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Abstract

We study a variational problem from nonlinear fiber optics which strongly lacks compactness,
due to the absence of a priori bounds in spaces different from L?(R). A method is established
how to restore this missing compactness by means of the dispersive properties inherent in the
problem.

1 Introduction and main result

In this paper we consider the particular variational problem to minimize the functional

ew=— [ 1 [t dear (L.1)

under the constraint u € L? = L*(R;C) and [, |u|?dz = A; here and henceforth "%y = U(t)ug
denotes the evolution operator of the free Schrodinger equation in one space dimension, i.e.,
u(t,z) = (U(t)up)(x) solves

iug + Uz =0, w(0,2) = up(z). (1.2)

We will device a method to prove that a minimizer exists which also could be useful to handle
similar problems associated to different dispersive equations. The functional ¢ arises in nonlinear
optics, and critical points correspond to ground states of so-called (time-averaged) dispersion
managed optical fibers, in the case of zero residual dispersion; cf. [17] and the references therein
for a derivation and additional motivation. In general, minimizers of the functional

0 (u) :g/Rwﬁdx—/01/R|(e“85u)(x)|4dzdt (1.3)

under the constraint u € H' = H'(R;C) and [, |u[*dz = X are interpreted as ground states at
residual dispersion ~ ¢, hence the functional ¢ = =9 from (1.1) formally arises as the singular
perturbation limit ¢ — 0 of (1.3). It has been shown in [17, 9] that the constrained minimization
problem associated with (1.3) admits a solution, cf. also [16].



After these general remarks, we return to (1.1) to see what is the main difficulty. If we take a
minimizing sequence (u;) C L2, i.e., |lu;||5 = A for j € N and ¢(u;) — Py as j — oo, where

Py, = inf {cp(u) tu € L2 / lu|? dz = )\}, (1.4)
R

we may assume u; — u in L? but there is no a priori reason why this sequence should converge
strongly in L?. We will prove, however, that the dispersive properties of (1.2) are good enough to
establish this strong convergence.

Usually in variational problems defined on the whole real axis (or on the whole space) one tries
to apply the concentration compactness principle (henceforth abbreviated CCP) for the sequence
(u;), cf. Section 3 below, to restore at least partial compactness, but without a H'-bound on (u;)
this seems to lead nowhere. We note that in case of the functional ¢® from (1.3) such a H'-bound
is available, and resolving several technical issues, in [17] the CCP could finally be made use of
successfully.

To get a clue on how to handle the problem for ¢ = 0, we first discuss the question of which
additional degree of regularity for the minimizing sequence (besides L?) would be sufficient to solve
it. Since we are dealing with a L%-problem, one could expect that a decomposition u; = u;eg—i-uj-ma”
into a H'-part u;-eg and a remainder ujmau which is small in L? would allow to follow the H'-proof
for (1.3) ‘up to €’. However, at this point it remains unclear whether a relation between the size
of [|uj®]|,,, and the size of [u5™"]| , were needed. By refining some of the arguments in [17], this
issue could be settled, and as a first step it was possible to show that basically no relation between
; is necessary to make the argument work. So we may reformulate our initial

Huj small H L2

“ly and [|uj
questign as follojws: For a L?-bounded sequence (u;), given £ > 0, what is the minimal additional
regularity that allows a decomposition u; = u}® + w3, with [[us|| , ~ ¢ and [[u}®| ,, ~ R,
uniformly in j € N ? To answer this question, we fix a function ¢ € C§°(R) with values in [0, 1]
such that ¢(§) =1 for €] < 1 and ¢(§) = 0 for || > 2. For R > 0 one defines ¢r(§) = ¢(£/R) to
obtain

uj = u;p+ uj-%an, (1.5)
where

u;?}% — (QSRaj)V = QBR *u; and u;’r?%au =((1- gbR)ﬁj)v =(1- QZ)R)V* Uj
for j € Nand R > 0. Then ||u§e§

small
needed to get ||uj

I ;o ~ R will be large, and we are going to argue on what is

| > small. For this, we observe that

sma. 2 A~ A ~
P R R e Y e e L
I€I>R [€I>R l€l<R
Hence the basic regularity assumption we are looking for is
for every € > 0 there exists R = R. > 0: / |a;°dé >1—¢, jeN; (1.6)
l§l<R

note that this assertion in particular holds in the case that (u;) C H*® is bounded for some s > 0.

We remark that with respect to dispersive equations the usefulness of decomposing functions
u into a regular low-frequency part u**® and a small high-frequency part vs™*! as in (1.5) has been
observed for the first time in [2]. In this paper the global existence of solutions for critical nonlinear
Schrodinger equations in two space dimensions is investigated, for data lying only in some H*® with



3/5 < s < 1, instead of H'. The basic idea was that the problem could then be considered as
a small perturbation ~ v of the same problem with regular data u™® € H' leading to H'-
solutions, for which conservation of energy could be used. The approach from [2] meanwhile found
a large number of applications and improvements, cf. [1, 3, 5, 7, 8, 14] and many other papers.
Note that we intend to rely on an analogous method: In the background, there is the H!-problem
(1.3), and we try to ‘c-shadow’ this problem to find a minimizer of (1.1) by decomposing the ;.
However, the difference here is that we cannot assume any H°-regularity for the w;.

Having (1.6) in mind therefore the next step is to see how to find a minimizing sequence which
satisfies this condition. First we note that, by Ekeland’s variational principle, we may select the
minimizing sequence in such a way that additionally A™' Pyu; 4+ Q(u;) — 0 in L? holds, where Q(u)
is related to the gradient of ¢ by ¢'(u) = —4Q(u), and

Q(u):/o U(—t)(yU(t)uP(U(t)u)) dt, ue L (1.7)

We note in passing that, with a slight abuse of notation, Q(u) = Q(u,u,u), where the trilinear
Q('u ) ) 18 given by

O(ur, s, u3) = /0 U(—t)((U(t)ul)(U(t)ug)(U(t)ug)) dt, wy,uz,us € L, (1.8)

Thus a possibility to ensure (1.6) would be to verify that @ is slightly regularizing, in the sense
that an estimate ||Q(u)| . < Cllul[3> holds for some (small) s > 0. However, it follows from
the Galilean invariance of the linear Schrodinger equation that such a bound cannot be satisfied,
cf. Remark 2.3 below.

Nevertheless @ is regularizing in a special way, to be explained next. Condition (1.6) just says
that the sequence (u;) is tight, in the sense of measures. This property can be realized as the
first possibility of a CCP alternative, but applied to the sequence (%) instead of (u;). Hence it
is sufficient to exclude the other two possibilities from the alternative in order to ensure (1.6). If
the sequence (@;) would not be tight, it were either ‘vanishing’, in the sense that it tends to zero
in Lg uniformly over every interval of fixed length, or it were ‘splitting’” into two parts with widely
separated supports. The first of these cases somehow corresponds to the situation that frequency
interactions over fixed finite distances are suppressed, e.g. in estimates involving the formula for

~

Qu;) = @ Moreover, splitting has a similar effect, since one has to take into account only
the contributions of frequencies which differ a lot from each other, due to the support separation
of the two parts. It then turned out that if either vanishing or splitting is additionally supposed
for (u;), then improved estimates on Q(uj) are possible which are strong enough to exclude these
two possibilities in the end. Hence we could verify that in fact every minimizing sequence satisfies
(1.6), up to rotation and translation of the original sequence.
Thus the strategy for the proof can be summarized as follows:

First apply CCP to (@;). Then: (a) If (4;) is tight, then (1.6) holds and the decomposition
(1.5) can be introduced. This leads to ‘almost minimizing sequences’ (u}p )jen which are H'-
bounded for every k£ € N; here a sequence ¢, — 0 is fixed and R, = R., is chosen according to
(1.6). Since now H'-bounds are available it is then not difficult to prove, by means of a further
application of the CCP now to (u;), that (u;) has a strongly convergent subsequence. (b) If () is
‘vanishing’, then study Q(u]) which corresponds to the linearization of the functional in question,
and which is a multiple convolution integral. Since frequency interactions over finite distances



do not contribute much by assumption, one can show that Q(u]) — 0 strongly in L?, whence
¢(uj) — 0 in contradiction to the fact that (u;) is a minimizing sequence. (c) If (4;) is ‘splitting’,
then @; ~ 0;+w;, and the supports of 0; and w; are far apart. This can be used to prove, similarly
to (b), that the ‘cross terms’ like Q(v;, v;, w;) in the expansion of Q(u;) ~ Q(v;+w;, vj+w;, v;+w,)
are small, whence Q(u;) ~ Q(v;) + Q(w;) which in turn leads to ¢(u;) ~ ¢(v;) + ¢(w;). Since
either v; or w; has mass strictly less than 1 (uniformly in j), one can then derive a contradiction
to the definition of P; in a standard way.
Upon elaborating the technical details, we obtain the following main result of this paper.

Theorem 1.1 For every A > 0 the minimization problem (1.4) admits a solution w € L* N L.

It should be noted that as a consequence of Py = A\*P; (see Lemma 2.6 below) it will suffice to
verify that P, has a solution.

Although the main motivation to study (1.4) came from nonlinear optics, let us also mention
that Theorem 1.1 can be reformulated as saying that the best constant C, = —P; > 0 for the
Strichartz-type estimate

1
/0 /R|(eiwgu)(:v)|4 dr dt < C’||u||i2, uwe L? (1.9)

is attained at some function u, € L?. We remark that a different proof of the key property (1.6)
can be given which does not rely on the application of the CCP to the sequence (4;). Taking this
route would lead to a considerable shortening of several technical arguments, mainly in Section 2.
However, this particular simplification is only possible due to the fact that (1.9) is a ‘subcritical’
estimate. Since we found the method of a two-level application of the CCP to be new, and since
in particular a further refinement of this approach recently could be used to show that also the
best constant in the standard ‘critical’ LY(LS)-Strichartz estimate

/ / (@) (@) dedt < Cllulbs, ue L7,
R JR

is attained [12], we decided to follow the general strategy of proof as outlined above.

The result of the present paper furthermore could be extended to prove that in the singular
perturbation limit ¢ — 0 minimizers u®) of the functional ¢*) from (1.3) under the constraint
Jg [u®|? dz = X converge strongly in L? (up to selection of a subsequence, shift, and rotation) to
a mimimizer u of Py; see [11].

The paper is organized as follows. In Section 2 we collect some preliminary estimates, mainly
of technical nature. Then in Section 3 we give some details on the CCP alternative in L2, which
seems to be unusual compared to the frequently found H'-case. In Section 4 we finally carry out
the proof of Theorem 1.1.

Concerning notation, we denote L? = LP(R;C) and H® = H*(R;C), with norms |- ||, and
| - || 7+, respectively. The inner product on L? is (u,v) 2 = [ uv dx, whereas the Fourier transform
of ue L? is a(§) = (2m)~1/2 [, e Su(x) dz with inverse . By C' we denote unimportant positive
numerical constants, in particular the factors (27)~/2? of 4 and % will always be absorbed into
some C'.




2 Some auxiliary results and estimates

Since ¢ is defined as a space-time integral, it can be expected that the (standard) Strichartz
estimate for (1.2) will provide useful.

Lemma 2.1 Assume q € [4,00] and r € [2,00] are such that 2/q=1/2—1/r. Then
q ta 2
10 Culsgy = ([ 0@l &) < Culz, we 22
with C' depending only on q.

Proof: Cf. [4, Thm. 3.2.5(i)]. O

Note in particular that the pair (¢,r) = (4,4) does not satisfy 2/q=1/2 —1/r, and therefore
¢(u) from (1.1) in general could be infinite, if in its definition [} (...) dt were replaced by [,(...) dt.
The next lemma states some elementary properties of ¢ and 1ts linearization.

Lemma 2.2 We have o € CYL?) and ¢'(u) = —4Q(u), where Q(u) is given in (1.7). Then
o(u) = —(Q(u),u)rz, and the estimate

1Q(ur, uz, us) = Q(vr,v2,03)[| 2 < C(HUszHUaHLzHul — ol gz + llusll 2 0] pollwa = vall 2

+ llorlelfeel allus = vl 2 ) (2.1)

holds for uy,us, us, v1,va,v3 € L2, with Q(uy, us,u3) defined in (1.8). In particular, we have

2
Q) = QW)lzs < C (Nl + o) T = vll o wov € 22, (22
and moreover
Q)| > < Cllulljs, we L (2.3)
and 3
) = o) < C(lull s + Il ) = vl v e L2 (2.4)
The Fourier transform of Q(u) € L? is given by
R — el (&,€1,&2) .
Qe = Q) = i [ [ dedes () il -6~ @it (29
where
a(6,6,6) =8 — (-6 - &) +& - & =26 +&)(E - &), (2.6)
Proof: First, (Q(u = [ Qu)udx = fo Je 1U(#)ul* dedt = —¢(u) follows from
/ U(-0fgde = [ FT@g)ds, fge I (27)
R R

For (2.1) we note that Q(uy,us,uz) — Q(v1,v9,v3) = Q(uy — vi,us,u3) + Q(v1,us — Vo, u3) +
Q(v1, V9, ug — v3), hence it suffices to show (2.1) for v; = vo = v3 = 0. Due to ||U(t)fl;2 = | fll 2,

5



if we denote uy(t) = U(t)uy, for k = 1,2,3 and use Hélder’s inequality first in the dz-integral and
then in the dt-integral, we obtain

Qe < [ @] < [ @l o).

> ||U(')u1||L§(L§)||U<’)U2||L§(Lg)||U(')U3||L§(Lg) < Clluall gz lluzll g2 llusll e,
(2.8)

A

where in the last step we have used Strichartz’ inequality (cf. Lemma 2.1) with ¢ = r = 6. Setting
Uy = uy = ug = u and v, = vy = vy = v, (2.2) follows from (2.1), and (2.3) is (2.2) with v = 0.
Concerning (2.4), we write [p(u) — p(v)| = [(Q(u) — Q(v), )Lz + (Q(v),u — v) 2] and apply (2.2)
and (2.3). Next, in view of (@)(5) — e "4(€) and (U(t)u)(€) = e (€), the derivation of
(2.5) is straightforward. Finally, in order to show ¢'(u) = —4Q(u) one expands ¢(u + h) — @(u)
and relies on estimates of the type used in (2.8). 0
Remark 2.3 We include a few comments why an estimate of the type ||Q(u)||,;. < C|lull3, for
some s > 0 will not hold. For this we fix a function u € L? and define uy(z) = eN®u(z) for
N € N. Then |luy||,» = ||ull 2 is constant in N and (U(t)uy)(z) = eNoe NY (U (t)u)(x — 2Nt)
is found as the solution of the linear Schrédinger equation with initial data uy. This implies that
the function Q(uy) will be of the form Q(uy)(x) = eN*¢y(z), with the ¢y suitably well-behaved
if u is chosen regular enough. Therefore we will obtain [|Q(un)| zs ~ N® tending to infinity as
N — oo.

Lemma 2.4 Let R =Q,UQ,. Then

‘ /0 /R<U(t)u1)(U(t)u2>(U(t)u3)(U(t)U4) dadt

4 4
< C(IV i llpaqoaeany TT Nowll e + 10 il oy T el
Kty Kty

for uy,ug, uz, ug € L? and any i1,io € {1,...,4}. In particular,

[ @) T o) O0w) dedt] < Ol ol sl sl 29)

for uy, ug, us, ug € L2

Proof: We consider any 2 C R, and we are going to show that integrating over x € 2 the bound
~ CllUC)urll 2o 1yxyllwell o llusll 2 lual| 12 can be derived; the argument applies in an analogous
way, if it is a U(-)uy, different from U (-)u; which should get the L?([0, 1] x ©)-norm. Using Holder’s
inequality in the dz-integral and then in the dt-integral, we have

‘ / / U (t)uz) (U (t)us) (U (t)ua) dodt

< /0 1T @)l 21U @) ual o U () us]| Lo [|U (E)uall o dt

IN

1 1/2
</0 ||U(t)ul||12(ﬂ) dt) ||U(')U2||L§(Lg)||U(')U3||L§(Lg)||U(')U4||L§'(Lg)

CIUC)unll 2o 1yl 2 usl] 2wl L2,

IA
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the latter by Strichartz’ estimate (cf. Lemma 2.1) with ¢ = r = 6. O
The functional ¢ is invariant under translation and rotation of w, in the following sense.
Lemma 2.5 Let 9 € R, & € R, and u € L2 Then p(u(- + x0)) = o(u) and p(e®°%u) = o(u).
Proof: For the translation invariance, we note that
(U(t)u(-+ z9))(x) = (U(t)u)(x + z0), (2.10)

since both sides have Fourier transform e™oée~""4(€). Hence o(u(- + x9)) = ¢(u) follows from
the definition of ¢, cf. (1.1). Next, defining v(z) = e%u(x), we obtain 9(¢) = (£ — &) and
(&) = u(€ +&). Thus (2.5) yields, by means of the transformation 1, = & + &, 72 = & — &, the
relation

. _ pta(§,61,62) .
Qi) = ci [ [ dade (Frear) e — 6 — &~ il + &)l — &)

Ci //d d 1_61(1(“1 - HMO))A( V(1) t(n:2)
= (1 w(& — & —n1 — m)u(m)u
U 772 =& & €0) §—& —m — n2)u(n)a(n:

= Qu)(€— &),
the latter in view of (&, 1 —&o, 72 +&) = 2(n1—€o+n2+§o)(§ 772—50) = a({— §os M 772) recall (2.6).
Therefore we find from 6(&) = a(£ — &) that ¢(v) = — [, Q( (z)dz = — [, Q(v)(&)0(€) dE =
— Jo Qu)(€ = &)a(€ — &) d€ = p(u). 0

Concerning the scaling of Py in A, the following result holds which also shows that P, is finite
and negative.

Lemma 2.6 For A\ > 0 we have Py = \2P,, and there are constants Cy, Cy > 0 such that —C1)\? <
P, < —0y)\? is satisfied. In particular,

4
p(u) > P||u||iz = lull2Pr, we L (2.11)

Proof: If u € L? is such that ||ul|3, = A, then v(x) = A"2u(x) has |[v]|7. = 1, and p(u) = A 2p(v).
This implies Py = A?P;. Next, from (2.3) we find |o(u)] = [(Q(u), u) 2] < 01||UHL2, whence Py >

—Cy A2, Concerning the upper bound, we consider the particular data function v(z) = Ae */2,
with A > 0 to be selected below; cf. [17, Appendix C]. Then (U (t)v)(z) = —4— e~**/(2+4it) anq

vV 142it
it follows that ||v|%, = A%\/7 as well as

7T
//‘U (t)v|* dxdt = \/7144/ 1+4t2:23/2arctan(2)A4.

To achieve ||v]|7, = X we set A2 = 771/2) and obtain Py < ¢(v) = 23/2f arctan(2)A\?, thus we
can choose explicitly Cy = 2732771/ arctan(2) = 0.22. O

In the remaining part of this section we will derive some additional technical lemmas.



Lemma 2.7 Let (u;) C L? be bounded and such that for any A > 0

:E0+A

lim sup / |u;|* dz =0 (2.12)
J700 mo€eR Jgo—A

holds, i.e., (u;) is ‘vanishing’. With ¢ € S(R) (Schwartz functions) we define uy) = (i) = dxu;.

Then (uy)) is also vanishing.

Proof: Let A > 0 and xg € R. Then

zo+A 0 ro+A . 2
Maw) = [ W@k [ | [ -
x To— R

0—A

< [ a( [l s n i) 213

Since also ¢ € S(R), we have |¢(y)| < C(1 + |y|)~2 for y € R. For fixed R > 0 it hence follows
from Holder’s inequality that

/ |<5(y)||uj(93+93o—y)|dySCR_1/ —— |u;(x + 20 — y)|dy < CR™'. (2.14)
>R wi>k 1+ [yl

On the other hand, in addition

[ oWl + o= wldy < Wollm [ Juste+a0—y)ldy
lyl<R lyl<R

z+xo+R

1/2
< ORI/Q(/ |uj(z)|2dz> (2.15)
+zo—R

xT

holds. Using (2.14) and (2.15) in (2.13), we find for any R > 0 the estimate

x+xo+R xo+(A+R)

luj(2)]?dz < CAR™ + CAR/ lu;(2)]? dz,
xof(A+R)

A
I(A 10) <CAR*+ CR / dx /
—A T

+x0—R

with C' depending only on sup,cg 16() (1 + |y)2, ||@] L, and supjey ||ugll 2 (thus it would suffice
that these quantities were bounded). Therefore

wotA zo+(A+R)
sup / |u§»)|2 dr < CAR? + CAR sup / |u|? dz. (2.16)

roER IofA zoER 07(A+R)

Given £ > 0 we fix R > 0 large enough such that CAR™2 < £/2. Then we apply (2.12) with A
replaced by A+ R to find j, € N with the property that the second term on the right-hand side of
(2.16) is < /2 for j > jo. Thus we obtain sup, cp fxiojf \ugl)\Q dx < ¢ for j > jo, and this yields
the claim. a

Lemma 2.8 Foru € H', t € 0,1], and A > 1 we have

m0+2A
[t ar<c(sw [l do A7l ul )l (2.17)
R T

ro€ER 0—2A



Proof: First we recall that for every ¢t € R and A > 0 the estimate

A 2A
/ Ul do < / uf? dz + CA™t|[full 2 ] . (2.18)
—A —2A

holds, cf. [3, Lemma 8.33]; a similar result is in [17, Thm. 7.1], and see [10, Lemma 2.5] for the
version stated here. To include a short proof, we fix t > 0, A > 0, and a function g € C§°(R")
taking values in [0, 1] such that §(z) = 1 for |z|] < A and f(z) = 0 for |x| > 2A. Then we
can suppose that ||| ;. < C’A_l. Writing u(t,z) = (U(t)u)(z), (1.2) shows that with I(t) =
[ lu(t, 2)|23(x) dx we have I(t) = (—2)Im [, a(t,2),u(t, v)B'(z) dv. Therefore we obtain

/ u(t, 2)2de < I(t) = I(0)+ /0 i(s) ds

—A

2A t
< / (@) de + CA™ / l(3)] 2 l1Bu()l] = s

—2A

2A
= [ @ do+ cAul s

2A
where it has been used that (1.2) preserves every H®-norm. Next we recall the general inequality
xo+1 5
/ lu|* do < C’( sup / |u)? da:) l|lull 3 (2.19)
zo€ER 0o—1

from [4, Lemma 8.3.7]; a proof of this is as follows. By the Sobolev embedding theorem we
have [|lull 11 < Cllullgig_y,1). and therefore by translation invariance ||| (15041 <
O”“HHI(]xo—l,zo+1[) for all g € R, with C' > 0 independent of x. This yields

Ydr = " Ydr < o 2d
]R|U| T = Z |U| Z Z ||u||L°O(]k Lk+1[) |U| Z

ke27Z ke2Z

xo+1 ; zo+1 ) 5
c(sup / uP dr) 3 el g apeny = c(sup |l d)
o xo—

ro€ER ke2Z zro€ER

From (2.19) and (2.18), it follows with (2.10) that for ¢ € [0, 1] and A > 1 we have

IN

/!U tuf'dr < O sup /%H\(U(t)u)(m)ﬁd:;c)HU(t)quql

zo€R 1
= C(sw [ 1w+ 2 dz ) llul
ToER
A
< O(s p/ (a:o+-)l2dz)||u||?p
0€ER
< s | / (o + ) dz + A uzo + )l 2 lu(ao + Yl 2] Yl
—2A
:1:0+2A
< c(swp [ P et A7 ul sl )l
R Jzg—2A
as was to be shown. O



Lemma 2.9 Assume u,v,w,h € L? are such that u=v+w+ h and ||h||,. <1. Then

() = o(v) = p()| < C(1+llullge + llolg2 + ol ) A2
+ O (JAs(vw)] + [Aa(v,w) | + Ag(v, w) [+ Ag(v,w)),

with the remainder terms

Av(v,w) = // T0w)? dadt,  As(v, w) = //|U £)0) (T @) dedt,

(2.20)

As(v,w) = //|U Y2(U (0)0) (Tw) dadt,  Ag(v, w) = //|U o2[U () w]? dadt.
(2.21)

Proof: By expanding |v + w + h|* for u,v,h € C, one obtains a formula for ¢(u) which is then
divided into a part where at least one of the factors is h and a remainder part; cf. [17, (2)] for
a similar calculation. The remainder part leads to the terms Aq,...,A4. On the other hand, the
part with the h’s consists of summands each of which can be written in either of the forms

[ [oon@@nwonTemed o [ [EOR0OLCORWER

for some fi, fo, f3 € {u,v,w,h}. Hence the desired bound on this part with the h’s follows from
(2.9) and ||A||;. < 1. O

Lemma 2.10 For every u € L? and A > § > 0 the estimate
/ Q(u)|? dg < Cllully2(5 + A™V2671/%) + Cllul|z. AT(A4)'2 (2.22)
R

holds, where
. §o+A
F(A) = Sup/ a2de, A0,
fo€R Je—A
denotes the concentration function of .

Proof: Defining ® = Q(u), we have [|[®]|,. = |Q(u)||,> < C|lul}2 by (2.3), and also

[1ewrde = [ Qe

_ ptal§, 61, €2)
- / de e / [ dader () (e - & - eieide

due to (2'5)7 with 05(5751752) = 2(51 + 52)(6 — 52) Using |§(1 — em)‘ < C(l + ’Oé|)_1 and setting
&3 =& — & — &, we hence obtain

J1ewra<c [ [ [ e (e ey (@6 + &+ &)
(2.23)
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where here and henceforth we omit the absolute values on the functions for notational simplicity.
We divide the domain of integration of the integral on the right-hand side as follows. Case 1:
&1 + &| < 6§ or |& + &] < 6. Since the integral is symmetric in & and &, it suffices to consider
e.g. [& + &| < 6. Then from Young’s inequality, cf. [6, Cor. 4.5.2], it follows that

/]R /R /Rd&d@df?) Lijer+ésl<oy (- --)

< [ [ [ dedndes 1y atcitn - €)ie)ni+ &)
RJR JR
< Cllivr il % D(=) |8 < Clll el el o 10— o8 < Cllulas.  (2.24)

Case 2: |[§ + &| > 0 and [& + &3] > 0. Case 2a: [& + &| < A and [& + &3] < A. Here we have

///d&dfzdfs1{5<|sl+§2|gA,a<51+53|§A} ()
RJRJR

—&1+A
< ¢ [ dgite) [ doticineni@ [ g iE)pE +6 1 6)
—&1+A

. 1/2
< Clol,: [ daite) [ datgmacni@ ([ l)Pds)

&1—A

< Cllulf P(A)V2 / dE,i(6) (5 Lpa ) (~€1)
R
< Cllullts P i Lanlls < Cllulls (A2 [l 2l Canll,.
< Cllul. AT(A)2, (2.25)

once again by Young’s inequality. Case 2b: | +&| > A or |§ + &3] > A. Since this case is again
symmetric in & and &3, we may suppose that [ +&| > A. Case 2b(i): |{ +&| > [& +&3]. Then
L+ (& + &) (6 + &) = 6+ &|[& + &l > &+ &[V2& + &P > AMV2|g, + &[*2. Introducing
the notation k(&) = 1= |€]73/2 and k. (&) = k(&) (a(—-) * @)(€), this yields

///d£1d€2d§31{51+52>A,|§1+§3|>6751+52>51+53}(---)
RJRJIR
< CA_I/Q///d§1d€2d£31{|£1+£3|>5} €1+ &) 7P u(6)a(&) (&) P& + &+ &)
RJR JR
— oA / / dE1dSy k(& + E5) (i(—) * O) (&1 + &) (1) i(Es)
RJR

CA™? / déva(&) (ke a(=))(&) < CATV|lull |l % a(=) | 2 < CAT ull 72|kl
R
CA™Y 2 ull L2kl i la(=) * @l oo < CAT 72|l 21Kl
< CAY2uS,6712 (2.26)

IN

by further applications of Young’s inequality and due to ||k||,;, = 46~'/2. Case 2b(ii): |, +&| >
|61+ & Here we have [& + &3] > &+ &| > A, thus 1+ |(& + &)(& + &)| > A6 + &2,
and due to [ + &| > ¢ the reasoning of the previous case leads to the same bound (2.26) by
exchanging & and &. Taking together (2.24), (2.25), and (2.26), we obtain (2.22). O
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Lemma 2.11 Suppose v,w € L? are such that, for some & € R, § > 0, and &,& € R with
& — & > 6571, we have 9(£) = 0 for [€ — &| > & + 207 and w(€) =0 for [€ — &| < & —267L
Then

‘/RQ(%W)UJW < Ol llwllz26", (2.27)
/RQ(”’%”)“_’dx < Clolzalwl 26", (2.28)
‘/RQ(”’“”“’)WW < Olollgallwllz6", (2.29)
| [ Qvwds] < Clolaluls, (2.30)

with C > 0 independent of &, 6, &, and &; recall (1.8) for the definition of Q(-,,-).

Proof: We note that in general, analogously to (2.5),
/Q(U1>U27U3)U4 dr = / @(Ul,u27u3)a4 dg
R

1 _ ot €1, 82) .
= Cz/d§u4 //d§1d§2 251 ) )ﬁl(f—& — &)ua(&1)us(§s),

with a(&,&1,&) = 2(& + &) (€ — &). Thus, as in the preceding Lemma 2.10,

} /RQ(ul, Usg, U3 ) Uy dx’

= ¢ /R /R /R ezt <1 +1(&+ ;)(gl n 53)|)%(51)@3(52)@1(53)54(& &+ E). (231)

First we are going to verify (2.27). For u; = uz = v and us = uy = w, we will bound the
right-hand side of (2.31) in a way similar to the proof of Lemma 2.10. We fix n > 0. Case 1:
|€&1 + &) < mor & + &| < n. Note that the integral to be estimated is again symmetric in & and
&3, thus we may restrict to the case [£; + &| < n. But here

/R /R /Rd&d&d&’ Lje+eal<n () < Cllolpallw]z2n (2.32)

follows exactly by the argument leading to (2.24). Case 2: |& + &| > n and |& + &| > 7.
Case 2(i): [& + &| > [& + &]. By assumption on the supports of ¢ and w, in order that

wW(&)0(E2)D(E3)W (&) + & + &) is non-zero, we must have

&+ & >& —207", & -Gl <& +207 |G —Gl <& +207, (2.33)
and |& + &+ & — &l > & —2071, (2.34)

note w(¢;) = w(—¢;). Therefore

G+ &+ & — &)+ (& — &) + &2

L+ (&G +&)&E+E&)] > |
> (16 — 207 = [& + 257 )2 + &P > (2672 + &

12



This yields

/R/R/Rd&d&dé% Lip<ierresl<ierrealy (- -)
o / / / dE1dEdEs 1, yeg oy 161 + &3] 2 0(61)0(&2)D(Es) (&1 + &2 + E)
RJR JR

O824~V wllze ]l ze, (2.35)

IN

IN

the latter estimate being obtained analogously to (2.26). Case 2(ii): ({1 + &3] > &1 + &|. Here

(2.34) and (2.33) imply 1+ [(& + &) (& + &)| = [& + &2 + & + & — &) — (& — &)[V? >
(207 1)Y2|€, + & [P/2, hence |€; +&| > n shows that the same reasoning as in the previous case once
more leads to the bound (2.35). Summarizing (2.32) and (2.35), we have seen that for any n > 0
the bound

’/Q(anav)wdl’ < Cllollzallwll72(n + 8/2~/2)
R

holds. Choosing 7 = 6'/3, we obtain (2.27).

Concerning (2.28), we use (2.31) with u; = us = uz = v and uy = w. Then the resulting
expression is once more symmetric in & and £3. We distinguish cases as before and obtain the
bound C|[v][3,||lw]| -7 in Case 1. For Case 2(i) and Case 2(ii), we need to have

1€+ & <& +207Y [&L—&|<&G+207 |G -6 <& +200
and & + &+ & — &l > & — 2071

for 0(£1)0(&)0(€3)1w (&1 +E+E) not to vanish. Thus [§1+E| > [§1+Es| implies 1+|(&+&2) (§+E3)] >
(14 & + & — &) — (& — &)V26 + &[¥2 = (2071)121& + &[*2, and under the assumption
614 &| > 6+ & we find 14 [(6 + &) (& +83)] = |6 + &G+ &+ & — &) — (L — &)Y >
(20~ 1)Y2|€; + £]3/2. Hence we can proceed as for (2.27) to verify (2.28).

Next, to see (2.29) we apply (2.31) with u; = v and us = u3 = us = w, and we only check the
relevant estimates from Case 2(i) and Case 2(ii); note that although here the integral from (2.31)
is not symmetric in & and &3, the estimates from Case 1 go through without problems, leading to
the bound C||v]| .2|[w]|3.7. Now we have

|1+ & >& —2071, |&—&|>& —2071 |&—&| <& 42571,
and & + &+ & — &l > & — 2071

as necessary conditions for w(&;)w(&)0(&3)w(€r + & + &3) to be non-zero. In case that |&; + & >

|€1+ &| we once more have 1+ |(& + &) (& +&)| > [(§ + &+ & — &) — (& — &)[V26 + &2 >
(207 1)Y2|€; 4 &]3/2. On the other hand, if [&; + &] > &1 + &, then we use |& + &| = (&1 + & +
§—80)+(bo—&)| > (& —2671) = (§+2071) > 207" to bound 1+[(&1 +&) (& +&)| = [&+&[° >
(2071)Y2|€; + £]3/2. Hence we can again argue as before to show (2.29).

Finally, to prove (2.30), we use (2.31) with u; = uy = v and ug = uy = w. Case 1 again goes
through without problems, and for Case 2(i) and Case 2(ii) we note that here

G+ & <E+207 & -Gl =8 —207", |GGl <& +2071,
and &+ &+E&—&|>& —26!

have to be satisfied in order that v(£;)w (&) (€3)w (&) + & +&3) does not vanish. Since in the proof
of (2.29) (cf. the last step) only the estimates |3 —&| < & +25 " and [§ + &+ 8 —&| > & —2671
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have been used, and as these estimates can also be used here, we can proceed in the same way to
deduce (2.30). 0

Lemma 2.12 We have Q(u) € L™ for u € L?, and

2
1) = Q)ll = < C(Iull e + 1wl 2) lu = vl wyv e L2
In particular, |Q(u)|| . < Cllull3s for u € L2,

Proof: From (1.7) and ||U(¢) f|| e < Ct=Y2|\f|| 11, cf. [4, Prop. 3.2.1], we obtain with u(t) = U(t)u
and v(t) = U(t)v, using Holder’s inequality in the dz-integral, that

dt

Lt

Q) - Q@ < C R fufe) Pu(t) — o0 Pote)

<cf 2 (@) () — o0 + u(®o)ate) - o0
o) Plu(t) = (@)l ) dt
c| 2 (02 t) = o0l + 1) ol ) = o0
oI llut) = vl 5 ) dt
< ([ ) (WO sy + 10O 10Ol
FIT ol ) )T = 0) gy

2
< (Ml + lollzz) llu = oll e,

IN

where in the last two steps we have applied Holder’s inequality to the dt-integral and then
Strichartz’ estimate (cf. Lemma 2.1) with ¢ = 12 and r = 3. O

3 Concentration compactness in L’

The ‘concentration compactness principle’ asserts that basically there are three possibilities for a
(L? or H'-) bounded sequence of functions: either it is tight (in the sense of measures), or it is
‘vanishing’ (it tends to zero uniformly on every interval of fixed length), or it is ‘splitting’ (into
two parts with supports widely separated). This principle has found its clear formulation and a
large number of applications through P.-L. Lions [13]. Since we will need the very explicit form of
alternative (3), we include some details, following [4, Lemma 8.3.8], [15, Sect. 4.3], or [17, Lemma
6.1].

Lemma 3.1 Let (f;) C L* be a sequence such that ||f;|,» = 1 for j € N. Then there is a
subsequence (not relabelled) such that exactly one of the following three possibilities occurs.
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(1) There exists a sequence (z;) C R such that for every e > 0 there is R = R. > 0 with the
property that

Zj-i-R
/ |fil?dz>1—¢, jeN.
z;i—R

(2) For every A > 0 we have
Zo+A
lim sup / |fi]?dz = 0.

=0 z0eR Jz—a

(3) There is v €]0, 1[ with the following property. For every 6 €]0,~| there exist jo = jo(6) € N
and 27,25 € R with 25 — 2} > 6071 such that

20+25
v — 4 < sup / |filPdz <~v+6, j>jo, (3.1)

Z20€R J 29—z}

and for every j > jo we may select z; € R satisfying

zj+z]
7—5</ |fil?dz < v +6. (3.2)

.~k
iT*1

In particular, if we fix functions p,0 € C3°(R) with values in [0, 1] which satisfy p(z) = 1 for
2] < 25, p(2) =0 for|z| > 27 +2071, 0(2) =0 for |2] < 25—257", and 0(2) = 1 for |z| > 23,
then defining v;(z) = p(z — 2;) f;(2) and w;j(z) = 0(z — z;)f;(2) one obtains for j > jo the
estimates

1= 5+ w7 <26, |lole = 3| <36, and |l = (1= )| < 9.

Proof: The argument relies on the Lévy concentration functions I';(2) = sup, g f;oj; £ (y)|? dy.
Then 0 <I'j(2) < 1 and I'; is non-decreasing. Hence there exists a subsequence of (f;), a countable
set £ C R, and a non-negative and non-decreasing function I' such that I';(z) — I'(z) as j — oo
for every z € R\ E. With v := lim,_,. I'(z) € [0, 1], there are three possibilities: the cases v =1
or v = 0 lead to alternative (1) or (2), respectively, cf. [4, Lemma 8.3.8] (here it is not needed that
(f;) is bounded in H'). So it remains to show that v €]0, 1] implies (3). To see this, we fix § €]0, v|
and choose z* € R such that vy — 0 < I'(2) < 7 for z > z*. Then we take two widely separated
points where I'; converges to T, i.e., we take 27,25 € (R\ E) N [2*, 0o] with 25 — 2} > 65! and
Jo € N such that v —§ < T'j(2]) <T'j(23) <~v+9 for j > jo. By definition of I';, this yields (3.1),
and moreover for every j > jo we find z; € R such that (3.2) holds. With p and 6 as in (3), we
then define v; and w;. In view of (3.1) and (3.2) we have

zj+235 zj+27]
[ w@ra= [ e [T e <o - =2 @
21 <|z—2z5|<25 z z

PP P
i %2 iT*1

Due to the support properties of v; and w; therefore

I - s+ wpls < ()P d= < 26.

2r<le—z1<
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In addition, (3.2), 27 + 207! < 23, and (3.3) imply

zj+2]
lolizs = =| [ is@Pas -+ [ plz — )1 5(2) 2 dz| < 30
zj—2} F<|z—z5|<z7 4261

Finally, this and || f;|| ;. = 1 in turn yield

2 2 2 2
[lasllye = (=] < 86+ [lwslZ2 + sl = 15517

= 30+ ‘/ \fj(z)\2dz+/ 0(z — 2,)?|f;(2)|* dz
|z—zj|>25 25 —20"1<|z—2;|<z}

n / ) dz + / oz — 21y (2)P d
|z—zj|<z} 25 <|z—z;|<z}+261
- [15@P e
R
< 364 / ()P dz + / ()P d
si<le-zl<s 2520 1<|2— | <2y

+ / |£5(2)]* d= < 95,
2 <|z—zj|<z7+20~1

where we have once more used z} + 26~ < 23 and (3.3). O

4 Proof of Theorem 1.1

We consider a minimizing sequence for Py, i.e., (u;) C L* such that [ju;||,. = 1 for j € N, and
¢(uj) — Py as j — oo. Then also ||4;]|,. = 1 for j € N, whence we can apply Lemma 3.1 to
the sequence (f;) = (4;). The following three subsections 4.1, 4.2, and 4.3 deal with the three
possibilities (1), (2), and (3) which then may occur according to Lemma 3.1.

4.1 Case (1): The Fourier transforms are tight

We assume that there is a sequence (£;) C R such that for each € > 0 we may select R = R. > 0
satisfying f R |uj|2df > 1—c¢ for j € N. Letting v;(z) = e %i%u;(x), we obtain |lv;]|,. = 1
and ¢(vj;) = ¢(u;) by Lemma 2.5. Hence (v;) is a minimizing sequence as well. In addition,
0;(€) = (€ + &) leads to

[ = [ e opae= [ in@ra

J

This argument shows that, passing to (v;) if necessary, w.l.o.g. we may suppose &; = 0 for all
j €N, ie.,

Ve>0 dR=R.>0: / [a;|°dé >1—¢, jEN; (4.1)
[§I<R

this is the basic assumption of Section 4.1, and it is used to improve the original sequence (u;) as
follows. We choose ¢ € C§°(R) with values in [0, 1] such that ¢(§) =1 for [{| < 1 and ¢(£) = 0 for
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€] > 2, and for R > 0 we define ¢r(€) = ¢({/R). With a fixed sequence ¢, — 0 as k — oo, we
select Ry, := R., corresponding to ¢j via (4.1) for k € N. Setting ¢, = ¢g,, we decompose every
u; in a regular low frequency part and an L*-small high frequency part as

uj = u% + uﬁ), 7,k €N, (4.2)
where
1 vy h N -
ugl)f = (¢xlj) = o *xu; and ugk? = ((1 = ¢n)u;) = (1 — ¢p) *uj. (4.3)
Then for all 7,k € N,
2 A A A
[ / (€17 |ty |* dE = 17| pwty|* d€ < CRY|dy][7. = CRy (4.4)
R I€1<2Ry,

and also, by (4.1),

2 A A~ A
= [ Na-enafaes [ japd=1- [ jafd<a. @)
€1= R €1= Ry |§ <R

In addition,
l A
||u§',3€||L2 < ||uj||L2 =1. (46)

The next step consists in application of Lemma 3.1 to (f;) = (u;), yielding a further subsequence
(uj) C (u;), which however will be not relabelled for notational convenience. The argument is
divided further according to which one of the possibilities (1), (2), or (3) from Lemma 3.1 arises.

4.1.1 The case that the sequence (u;) is tight

We suppose that (1) in Lemma 3.1 occurs for (u;), i.e., there is a sequence (z;) C R such that for
every § > 0 we find M = Mj satisfying fai]j]y luj|*dx > 1—4¢ for j € N. Setting v;(z) = uj(x;+x),
we have [|vj]|,. = 1 as well as ¢(v;) = ¢(u;), by Lemma 2.5. Thus (v;) is a minimizing sequence.
Moreover, 9;(£) = e®i%4,;(€), whence (4.1) is satisfied for 9;, too, and we could perform the same
decomposition as above with v; in place of u;, leading once more to (4.4) and (4.5). Finally,

zi+M M M
/ fuy ()| de = / juj (@ + ) da = / oy () d.
x;—M M -M

Hence we could consider (v;) instead of (u;), thereby achieving x; = 0 for all 7 € N. Thus we
assume w.l.o.g. that

Vo>0 IM=M;>0: / luj|*de >1—46, jeN. (4.7)

lz|<M

Since (u;) C L? and ||u;||,» = 1, we can suppose that u; — u in L? as j — oo for some u € L?

with ||ul|; < 1. We fix k € N and observe that, due to (4.4) and (4.6), (ug.f,)ﬁ)jGN is bounded in
H' (by ~ Ry). Additionally, (4.5) implies that (ughk) )jen is bounded in L?. Thus we can select a
subsequence (j') C N, depending on k, and v;, € H' as well as wy, € L? satisfying uﬁl,)k — , in H!
and u'l) — wy, in L? as §/ | ticul

i k in L? as j' — oo. In particular,

.. h 1/2
okl < limin iy, < &)/ (48)
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by (4.5), and also u = vy + wy, in view of (4.2).

Next we fix 6 > 0 and choose M = Mj according to (4.7). By compactness of the embedding
H' C L*(] — M, M][), we see that ugl,)k — vy in L*(] — M, M|) as j' — oco. Hence we obtain from
(4.8), (4.2), (4.5) and (4.7) that

lull z|mmﬂﬂmﬂ=nw+wmp]MM[>wmm<MM-%Wﬂm
1/2 1/2
Z J].lm ||U/ -/ k.||L2( M,MD - 6]4; - ]]'lm ||U]/ - u HL2 ] MMD - 6k
1/2
> limsup <HU] ”LQ (]— M, M]) ||u ||L2> - 5k:/

j—>OO

> hmsup el p2 s ap 28,1!2 > (1-0)Y% - 2511/2-

J'—o0

Taking successive limits 6 — 0 and k& — oo, it follows that ||ul|,» = 1 = lim; . ||u;]| ., and thus
u; = u in L* leads to u; — w in L. Since ¢ : L? — R is continuous, cf. (2.4), and (u;) is a
minimizing sequence, thus ¢ has a minimizer, i.e., P, admits a solution.

4.1.2 The case that the sequence (u;) is vanishing

Throughout this subsection we assume that (1) in Lemma 3.1 holds for (), whereas (2) in Lemma
3.1 occurs for (u;), i.e.,

zo+A
lim sup / |u | dz =0 (4.9)

J—00 zo€ER —A
is satisfied for every A > 0. Once again we will rely on decomposing the u; in low and high
frequencies, cf. (4.2). For k € N fixed we claim that

: !
Jim p(uj3) =0 (4.10)
holds. To verify this, we first note that (4.9) in conjunction with Lemma 2.7 implies that also
x()-i-A ;
lim sup / \uﬁf dr =0 (4.11)
=% z6eR Jzo—A ’

is satisfied for all A > 0, since k is fixed and ¢, € C°(R). As ugl,)f € H', we may invoke Lemma
2.8, and integrating (2.17) with u = u% over ¢t € [0,1] it follows that for A > 1

1 zo+2A
l l — l l
el = [ [ Wt sar <c(sup [T R e Al ) 21,
0 T

zoER 0—2A
x0+2A
< C’( sup / ]u%ﬁ dm%—A’le)Ri,
20€ER Jzg—2A ’

where we have used (4.6) and (4.4) in the last step. Taking into account (4.11), we thus have
shown (4.10). Next, according to (2.4), (4.2), (4.6) and (4.5) it follows that

l h l
el < lp(w) = oDl + o@Dl < € (gl + 1l ) Tl + o)
1/2 l
< Ol + lp(ufy)]

for every j,k € N. Whence (4.10) implies limsup, . [¢(u;)| < Cgiﬂ for all £ € N, and therefore
Py =lim; .o ¢(u;) = 0, in contradiction to Lemma 2.6. Thus the case considered in this Section
4.1.2 in fact cannot occur.
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4.1.3 The case that the sequence (u;) is splitting

In this subsection we suppose that we have (1) in Lemma 3.1 for (@;), but (3) in Lemma 3.1 holds
for (u;). Thus we can once more use the decomposition of the u; in low and high frequencies, recall
(4.2), but additionally we have v €0, 1], where v = lim, .o I'(z). Here I'(x) = lim; ... I';(z) =
lim; o0 SUP, cr f;?_f |uj|* dy is the pointwise (outside a countable set) limit of the concentration
functions corresponding to (u;). We now fix § €]0,~[ and choose jo, € N, 27 = 2§ € R, 235 = 25 € R,
xj = z; for j > jo, and moreover the functions p and 6 as described in (3) of Lemma 3.1; all these
quantities are depending on 0. Defining v;(z) = p(z — z;)u,(z) and w;(z) = 6(x — z;)u;(z), we
recall that then ||v;||;. <1, [Jw;]|,» <1, and also

= (o5 + w2 <25, [osllZ =] <36, and iyl = (1) <95 (412)

holds for 7 > jo. Next we are going to transfer these estimates for every k € N to the functions
obtained in an analogous way from the low-frequency parts u% of u;, cf. (4.3). To this end, we
introduce o o
! !
vik(®) = ple — zj)ujp(r)  and  wjx(r) = 0(z — x;)u; ().

Since p and 6 attain their values in [0, 1], it follows from (4.6) that
! !
loiallze < Nl <1 and - fluinl e < flugil <1 (4.13)

Moreover, v, € H" and w;, € H'. Due to [|p/|| ;e ~ 6 < 1 and ||0’|| ;- ~ & < 1, we obtain, using
(4.4), the bounds
[0kll g + 1wl < C R (4.14)

The estimates from (4.12) are modified to

g = i+ i)l < 206"+ ), |logals =] <36+ /%), (4.15)
and  [[lwgell 3 = (1= )| <96+ (4.16)

for j > jo and k € N. Indeed, since p attains values in [0, 1], (4.2) and (4.5) imply

2
‘Lg g €k,

l 2 h
|m—ww;—AMwwmmmwwﬁmegmfmw@—wﬁ

and in the same way |lw; —w;x||7, < e follows, whence (4.15) and (4.16) are obtained. In
particular, (4.15), (4.16), and (4.13) also yield

[losallys =22 6@ +2%), and [fwialfs — (1 =7)% <186+, (417)

The next lemma derives a local bound on |U(t)v, x| and |U(t)w; k|-

Lemma 4.1 In the notation introduced above, we have
/ U(t)ou2de < CRid  and / U (E)w; o d < CRyS,
|lz—xj|>x5—35"1 |z—x;|<xs—361
for every t € [0,1], 7 > jo and k € N.
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Proof: We can proceed similar to the proof of (2.18). To verify the estimate with w;;, we fix a
function 8 € C§°(R) attaining values in [0, 1] such that 8(z) = 1 for |z| < x5 — 3071, B(x) = 0
for [z| > 25 — 207", and [|B| < C6. With I(t) = [, [(U(t)w;)(z)[?8(x — ;) dz, and writing
w; () = U(t)wjy, it follows from (1.2), (4.13), and (4.14) that
) = (-2l [ 00 @Oun(0)5 (@ - 2;) da
R
< OB N oo llwin @)l 2 0xwsik (Bl 2 < CRiS.

Thus for ¢ € [0, 1] we obtain

/ Ut i = / (U (t)w;)(@) PA(x — ;) de < I(t) < 1(0) + CRy6.
|z—x;|<x;—36—1 |z—x;|<x;—36—1
But
10)= [ lun@Ppe =)z = [ e )b ) de =0
R z—x;|<xj—26—1

since §(z) = 0 for |z| < 23 — 2071, cf. (3) in Lemma 3.1. Concerning the estimate with v;, one
can argue in an analogous way by fixing a function 5 € C§°(R) which attains its values in [0, 1]
such that B(z) =1 for |z| > 27 + 35! and B(x) = 0 for |z| < x} + 207!, Recalling p(z) = 0 for
|z| > xf + 2671, it then follows that

/ - s |U(t)vj7k|2d:1: S CRk5,
r—xj|>T]+36~

and this yields the claimed estimated, as 25 — 27 > 65" implies [ = . o5 [U(t)vel*dz <
J1="2

f\x—xﬂme—Hﬂé*l |U(t)vj,k|2 dz. 0

We now define h;;, = uj — (v;x 4+ w; ;) and observe that [|h;]|,. < 2(6Y2 4 }/*) by (4.15).
Then we apply Lemma 2.9 and (4.13) to obtain the bound

‘SD(UJ) - @(’Uj,k) - (P(wj,k)’
3 3 3
< O3+ luslgs + losallgs + a3 ) Azl
+ C(!Al(%ka W) + [ Ao (i, Wi )|+ [A3(vk, wik)| + Aa(vj, wj,k))

< CE 4 6/) 4+ C (1M (g w3)] + 1Mo wia)| + [As(wg0w30)] + Aa (Wi, w3)),
(4.18)

with the remainder terms Aq,..., A4 as given in (2.20) and (2.21).
Lemma 4.2 The estimate
A1 (0, wi) |+ A2 (00 wig)] + [As(vik, wi)| + Aa(vjp, wie) < ORyY?51?

holds.
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Proof: With Oy ={z eR: |z —z;| > a5 -3t and Qo ={z € R: |z — z;| < 25 — 30"}, and
MOreoVer Uy = U3 = Vjj, Uy = Uy = Wjy, 41 = 1, and i = 2, it follows from Lemma 2.4, (4.13),
and Lemma 4.1 that

A (v win)| = ‘/ / t)vjx)? t)w]k d:pdt)
2 2
= (”U(')UMHLQ (oaxan Vil g2 1wikllze + U Cwsrll 2o 170 ||Uj,k||L2||wj,k||L2)

1/2
< / U () 0,42 dxdt) +O / U (t)w; dxdt)
Ql Q2
< CR/*5'>.

The terms with Ay, A3, and A4 can be handled in the same way, the only important point is to
note that each of these terms has at least one v-factor and at least one w-factor. Thus Lemma
2.4 can be applied to split the dz-integral and to integrate the respective factors over the sets on
which they are small, by Lemma 4.1. O

Using Lemma 4.2, we can continue in (4.18) and obtain
() — o(v55) — plw;g)] < OOV +e/?) + CRP6Y? < O(e* + Ry?5'1). (4.19)

This estimate holds for all £ € N, § €]0,v[, and j > jo(6), with however v;; and w;; depending
on d, j, and k. Next, from (4.19), (2.11) in Lemma 2.6, and (4.17) it follows that

o(u;) > pvir) + elwir) — Cey /2 R1/261/2)
> |Jojall12 P+ wiel; Py — Cley 12 | Rl2g1/2)
> P —6(6+e.%) + (1 —7)2P, — 18(6 + &%) — C(e)/* + R}/*61/?)
> (4 (1—7)) P — O + R)/%612).

Since we have got rid of the functions v;; and w;j, we may take the limit j — oo to find
P2 (7 + (1= 7)P = Cley” + R0V,

recalling that (u;) is a minimizing sequence. This estimate is satisfied for all § €]0,~[ and all
k € N. Hence we can pass successively to the limits first 6 — 0 and then k& — oo to arrive at
Py > (v*+(1—v)?)P;. Due to P, < 0, cf. Lemma 2.6, it follows that (1 —+) < 0, in contradiction
to v €]0,1[. Thus the case considered in the present Section 4.1.3 can also not occur.

4.2 Case (2): The Fourier transforms are vanishing

We consider the case that alternative (2) from Lemma 3.1 holds for (4;), i.e., for every A > 0 we
have

. &o+A
lim I';(A) =0, where T(A):=sup / |a|? d€. (4.20)

j—oo €0€R Jgo—A
According to Lemma 2.10, for every A > > 0 and j € N the estimate
/R Quy)Pdé < Cllugl72(8 + AT26712) + Cluyl. AT;(A)Y?
= C(0+ ATV L CAT,(A)V?
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is satisfied. Given € > 0 we choose 0 = ¢ and fix A = e73. With this A we apply (4.20) to find
jo € N such that AT;(A)"/2 <& for j > jo. Thus [, |Q(u;)|*>dé < Ce for j > jo shows that in fact

. T A ) 1 A ) 2 1/2_
Jim Q) = Jim QG2 = Jim ([ 1QGupP ) =0

is verified. Then we obtain from Lemma 2.2 that also [p(u;)| = [(Q(u;), u;)r2| < [|Q(u;)|;2 — 0,
i.e., 0 =lim; . p(u;) = P, in contradiction to Lemma 2.6. Hence the case considered here can
not occur.

4.3 Case (3): The Fourier transforms are splitting

In this section we suppose that alternative (3) from Lemma 3.1 is satisfied for (u;). Then we have
4 €]0,1[ for 4 = limg_o '(€), the function T' being the pointwise limit (outside a countable set)
of the concentration functions I';(€) := = SUPg,cr f50+§ ;| dn of the 4;. We fix 6 €]0,4[ and select
JoEN & =21 eR, & =25 € R, § = z; for j > jp, and moreover the functions p and 0 as stated in
(3) of Lemma 3.1; once again, all these quantities are depending on 6. With a;(§) = p(€ —&;)a;(€)
and b; (&) = 0(& — &)u;(§), we then have ||a;]|,» < 1, ||b;;. < 1, and in addition for j > jy the
estimates ||4; — (a; + bj)”i? < 24, |||aj]|i2 — 4] < 30, as well as |||bj|]i2 — (1 —=4)| <94. Setting
v; = a; and w; = by, this leads to ||v;]|,. < 1, |lw;]l . < 1, and also

s = (w5 + w72 < 28, [loslize =4 <05 (421)

and |3, — (1= 4)
for j > jo. With h; = u; — (v; + w;) then Lemma 2.9 implies
folus) — o0 — o)l < O+ sl + losle + s )
+ O (1A )] + Aoy, w)] + [Aa(oy, )] + Aavy, )
< 08+ C<|A1(Uj7 wj)| + [Az(v, wy)| + [As(vs, wy)] + Aa(vy, wj)>7

(4.22)

the remainder terms Ay, ..., A4 being defined in (2.20) and (2.21).

Lemma 4.3 We have the bound

A (0, w5)] + [Aa(vg,w))] + [Ag (v, w5)| + Aa(vy,w;) < C5.

Proof: We are going to apply Lemma 2.11 with v = v;, w = w;, and § = . Note that
the support assumptions on v and w are satisfied, since 0;(§) = a;(€) = p(§ — &)u;(§) = 0 for

€ =&l > &+ 2071, and also w;(€) = b;(§) = 0(& — &;)u;(€) = 0 for [§ — & < & — 2071, see (3)
in Lemma 3.1. Due to

1(v;, wy) / / U(t)w;)? dadt = /Q vy, Wy, v;)W; dx,

cf. (2.20), (1.8), and (2.7), hence (2.27) in Lemma 2.11 yields [A;(v;, w;)| < Cllv;|[7.||w;]|5.0"2 <
C0'/3. Concerning Ay, here we have

Ao (vj, w;) —/ /|U Yo; (U (#)0;) (U (t)w;) dedt = /Qv],v],vj)wjdx
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thus (2.28) in Lemma 2.11 results in |Ay(v;, w;)| < C6Y/3. For Az we note that

Ag(vj,w;) :/0 /RIU(t)wjIQ(U(t)vj)(U(t)wj)dwdtZ/RQ(vjawmwj)w_jdfC-

Therefore we can apply (2.29) from Lemma 2.11 to see that also |Az(v;, w;)| < C6Y/3. Finally, to
bound A, we have

Mtwyowp) = [ 1 [ W@ s dwdt = [ Qv de
Then (2.30) in Lemma 2.11 leads to A4(vj, w;) < C3Y3. O
Using Lemma 4.3 in (4.22), we thus obtain
olis) = o(5) — pluy)| < COV2 + C < C, > jo. (1.23)

Due to this estimate we may now proceed analogously to Section 4.1.3, cf. (4.19). From (4.23),
(2.11) in Lemma 2.6, and (4.21) it follows that

p(v;) + p(w;) — C6"% > oyl 7. P+ ||ws|| 7. L — C6Y*
2P, — 66| Py| + (1 —4)2P, — 183|P,| — C'6'/3
2P+ (1 —4)2P, — O3

p(uy)

AVAR VARV,

for j > jo. Since (u;) is a minimizing sequence, as j — oo this yields P > 2P+ (1—4)2P —C6'/3.
Taking the limit § — 0 and recalling P; < 0, we finally arrive at (1—%) < 0, contradicting 4 €]0, 1[.
Hence the case considered here is not possible.

4.4 Summary and conclusion of the proof of Theorem 1.1

At the beginning of Section 4 we have divided the argument into three cases, according to which
one of the possibilities (1), (2), or (3) of Lemma 3.1 applied to (@) occurs. We have seen in Sections
4.2 and 4.3 that neither (2) nor (3) can hold, hence (1) is satisfied. Then the argument has been
split further in Sections 4.1.1-4.1.3, depending on which alternative (1), (2), or (3) from Lemma
3.1 holds for (u;). It has turned out that cases (2) and (3) are impossible, whence (1) is verified
both for (;) and for (u;). In this single case we have shown in Section 4.1.1 that the minimizing
sequence has a strong L?-limit, which is a solution of P;. (We note that in fact it is a subsequence
of vj(z) = e % @0y, (x; + x), for suitable ¢; and x;, which has a strong L%limit.) Hence there
is a minimizer u € L? for P;. By the Lagrange multiplier rule we then have —4Q(u) = 2uu,
where ;1 € R denotes the Lagrange multiplier. Taking the inner product with w, it follows that
p = 2p(u) = 2P, thus u = —P;'Q(u) € L? N L™, cf. Lemma 2.12. This completes the proof of
Theorem 1.1. O

Acknowledgements: I am grateful to V. Zharnitsky, who introduced me to the problem and
pointed out the relation to the question of attaining the best constant in the Strichartz estimate.
To M. Weinstein and him I moreover owe much for discussions on the problem.

23



References

1]

2]

[10]

[11]

[12]
[13]

[14]

[15]
[16]

[17]

BEKIRANOV D.; Ocawa T. & PONCE G.: Interaction equations for short and long dispersive
waves, J. Funct. Anal. 158, 357-388 (1998)

BOURGAIN J.: Refinements of Strichartz’ inequality and applications to 2D-NLS with critical
nonlinearity, Internat. Math. Res. Notices 5, 253-283 (1998)

BOURGAIN J.: Global Solutions of Nonlinear Schrodinger Equations, Colloquium Publications
No. 46, AMS, Providence/Rhode Island 1999

CAZENAVE TH.: An Introduction to Nonlinear Schridinger FEquations, 3rd edi-
tion, Instituto de Mathematica — UFJR, Rio de Janeiro, RJ 1996; available at
http://www.ann. jussieu.fr/~cazenave/List_Art_Tele.html

CoOLLIANDER J.E., DELORT J.-M., KENIG C.E. & STAFFILANI G.: Bilinear estimates and
applications to 2D NLS, Trans. Amer. Math. Soc. 353, 3307-3325 (2001)

HORMANDER L.: The Analysis of Linear Partial Differential Operators I: Distribution Theory
and Fourier Analysis, Springer, Berlin-Heidelberg-New York 1990

Kenig C.E., PoNCE G.& VEGA L.: On the generalized Benjamin-Ono equation,
Trans. Amer. Math. Soc. 342, 155-172 (1994)

KeniG C.E., PONCE G. & VEGA L.: Global well-posedness for semi-linear wave equations,
Comm. Partial Differential Equations 25, 1741-1752 (2000)

Kunze M.: Bifurcation from the essential spectrum without sign condition on the nonlinear-
ity for a problem arising in optical fiber communication systems, Proc. Roy. Soc. Edinburgh,
Ser. A 131, 927-943 (2001)

KunzeE M.: Infinitely many radial solutions of a variational problem related to dispersion-
managed optical fibers, to appear in Proc. AMS

Kunze M.: The singular perturbation limit of a variational problem from nonlinear fiber
optics, to appear in Physica D

Kunzge M.: On the existence of a maximizer for the Strichartz inequality, preprint 2003

Lions P.-L.: The concentration compactness principle in the calculus of variations. The
locally compact case, Ann. Inst. H. Poincaré 1, 1.: 109-145 (1984) and II.: 223-283 (1984)

NauMoD A., STEFANOV A.& UHLENBECK K.: On Schrédinger maps, Comm. Pure
Appl. Math. 56, 114-151 (2003)

STRUWE M.: Variational Methods, 2nd edition, Springer, Berlin-Heidelberg-New York 1996

WEINSTEIN M.I. & ZHARNITSKY V.: Asymptotic decay of tails of dispersion managed soli-
tons, in preparation

ZHARNITSKY V., GRENIER E., JONES C.K.R.T. & TURITSYN S.K.: Stabilizing effects of
dispersion management, Phys. D 152-153, 794-817 (2001)

24



