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Abstract

We consider solutions bifurcating from a spatially homogeneous equilib-
rium under the assumption that the associated linearization possesses con-
tinuous spectrum up to the imaginary axis, for all values of the bifurcation
parameter, and that a pair of imaginary eigenvalues crosses the imaginary
axis. For a reaction-diffusion-convection system we investigate the nonlinear
stability of the trivial solution with respect to spatially localized perturba-
tions, prove the occurrence of a Hopf bifurcation and the nonlinear stability
of the bifurcating time-periodic solutions, again with respect to spatially
localized perturbations.

1. Introduction and main results

We consider the system

8tU1 = AUl + CaxlUl + Tl(,I)UQ + Ot’I”Q(I)Ul + Nl(Ul, (]2)7 (1>
0 Uy = AU5 + c&‘rlUg - rl(x)Ul + CW'Q(QS‘)UQ -+ NQ(Ul, UQ),

where A = Z?Zl 8%1,7 v = (v1,...,74) € R% t € [0,00[, and more-
over U = (Uy,Us) = (Uy,Us)(z,t) € R% Further, ¢ > 0 and a € R
are parameters, whereas N;(Uy,Us) denote the nonlinearities. The func-
tions r; = r;(z) are supposed to be spatially localized, i.e., they decay
to zero at some exponential rate as |x| — oo. Our assumptions will be
such that for U € L?(R% R?) the stationary solution U = 0 of (1) is only
marginally stable, in the sense that the associated linearization Ag  about
U = 0 possesses essential spectrum up to the imaginary axis. This operator
A0,oU = BU + R, (z)U splits into two parts, namely into an z-independent
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part B plus an z-dependent part R, (x), respectively given by

BU = (A+¢0,,)U and Ry (2)U = (0”2(:”) () > U (2

—ri(x) ars(z)

According to a classical result (cf. [10, Theorem A.1]) the essential spectrum
of the operator B is {—|¢|? +ic& : &€ = (&1,...,&4) € R4}, and it is not
affected by adding the relatively compact perturbation R, (z). However, a
number of isolated eigenvalues could be created through the operator R (x).
In order to formulate our precise assumptions, we introduce a spatial weight
which results in a shift of the essential spectrum into the left half plane,
whereas the isolated eigenvalues remain unchanged. For 3 € R we define
the operator Ag , by

Aﬁﬂw = eﬂzl/loya(We_ﬁrl),
i.e., we have
Ag. oW = AW + (¢ — 28)05, W + (82 — ¢B) + Ru(z))W, (3)

with I denoting identity. The spectrum of Ag, consists of essential spec-
trum to the left of {z € C: Rez = 3% — ¢3} and of a number of isolated
eigenvalues.

Now we are ready to state our main hypotheses. Here and henceforth
we fix ¢ > 0 and choose 3 = ¢/2. Since we consider « as the bifurcation
parameter we will mostly suppress 8 in our notation and just write A,
instead of Ag 4.

(H1) The coefficient functions r; (i = 1,2) satisfy r; € C™(R?) for
some m € N with m > d/2, and moreover there exists a constant C > 0
such that

|07 r1 (2)| + |8 ra ()| < Ce™®12 i <m, =zeR%

(H2) The nonlinearities N; (i = 1,2) satisfy N; € C™(R?), and more-
over there exist C > 0 and p € N with p > 2 such that for all U € R? with
|U| <1 we have

IN(U)| < ClUP, where N(U) = (Ny(Uy,Us), Nao(Uy, Us)).

In addition, N(U) = N(U) for U € C2.

(H3) The functions r1 and ro are chosen in such a way that the following
holds. There exist a. € R, 69 > 0, and pn > 0 such that for a €]a. — dg, e +
do[ all eigenvalues A € C of Ay, except of two, satisfy Re A\ < —u. The other
two eigenvalues )\3: (a) satisfy

AT () = Fiwg # 0 (4)
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with wg > 0, and

4 Re A () > 0. (5)

do a=a,

Examples of functions r; and 75 such that (H1) and (H3) hold are r;(z) =
cisech?(d;|z|?) for i = 1,2, with constants ¢; and d; properly chosen.

Remark 1. From assumption (H3) we have the following consequences
for the spectrum of Ag, for a variable 8 € [0,¢/2]. As mentioned be-
fore, the spectrum of Ag, consists of essential spectrum to the left of
{2 € C:Rez = 3% — ¢} and of a number of isolated eigenvalues. If Wy is
an eigenfunction of A, = A,/ o with eigenvalue Ao, then a straightforward
calculation using (3) shows that Wy (z) = e(®=¢/2#1 W (z) is an eigenfunc-
tion of Ag  corresponding to the same eigenvalue A\g. Therefore the isolated
eigenvalues of Ag , are independent of 3 until they vanish in the essential
spectrum. We note that this reasoning should be considered as being only
formal, since no spaces are specified to which the notion of an eigenvalue is
linked. However, no explicit use of this remark will be made in the sequel.

For future applications we also consider another class of amplifications
and nonlinear terms which are of Navier-Stokes type.

(H1)’ The coefficient functions r; have the form ri(x) = 0y, 7:(x) for
1 = 1,2, with some l € {1,...,d} and functions 7; € C™(R™). Moreover,
there exists a constant C > 0 such that

027 ()| + 0372(2)| < Ce™@#1/2 |jl <m, zeR%

(H2)’ The nonlinearity N = (N1, N2) has the form
d .
NU)=>0,,N(U),
j=1

with functions N7 € C™(R? R?) for j = 1,...,d. Moreover, there exist
C >0 and p € N with p > 2 such that for all U € R? with |U| < 1 we have

INT(U)| < C|UP, where  NI(U) = (N (Uy,Us), NI (U1, Us)).

In addition, N7(U) = Ni(U) for U € C2.

Using the incompressibility condition, the nonlinear terms of the Navier-
Stokes equations can be cast into the form considered in (H2)’. In contrast
to (H2)’ it is not obvious whether the technical assumption (H1)’, which is
needed in Section 3 and which implies (H1), can be satisfied in applications.
See also Section 4.

Assumption (H3) is reminiscent of the assumption for the classical Hopf
bifurcation, and so the purpose of this paper is to investigate the bifurcation
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Fig. 1. Spectrum of the linearization Ag,, about the trivial solution U = 0

scenario of (1) in a neighborhood of U = 0 for « close to a.. The new diffi-
culty which occurs here is due to the fact that the linearization Ag  about
U = 0 possesses continuous spectrum up to the imaginary axis, without any
spectral gap, as is indicated in Figure 1.

Therefore the nonlinear stability of U = 0 for o < a, the occurrence of
a Hopf bifurcation at a = a., and the exchange of stability from U = 0 to
the bifurcating time-periodic solutions are not clear at all.

Our first theorem concerns the stability of the trivial solution U = 0 for
a < a.. We prove the nonlinear stability with respect to spatially localized
perturbations.

Theorem 1. Assume ¢ > 0 is fized, and (H1), (H2) or (H2)’, and (H3) are
satisfied. If p > 1+ 2/d for (H2) or if p > 2/d for (H2) and o < o, then
there exists v > 0 such that for every 61 > 0 one may choose 6o > 0 with
the property that

TG0 o + MU0 Lr + W0l pimpe < 62

for the initial data implies

oo (40Ul + I Dl + W ) aee) <
€10,00

for the solution U of (1), where W (x,t) = U(x,t)e’® with 3 = c/2.

The proof, which is elaborated in Section 2, is based upon the following
facts. The term R, (z)U in (1) leads to an amplification of perturbations
of U = 0 near x = 0. This is counter-acted by the effect of the drift term
c0,, U which tends to transport these perturbations away from = = 0 to
infinity. Thus after a sufficiently long time the diffusion term will dominate
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and force the perturbations to decay with rate t~%2. Generally speaking,
all nonlinear terms are asymptotically irrelevant with respect to diffusion,
i.e., the nonlinear system

oU=AU+NU), Ul,_,=U(0),

with N = (N1, N2) shows the same asymptotic behavior as the linear diffu-
sion equation, for sufficiently small and sufficiently spatially localized initial
data U(-,0); see e.g. [3]. From a technical point of view, to recover the dif-
fusive behavior behind the amplification we introduce suitable norms with
exponential weights in space. For perturbations which are small in these
norms the influence of the spatially localized amplification vanishes expo-
nentially in time, since the distance between the main perturbation and
the spatial amplification at © = 0 grows linearly; see [6] and the references
therein.

At a = a. two complex conjugate eigenvalues with nonvanishing imag-
inary part cross the imaginary axis. Hence the trivial solution becomes
unstable. Although we have continuous spectrum up to the imaginary axis
a finite dimensional reduction is possible, and like in the case of a classical
generic Hopf bifurcation the problem of bifurcating time-periodic solutions
is reduced to the solution of an equation of the form

G(a — ae,r) = k1o — ag)r + k3r® + h.ot. = 0,

with a smooth function G : R? — R and coefficients k1, k3 € R related to the
nonlinearity; cf. Remark 3 below for more precise information, in particular
for the definition of the coefficient k3. Depending on the sign of k3 the next
theorem guarantees the occurrence of a supercritical or a subcritical Hopf
bifurcation. It is formulated only for the non-degenerated case, i.e., k3 # 0.

Theorem 2. Assume ¢ > 0 is fized, k3 # 0, and (H1), (H2) or (H1)’,
(H2)’, and (H3) are satisfied. If d > 4 for (H1), (H2) or if d > 1 for
(H1)’, (H2)’, then (1) has a one-dimensional family of small time-periodic
solutions, i.e., there exists g > 0 such that for all € €]0,eq[ we have

Uper(2,t) = Uper(x, t + 27 /w)
solving (1) for a = a. — sgn(ks)e. Moreover,
w=wo+0(e) and HUperHog(Rdx[ogﬂ/w]) = O0(Ve).
If in addition the hypothesis

(H4) System (1) is equivariant (cf. [8]) under U — —U

holds, then the assertion of the theorem 1is true regardless of the space
dimension d > 1.
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The proof is given in Section 3. The periodic solutions can be written
as convergent series

Uper(z,t) = Z Up(z)e™ ",
neZ

where for n # 0 the functions U,, vanish with some uniform (in n) ex-
ponential rate as || — oo, whereas in general Uy € H™ is not decaying
exponentially. However, in the important special case that the equivariance
condition (H4) is satisfied, we have Uy = 0 for symmetry reasons; see Lemma
1 below. An example of a system (1) which is equivariant in the sense of
(H4) is provided by the nonlinearity

Ni(Uy,Uz) = =Ur(|U:* + [Usf*)  and  No(Ur,Uz) = Uz (|U+[* + [Uaf?),
(6)
which also satisfies (H2) with p = 3, whence Theorem 2 applies.

The proof of Theorem 2 is again based on an interplay of the (spatial)
uniform norm and an exponentially weighted norm. This interplay allows
us to use the classical Lyapunov-Schmidt method. The difficulties with the
continuous spectrum touching the imaginary axis then become evident in
an equation for Uy (the mean value in time) to be solved, which has the
form

AUO + Caxl Uo = f

in the case of (H2), and which reads as
AUy + C@won = awjf

in the case of (H2)’. Although the spectrum of the operator on the left-hand
side touches the imaginary axis, these equations admit a unique solution,
if (H2) holds in at least four space dimensions, respectively if (H2)’ holds
in any space dimension. In the Lyapunov-Schmidt procedure the function
f will contain the nonlinear terms, and it will turn out that additionally
f € L' is satisfied, a fact that will be very useful. According to the above
remarks the difficulties in solving these equations do not occur if (H4) is
assumed, since then Uy = 0.

The presence of a “background field” Uy of Uper makes the proof of the
exchange of stability from the trivial solution U = 0 to the time-periodic
solution Upey more delicate. As mentioned before, the time-dependent parts
of Uper decay with some exponential rate in space. This allows us to han-
dle these terms once more by introducing a suitable exponential weight in
space, and hence in the case that Uy = 0 the exchange of stability works
as for the classical Hopf bifurcation. However, the time-independent part
Up in general only decays at a polynomial rate and cannot be dealt with
in the same manner. But nevertheless the part associated to Uy is still a
relatively compact perturbation which can be handled by well known esti-
mates for linear Schrodinger operators. These estimates are very similar to
the estimates which we use in the proof of Theorem 1.
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Fig. 2. Exchange of stability in the classical and diffusive Hopf bifurcation, i) if
k3 < 0 and ii) if k3 > 0.

Hence the classical exchange of stability can be established if k3 < 0.

Theorem 3. Assume ¢ > 0 is fized, ks < 0, and (H1), (H2) for d > 4 or
(H1)’, (H2)’ for d > 2, and (H3) are satisfied. Then there exists g > 0
such that for all a €lag, a. + €] the time-periodic solution Uper(x,t) is
stable with respect to spatially localized perturbations. More precisely, for
a €|ae, o+ g there exists By > 0 such that for all 8 €]0, Bo| there iso > 0
such that the following is true. For all §1 > 0 there exists do > 0 such that
for the solutions U = Uper + V' of (1) we have

i (40 VDl + IV Dl + e WD) < 61
€(0,00

provided the initial data satisfy
IV 0 e+ 1V Ot + IW 0l i <
where W (z,t) = V (x,t)el*1.
The proof is carried out in Section 4.

There are a number of physical problems where the situation occurs
which is considered here. Examples are the flow around a body in the Navier-
Stokes equation [1,2] or the bifurcations of a tip of a spiral wave [17]. It is
the purpose of this paper to come closer to a mathematical understanding of
the bifurcation scenario in such systems. The bifurcation scenario is delicate
due to the fact that for all values of the bifurcation parameter we have
essential spectrum up to the imaginary axis. Therefore classical reduction
methods (which are available if the spectrum of the linearization separates
into a finite-dimensional part close to the imaginary axis and an infinite-
dimensional part which lies strictly in the left half-plane of the complex
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plane) as the Lyapunov-Schmidt method and the center manifold theorem
are no longer available, at least in the classical set-up.

As a first step towards an understanding of this question we considered
in [14] a nonlinear diffusion equation in one space dimension, in the case of
a real eigenvalue crossing the imaginary axis. There we proved the nonlinear
stability of the trivial solution with respect to spatially localized perturba-
tions if there is no eigenvalue in the right half plane, the occurrence of a
pitchfork bifurcation in case of the real eigenvalue crossing the imaginary
axis, and finally an exchange of stability from the trivial solution to the
bifurcating equilibrium.

Investigations of bifurcation scenarios including continuous spectrum
can also be found in a number of other papers, see for instance [4,9,11-
13,15,18] and the references therein.

Notation. Throughout the paper different irrelevant constants are de-
noted by the same symbol C. For simplicity we often write U¥, although
U € R2. Here U* stands for any of the terms U U2 with ky + ko = k.
Mostly we will be not too precise about the particular form of the nonlin-
earity IV, since this would lead to much additional notation. However, for
definiteness always the nonlinearity from (6) should be kept in mind.

Acknowledgement. Guido Schneider would like to thank Jean-Pierre
Eckmann and Peter Wittwer who helped by useful comments to prove the
estimates on sy (see (47) below) which are basic for the exchange of stabil-
ity in Section 4 with non-vanishing Uy. This argument was completed while
Guido Schneider visited the Theoretical Physics Department at the Univer-
sity of Geneva whose hospitality is gratefully acknowledged. Moreover, he
would like to thank Thierry Gallay and Christian Simader for interesting
discussions.

2. Nonlinear stability of the trivial solution for a < «,

It is the purpose of this section to verify for a < «, the stability of
the trivial solution U = 0 with respect to spatially localized perturbations.
Although only a suitable modification of the proof given in [14, Thm. 2.1],
the details are included since the method will be used again in Section 4.
However, for simplicity we will restrict ourselves to nonlinearities satisfying

(H2).

The result will be established by simultaneously controlling the solution
U of (1) in three different norms. In order to estimate the influence of the
amplification, we rely on a weighted norm in space and introduce W (z,t) =
Ul(x,t)eft | with 3 = ¢/2. Then (1) and (3) yield

OW = AW + F(U,W),
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with F(U,W) = %1 N(U) being a smooth nonlinear mapping, where we
understand that in N(U) each factor U could be replaced by e #*1W if
desired. For instance, if V is a polynomial, then we replace every U* in N(U)
by UF~1le=P=11¥/ | which results in the contribution U*~'W to F(U,W).In
particular, (H2) yields

|F(U (), W(2)] < ClU @)W (2)]. (7)

The choice of F' is not unique, but for the rest of the paper just one such F
is fixed.

Ezample 1. For the nonlinearity from (6) we let

F(U,W) = (‘W1(|Ul|2 + |U2|2)>

*W2(|U1|2 + |U2|2)
for U = (Uy,Uy) and W = (W7, Wa).

Conversely, the variable W will be used to replace U in (1) where it
appears with an exponentially vanishing factor; at this point we use the
fact that R, decays to zero at an exponential rate as |z| — co. Hence we
are led to consider the augmented system

0,U = BU + e~ Ry ()W + N(U), } (8)

W = AW + F(U,W).

For this system we need to derive bounds both in the || - || ; -norm and
in the || - || 1-norm; we make this evident in our notation by denoting the
same solution U by v = U, if u € C,? = C,?(Rd,RQ), and by v = U, if
ve L' = LY(RY,R2). Then u, v, and w = W are a solution of the system

Owu = Bu + e PR, (x)w + N(u),
O = Bv + e P R (x)w + Ny (u,v), (9)
Ow = Aqw + F(u,w),

where Np(u,v) is a smooth nonlinear mapping which is obtained from N (u)
in the same way as F'(u,w) is obtained from N(u), e.g., u* in N(u) will be
replaced by ©*~!v. Hence we also have

N1 (u(@), v(2))] < Clu(@)P~ |o(2)]. (10)

Although not explicitly stated we will also use the v-variable in the first
equation of (9). To get a clue on what kind of behavior may be expected
for the diffusive variables u and v, we note that @(&,t) = u(§ — ctey,t) and
(&, t) = v(€ — cteq, t) satisty (with e; = (1,0,...,0)) the system
Ou=Au+ N(a)+ ..., } (1)
Oy = AD + Ny (@, ) + ...,
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Fig. 3. Spectra of the linearization B + ¢ ?*1 R, (x)I and Ag,q in (8) about the
trivial solution U = 0.

the dots indicating terms that vanish at an exponential rate. For (11) it
is known that the diffusive behavior of the linearized system can be used
to control the nonlinear terms and to prove diffusive behavior also for the
nonlinear system. Hence we expect, for sufficiently small spatially localized
perturbations, the u-variable in (9) to decay as O(t~%?2), the v-variable to
remain bounded, and accordingly the w-variable to decay at an exponential
rate. These arguments are made rigorous in the following

Proof of Theorem 1: We introduce

at) = sup ((1+8)"uls)s-),

b(t) = sup |lv(s)]|L1,

elt) = sup ()l pinp)-



Hopf bifurcation and exchange of stability in diffusive media 11

where u(s) denotes u(, s), etc., and vy > 0 is specified below in (13). From
the variation of constants formula and (9) we obtain

u(t) = ePlug + /0 eB=9) [eiﬁlea(x)w(s) + N(u(s))] ds,
v(t) = eBlug —|—/0 eBt=9) [e‘ﬁlea(x)w(s) + N1(u(s), v(s))] ds,

w(t) = etety teA”(tfs) u(s), w(s s
(1) 0+/0 [F(u(s), w(s))] ds,

with wo(z) = e#¥1ug(x). Next we remark that

HeBtHLlHLl <C, ||€Bt||L1ﬂLoo < Ct_d/Qa ||€Bt||LooﬁLoo <C, (12)

HeAQtHLlnLoo_»LlnLoo < Ce_%ta

for suitable constants C > 0 and # > 0. The first three estimates are due
to the fact that the solution of dyu = Bu = Au + ¢d,,u with initial data
u|t=o = ug is given by u(z,t) = ugigus(z + ctey, t), where ey = (1,0,...,0)
and

1 _le—yl?
Ugifrus (7, 1) = W /]Rd e” 3 uo(y)dy.

Ao

Further, the operator A, is sectorial. Hence the bound on e”+! is obtained

with
1
0 = < min {2/4, 1, [ReXf (@), [Re Ay (@)} >0,

since the essential spectrum of A, lies to the left of {z € C: Rez = 3%~ =
—c?/4}, and by (H3) the eigenvalues except of two are located to the left of
{z € C: Rez = —pu}, and for the remaining two eigenvalues we moreover
have Re AT (a) < 0 by (4) and (5). With this choice of § we moreover set

v =0. (13)

First we estimate

M wt)l i

< Ml | e

t
0 1A g IP(s) ()
As a consequence of (7) we see that

|F(ul@,s), w(z,s))| < Clu(z, s)["~ uw(z, s),
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and this yields ||F(u(s), w(s))|| pinpe < Cllu(s)|5=[[w(s)|| inpe- Hence
we obtain

Nwt)rape < CeO2 Jwoll prpe

t
tCe / e 20 ()5 ()] e ds
0
< Cc(0)

t
+Ca(t)”’1c(t)/ 6(7*29)(15*5)(1_|_3)*d(p71)/2 ds
0

< C’(c(O) n a(t)P—lc(t)).
Taking the supremum over time, it follows that
o(t) < c(c(o) + a(t)p’lc(t)), (14)
and here no assumption on p > 1 is needed, since all nonlinear terms can

be controlled by the exponential decay of the linear semigroup e”et.

Next we invoke (H1) and 8 = ¢/2 to get
|67’6le0£($)‘ < CQC‘I|/2€76“T‘/2 < C,
and thus (10) yields

ol < e llpa g lluoll s

T Rl ey NI
b 1P Nl o).

< C00) +C [ o)l ds
o/ )2 () 0 ds

< Cb(0) + Celt) /O " ds

t
+ Ca(t)P~1b(t) / (14 s)~4P=1/2 g,
0

Therefore

b(t) < C(b(O) Fa(t)Plb(t) + c(t))7 (15)
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since —d(p — 1)/2 < —1 by assumption. In addition, using (H2) and u(s) =
v(s) we deduce

1+ u(t)|
< (140" min {2 e o 15 P e poe ol |
#0% [min {JeP 0 IV
eB e oo | N (1)) | o | s
#07 [in {JeP e Raals)
€70 g e R (@) () | ds

t

min {(t =) [[u(s)l| 1, IIU(S)IILOO} lu(s) 7~ ds

SN

+ O+ 07 [ min {(t = 5)72 1} w(s) | i ds

— S— 5— —

< O(a(()) +5(0)
+ C(a(t) + b(t))a(t)p‘l

t
X (14 1)42 / min { (£ — )92, (14 5) 72} (14 )40~/ ds
0

t
+Ce(t) (1+ t)d/Q/ min {(t — )" Y2, 1} e 7 ds
0

< C(a(O) + b(O)) + C(a(t) + b(t))a(ty)*l +Celt),

the latter since due to d(p — 1)/2 > 1 the factors are bounded functions of
t. Thus we obtain

alt) < C(a(O) +5(0) + [a(t) + b(®)]a(t)P ! + c(t)). (16)

Altogether, we have shown in (16), (15), and (14) that for ¢ € [0, 00 the
estimates

a(t) < €1 (a(0) + b(0) + a(t)? + a(t)P~1b(t) + c(t)),
b(t) < C; (b(0) + a(t)P~1b(t) + c(t)), (17)
e(t) < Ca(e(0) +a(t)e(t)).

are satisfied, for a constant C; > 0. Analogously to the proof of [14,
Thm. 2.1] this implies that given d; > 0 we may choose d2 > 0 such that
a(0) +b(0) + ¢(0) < 62 leads to a(t) 4+ b(t) + c(t) < &; for all ¢ € [0, co[. This
finishes the proof of Theorem 1. O
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3. Hopf bifurcation at a = a,

We consider w > 0 close to wy from (4) in (H3), and we look for 2w /w-
time-periodic solutions of

0,U = BU + Ra(2)U + N(U), (18)

using the notation introduced in Section 1. First we assume that (H2) is
satisfied for the nonlinearity. By considering V(z,t) = U(z,t/w), and writ-
ing again U for V, we see that we need to find 27-time-periodic solutions
of

wdU = BU + Ry (2)U + N(U).

We proceed as in Section 2, cf. (8), and deal with the augmented system

wOU = BU + e P1 R, (x)W + N(U), } (19)

WO, W = AW + F(U,W).

Due to the periodicity in time we make the ansatz

Uz, t) = Un()e™ and W(z,t)=> Wn(x)e™.

nez ne”Z

In view of the spaces which will be chosen below for the coefficient functions
U, and W,,, these series will in particular be uniformly convergent on R x
[0, 27]; see Lemma 2. From (19) we then obtain the system

(inwl — B)U,, = e P*1 R, (2)W,, + N, (U), (20)
(inwl — Ay)W,, = F,,(U, W),
for n € Z, where we set

N@U)(z,t) =Y No(U)(z)e™, FUW)(x,t) =Y F,(UW)(z)e™.
neZ nez
(21)
Since we are interested in real-valued solutions only, we will always suppose
that U, = U_,, and W,, = W_,, for n € Z. An obvious remark is

Lemma 1. If system (1) satisfies the equivariance condition (H/), then the
subspace of time-periodic solutions which possess an expansion

U(z,t) = Z Un(x)e™ and W(z,t) = Z W, (z)e™™
n€e2Z+1 ne2Z+1

is invariant. Therefore for such systems no even indices occur, in particular

Us =0.
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We would like to apply the Lyapunov-Schmidt method to (19), and hence
we consider the linearized system first. Consequently we have to investigate
the existence of (B — inwl)~! and (A, — inwlI)~!. By the assumptions on
the spectrum, the second inverse exists for n € Z \ {—1,1}, and the first
inverse exists for n € Z\ {0}. In the case that n € {—1,1} and w = wy, each
of the operators A, + iwgl possesses a one-dimensional kernel, i.e., in sum
there is a two-dimensional kernel. As already explained in the introduction
our analysis is based on the fact that the operator B can be inverted from
L?N L' to H? if the x-variable lives in R? with d > 4 and if (H2) is valid,
although B has continuous spectrum up to the imaginary axis touching zero.
Thus, as for the classical Hopf bifurcation, the Lyapunov-Schmidt method
will lead to a two-dimensional reduced system.

In order to make these arguments rigorous, we need some function
spaces. Due to their different decay properties, we distinguish between the
mode n = 0 with coefficient Up(z) serving as a “background field”, and
the other modes n # 0 with exponentially fast decaying coefficients U, (x).
Contrary to that, the weighted variables W,,(x) decay exponentially for all
n € Z. As a consequence, Uy will decay at some exponential rate before the
potential R,, whereas behind the potential we can only expect polynomial
decay rates.

We denote by H™ = H™(R?, C?) the usual Sobolev space, and by H
the spatially weighted Sobolev space equipped with the norm

il g = a0 e

where p.(z) = e’V H1#I*; this weight forces the functions in H™ to decay
to zero like e~ 1*! for |z| — co. The Fourier transform is an isomorphism

between the spaces H™ and L2, where the latter is defined via the norm

llul| 2 = llup™] 2, with p(z) = /1 + |z|?. We also recall that § = ¢/2 has
been fixed, and we will take 0 < v & B, cf. Lemma 7 below.

Before going on to the proof of Theorem 2, we need to collect some
preliminary results. For a fixed m € N such that m > d/2 we will solve (20)
for W = (W, )nez in the space

Y ={i = (in)nez : [[ally < oo}

with the norm defined by

liily = 3~ Nl e

nez
whereas U = (Uy,)nez will lie in the space
Z ={t = (Un)nez : ||@llz < oo},

equipped with the norm

lillz = lioll e+ > Ninllsye -
neZ\{0}
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The technical lemmas to follow will be stated and proved only for the more
complicated space Z. Analogous versions hold for ), where for n = 0 the
space H™ has to be replaced by H".

Lemma 2. We define a linear operator J : Z — CY(R? x [0, 27], C?) by

(Ja)(z,t) = Ulx,t) := Y _in(x)e™, = (in)nez € Z.  (22)
nez

Then J is bounded.

Proof: Using m > d/2 and Sobolev’s embedding theorem in d space di-
mensions, we have the continuous embedding H™(R%) C C?(R%). Therefore
in particular

Uz, )l <Y lan(2)] <Y Sgg\ﬂn(y)\ <COY lanllgm < Cllal

nez nez Y nez

due to H* C H™, whence ||Jﬂ||cg <Clal|lz. O

The counterpart to (component-wise) multiplication UV in physical
space is given by the convolution (3, oy @10k )nez, since

Uz, )V (@, t) =Y _dg(x)e™ Y o(x)e' => (Zﬁnk(x)ﬁk(x))emt.

= jez ne€Z NkeEZ

Lemma 3. For i = (t,)nez € Z and ¥ = (Up)nez € £ we define uxv € Z
by

(@* D), =Y din ik, nELZL
keZ

Then there exists C > 0 such that for all 4,0 € Z we have

1@ 3] z < Cllal £]|7]l z-

Proof: First we note that ||uwv|gm < Cllull gm

Ol and o] <

C||uHHm||v||H;n < CHuHH;n ||v||H;n. Therefore we obtain by definition of the
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norm in Z the estimate

E U_ Oy,

keZ

[ * 17”2 =

1y

H™  pez\{o}

<O il g llTell g +C > [t | 2 190 | rm
keZ nez\{0}

+C Z [[@ol| grm

neZ\{0}

+C Z Z ||ﬁnfk||]—[;n

n€Z\{0} keZ\{0,n}

< 0(2 anuHm) ( T wmnHm) T Clall o]l o

nez mEZL

+Cllllnlols 40 F Nl ) (ol

nez\{0} meZ\{0}

E Up— kU,

kez Hp

ﬁn“H;ﬂ

ﬁk”H;ﬂ

< Cllallzlollz »

as was to be shown. 0O
The previous lemma leads to bounds on the nonlinear terms N and F
in (20).

Lemma 4. Define N : Z — Z by N(@), = Np(Ja) and F: Zx Y — Y by
F(a,w), = F,(Jua, Jw) foru € Z and w € Y, ¢f. Lemma 2 and (21). Then
there exists C' > 0 such that

IN(@)| 5 < Clal% and ||F(@,@)|y, < Cllallz]l@],, (23)

for i € Z with ||il|; < 1 and @ € Y with ||w]ly, < 1. Moreover, there is
C > 0 such that

ING@) = N@)lz < C(lalz+ 1915 la -l and  (24)
|F (@) - P&,y < C(lalz + 18] + I@ly + 121y)  (25)
x (1= ol + Il — 1)
for i, o € Z with |[a 5, 5] 5 <1 and @, 7 € ¥ with ||@]|y, | 7]y < 1.
Proof: We have

IN@)Iz = No(JD) g+ D INa(JD) g » (26)
nez\{0}

and a contribution U* = (J@)* to N(U) = N(Ji) leads to the n’th coeffi-
cient (@x. . .xa),, with a k-fold convolution. Hence this gives the contribution

~ ~ ~ ~ ~ ~ ~nk
Nw @l + 30 N@w . x @l = 3% il < Clals
neZ\{0}
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to the right-hand side of (26), where we have used Lemma 3 in the last step.
Since k > 2 for such k by (H2), ||a||; < 1 implies H&HZ < ||7l||2z Since the
estimates on the remainder term in the Taylor polynomial are similar we
have ||[N(a)||z < C’HdHQZ, and the proofs of the estimates on F' in (23) and
on the differences in (24) and (25) are analogous. O

We also need to bound the part in (20) which contains R, (z).

Lemma 5. There exists C > 0 such that

€7 R W gy < CIW e W € H

Proof: This is a direct consequence of the exponential decay of R, (x) and
its derivatives up to order m, since (H1) implies ||e*BI1Ra(x)||an < C,
hence

€7 Ra (@)W 1y, = (e B (@) (WY T |,

< Olle™ Ra (@) W VIR < CIIW

as desired. O
The next lemma is about linear operators in Z.

Lemma 6. Let a linear operator L : Z — Z be defined component-wise as
(Lu),, = Ly, for @ = (tn)nez € Z. Then we have

1Lz < (oll g+ 50Dl )l 5
nezZ\{0} v v

Proof: We obtain

Ll z = | Lotioll g + Y [ Lnin | e
nez\{0}

< Lol grm — grm @0 ]| grm

+( s Nl ) Do Nl
n€Z\{0} n€Z\{0}

whence we can use [to||zm <[]z as well as -, 7\ oy HﬂnHH;n < ||al|l £
to find the desired estimate. O

By assumption (H3) the operator A, possesses two purely imaginary
eigenvalues AT (a), whereas the rest of the spectrum is bounded away from
the imaginary axis at distance O(min{c?/4, u}) = O(1). Thus there exist
A,-invariant projections Pofc onto the “center” subspace spanned by the
associated normalized eigenfunctions ¢} and ¢, given by

Potcu = (k™ U)o ob  and Pl ou= (oo™ u) 2 - (27)

Here ¢ * denote the associated normalized eigenfunctions of the adjoint
operator A% . The projection on the bounded “stable” part is Pis =1 —PO:EC.
By construction we have ngc/la = /1,1Po:£'fC and P&'fs/la = AaPoﬂjS. With the
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help of these projections we split Wiy in (20) as Wy, = Wi, + Wi, and
W_1 = W_ic + W_i,, where Wit = PE Wy as well as Wiy, = PE WAL
Applying this decomposition to (20) we obtain

Un = ~(B = inwD) ™} (7% Ra(a)Wo + Na(U)), (0 #0),
W, = —(Ay —inwI)"1F, (U, W), (n # £1),
Wity = —(Aa F iw]) " PEFiy (U, W),

Uo = —B_l(e_ﬁmlRa(x)Wo + NO(U)>,
FiwWire = AaWiie + PEF (UW).
(28)
By the arguments indicated above, it will turn out that the first three equa-
tions are well defined and allow us to compute U, for n # 0, W,, for n # +1,
and Wi, in terms of the Wiy, and of Uy. The following lemma provides
the corresponding technical framework for this step.

Lemma 7. There exists C > 0 such that for w close enough to wqy the
following estimates hold.

1B = inwD) My <C, (0 €Z)\{0}),
|(Aa —inwD) Mgy <C. (0 €Z\{~1,1}),
|(Aa F iwD) ™ PE, | <c.

m_y[{m —
Hy—HY

Proof: Concerning the first bound, we observe that the solution u of the
equation (B —inwl)u = f is given by

a(E) = —([¢* + icgy + inw) " f(€)

for ¢ € R, recall (2). Since [|¢]? +i(c& + nw)|? = [€]* + (c€1 + nw)? >
(@/2)2X(lel<w/2e) T 021+ €1%)°X (g2 20) With 0 = w?/(w? + 4c?), it fol-
lows for f € H™ that & € L2, thus u € H™%2. Then the estimate on
[(B = inwI) ™! g _, gy is obtained as follows. Let f € HZ* C H™ be given,

whence g = fe?V1**I* ¢ H™ With the solution u of (B —inwl)u = f we
introduce v(z) = u(x)e’V*=” A short calculation reveals that v satisfies

(B —inwl)v +~vyLv = g,

where

L r V@) (P (@d-DpPid m
oo = 2W+(”1+|x2 A+ |22 FHW)”'

Since L : H™t2 — H™ is bounded, using a Neumann series we see that
(B — inwl) + vL : H™"? — H™ is invertible with a bounded inverse,
provided that v > 0 is chosen sufficiently small. Hence v € H™'2, i.e.,
u € H*2, and moreover [[ullgm+e = [[v]gmiz < Cligllgm = Cllfll -
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Therefore even (B — inwI)~" : HI* — H"? is bounded, but in the sequel
we will only need that this operator is bounded HT* — HI".

So the spectrum of B in HI" keeps well separated from inw for n # 0
and ~y sufficiently small. The other two estimates follow in a more abstract
but similar way, as A, is a sectorial operator in H™ (cf. [10]). Again the
spectrum of A, in HI" keeps well separated from inw, if v > 0 is assumed
to be small. O

Returning to (28), it is not obvious that the fourth equation

Mpz—B”(éﬁ“Ra@ﬂMy+NdUD (29)

for Uy is well defined, due to the continuous spectrum of B up to the imagi-
nary axis. With the next lemma we bound the operator B~! from H™2NL!
to H™, as is possible in four or more space dimensions.

Lemma 8. Suppose that d > 4. Then for all f € H™ 2N L' the equation
Bu = Au+ cOyu=f
has a unique solution v = B~'f € H™ which satisfies

[ull grm < Clf M fpm—2mpr- (30)

Proof: From f € H™ 2N L' we obtain for the Fourier transform that
feL?_,NCP. With a smooth cut-off function x taking its values in [0, 1]
such that x(€) =1 for |¢| < 1 and (&) = 0 for |¢] > 2 we define f1 = fx
and fo = f(1 —x), so that f = f1 + fo. If we further introduce u; and wus
by

R £ N f2(6)

U =——"—>— and u =——"/

=gy 0= i

then u = uq 4+ ug. Moreover,

2 a2 |f(§)|2X2(§) m
leallyn = Nl = [ Tty (1+ P de

2 d¢
oty [ o
1#lley 1< [§1* + c2€¢

2 2 2 rd=2 2
< C|fI2 / dr / de - <c|fI,

rt+ et

due to d > 4. In addition,

FrevI2i1 2
ool = [ g ey

<c [ 1OPA+IER)" 2 e < Ol

whence (30) follows. O
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For the proof of exchange of stability later in Section 4 we additionally
need to have estimates on ||u||;« and ||ull;, (with some 1 < ¢ < d/2) in
terms of f for u = B~!f in Lemma 8.

Lemma 9. Let d > 4. Then there exists q €|1,d/2[ such that for every
m > d/2 there is a constant C > 0 such that

ull oo +Nlull e < CUF N rmar (31)
foru=B7Lf.

Proof: Concerning the L*-estimate, we use the notation of Lemma 8 and
get

R df 2 ’I“d_l
lials <Cllfley [ S5 <Al [ dr " < ClflL
jg1<2 [¢] o T
In addition, by Hélder’s inequality,
sl <o [ g
> €]

<o [ era s g dg)m

1 2\ —(m—2) )1/2
x(/@ g (1102
< Cllf s

recall that m > d/2, whence floo drr?=172m < 0. Consequently,
[ull o < Cllall gy < Clldallr + Clltzll g < CIFll g1

and the right-hand side in particular is majorized by || f| ym 1 -

To validate the L?-estimate, we note that in the case d > 5 we can
choose ¢ = 2 €]1,d/2], since upon taking m = 0 in Lemma 8 we clearly
obtain |[ull2 < C([[fllpx + 1fllz2) < Clfll gmar:- Hence it remains to
deal with the case d = 4, where ¢ €]1,2[ is needed. We will explain, more
generally, that in fact the desired estimate holds for all ¢ > (d+1)/(d —1);
since 1 < (d+1)/(d—1) < d/2 for d > 4, this will establish the claim. Again

we write
u=u; +uz, with w1 =G *f and wus=Gsxf,

where

X9 nd Gufe) = _ L=x(&)
i PO T

with a cut-off function x € C§°(R?) such that x(¢) = 1 for |¢] < 1 and
x (&) = 0 for |¢] > 2. The Hormander multiplier theorem (see [5, Cor. 8.11])

él(f) =
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implies in particular that f +— Go * f is bounded on any L4(R%), ¢ €]1, cc].
Thus ||uz|l;¢ < C|fllje. Furthermore, H™ C L* according to Sobolev’s
embedding theorem, whence by interpolation we have

1—1

11 1 1
[fllze < Wfllpe A7 < CUFN gt If 12 < ClUS N gmaras
so that [lua|| e < CIlf |l -

In order to bound w1, we use Young’s inequality to get

lwrll e < NGl Lall L < NGl Lall Fll gmars -

Thus it remains to derive an estimate on ||G1||,. If we introduce G5 by its
Fourier transformation G3(&) = —(|¢]? + ci&)"lel6/2 then

1G1llpe < Gy = Gsll o + [[Gsll e < C+ (1G]l

since G; — G5 is a Schwartz function, hence also G7; — G3 is a Schwartz
function. The inverse Fourier transform of G5 can be computed more or less
explicitly, with the help of [7], using the same argument as for G; — G5 a
number of times. Note that the function v = G5 solves Av+cO,,v = el=l/2,
provided that we define the Fourier transform as

f) = Cny 2 [ i f(a) da.

Rd

It is then possible to see that G5 € L? for ¢ > (d + 1)/(d — 1). We skip
this very lengthy, not instructive, computation. Instead of this calculation
we give a heuristic argument which indicates where the restriction ¢ >
(d+1)/(d —1) comes from. To do so, we recall that the Fourier transform
is continuous LP — L% with 1/p+1/q¢ = 1, if p € [1,2] and accordingly
q € [2,00]. Although we need a bound on |ju; ||, for ¢ < 2 in the case d = 4,
we ask for which p > 1 we can bound |41, by C|/f|| ympnp:- For this it is
sufficient that the integral

d§
7= s
/|§|<2 [1€1? +ic& [P

is finite. It can be estimated by

df 2 2 Td72
I§C/ 7§C/dr/d _
ol reaap =), U ) B el

2
< C/ dr rd=2720+2
0

the latter by the change of variables ¢ = r72&;, d¢ = r~2d&;. Hence I is
finite, if p < (d + 1)/2, or stated differently, if ¢ > (d+1)/(d—1). O

So far we have considered only the case that assumption (H2) holds for
the nonlinearity. It is more or less straightforward that the above steps can
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be reworked if (H1), (H2) are replaced by (H1)’, (H2)’. However, under the
latter hypothesis we can allow for space dimensions d > 3, since in the
later proof of Theorem 2 we can instead of Lemma 8 invoke the following
observation.

Lemma 10. Suppose thatd > 3 and 1 < j < d. Then for all f € H™ 1NL!
the equation
Bu = Au+ 0y, u = 0y, f

has a unique solution u = B~(8,, f) € H™ which satisfies

lull g < CFN gm—1ap1-

Proof: From f € H™ ! N L' it follows for the Fourier transform that
f € L?2_, NnCy. Once more we split f = fl + fg, where fl = fx and
fo= f(lfx)7 and x is as in Lemma 8. In Fourier space we define & = @1 +1io,
with .

i&; f2(§)

€17 +ick

i f1(8)
€]? + ic&

Then we distinguish two cases. For j = 1 we have

a1 (§) = and () =

a2 SHOTR G
o |5|4 agg LTRDTE
< cnfucg/ Ldg < Cf1.
[€1<2
On the other hand, for j # 1 we get

2 2 2
” 1||Hm / §|§|4 | 252)( +|§‘2)md£

X £
< 0 e B
<Oy [ g

2 2 2
<Ol [ [ it dads
- - J

<cinty [ arctan ( 5;)] g <ClfiE

Furthermore, for any 1 < j < d we see that

2| f 2(1 — 2
luzll g = /m ol (E)L( Céw) (1+ [¢)m de

<0/ FOPA+ 121 de < Clf I,

and hence the claim is obtained. 0O
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It can also be verified that an additional estimate analogously to (31)
from Lemma 9 holds. Therefore we will be able to solve (29) for Uy under the
assumption (H2) by means of Lemma 8, and moreover we can use Lemma 10
if (H2)” holds. We also want to remark that, provided that (H4) in Theorem
2 is satisfied, we necessarily have Uy = 0 by Lemma 1, whence no restriction
on the space dimension arises in this case.

From now on we continue to consider (H2) only. To finally make use of
Lemma 8 in (29), it is necessary to bound both e 5 R, (2)Wj and No(U).

Lemma 11. We have the estimate
_ ~112
e Ra(@)Woll sz + IN6(@) | smerzr < € (IWoll e + 113 ),

provided that i € Z satisfies ||il|; < 1, where U = Ju and 4 € Z are
related by (22).

Proof: To begin with, |[e™%%1 Ry (2)Wo|| yym < ||e’ﬁ””1Ra(x)||anHWOHH,,,L <
ClWoll gm < ClWol gy by (H1), and also [No(U)|gm < [IN(@)]z <

Clla|% for @ € Z with |J@l|; < 1, cf. (26) and Lemma 4. In addition,
e Ru(@)Woll .+ < ClWolys < CIWallza < Cl[Wallgy.. Next, if we

consider a contribution U¥ to N(U) with k > 2, then the corresponding
contribution to No(U) is

(@r..x@o(@) = Y Gy (2) .. i, (7).
ni+...+nr=0

If in this sum n; # 0 for at least one 1 < j < k, then @& € Z implies
Uy, € HT" C L'. Hence i, € H™ C O for [ # j yields ||, - ... Un, || ;1 <

(Hw i, ||Hm) Iin, 7.+ and it follows that
~ ~ ~nk ~
[(@s ... xa)oll, < Cllallz + [lg]| .-
To bound the last term we can use

-2 <k
tollze < Cllullz,

~k ~ k=2~ ~ nk—2
”uO”Ll < ||“0||cg HUOHLl < CHUOHHm

and due to ||i]|z <1 and k > 2 the claim is obtained. O
Thanks to this preparation we are now in the position to solve, in terms
of the W1, the first four equations from (28), i.e.,

Uy = —(B — inwl)~! (e*ﬁwlRa(x)Wn + Nn(U)>, (n#0),
Wy = —(Ay — inwl) " F, (U, W), (n # £1),
Wj:ls - _(Aa + iw})_lpai,sFil(Ua W>7

Uy = —B-! (e—ﬁwlRa(ag)Wo n NO(U)),

(32)
with respect to the U, for n € Z, W, for n # +1, and Wi,. This implicit
solution will thereafter be inserted in the fifth equation from (28), which
then yields a two-dimensional reduced system.
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Lemma 12. Suppose that (H2) holds and d > 4. Then there exist 01,9 > 0
such that for all w > 0 with |w — wo| < 61 and all Wiy, € HT with
||Wilc||H;n < §y the system (82) has a unique solution (@, w) = (W) €
Zx Y, where We = (W_1,Wie) and i = (..., U_o,U_1,Uy,U1,Us,...) as
well as W= (... , W_o, W_1. 4+ W_145, Wy, Wi + Wis, Wa,...). In addition,
&(0) = (0,0), and there exists C > 0 such that

[allz + [0 = Welly < ClIWell g, (33)

’U)Zthﬁ)—Wc =w — (...,0,W710,07W1670,...).

Proof: We fix w > 0 so close to wy that Lemma 7 applies; this defines 6.
For given W1, € H' with [Wiicll gm < 92 sufficiently small, we have to
vy

determine

’LNL* :(...’U72,U717U0,U17U2,.~.) and
(' L) W—Q,W—lsa WO,WLg,WQ, .. )

,lz')*

such that the vectors & = u* and
w=w"+W.=w"+(...,0,W_1.,0,W1.,0,...)

are the solution of (32). Therefore we fix Wy, € H. 4" and define the operator

Fo (0% — (@,9) = (uw 4 (o0, W_ie, 0, ch,o,...))
— (U, W) — (2", @) = right-hand side of (32), (34)

where U = Ji and W = Jw are as in Lemma 2. In order to verify that F
is a self-map of a sufficiently small ball in Z x ), we first use Lemma 6 in
Y, Lemma 7, and Lemma 4 to obtain

J@*lly < Csup {[(Aa F D)~ PE

;S HHZ,”"HZ;L )
[(Aq — me)—lnH;uH;n cn € Z\ {1, 1}}

X[[(Fn (U, W))nezlly
< CIF@@,w)lly < Cllal zllolly,

< Oz (16"l + Wil s + 1W-sell ) (35)

< Gl (1l + 62 ). (36)
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provided that [|@*|; <1 and [|@*[[y, < 1—2d2. Analogously, it follows with
Lemma 7, Lemma 8, Lemma 5, and Lemma 11 that

1™ 2

gO( > ||e*ﬁlea(x)Wn—|—Nn(U)||H;n,

neZ\{0}

+ |le™P*1 Ry (2) Wy + NO(U)||Hm2nL1>

<O X Wallag + IN@Is + Wl + 512 )
n€Z\{0}

< C(lllly + lall3 ) < Ca (Il + 02 + 1@ 1%) (37)

once more under the conditions ||ﬂ*||Z < 1and [[@w*|y, <1 - 2d. We now

endow Z x Y with the norm ||(@*, )||ny = ||a*||z + All@*]y,, where
= 2C; and w.l.o.g. C; > 1. If we then choose §; < 1/(40C%), we deduce

from (37) and (36) for (@*,@*) € Z x ¥ with ||(@*,@*)|| 5L, < 1/(8C}) the
estimate

7@, )5 )y
= [la™ )z + All@™ |y

~ 2 ~ ~ ~
< Cu (0 + 02 + 1115 + Alla | 6" [, + A% )1 )

— ~%x  ~x ~% ~k\ (12 ~% o~k
< Cu (AT )2y + 62 + 200 5y + ST 57 )

<C PR SE S N B
=t\16C2 T 4002 " 3202 T 160C2 ) T 8Cy”

Thus F maps the || - ||ny—ball of radius r = 1/(8C1) into itself. Using
(24) and (25), it can be verified in a similar way that F is a contraction,
if we possibly decrease the ball further. Hence we obtain a unique fixed
point (a*,w*) € Z x Y of F, which yields the desired solution (@, w) =
(a*, w*+W,) of (32), cf. (34). In particular, if Wy, =0, then & =@ =0 is
the solution of (32), thus #(0) = (0,0). Concerning (33), we first note that
(@, w*) = F(a*,w*) = (a**,0**) together with (35) yields

@ = Welly = [0y = [lo™ ]y < Cllﬁ*llz(\lw*lly + I\chlngl),

whence [[*]ly < CJa* | |Wicllgy < ClWicllgy, where we have to de-
v Y

crease r again if necessary. From (37) we see that [[a*[|; < C([lw*|y, +

Waell g + |[@*||%). Thus for ||@*|| 5 small enough we obtain

[allz = lla*llz < CU@"ly + [Wicllgm) < ClWiell gom-

Therefore the proof of Lemma 12 is complete. O
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Remark 2. The following observation will be useful later in Section 4 for
the proof of exchange of stability: Given g > 0, we may always arrange
that

10oll e + U0l Lo < b0

is satisfied, with ¢ < d/2 by Lemma 9. Indeed, (31), (29), Lemma 11, and
(37) yield

100l + 1Uo]l o < Clle™"1 R () Wo + No(U)|
< C(IWoll . + 113 )

< (@ ly + 6+ 17°1%) (38)

Hm le

Since (@*,w*) € Z x ) is the unique fixed point of F in a ||(-, -)Hg)xy—norm
small ball, it follows that the right-hand side of (38) can be made as small
as necessary by shrinking this ball and by choosing d2 > 0 small enough in
Lemma 12.

Proof of Theorem 2: As before, we only deal with the case that (H2) is
satisfied and d > 4. Then it remains to analyze the fifth equation from (28),
which we restate:

FiwWiie = AaWaie + Py Fei (U, W).

From W_; = W; and N(U) = N(U), cf. (H2), it follows that the “—7"-
equation is the complex conjugate of the “+”-equation. If we moreover
express (U, W) = (Ja,Jw) =: J(@,w) by means of (4,w) = ¢(W,) =
S(Wy., Wi.) from Lemma 12, we need to find (w, a) close to (wp, ) and a
non-trivial solution Wi, = Wi.(z) of

0 = —iwWie + AaWie + Pyl FiL(JO(Wie, Wie)). (39)
Since Wi, € Cpt, cf. (27), writing Wi, = (p! we obtain the equation
0= —iwCpy + A (@)Cpy + Po F1(JP(Cpd, Coy))

to be satisfied for some ¢ € C\ {0}, recall Aot = A\ (a)pt. If we now
introduce pf . by P u=pf .(u)p}, this can be simplified to

0= —iwC + AT (@)C + fle Q) [, Q) = pito (FIPCE, Col) ), (40)

which is an equation for ¢ € C. Clearly |p} .(u)| < C||P} ull .. < Cllull gm,
: : 7

Hm
whence (23) in Lemma 4 yields

pte(FLID(CeT, Col))| < CIRIRCRE, o))y

< CIIF(JD(Coa, Coily
< Cllal| z[lwl]y,
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where we have employed the notation

(@, @) = D(W,) = D((oa, (o).

Recalling W, = (...,0,W_1.,0,W1,,0,...) thus (33) in Lemma 12 implies

(0,0l = |pi o (FI9(CoE o)) | < Clllz (I = Welly + Wl )
2
< CWellzry < CliCoE 7 < CICP.

Therefore the nonlinear part f in (40) is of higher order at ¢ = 0, and a
similar reasoning shows that even

[f(a, Q) < CI¢PP

holds, with the p from hypothesis (H2). Analogously to the case of classical
Hopf bifurcation, cf. [16], the implicit function theorem can be applied to
(40), as soon as the zero solution is divided out; it will also be sufficient to
find real-valued solutions r = { € R. Hence we consider the complex-valued
smooth function

I(rip,e) = —i(wo + p) + )‘g(ac +e)+rtflact+er) + r#0

P —i(uJ() +p) +)\SF(OZC+€) o r=0
and note that I'(0;0,0) = 0 due to AJ (ar) = iwy, cf. (4) in (H3). Moreover,
the Jacobi matrix

0 gL ReAj (o)
D, L(ripe)|,_ o= do a=a,
pPs € p=e=0 1 %Im)\g(aﬂ

a=a,
w.r. to p, e has

d

det Dp75F(T;p’ E)|r:p:s:0 = @

Re Ad ()] >0

a=a,

by (5) in (H3). Hence we find functions r — (p(r),e(r)) with p(0) = ¢(0) =0
such that —i(wo + p(r)) + Af (e + (1)) + 77 f (e + (r),7) = 0 for |r|
small enough. Differentiating this relation it follows that, depending on the
degree of the nonlinearity, €(*)(0) # 0 for some first k. Thus the function
r — e(r) can locally be inverted to yield a function € + r(g). This results
in —i(wo+ p1(e))r(e) + AJ (e +€)r(e) + f(ae+¢,7(g)) = 0 for £ sufficiently
small, where py(g) = p(r(g)). Setting w = wy + p1(¢), @ = a. + ¢, and
Wie(z) = r(e)¢l . (x), we thus have constructed the desired solutions of
(39). Working the foregoing steps backward, we finally obtain a 27 /w-time-
periodic solution U = U(x,t) of (18) satisfying W (x,t) = e#*1U (x,t). This
completes the proof of Theorem 2. O
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Remark 3. In the generic case of k3 # 0 one has f(a,r) = (k3 + ikg)r> +

O(r*), where k3 +ikg = lim, o r=3(p1*, F1(JO(red. r¢% )2 in case of
the nonlinearity (6) could in principle be calculated explicitly. Differentiat-
ing I'(r; p(r),e(r)) = 0 then yields p’(0) = ¢/(0) = 0, and differentiating
this relation a second time we see that

0=—ip"(0) + % A (@) e"(0) + 2(k3 + ika4).
Writing - )\(T(oz)|a:ac = Kk1+ike with k1 > 0, this can be stated differently
as €”(0) = —2k3/k1 and p”’(0) = 2(k1k4 — Kok3)/k1. Hence if k3 # 0, then
e(r) = —(k3/k1)r?+O(r3) yields a—a, = ¢ = —sgn(k3)&, where & = |g| > 0
is the € which appears in the formulation of Theorem 2. Depending on the
sign of k3, we thus obtain a sub- or supercritical Hopf bifurcation.

Note that there are no quadratic terms in the reduced system due to
the fact that et et ¢ {e=% ¢}, i.e., the quadratic interaction of critical
modes always leads to noncritical modes.

4. Exchange of stability

So far we have established the stability of the trivial solution for o <
and that a Hopf bifurcation occurs at & = a.. We now turn to the issue of
the stability of the bifurcating small periodic solutions, i.e. we are going to
prove Theorem 3. We start again with the original equation

0,U = BU + Ro(z)U + N(U),

and we introduce the deviation V(z,t) = U(x,t) — Uper(2,t) of a general
solution U from the time-periodic solution Uper, the latter given by Theorem
2. Hence we obtain

0,V = BV 4+ Ry(x)V + N(Uper + V) — N(Uper) (41)

as the equation for V. Again we need to make use of the exponentially
weighted function W (z,t) = %1V (z,t) with 8 €]0,min{y, ¢/2}[ suitable
chosen below, and v > 0 the exponential decay rate occurring in the repre-
sentation of the time periodic solutions from the last section. Note that now
3 is chosen different than in previous sections, where we had fixed 8 = ¢/2.

The function W then satisfies
OW = AW + G(V, W), (42)

with

GV,W) = 6ﬁml(N(Uper +V) = N(Uper))-
Everything which has been said about the nonlinearity F' around (7) applies
to G, too.
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Ezample 2. Writing Uper = (Up1,Up2) and V' = (V4,V3), we find for the
nonlinearity from (6) the expression
NUper +V) = N(Uper)
—3U§1V1 —3Upn V32 — 2UpaVa(Upr + V1)
~Un V3 = UpVi = ViV + V)
73U52V2 — 3Up V3 — 2Up1 Vi (Upa + V2)
_U§1V2 — Upa Vi = Va(VP + V)
hence we can set
—3U§1W1 — 3Up1V1W1 — 2Up2W2<Up1 + ‘/1)
—Up1 VoW — U2, W1 — Wi (V2 + Vi)

—3U§2W2 — 3UpVaWs — 2Up i W1 (Upe + V2)
—Uglwz — UpaViWy — Wa(V2 + V)

GV, W) =

for W = (Wl, Wg)

As a preliminary step, we deal with (41) and (42) formally linearized
about (V, W) = (0,0). This system reads as

8V = BV + Ro(2)V + DN(Upe,)V, } (43)

W = AW + DN (Uper)W;

note that since every term in G(V,W) has a factor W it is found that
Dy G(0,0) = 0, and we moreover have Dy G(0,0) = Dy (N(Uper + V) —
N(Uper))|v=0 = DN (Upe). For instance, in the above example we obtain

~(BUA+UR)  —2UnUp >
DN (Uper) = p P pr=r .
According to (43) we need to study first the time-periodic operator
My()W = AW + DN (Uper (t))W.

Lemma 13. The operator M, generates a linear evolution system S; s in
LYRY) N CY(RY). There exist p >0 and C > 0 such that

I1Sesllpinco—zincy < Ce—h(t=9)

for s <t, and we have p = O(g?) as ¢ — 0.

Proof: The second part DN (Upe(t)) is of order O(e), i.e., a small pertur-
bation of A,. Obviously, the part of the spectrum which is O(1)-bounded
away from the imaginary axis stays O(1) bounded away if the perturba-
tion of order O(¢) is added. The two eigenvalues AT () with positive real
parts are shifted into the left half plane, as in the case of a classical Hopf
bifurcation, when linearizing the radial component of the reduced system

Oyr = Ky + RS + (9(52)
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about r = y/k1/(—ks). The deviation 7 = r — y/k1/(—k3) then satisfies
5}77 = 72%1? -+ O(fz + 52),

where we have used the assumption k3 < 0. Since S; 5 is generated by M,
which is the sum of a sectorial operator and a relatively compact pertur-
bation in L' N CY with Floquet exponents strictly in the left half plane we
have established the claim. 0O

Thus the second equation of (43) will lead to an exponentially (in time)
damped solution W. Now we would like to proceed as in Section 2 and
Section 3 and replace in the first equation of (43) all terms in V' which
have space-dependent coefficients by W. However, this is not possible in
full analogy, since Uper (2, 1) = Up(z) 4 Uper (2, ) with

Uper(x,t): Z Un(x)em‘”t,
neZ\{0}

but Uy does not decay at an exponential rate. Accordingly we rewrite the
first equation of (43) as

0:V = BV + Ry ()V + DN(Up + Uper (1))V
= BV 4+ DN(Up)V + e "1 R, (2)W (44)
+e PP (DN(Uy + Uper(t)) — DN (Up))W.

Lemma 14. There exist C > 0 such that
||e_6$1Ra”Cg +le” " (DN (U + Uper(t)) - DN(UO))Hcg <C.

Proof: The first bound is obtained from (H1), since we still have 5 < ¢/2
by the assumption on g in this section. In addition, identifying U and JU,
it follows that

|DN(U0 + Uper(t)) - DN(UO)l < C(|U0| + |Uper(t)|)p_2 ‘Uper(t”

< ClUpex(1)],
cf. Theorem 2. But also

e*ﬁrl‘f]per(x?t” < ePlzl gzl Z ||Unevlfr\||cg
neZ\{0}

<cC Z HUne’YlgE'HHm
ne€Z\{0}

=C Y Uallgn <ClIUIz<C,
neZ\{0}

as a consequence of # <~. O
Therefore, by Lemmas 13 and 14, the linearized equation (44) for V is

of the form
0,V = BV + DN(Up)V + O(e 1),
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similar to the linearized system in Section 2, with the additional term
DN (Up)V which will be handled similar to the nonlinear terms in the fol-
lowing.

After this preliminary investigation of the properties of the linearized
system (43) we consider the full system. We rewrite (41) and (42) as

0,V = BV + &(x)V + e B=1 Ry (2, t)W + Na(V), (45)
W = M, (t)W + N3(V, W),
with
#(x) = DN(Up(x), ]
Ro(z,t) = Ra(x) + DN (Uo(2) + Uper(,t)) — DN(Up(x)),
N2(V) = N(Uper + V) (Uper) - DN(Uper)‘/’
N3 (V,W) =G(V,W) — DN (Uper)W
=GV, W) - G(0,0) = Dy,wG(0,0)(V, W),
recalling Uper = Up + ~per. We apply the variation of constant formula to

(45) and obtain

V(t) = eBV(0) + /O eP=2) (@(m)V(s)+e’ﬁw1R0(x,s)W(s)
+ Na(V)(s)) ds, (46)

W(t) = S oW (0 /StsNg(VW)( ) ds.

In a way similar to Lemma 14 we obtain
Lemma 15. There exists C' > 0 such that the following estimates hold.

IN2(V) | o < CIV IV s
N2 (V) oo < CIV 7
INs(V, W)l ipee < CHV oo IW i pee-

Therefore the system (45) possesses exactly the same properties as the
system (8), as soon as we can control the term

t

su(mt) = / PO (S()V () (x) ds (47)
0

in the L'- and L®-norm similar to the nonlinear terms. Then we can proceed

line by line as in Section 2 to complete the proof of Theorem 3. Hence it

remains to give the

Estimates on s;: We first note that |@(x)| < C|Uy(z)[P~1, with p from
(H2). Thus for a fixed ¢ < d/2 the estimate

1210 + 121l < CIVo 710l Lo + ClITo |7 < b (48)
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is obtained, where dg > 0 can be made as small as necessary, due to Remark
2. Next we define the functions a(t) and b(t) as in the proof of Theorem 1,
and we modify ¢(¢) to

e(t) = sup (e |w(s)lln~ ).

s€0,t]

with 0 = p/2 and > 0 as in Lemma 13. From (12) and Hélder’s inequality
we deduce that

t
vl < [ 1PN g 8OV (3) e ds
< 0], / VIV @I ds

t
< CH@”L(; a(t)l/Qb(t)l/q’/O <1+8)—d/(2q) ds

< C|| 0 a(t)/7b(t)"/ 7,
due to ¢ < d/2, where ¢' = ¢/(¢ — 1). In a similar manner we get

A+ )51 e
t
<@+ / min{neB“*S)HLWH@(-)V(s)np,

e o [PV (5) | o } s

< O], (1 + )" / (t—5)" V2| V()| LV (s)][}A7 ds

t
d
O] (1 + 1) / V() ds
< C|\ ||~ a(t)
+O|®|| L,a(t) (1) (1 4 1)
t—1
x/ (t — 5)=9/2(1 1 5)~4/20) g
0

< O[] oo alt) + ClI ] aalt)/9b() /7,
again due to ¢ < d/2.

These estimates on s1, the estimates on the linear semigroup in (12) and
from Lemma 13, and the estimates on the nonlinear terms from Lemma 15
then give, as in Section 2 and completely analogous to (17),

a(t) < Cz( (0) + b(0) + [|]| L a(t) + |21l o)/ 90(8) /¢

a(t)? + a(t)P~ bt )+c(t)’), »
b(t) < O (b(0) + ] s al®)/1b(H) /4" + at)~1b(t) + (1))
elt) < Ca(e(0) +a(®y~Le(t) )
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with a constant Cy > 0. Analogously to the proof of Theorem 1 this implies
that given 0; > 0 we may choose a sufficiently small do > 0 (i.e., the
magnitude of the perturbation), and then additionally a sufficiently small
dp > 0 (i.e., the magnitude of the bifurcation parameter which controls the
magnitudes of ||?|,, and |||, by Remark 2) such that a(0)+b(0)+c(0) <
o leads to a(t) + b(t) + c(t) < é; for all ¢ € [0, 00[. This finishes the proof
of Theorem 3 in the case of (H1) and (H2). It is not hard to transfer the
above stability proof to the case (H1) and (H2)’ for all d > 2. O
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