x); see Corollary 2.3 below. Since all these invariances preserve the
L*-norm, it is in particular not true that every maximizing sequence (u;) for ¢ under the constraint
||| ;2 = 1 converges strongly in LZ.

An outline of the proof in this paper that a maximizing function does exist is as follows. First
the concentration compactness principle is applied to the sequence (;); the observation that it can
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be helpful to use this principle for the Fourier transforms rather than for the maximizing sequence
itself seems to be new. It found a first application in [8], where a variational problem from non-
linear fiber optics was studied, although it turned out later that the proof could be simplified a
lot and this idea in fact had not to be used. The concentration compactness principle asserts that
basically there are three possible alternatives for a L2-bounded sequence of functions: either it is
tight (in the sense of measures), or it is “vanishing” (it tends to zero uniformly on every interval
of fixed length), or it is “splitting” (into at least two parts with supports widely separated). The
first issue will be to rule out vanishing and splitting. The former is achieved by suitably shifting
the u; (corresponding to multiplication of u; with an appropriate e'®%i) and by rescaling the U
(corresponding to a rescaling of the u;) such that

&o+1 1 1
sup [ i ds= [ Jaf =5, jen (1.3)
&ER Jgo—1 -1

is satisfied. Note that so far already two of the three invariances have been used. Next it has to be
discussed why splitting of the sequence (4;) cannot occur. For this we assume that 4; ~ 0; + w;,
with [|0;] ;2 ~ 4 €]0,1], ||@;]l;2 ~ (1 — %), and the supports of ©; and w; widely separated,
say supp(0;) C {¢ : |¢] < a} and supp(w;) C {¢ : |¢] > b}. From standard applications of the
concentration compactness principle it is known that due to homogeneity properties of a functional
a contradiction would be obtained if ¢(u;) ~ ¢(v;) + ¢(w;) could be shown. Using u; ~ v; + wj,
it can be seen from the definition of ¢ that roughly

ito2 itd?
o) — p(vy) — plwy) ~ / / %0, 8 e, P dudt
itH2 itH2 itH? itH2
S 0 @) (e o) () s (1.4)

holds. At this point it is helpful to recall that there are quite recent multilinear refinements of the
Strichartz estimate, in particular of the kind which deal with functions whose Fourier supports
are contained in different sets. The usefulness of such estimates has been recognized in [1] (in
the case of two space dimensions), and later on a large number of variants and applications have
been developed, also in different function spaces or for evolution equations different from the
Schrédinger equation; see for instance [4, 7] and very many other papers. From [6, Lemma 3.1]
we recall the particular multilinear estimate ||(e”agu)(e”a%v)(e”agw)Hng < Cllull 1 lloll, -1 llwll 2
which is appropriate for our purposes. From (1.4) and ||9;]| 2, [|@;]| ;. < 1 thus

2 2 —
(ug) = p(v;) = p(w;) < oill g lwslly, -y S a¥26712

It appears to not have been noticed before that the concentration compactness principle can be
(slightly) refined in such a way that in the case of a splitting sequence the two parts can be moved
arbitrarily far apart; see Lemma 3.1 below. Hence b > a can be achieved, and the multilinear
estimate works together perfectly with the concentration compactness principle to imply that
the sequence (;) cannot be splitting. Having now excluded two alternatives, it follows that the
sequence of measures p; = |i;]*d¢ is tight, i.e., roughly speaking localized by cutting off the
high frequencies (which leads to an L*-small remainder term). In particular, “almost” (u;) C H*
holds and if y1; —=* p as j — oo (along a subsequence) in the sense of measures, then fR dp = 1.
However, this improvement is still not sufficient to ensure the needed strong convergence, since
the shift invariance of ¢ has not been used yet. This observation leads to the idea to apply, in a
next step, the concentration compactness principle also to (u;). As soon as it were known that
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both vanishing and splitting is impossible for (u;) the strong convergence would follow (if the u;
are shifted appropriately). Indeed, in this case the sequence is also localized in x-space to some
interval | — M, M|, and it can be used that the embedding H'(] — M, M[) C L*(] — M, M]) is
compact. The fact that splitting cannot occur for (u;) is proved by using the above-mentioned
refinement of the splitting alternative: if u; ~ v; + wj, [|vjl|;. ~ v €]0,1[, and ||w;|;» ~ (1 =)
are satisfied, and if supp(v;) C {z : |z| < a} and supp(w;) C {x : |x| > b}, then it can be shown
that

o) = (vy) = () S (Ngllfe + s 17 ) (L4 @) (6 = )12 S (1+ @) (b — @) V12

The latter estimate holds, since we now have H'-bounds also for v; and w;. By moving the two
splitting components far enough apart (choosing b > a + (1 + a)® for instance), the right-hand
side can be made as small as necessary to verify that splitting of (u;) is impossible. Therefore
it remains to be seen that also vanishing of (u;) cannot happen. It should be remarked that in
general it is easy to construct (by shifting and scaling of any maximizing sequence) a maximizing
sequence (@;) such that ( j) is tight and (@;) is vanishing. Typically such a sequence will be
concentrating at one or several points in &, i.e., p = > a;d,, but we additionally dispose of the
normalization (1.3) which will show that concentration to a point is impossible for the special
maximizing sequence (u;). It is quite technical to make this argument rigorous in the case of the
Strichartz estimate, since ¢ is a highly non-local functional. Stated differently, for test functions
X = x(z) there is no obvious relation between ¢(yu) and [, [, x®|e™®u|® dzdt. To advance at this
point it turns out to be helpful to consider p as a functional of 4 rather than as a functional of

u, i.e., we introduce 1(v) = @(v). Using (¢"%u;)(z = C [ e €*)4,;(€) d¢ and integrating out
completely the functions do(&; — & + & — &+ &5 — 56)50(51 52 + 53 & + & — &%) which then
appear, it is possible to derive an explicit form (4;) fR f;(€) d§ of ¢, where in our case the f;

are non-negative functions which are related to ;. From the tightness of (@;) and the vanishing
of (u;) one can then deduce that ¥ (xu;) ~ [; X°f;d€ as j — oo for test functions x = x(§). To
use this let v; = f; d€. First, tightness of (a;) shows that the sequence of measures (v;) is tight
as well, hence v; =" v as j — oo (along a subsequence) in the sense of measures for a v such
that [, dv = lim; .o [ dv; = limj_oo [p fjdE = lim;j_oo ¥(1;) = limj o (u;) = S® = SO [, dp.
Second, for a test function y = x(§) one gets

3 3
[t~ [ vty = etieu) < Sl = 50 [ i) ~ 5o [ d)
R R R R

as j — oo by Strichartz’ inequality. Therefore a reversed Holder-type inequality relating dv and du
has been derived. In this situation a well-known result on the concentration of measures (see [11,
Lemma 1.2, p. 161]) can be applied to yield u = d¢, for some &, € R, which gives a contradiction
o (1.3).

Filling in the necessary details we obtain the following main result of this paper.

Theorem 1.1 There exists a function u, € L* such that S is attained, i.e., He“aﬁ%u*HLg(LG) =S
for some u, € L? with fR lu.|* dz = 1.

It is to be expected that the technique of proof described above can also be applied successfully
to other Strichartz-type inequalities to yield the existence of sharp constants, as soon as a mul-
tilinear refinement of the inequality in question is available. In connection with Theorem 1.1 an
interesting open problem is to determine the numerical values of the sharp constants and to find



(up to the invariances) the maximizing function(s); the associated Euler-Lagrange equation seems
not to be very helpful in this respect. In the mathematical literature there are several examples of
inequalities which are preserved by shift and scaling, for instance the Hardy-Littlewood-Sobolev
inequality and the Sobolev inequality. The first general method to prove the existence of sharp
constants for such problems has been developed by Lieb in [9] (see also the related [2]). In [9] it
has also been possible in many cases to evaluate explicitly the sharp constants and the maximizing
functions. The approach taken in [9] rests upon the fact that the left-hand side of the inequality
does not decrease, whereas the right-hand side does not increase, if u is replaced by u*, its sym-
metric decreasing rearrangement; this is the case for the Hardy-Littlewood-Sobolev inequality and
for the Sobolev inequality. However, for the Strichartz inequality such rearrangement arguments
do not appear to lead very far. A second general method which is closer to the approach used in
the present paper can be found in [11], but in this way also no information on sharp constants or
maximizing functions could be obtained.

The paper is organized as follows. In Section 2 some auxiliary results and estimates are col-
lected. Section 3 discusses certain aspects related to concentration compactness, and the proof of
Theorem 1.1 is developed in Section 4.

Concerning notation, we write LP = LP(R;C) and H* = H*(R;C), with norms || -||;, and
| - || 7+, respectively. The inner product on L? is (u,v)z2 = [ ud dx, whereas the (spatial) Fourier
transform of u € L* is 4(§) = (2m) ™Y/ [ e7**u(x) dx with inverse &. We mostly make explicit the
(2m)-factors in our formulas, since some of them could perhaps be useful later to determine the
sharp constant explicitly. For s,b € R we denote X;rb the closure of S(R?) under the norm

lulls, = [ | €)1+ Ir+ € 1Futr ) dedr,

where

Fu(r,€) = (2m) " /R /R ety (¢, x) dedt = (2m) 72 /R “UT(t,€) dt

is the space-time Fourier transform of u = u(t, ). In the particular case of u(t,z) = (e"%u)(x) it
follows from ai(t, &) = e " 4(€) that Fu(r,€) = (2m)/260( + £2)a(€), whence

s 9 1/2
leullgs, = @) [ @+l ) ~ lull (15)

By C' we denote unimportant positive numerical constants which may change from line to line.

2 Some preliminaries and technical lemmas

It will be useful to consider along with ¢ from (1.2) also its multilinear version ®, which is defined
as

Ul, U2, U3, Uy, Us, UG)

= [ ) ) @) ) o) ) ) ) o) () ) (1)

for uy, ug, us, U, us, ug € L?. Then

o(u) = O(u, u, u, u, u, u). (2.2)



To derive certain estimates related to ¢ and ® the special case s = 1/4 of the trilinear estimate
from [6, Lemma 3.1} is recalled, which reads as

[uvw]| ;< CIIUIIX;bIIUIIX%‘bIIwHX&,

where b > 1/2 and C' > 0 depends only on b. In view of (1.5) this is specialized to

192 192 192
("% u) ("% v) (€= w) | o < Cllull 3 10l -3 lw]l e (2.3)

First we need to study the basic properties of ¢ and ® in more detail.
Lemma 2.1 The following assertions hold.

(a) The estimate
6

’q)(uh Uz, U3, Uyg, Us, 'LL6>| S SG H ||,U’7«HL2
i=1

is satisfied for uy, us, us, s, us, ug € L2
(b) Foruy,..., ugvy,...,vs € L* we have
‘q)<u17u27u37u47u57u6) - q)('U17'U2,'03,'U4,'U5,'U6)’

5
< 0 max il ol ( poacs s = wil2).

in particular, by (2.2),
o) — p(o)| < C(max{ull o Joll2}) T = vlya w0 € 22 (2.4)
(c) Assume u=v+w. If ||v||,., |w]|,2 <1, then
() = o (v) = ()] < C (Il 3 el g+ ol ol ). (2:5)

(d) Assume u =v+w, a <b, supp(v) C {z € R:|z| <a}, and supp(w) C {z € R: |z| > b}. If
”U”L?a ||w||L2 S ]., then

f(w) = o(v) = plw)] < C(Ilolly? + lwll?) (L + )b — )12 (2.6)

Proof: (a) From Hélder’s inequality in ¢, 2 with 6 factors and by definition of S we obtain

6 6
‘®(U1,U2,U3,U4,U5,U6)‘ S 1_[(10(1’%)1/6 S SGH HulHL2
=1

=1

(b) Due to the multilinearity of ® we have

|(D(U1, Uz, U3, Ug, Us, UG) - (I)(Ula Vg, Us, V4, Vs, UG)

= (D(ul — VU1, U2, U3, Uy, U5,U6) + (I)(Ula Uy — V2, U3, U4,U5,U6) + (D(Ulyv%ufi — Us, U4, Us, uﬁ)

+ @('Ul, V2, V3, Ug — V4, Us, UG) + q)(vlu V2, VU3, Vg, U5 — Us, 'LLG) + ¢(U17 V2, U3, U4, Us, Ug — Uﬁ) )



whence (a) applies. (c) Writing v(t, z) = (¢"%v)(z) and w(t,z) = (€% w)(z) we get
000 = ¢0) = () < C [ [ (Plul+ ol 'hof + oluf + ol + lollwf) dedt (27

from v = v + w. For the first term on the right-hand side we write |v|?|w| = |v]3(|v[*|w]) and
apply Holder’s inequality in ¢,z with p = 2, then Strichartz’ inequality. This way the bound
(...) < C’HvHiQHvszL; < C’Hv2wHL§x is obtained. The fifth term is treated analogously, and for
the third term we write |v|*|w|* = (Jv|*|w])(Jv||w|*) and use again Holder’s inequality in ¢, z with
p = 2. From (2.3) it then follows that

IN

2 2
() = o) = o) < C(IoPwllgy + NPl + Pl low?ll + low? Gy + o], )

2 2
< Ol llell -y + Bl g ol -y )

(d) We continue to use the notation from (c). As before, we start with (2.7). To estimate the
first term on the right-hand side, we write now |v|?|w| = |v[*(Jv||w|) and apply Hélder’s inequality
in ¢,z with p = 3/2 and p’ = 3. Strichartz’ inequality and ||v|/,» < 1 then yield the bound
C(fg Ji [v[*|w]? dzdt)'/®. The second term can be bounded by the same expression, since |v[*|w|* =
|v|?|w|(Jv||w]), and Holder’s inequality with p; = 2, ps = 6, and p3 = 3 can be used. The other
terms are handled similarly, resulting in

1/3
C’(//|v|3|w|3dxdt> —|—C’//|v|3|w|3dxdt
R JR R JR
1/3
C(//\v\3|w|3dxdt) . (2.8)
R JR

Next we fix tg > 0 and split [; [p [v]*|wf dedt = [, _, [ [0PlwP dedt + [, [5 [0 |w]® dzdt =
(I) 4+ (11). For (I) let Q@ ={x € R: |z| < (a+b)/2}. Then

(1) = / /|v| |w|3dxdt+/ / [v?|w|? dadt
It <to lt]<to Jae
10 3/0 2 1/2 0, )" 3), 13
< / dt /|v| dx /|w| dx /|w| dx +/ / [v|°|w|® dzdt
|t|<t0 ‘t|<to ¢

1/
< (s [ 1o@Pde) " 160l e uly + / [ 1ePluf dode
t|<to JQe

IA

lo(u) — ¢(v) — p(w)|

IN

[t|<to

< sup/]w \de —i—/ / lv[?|w]? dadt,
[t|<to [t|<to J Qe

by the general Strichartz inequality, cf. [3, Thm. 3.2.5(i)], since the pair (¢, 7) = (5, 10) is admissible
in one spatial dimension. For the fQC dxz-part one can argue in the same way, exchanging the roles
of v and w. This yields

(I) < sup/|w |2dx +C’<sup/c|v(t)|2dx>1/2. (2.9)

[t|<to [t|<to

In order to bound the right-hand side further, we use a well-known argument. We take a function
B € Cg°(R) with B(z) € [0,1] such that G(z) = 1 for |z| < (a + b)/2 and B(x) = 0 for |z| >



(a + 3b)/4. Then [|f'|;« < C’(b —a) b Deﬁmng J(t) = [ |lw(t)]?B(x)dz we have J(0) = 0.
From (1.1) we get [57(t)| = |(—2) Im. [ @( ()5’d93|§0( —a)” 1||w()|lL2|£()“L2_C(b_
a)Hwll a1 . < CO—a) " wl . Thus for |t < to,

/Q w(t)]? dx = / w(t)28(x) dz < J(t) < Cb — a) Mwllyult] < CO — a) [l yuto.

In an analogous manner [, [v(¢)|* dz can be bounded, whence (2.9) gives

(1) < €= a) 2 (ol o + ol ) 5> (2.10)

Concerning (I7), we remind the pseudo-conformal estimate |[v(t)||.s < C(||v|l,2 + ||zv]l 22)t] 73
see [3, Cor. 3.3.4(ii)] with = 6. This yields

1/2 1/2
(I1) = / /|v|3|w|3dxdt§ (/ /|v|6dxdt) (//|w|6dxdt)
‘t|>t0 R ‘t|>t0 R R JR
2

1/2 1/
< o[ Iolear) <ca ool ([ )T <00 ol 6
[t|>to

[t|>to

Summarizing this bound and (2.10) it follows that for every to > 0,

[ [ 1ePluf dede < 00 = a2 (ol + ) 62+ €0+ ool ) 15
R JR

One can then optimize this estimate with respect to ty to obtain

[t dede < 00+ ol (Jolif + ) 6 a7

Hence going back to (2.8) and noting ||zv||;. < al|v]|;2 < a, (2.6) is seen to hold. O
The next lemma states a more explicit representation of ®.

Lemma 2.2 For 0,9 € [0,27] we define

1 1 2 1
ay(0,9) = —ECOSQ + %siDQ + \/;sinﬁ, as(0,9) = Ecosﬁ + \/gsinﬂ,
as(0 ﬁ)—icosﬁ—kisin@—k\/?sim? as(0 ﬁ)——icosﬁ—i-\/gsinﬁ
3\Y) \/§ \/6 3 ) 4\Y, \/5 2 )

as(0,9) = \/g (—sinf + sin 9).

@(Ul, Uz, Uz, Ug, Us, UG)

= (4m)” /Rdf/o drr/o d@/o d ty(aq(0,9)r + &) us(az(0,9)r + &) uz(as(0,9)r + &)

X g (as(0,9)r + €) 5 (as(0,9)r + €) 16(€) (2.11)
= \Ij(ﬁl,ag,fbg,ﬁgl,ag,,ﬁ(;). (212)

Then



Proof: For 1 < j <6 we write

(€)= (2m) P [ ) de (213)

and insert these expressions with variable ¢; for u; into the definition of ®, cf. (2.1). After inte-
grating out fR fR dxdt, we arrive at

@(Ul,UQ,U37U4,U5,U6)
= (QW)_I/-~/d§1-‘~d§6@1(51)5@2(52)%(53)ﬁ4(§4)ﬂ5(§5)a6(§6)
R R
X661+ & —G+a—&G+&)0(E -G +8 -G +8-8)
= n)7 [ [ d () Rl u(€) 5 )06 — &+ 6 — 64+ &)
R R
><50<a(§1,§2,f3,§4755)>7 (2.14)

where

061,60, 6, 60,65) = (-G + &~ - &G - &) + (G- & - &) (215)

Next the transformation ¢ = Az is introduced, with the orthogonal matrix A € R3*® given by

I

el B B 216)
O L
I B

Since a(Az) = 27 + 25 — 22 — 522, this leads to

(P(ul) U2, U3, Uy, Us, U6

1 2 /3
= (2m)” / /dzl dz5u1( \/_ \/_zz+\/_ —3 1—02’5)

Xﬁg(iz;v,"— ! z4—|—\/Ez5>
5 V2 10
xﬁ3<izl+i22+L23—g i25)
2 6 5 3V 10
xﬁ4<iz3— i,z4—|— i,7:5>
5 2 10
) 2 1 2 [3
XU5<__6ZQ+%Z3_§\/1:OZ5>
X TUg (% 23 — 4 % z5>5o(z% + 28— 28 —522).  (2.17)



Then we pass to polar coordinates (21, z2) = r(cosf,sin ) and (z4, z5) = s(cosﬁ \/5 sind), and we
set Z3 = \75 z3. If we also observe the relation [[“dr [[*dsrsf(r,s)0o(r? — %) = § [ drrf(r,r),
(2.17) may be rewritten as

@(U/l, U2, U3, Uyg, Us, UG

1 1 2 /3 . -
= (4m)” /drr/ d@/ dﬁ/dz;;ulq—ﬁ OSH+TSln9—1—5 5511119]7"—#23)

1 /3
cos ) + 5 3 sinﬁ]r+§3>

H<||H
[\

1 1 /3
— E cosv + 5\/; sinﬁ}r—i-,%g)
r 2 2 /3
_— % sin @ — 1—5\/; Sinﬁ]r—l-,%g)
4
5

:— —\/g sinﬁ]r—l—ég,).

Hence it remains to make the transformation § = [—‘—l\/g sinv|r + Z3, d€ = dzs, to get (2.11). O

(

><113<_7 cosf + — \/_ sinf — %\/g sinﬁ]r+23)
(
(

5
With ¥ from (2.12) let ¥(v) := ¥(v,v,v,v,v,v). Then
Y(u) = V(a,a,a,u,a,0) = P(u, u, u,u,u,u) = p(u) (2.18)
by Lemma 2.2 and (2.2). In particular, Strichartz’ inequality yields
[4(0)] = ¢(8) < S5}z = SC|lvll72, v e L. (2.19)

Due to (2.4) from Lemma 2.1(b), moreover

9(0) ~ ()] < O max{lol e fwll2)) o —wlye, 0,0 € 22 (2:20)
We note some useful consequences.
Corollary 2.3 The functional ¢ has the following invariances:
() (ul(- +20)) = p(u) for zo € R;
(b) ple™ou) = p(u) for & € R;
(c) o(uy) = @(u) for X >0, where uy(z) = A ?u(\r).

) =
Proof: (a) Note that (e"%u(-+x0))(x) = ("% u)(x + ), since both sides have Fourier transform
e~ (€). Hence (a) follows from the definition of o, cf. (1.2). (b) From ei*ou(£) = (€ — &)
one gets @(e™0u) = (- — &) = V(a(- — &), ..., (- — &)), see (2.18). But (2.11) implies that

the latter equals W(4,...,u) = ¥(a) = ¢(u), as the transformation £ = & — &y, d§ = d¢, in the
Jg dé-integral can be made (c) We have (e"%uy)(z) = A/2(eN*192y)(Ax), whence (1.2) together
with the substitution (y, s) = (Az, A\%t), dyds = A3dxdt, show that ¢(uy) = ¢(u). 0



Corollary 2.4 Let u € L*. Then o(u) < ¢(|a]).

Proof: According to (2.18) the claim is equivalent to v (u) < ¢(|a|). But (2.11) yields ¥ (a) =
W(a, ..., a) < W(lal,... a]) = p(]). 5

For u € L? we moreover introduce

L6 = (4m)! /0 S drr /0 " /0 " 49 i(ay (0, 9)r + €) an(0, 0)r + €) i{as(0, 9)r + €)

x U(aqg(0,9)r + &) t(as(0,0)r + &) a(€), (2.21)
so that
/R £u(6) dE = (@) = p(u) and /R O Ful€) dE = W(a, 0,0, 1, 8, x0) = Doty u, 0,10, 0, § % 1)
(2.22)

for x real and bounded, by Lemma 2.2 and (2.18).
Lemma 2.5 Let y € C°(R), 4 € L* N L2, and 6 > 0. Then

6 2
() - / X £ul©) €] < € (SN Il B2 + 71l Sl ).
with C' > 0 independent of x, u, and 9.

Proof: By definition we have

b(xi) - /R V() u(€) de

o0 2m 2m
= (47r)_1/0 drr/o d9/0 dﬁ/ﬂ{dﬁ (X(alr—|—€)ﬁ(a1r+§)X(a2r+£)ﬁ(a2r+£)

x x(azr + &)a(asr + &) x(asr + E)a(agr + &)
x [x(asr + &) — x(O)]alasr + &) x(§)u(€)
+x(ayr + &) a(arr + &) x(agr + E)au(aor + &) x(asr + ) a(agr + &)
X [x(asr + &) — x(&)]aasr + &) x(§)a(asr + &) x(£)a(§)
+x(arr + &)i(arr + &) x(azr + ) u(agr + &) [x(agr + &) — x(§)]a(azr + )
X x(€)a(asr + &) x(§)uasr + &) x(§)a(§)
+x(ar + §)uarr +¢) [x(azr + ) — x(§)]a(azr + &) x(§)ilasr + )
X x(&)u(asr + &) x(§)a(asr + &) x(€)u(€)
+[x (aﬂ“ +&) — x(O)a(arr + &) x(§)a(azr + &) x(§)a(azr +£)

W(E)asr + &) x(€ilasr + ) X(E)() ).

Now we split [~ dr = fo dr + [;° dr. Noting |a;(0,9)| < 3 for 1 <i <5 and all 8,9 € [0, 27], we
can estimate |x(a;7 +&) — x(&)] < 3|Ix'|| o < 3][x || ;0 in the first part (I) of the above integral
where 7 € [0,0]. Hence

(1)

IN

[e's) 2 2
OOl / dr / a6 / a9 / 0¢ |aarr + €)| [alazr + )| [aasr + €)|

X |u(agr + )| [aasr + )] [a(S)]
< COlIxl gl e v (1al) < C8llxlgee Xl poe lull7e, (2.23)
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cf. (2.19). The second part (II) where r €]d, oo[ is bounded by

[e’) 27 27
11 < Ol / drr / a6 / 29 / dé [aarr + )| [a(azr + )] [iasr + )
% [0y + &) |alasr +€)]|a(©).

To take advantage of the fact that » > 9, we will undo the transformations from Lemma 2.2 which
led to (2.11). Going back the steps to (2.17), it hence follows with v := || that

1 1
([[) < CHXHGLOO/R\/Rd,Zleg,lM(Zl,,Z5)U(—E21+%ZQ+—52 —

QI}_‘
w
GV )
—_
ol w
ot
N—

5 2 10
" 2 n 1 2 /3 )
vl ——=2n+—=23— -/ =%
5 22 B3\ 10"
1 3
XV 7 23 — 4 10 z5>50(2f + 25— 22 —522), (2.24)
where M = {(z1,...,25) : 28+ 23 > 6%, 27 +522 > §*}; observe that 27 + 25 = r? and 27 + 522 = 2.
Next we set 2 = A71¢ = A'¢ € RS, with A from (2.16). Since
1

2 = % (€3 —¢&), == 76 (&1 + & — 265),

it follows that A(M) C N U N®_ where

NO ={(&,.... &)l —&| > 6/2}, NP ={(&,....&): 1& — &l > 6/2}.

Indeed, otherwise for some £ = Az € A(M) we would have |5 —&;| < 0/2 as well as |§5—&1| < 0/2,
whence 2 + 25 = 5 (& — &)+ 5 ([& — &)+ 2[6 — &))° < 3(6°/4) +5((0/2) +2(5/2))* = 6%/2, in
contradiction to z € M. Thus if the transformation £ = Az in (2.24) is introduced, we get

2
10 < O3 / N / 06y . dEs Ly (6, . 5) 0(E)0(E)0(En)u(E)
X 0(Es)0(6r — & + & — &4+ )0 (61, 6. 65,61,65) )

_ cnxuiocZ/R.../Rdgl...dgﬁ Lo (61, &) 0(E)0(E)0(E)0(E)V(E )0 (&)

X0(—&1+&—&E+a—6+8&)0(E -G +8 -E+&-&),
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cf. (2.14) and (2.15). Since the term with 1y is transformed into the term with 1,0 when &;
and &5 are exchanged, it suffices to consider the contribution with 1,a). Hence,

(IT) < Cllxll}~ /R . -/Rd& o ds Ty (&, -5 E5) v()v(&)v(E)v(Ea)v(Es)v(Es)
X0o(—&1+& -G+ —&+E&)00(E —G+& —E+&—&)
= ClIxll%~ / / L(jes—e|20/20(61)0(Es) G(=E7 — &, &1 + &) d&rdEs, (2.25)
R JR

| [ ][ dsadeias assui@pniconieoe)
RJRJR JR

X0(—E+ &+ & —&+E&)0(-—T—& -G +& - &)
Basically we can now follow a standard proof of the Strichartz inequality to obtain the desired es-

timate. Using (2.13) it is straightforward to verify that G(7,&) = 27r.7-"<]e”620\ (eit92()2 >(—T, —=£).
Thus the Hausdorff-Young inequality in conjunction with Strichartz’ inequality imply

Gllys, < €|l (em25)?

where

14 4

13/2 S CY”UHL2 = CHUHL2> (2.26)
tx

recall v = |a|. Therefore we can continue in (2.25),

(II) < OHXHLoo//l{fs €1|>5/2}‘Z(£1) (‘1/)3 &3 — &1 |1/3 (—¢ 5§7€1+§3)d51d§3

5)3/2 f 3/2 2/3
1/3

x( / / 6 — 61 G(—€8 - .6 + &)’ dadss (2.27)
2/3
co Pl ([ [ el e deades) 16,

the latter through the substitution 7 = —&# — &2, € = & + &, which has drd¢ = 2|& — & |d&déEs.
Hence it follows from (2.26) that

IN

_ 6 4 a2 a4
(11) < Co x| ee lull 10117 5 < CO 72X oo lull 2 117 1] 7o

Summarizing this estimate and (2.23), the proof of the lemma is complete. O

We remark that using |& — & |2 > C|& — &]/?7%6" and the Hardy-Littlewood-Sobolev in-

Cdn s
equality in (2.27), the bound on (I7) can be improved to C5~2%/3||x||% .. ||u||6L2 3 \|al| 2 for k €]0, 3],
but this fact will be of no relevance to us here.
For a proof of the following lemma see [8, Lemma 2.6].

Lemma 2.6 Let (u;) C L? be bounded and such that for any A > 0

I0+A
lim sup / |u;|? dx = 0,

J—= zoeR —A

i.e., (uj) is “vanishing”. With ¢ € S(R) (Schwartz functions) we define u = (p1;) = ¢ * u;.

Then (ugl)) is also vanishing.
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3 Concentration compactness

This terminology is used for the fact that basically there are three possibilities for a (L? or H'-)
bounded sequence of functions: either it is tight (in the sense of measures), or it is “vanishing”
(it tends to zero uniformly on every interval of fixed length), or it is “splitting” (into at least two
parts with supports widely separated). This principle, see [10], has turned out to be very helpful in
a number of variational problems. For our purposes here we need a small refinement which relies
on the observation that in the case of a splitting sequence the two parts can be moved arbitrarily
far apart, see (3.1) below. Since we will need a very explicit form of alternative (3), we include
some details.

Lemma 3.1 Let (f;) C L* be a sequence such that | f;||,» = 1 for j € N. Then there is a
subsequence (not relabelled) such that exactly one of the following three possibilities occurs.

(1) There exists a sequence (z;) C R such that for every ¢ > 0 there is R = R. > 0 with the
property that

Zj+R
/ |fil?dz>1—¢, je€EN.
Z]'—R

(2) For every A > 0 we have
Zo+A
lim sup / |fi]?dz = 0.

J—00 z4eR —A

(3) There is v €]0, 1[ with the following property. For every 6 €]0,~| there exist jo = jo(d) € N
and 27, z5 > 0 with

> 2+ 40+ 02 +2671)° (3.1)
such that
20+25
7—6<sup/ \fil?dz <~v+6, 7> jo, (3.2)
z0€ER ZO—Z§

and for every j > jo we may select z; € R satisfying

zj+27
7—5</ |fil?dz < v+ 6. (3.3)

ok
241

In particular, if we fix functions p,n € C3°(R) with values in [0, 1] which satisfy p(z) =1 for
2| < 21, p(2) = 0 for [2] = 2f +207", n(z) = 0 for || < 25 —207", and n(z) =1 for |z| = 23,
then defining v;(2) = p(z — 2;) fj(2) and w;(z) = n(z — z;) f;(2) one obtains for j > jo the
estimates

1f; = (vj + w72 < 26,

||Uj||iz - ’Y’ < 3(5, and ||w]||i2 — (1 — fy)‘ < 94.

Proof: The argument relies on the Lévy concentration functions I'j(2) = sup, g fZZOOJ;Z |15 (y)|* dy,
z > 0. Then 0 <T'j(z) <1 and I'; is non-decreasing. Hence there exists a subsequence of (f;), a

countable set £ C [0, co[, and a non-negative and non-decreasing function I" such that I';(2) — I'(2)
as j — oo for every z € [0,00[\E. With v := lim, ., ['(z) € [0, 1], there are three possibilities:
the cases v = 1 or v = 0 lead to alternative (1) or (2), respectively, cf. [3, Lemma 8.3.8] (here it is
not needed that (f;) is bounded in H'). So it remains to show that v €]0, 1] implies (3). To see

13



this, we fix 0 €]0,~[ and choose z* > 0 such that v — 0 < I'(z) <« for z > 2*. Then we take two
widely separated points where I'; converges to I, i.e., we fix some 2 € ([0, 00[\E) N [2*, 00] and
then choose z3 € ([0, 00[\E) N [2*, oo[ satisfying 25 > zf + 4671 +67(27 +2671)5. Note that then
in particular (z3 —2071) — (27 +2671) > 0, whence the supports of p and 1 are separated. Since
2§ and 25 are convergence points, we also find jo € N with v — 6 < I'j(2]) < T'j(25) < v+ ¢ for
J > jo. By definition of T';, this yields (3.2), and moreover for every j > jo we find z; € R such
that (3.3) holds. With p and 7 as in (3), we then define v; and w;. In view of (3.2) and (3.3) we
have

zj+z5 zj+z]
/| | |fj(2)|2dz=/ IijZdz—/ flPde <yt d—(r—8) =25  (34)
zf<z zj<z;

P P
Zj %2 Zj—21

Due to the support properties of v; and w; therefore
=l = (= pem ) —nle ) L i
21 <|z—25|<25
</ ()2 dz < 26,
2} <|z—zj|<z;
In addition, (3.3), 2} + 25! < 23, and (3.4) imply

’/:jJrzf |fi(2))?dz — v +/ oz — 2)215(2)2 dz

=2 21 <zl <201

2
sl =

<o+ f £3() d= < 36.
2y <|z—zj|<z5
Finally, from this and || f;[|,. = 1 we get
ol = =] < 38+ [llwsl32 + ol = 11155

= 30+ ‘/ |fj(z)|2dz+/ n(z — )% f;(2)]* dz
|z—zj|>25 25 —2071<|z—2;|<z3

T / () dz + / oz — 211y (2)P d
jo—zl<2; S <|e—z| <z 4261
S ACIRE
R
< 354 / ()P dz + / ()P dz
Z<le—zl<z 520 1<z <z

+ ()P dz < 95,
2y <|z—z;|<zf 4261

where once more 2} + 207! < 25 and (3.4) have been used. O

The following result examines what can be said in the case that a reversed Holder-type estimate
holds for measures. It is a special case of [11, Lemma 1.2, p. 161], see also [5, p. 13].

Lemma 3.2 Let v, i be finite non-negative measures on R such that for some 1 < p < q < o0 and
S > 0 the estimate

p
/ av) ' < s / )L e Crm)

holds. If v(R)Y9 > Su(R)VP, then v = vd¢, and p = yP/1S7PS¢, for some v > 0 and &, € R.
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4 Proof of Theorem 1.1

We consider a maximizing sequence, ie., (U;) C L? is such that [|Uj]|,, = 1 for j € N and
©(U;) — S%as j — co. Then we introduce V; = |U;| and note that V; = |U;| > 0 as well as V; € L.
Hence we can select w; € S(R) satisfying w; > 0 and |Jw; — \7j||L2 < 1/j5. With these definitions
we let u; = ||wj||» w;. Then u; € S(R), ||uj|| . = 1, and @; > 0. Therefore Strichartz’ inequality
yields p(u;) < S°. Since |Vi|| . = |Ujll. = 1, we also have [|[w;||,» — 1| < [lw; — Vjll,. < 1/5.
Hence e.g. ||wj||;» < 2, and it follows from Corollary 2.4 and with (2.4) from Lemma 2.1(b) that

0 < 8% —o(uy) <|S° = Uy + @(U;) — p(uz) < |S° = o(U))| + o(|U;]) — p(uy)
1S% — o(U)| + @(V5) = llw; I 5 (i)
< [S% = o(U)] + lo(V;) — @(;)| + ’H’LUJHZE - 1’ p(w;)

< 180 = (U] + CIV; = yll 2 + Clhwy 75 = 1| = 0. j = ox.

Thus ¢(u;) — S° i.e., (u;) is a maximizing sequence with the additional properties that u; € S(R)
and 4; > 0. We need to modify the u; in other respects, too. For this we fix j € N and
examine the concentration function I';(z) = SUDg)cr f50+z |4;]* d€ of 4;. Since limz_,oo Ti(z) =1

§o—z
we may select A; > 0 such that f’j()\j_l) = 1/2. In addition, the function &, — f&ﬁ: L |a P dE s
continuous and tending to zero as § — +oo. Hence we also find & ; € R with f&”“ |4 |% d€ =

Supg er () = f‘j(/\j ) = 1/2. We then define §; = —\;&; and 4;(z) = e”&]/\j/ uj()\jx). If follows
that ||ay]| » = 1, @; € S(R), and @;(€) = A; *a; (A7 (€ — &) > 0. From Corollary 2.3(b) and (c)
we deduce that p(i;) = ¢(u;), and we calculate

Sot+l )\;1(50+1*5j) £0+>\;1
s [7 i@ = s [ 7 (e de= s [ lag(e) dg

g0k Jey1 &R JAT (g9 —1-£;) R Jg—A7"
- —1
— DY) =172

2 Y(1-¢5) 2 Eo,j-l—)\]-_l R ) 1
[ st e = / o l@rae= [ @R = 5.

€o,5=2;

Moreover,

Renaming @, to u;, we can summarize the foregoing modifications as follows. There exists (u;) C
S(R) such that [ju;||,, =1, 4; > 0, and p(u;) — S® as j — oo, and also

Eo+1 ) 1 ) 1
swp [ i@ dg = [ Ja@Pde =5, jeN, (1)
&€ER Jgp—1 -1
is satisfied. With this special improved maximizing sequence we are going to work in the sequel.
Since also ||u;]|,» = 1 for j € N, Lemma 3.1 can be applied to the sequence (f;) = (4;). The
following two subsections 4.1 and 4.2 deal with the two possibilities which then may occur (for a
subsequence which is not relabelled) according to Lemma 3.1; note that the Fourier transforms
cannot vanish in the sense of alternative (2) in Lemma 3.1, as lim; . supg cg féOJrll |a;* d§ =
1/2 #0 by (4.1).
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4.1 The Fourier transforms cannot be splitting

In this section we suppose that alternative (3) from Lemma 3.1 is satisfied for (u;). Then we have
¥ €]0,1] for 4 = limg_o I'(€), the function I' being the pointwise limit (outside a countable set)
of the concentration functions I';(€) := sup,cp fgiojf |4;|* d¢ of the ;. We fix 6 €]0,4] and select
JoeEN, & =27 >0,8 =25 >0, = 2 for 7 > jo, and moreover the functions p and 7 as
stated in (3) of Lemma 3.1; all these quantities are depending on 6. With a;(§) = p(& — &;)u;(§)
and b;(§) = n(§ — &)u,(&), we then have ||la;||,. < 1, [[bj]l;= < 1, and in addition for j > jy the
estimates ||4; — (a; + bj)||i2 < 26, |||aj||i2 — 4| < 36, as well as |||bj||i2 — (1 —=4)| <90. Setting
v; = a; and w; = bj, this leads to [|v;||,» < 1, |lwj||;> < 1, and also

= (0 + w7 <28, |lwsllZs =4 <30, and [fwgl}e - (1= %) <98 (42)

for j > jo. Then (2.4) from Lemma 2.1(b), (4.2), and Corollary 2.3(b) imply the estimate

IA

|p(u;) — @(v; +wj)| + [o(v; + wy) — (v;) — (wy)]
5
O (max{ sl g + wyll ) lus = (05 + )l

+lp(vj +w;) — p(v;) — p(w;)|
< O+ |p(B; + ;) — () — ()],

|o(u;) = p(v;) = @(w)]

IN

where 0;(z) := e ™v;(z) and w;(z) := e Sw;(z). Since ||9;]],, = [|vjll2 < 1 and [J@y]| . =
|w;]| ;2 <1 we can then apply (2.5) from Lemma 2.1 to get

(1) = p(v;) = p(wy)| < C52 + C(II%IIH% sl -y + 1511, II@jIIQ%)- (4.3)

The second term on the right-hand side can be handled by means of the following observation,
where the notation from Lemma 3.1 is used.

Lemma 4.1 We have the bound
1511 3 Nl -y < 2V/560%,
Proof: Due to v;(&) = 9;(6 + &) = a;(€ + &) = p(€);(£ + &) we find
8054 = / 1+ () de = / (L4 p()las (€ + &) de.
By definition of p we have p(§) = 0 for |£] > & + 26! = 27 4+ 267!, Therefore p(¢) € [0,1] yields
o5l < @+ [+ 267 )Y [ fas(e+ )P g = 1+ 5 + 267

Similarly, we have (&) = n(€)a,(€ + &), thus

a5l = [ e e Rlats + €)1 de
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Recalling that n(¢) =0 for |£] < & — 207! = 23 — 25! and n(€) € [0, 1], we obtain

Il 4 < 1+ [z — 2671)2) 7! / (€ 1 )2 de = (14 25 — 26712,
R

Therefore we arrive at

15113 10511,y < (1 [+ 2079251 4[5 — 26737 < 218(a + 207 (25 — 20717,

where § < 4 < 1 < 2 has been used, hence 1 < 27 + 267!, Due to (3.1) we have 25 > 27 + 40~ +
576(zr + 26716 > 201 + 67 1(2; + 2071). This yields (27 + 2071) (25 —2671) " < 6, hence the
claimed estimate holds. O

By Lemma 4.1 we can continue from (4.3) as
lo(u;) — p(v;) — (w;)] < CSYV*+CsY* < st j > jo. (4.4)
Using Strichartz’ inequality, this yields

COYA + o(v)) + p(w;) < CFY* 4+ S%v;]|S, + 58|15,
CoM* 4+ 5535 +4)° + S%(96 + (1 — 4))>.

plu;) <
<

At the beginning of the argument § €]0,4] has been fixed, and we have found that the latter
estimate holds for all j > jo = j0(d). Since (u;) is a maximizing sequence, as j — oo this yields

S8 < CY4 4+ 5536 + 4)% + 5595 + (1 — 4))°.

Taking the limit § — 0 we finally arrive at 1 < 4% + (1 + 4)?, contradicting 4 €]0, 1[. Hence it is
not possible that the Fourier transforms are splitting.

4.2 The Fourier transforms are tight

So far we have shown that the alternatives (2) and (3) from Lemma 3.1 cannot hold for the sequence
(aj). Therefore (1) has to be satisfied, i.e., there exists a sequence (§;) C R such that for every

e > 0 there is R = R. > 0 with the property that féjjlf |i;]*dé > 1—¢ for j € N. Tt is well-known

that in this kind of argument, in view of (4.1), one can assume &; = 0 for every j € N by replacing
R. with 2R, + 1; see e.g. [13, p. 48]. Indeed, if ¢ < 1/2, then we choose a corresponding R,
and note that I; . = [§; — R.,§; + R.] N [—1,1] # 0, since otherwise by (4.1) the contradiction

1= [, ;> de >[50 a2 de+ [ |a,]? d€ > 1—£+1/2 = 3/2—& would be obtained. But I; . # 0

€j_Rs
implies [¢; — Re, &+ R.] C [<(2R.+1),2R.+1], whence 2507 [i[2 d§ > [0 Jiy? d¢ > 1—e.
Hence we can assume that
R
Veel0,1/2] IR=R.>0: / a;2dé >1—¢, jeN, (4.5)
-R

1s satisfied.
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Lemma 4.2 For every j € N let the measures v; and p; on R be defined as v; = f,, d§ and
;= |u;|* d€, where f,, is given by (2.21). Then v; and p; are non-negative measures, and the
sequences (v;) and (p;) are tight. There exist non-negative measures v and p on R such that,
possibly after selecting subsequences, v; —* v as well as pj —* p as j — 0o in the sense of

measures. In addition,
/ dv=5°% and / dp = 1. (4.6)
R R

Proof: By construction we have @; > 0, whence (2.21) shows that f,, > 0. Moreover, (2.22)
implies [ dv; = [ fu, d§ = p(u;) — S® as j — oo. Using the fact that |||, = 1, we also get
Jedp; = [514;]*dE =1 for j € N. From (4.5) we deduce that (u;) is tight. Hence, by passing to
a subsequence if necessary, p1; —* p as j — oo in the sense of measures (i.e., fod,uj — fodu
for all bounded x € C(R)), by Prochorov’s compactness theorem. In view of the Portmanteau
theorem this in turn implies [, du = 1. Therefore it remains to be verified that (v;) is tight, too.
For this we note that, due to the second relation from (2.22) and Lemma 2.1(a),

/|§ Rdljj - /R]'§|>Rfuj dgzq)(ujvujvujauj>uj7(1\§|ZR)V*UJ') §S6||(1|§|2R)v*uj”[,2
>
1/2
- 56(1—/ |aj|2d5) < 8512 jeN,
lEI<R

the latter provided that e €]0,1/2[ is prescribed and R = R, is chosen according to (4.5). Hence
(vj) is tight and we may argue as before to obtain v; —* v along a subsequence and fR dv =
limj_m f]R dl/j = 56. ([

The next step consists in the application of Lemma 3.1 to (f;) = (u;), yielding a further
subsequence of (u;), which however will be not relabelled for notational convenience. The argument
is then divided once more according to which one of the possibilities (1), (2), or (3) from Lemma
3.1 arises.

4.2.1 The case that the sequence (u;) is vanishing

Throughout this subsection we assume that (2) in Lemma 3.1 occurs for (u;), i.e.,

x0+A
lim sup / |u;|* dz =0 (4.7)

=0 z0eR Jzg—A

is satisfied for every A > 0. Our aim is to derive a contradiction from this, whence in fact (u;)
cannot be vanishing.

Lemma 4.3 With v and p from Lemma 4.2 the estimate

(/RxﬁolV)l/6 < S(/szdu>l/2, x € C5°(R),
holds.

Before we are going on to the proof of Lemma 4.3, let us first argue why this leads to a
contradiction. From (4.6) in Lemma 4.2 we know that v(R)Y/¢ = S = Su(R)"/2. Hence we can
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apply Lemma 3.2 with ¢ = 6 and p = 2 to find that v = v, and p = 71/33*255* for some v > 0
and ¢, € R. Then v(R) = S° yields v = S® and p = &¢.. Therefore 1 = pu(J& — 1,8 + 1]) <
liminf; oo p;(J€ — 1, & + 1) = liminf; ; ) |a;]* d§ < liminf; SUDPgoer f§i0+11 |a;]* dg < 1/2
by (4.1), which is a contradiction.

Proof of Lemma 4.3: Using (4.5) we will first split every u; into a regular low-frequency part
and a small high-frequency part as follows. We choose ¢ € C§°(R) with values in [0, 1] such that
o(&) =1for |£] < 1 and ¢(&) =0 for || > 2, and for R > 0 we define ¢r(§) = ¢({/R). With a
fixed sequence (gi) C]0,1/2], ex — 0 as k — oo, we select Ry := R., corresponding to & via (4.5)
for £ € N. Setting ¢, = ¢r,, we decompose every u; as

€k

uj = u% + uﬁ), 5, keN, (4.8)

where

upp = (ndy) = dvuy and ) = (1= @n)iy) = (1— ) * ;. (4.9)

Since u; € S(R) and 4; > 0 by construction, we get u% € S(R) and ﬂgl,l = ¢pt; > 0. For all
J. k€N,

|

= [Ju ]kHHl /|€| |prits | d€ = €P6nty[* ds < CRYlas7. = CRE,  (4.10)

I§]<2Ry

and also, by (4.8) and (4.5),

TR h)y 2 . . .
oy = aldle =l = [l -ovaPdes [ qaPa=1- [ jPde<e.
§1= Ry, |§1> R €< R
(4.11)

In addition,
l ~
Sl < Nagll e = 1. (412)

In the following we fix x € C§°(R). Then by definition of v;, the second relation in (2.22), Lemma
2.1(b), (4.12), and (4.11),

[oCany = [nge= [t des [ \ohude— [t de
R R R gk R R d:k

= /Xﬁfua)k d§+<1><uj,uj,uj,uj,uj,(X6)V*uj>
R 7y
o . 0 0 O 0O 6y, O
-2 (%k U g U o U o (X°) “g;k)
5
. ~ l
< / XS0 46+ € (max { gl O % sl Tkl 1Y )

2.}
L2

|0 s = () =l

l
x max { u; =) ..

< (i) + | [ 3 de—v(xal)| + P gken,

where here and in the sequel C' > 0 may depend on y, but not on k£ or j. Next we can invoke
Lemma 2.5 with u = u% satisfying 4 = u% € S(R) C L'NL2 and § = £,/* to obtain from (2.20),
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Strichartz” inequality, and (4.11),
6
/X dl/j
R
(1 1/2 6 —1 6 3 1/2
< (i) + O (el e TG + 2 I I SN2, ) + O
< ]w( ) b(xiy)

(1 N (1 "
C(max {HXU]-,LHLg, ||Xuj||L2}> HX“% — XY 12

ot ) + Ce+ e o al)l,

IN

+ SO X * w5

2
1/2 —1/61~(D) 13
+05/* + Ce g,
2
~ — ~() 3
5o ([ i de) + e + o Il

- ﬁ(AXMM)+C%”+C%WW My- (4.13)

IN

Here C' = C(x), and this estimate holds for all j,k € N. We claim that for fixed k € N
[aill,, =0 as j— co. (4.14)

We remark that in order to verify (4.14) it is sufficient to prove that there exists a subsequence

(4) C (j) such that lim;/_, ||ﬁ§l,)k|| 1 = 0, since the following argument can also be used if we start

. - (1)
with a subsequence of the original sequence (u M)jeN

to ¢ = ¢p € C5°(R). This yields, cf. (4.9), lim;_.. sup,,cg fI°+A| jk|2dx = 0 for every A > 0.

Hence in particular u% —0asj— ooin L?

. To finally invoke (4.7), we apply Lemma 2.6

ioc- Then a diagonal argument implies that there is a
subsequence (j') C (j) such that u ,)k( ) — 0as j' — oo for a.e. x € R. Recalling u(l,)k € S(R) and
(4.10), it follows that |u§l,)k(x) — u(l, +(W)] < CRylx — y|*/2. Thus we must in fact have u(l,)k(x) — 0

as j' — oo for every x € R. Therefore u§,) x = 0 leads to

Jilull, = [ ) de = r) (o) =0 as 5= oo,

This completes the proof of the claim (4.14). Then going back to (4.13) we fix £ € N and take the
limit j — oo. Since v; —* v and p; —*  as j — oo in the sense of measures, cf. Lemma 4.2, it
follows from (4.14) that

/|)(|6dy<56 /|X|2d,u +C’51/2.

As this estimate holds for every k € N, we can pass to the limit & — oo to finish the proof of
Lemma 4.3. O

4.2.2 The case that the sequence (u;) is splitting

In this subsection we suppose that (3) in Lemma 3.1 is satisfied for (u;), and again our goal is
to show that this is impossible. Since (4.5) holds, we can once more use the decomposition of
the u; in low and high frequencies, recall (4.8)-(4.12). Furthermore, we have v €]0, 1], where
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v = lim,_oo I'(z). Here I'(x) = limj_o I';(7) = limj_.oc Sup, g ffoﬁzx luj|* dy is the pointwise
(outside a countable set) limit of the concentration functions corresponding to (u;). We now fix
d €]0,7[ and choose jo € N, 27 = 2{ > 0, 25 = 25 > 0, x; = z; for j > jj, and moreover the
functions p and 7 as described in (3) of Lemma 3.1; once again, all these quantities are depending
on 6. Defining v;(x) = p(z —;)u;(x) and wj(x) = n(x —x;)u;(x), we remind that then ||v;||;. <1,
|w;| ;2 <1, and also

Ity = (v +w3) 72 < 26,

lojl} =2 <30, and [l - (17| <95 (@19)

holds for 7 > jo. Next we are going to transfer these estlmates for every k£ € N to the functions
obtained in an analogous way from the low-frequency parts u! k of u;, cf. (4.9). To this end, we
introduce

!
vir() = plo = a)ugi(e) and win(e) = nle — 2;)uj (@), (4.16)
Since p and 7 attain their values in [0, 1], it follows from (4.12) that
I
losalle < sl <1 and gl e < Jlugil,, <1 (4.17)

Moreover, v; € H' and wj, € H'. Due to [|p/|| ;e ~d <1and ||n']|,~ ~ & < 1, we obtain, using
(4.10), the bounds

[vjkll g+ lwjnll g < CRy. (4.18)

The estimates from (4.15) are modified to
g = (o0 + wie)ls < 262+, [lopallfa =2 <36+, (419)
and  [wyil}s = (1= )] <905 +2) (4.20)

for j > jo and k € N. Indeed, since p(z) € [0, 1], (4.8) and (4.11) imply
0) 02 h)y2
m—wm;aém%%ﬂw> wa (@) de < g =il = il < e

and in the same way |[w; — w;x|%, < e follows, whence (4.19) and (4.20) are obtained. The
following argument is similar to that given in Section 4.1. By (2.4) in Lemma 2.1(b), (4.17), the
first estimate from (4.19), and Corollary 2.3(a),

o(us) = p(vin) = plwip)l < l@(wy) = Uik +wip)l + @ik +wjik) = p(vir) — (W)

5
O (max{ sl oz + wiall2}) Tty = i+ w30
+le(uin +win) — ©(vik) — @(wjk)]
COY2 %) + Loy + yx) = 9lT30) — ()], (4.21)
where 0;(z) == vp(x + x;) = p(x)ugli(x + z;) and W, (x) = wik(zr + x;) = n(a:)ugi(x + ),
cf. (4.16). We recall from Lemma 3.1 that supp(p) C {x € R : |z| < 2} + 207" = 2} + 207!}
and supp(n) C {z € R : |z] > a5 — 261 = 25 — 26 '}, Since |0kl = ||lvjnll,z < 1 and
|@jkll 2 = [lwjkll 2 < 1by (4.17), (2.6) from Lemma 2.1(d) can thus be applied with a = 2} 426"
and b = 25 — 26!, Using (4.18) we obtain

IN

IA

(i + 30) = 2(530) = (30| < C(Imallyf + Il 7 ) (1 + )26 — )12
= C(loaallff + a2 ) (1 + @) (b — @) 71/12
< CR/°(1+a)"*(b—a)~/"2, (4.22)
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Lemma 4.4 With a = 2f + 267" and b = 2z} — 267" the estimate (1 + a)"/*(b — a)~1/12 < 21/251/2
holds.

Proof: By choice of 23, see (3.1), 25 > 27 + 461 + 672 +2671)% which is equivalent to
(25 +267Y) (25 — 27 —407)"VY0 <. From § <y <1<2and 2; >0 weget 1 <z 420", hence
(14 a)"2(b — a)"112 < 2V2(zr + 26~/ (25 — 2 — 4671)1/12 < 21/261/2 O

From (4.21), (4.22), and Lemma 4.4,
lo(uy) — p(vjn) — p(wig)] < (62 + /%) + CRY/5'2.

This estimate holds for all £ € N, § €]0,v], and j > jo(d), with however v;; and w,;, depending
on 0, 7, and k. Thus Strichartz’ inequality, the second bound from (4.19), and (4.20) yield

C(6Y +)/*) + CRY®6Y% + p(v;1) + p(w; 1)
C@'2 4 &%) + CRY 6 4 8wyl 72 + S°lwjl 2
3

. 3
0(51/2+g,1/2>+OR,1/651/2+56( (5+el/2)+7) +56’( (5+51/2)+<1—7)) .

p(uj)

ININ

IN

Since we have got rid of the functions v;; and w;, we may take the limit j — oo to find

3 3
S* < O+ 5% + CRY%V? + (306 + &%) +74) +5°(9(0+ /%) + (1-9))

This estimate is satisfied for all § €]0,~[ and all & € N. Hence we can pass successively to the
limits first § — 0 and then k — oo to arrive at S% < S92 + S5(1 — )3, which is a contradiction
to v €]0, 1].

4.2.3 The case that the sequence (u;) is tight

Summarizing the results of the preceding sections, we have constructed a maximizing sequence
(uj) which satisfies (4.5) and then applied the concentration compactness principle to (u;). Since
the alternatives (2) and (3) do not occur by Sections 4.2.1 and 4.2.2, it follows that (1) holds,
i.e., there exists a sequence (z;) C R such that for every § > 0 there is M = M; > 0 with

f;’j\]/\f |u;|*dz > 1 — 4§ for all j € N. Finally we let @;(z) = u;(x + ;) and claim that (a;)
is a maximizing sequence which (along a subsequence) strongly converges in L?. Indeed, since
;|2 = llujl| - = 1 and, by Corollary 2.3(a), ¢(;) = ¢(u;) — S®as j — oo, () is a maximizing

sequence. Tt follows from 1;(€) = e%4,;(€) that (4.5) is satisfied for (4;), too. In addition,

M
W5>0 IM=M;>0: / li[2de > 1—06, jeN. (4.23)

-M

Passing to a subsequence (which is not relabelled) we can suppose that @; — w, in L? as j — 00
for some u, € L? with |Ju.]|;» < 1. Again we fix a sequence ¢, — 0, choose Ry according to

(4.5), and define 4@} = (¢yi;) and @'y = ((1 — dp)iy). Here ¢(€) = (&/Ry), with ¢ € CF(R)

gk
taking values in [O 1] such that ¢(¢) = 1 for |¢] < 1 and ¢(§) = 0 for |{] > 2. Then again

da®
(=2 = [lal}]l ;. < CRy, iy — )l = @], < &* and [[al}]| , < 1 are satisfied, see

7.k HL2 —

||L2
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(4.10), (4.11), and (4.12). Now we fix k € N. Then there exists a subsequence (j') C (j), 0 € H*,

and w0, € L? such that ﬂgl,)k — 7y in H' and ﬁ;il)k — Wy, in L? as j' — oo. In particular,

~ .. ~(h 1/2
Il 2 < iminf 55, < 2, (4.24)

and also u, = Uy, + Wy, due to u; = 11% + ﬂ;hk) Next we fix 6 > 0 and choose M = Mjs according to

(4.23). By compactness of the embedding H' C L*(]— M, M|), u(,)k — 0y, strongly in L*(] — M, M)
as j' — oo. Therefore, using (4.24), the above bounds, and (4. 23)

luellze > lellagoanary = 15+ @ellzagasary = 19ellz2g-arary = I1xl
. ~(l) 1/2 . ~ ~h) 1/2
=z i (gl g agy — e = A fld — “’k”m( —mmp

~(h 1/2

> timsup (12 aan — 17505, ) —

jl—o0

> hmsup |l p2— s ap 25,1€/2 > (1-0)Y% - 25,1/2.

J'—o0

This estimate holds for every ¢ > 0, whence |u.|/;. > 1—25,16/ ? for every k € N. Passing to the limit
k — oo thus [Ju.||;2 = 1 = limj_.c [|@y]| ;o Since also @; — w, in L?, we obtain @; — u, strongly
in L?. By continuity of ¢ : L* — R, cf. (2.4), this finally yields ¢(u.) = lim;_ o(@;) = S, i.e.,
Uy 1S a maximizing function and the proof of Theorem 1.1 is completed. a
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