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Abstract
The problem of existence of ground states in higher order dispersion managed NLS equa-
tion is considered. The ground states are stationary solutions to dispersive equations with
nonlocal nonlinearity which arise as averaging approximations in the context of strong dis-
persion management in optical communications. The main result of this note states that
the averaged equation possesses ground state solutions in the practically and conceptually
important case of the vanishing residual dispersions.

1 Introduction

Over the past ten years, certain nonlinear dispersive equations with nonlocal nonlinearity have
arisen in the context of optical communications and have become the subject of intense numerical
and analytical study [5, 1, 11, 21, 8, 9, 12]. In general, these equations are of the form

u = —iVH(u) (1)

where

M) =5 /R |um|2—i /O 1 /R Tyl ddt, @)

V denotes the Frechét derivative of the Hamiltonian H, and 7" denotes the solution operator for
the linear dispersive equation

iy =Y Bu(t)(—i0,)™u, (3)
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where the coefficients (3,,(t) are piecewise constant and periodic with zero mean.

Such equations arise naturally as averaging approximations to the nonlinear dispersive equa-
tions that model pulse propagation in dispersion managed (DM) optical fibers [5, 1, 11], and a
question of great interest has been the existence and stability of solitary wave solutions. The first
work in this direction was done for the case M = 2, which in optical communications is known as
conventional dispersion management. It was shown that when @ > 0, the Hamiltonian H possesses
a ground state in H' = H'(R;C) [21, 8]. A natural extension of this work was to study the vari-
ational problem with o = 0. This problem, while interesting from an analytical point of view, is
also important physically, as certain physical effects that are destabilizing to pulse propagation in
an optical fiber are minimized in the regime a = 0. [18, 20]. Due to Strichartz-type estimates for
solutions of linear dispersive equations [7], the corresponding Hamiltonian is bounded from below
in L? = L*(R;C). However, loss of compactness of a minimizing sequence could have become a
problem, due to potential loss of control on derivatives. Nevertheless, this variational problem was
analyzed successfully in [9], where it was shown that vanishing and splitting of the minimizing
sequence (in the language of concentration compactness [10]) is not possible in both Fourier and
‘physical” space. Hence the problem is essentially localized in Fourier and in physical space (up to
L2-errors which are controlled), and therefore one is back to the classical situation where Sobolev’s
embedding theorem can be applied. As a result, the minimizing sequence converged to a ground
state, strongly in L2

Recent advances in manufacture techniques have made it possible to extend dispersion man-
agement to higher order dispersion, and for such a system the appropriate averaged equation is
again of the form in (1), (2), (3), but with M = 3. Analysis of the type in [21] was carried out
for the case @ > 0, yielding ground states in H! = H'(R; C) [12]. Two natural questions come to
mind when considering this case. First, can one extend the analysis for & = 0 to this equation,
and second, is it possible to further extend the analysis to cases of arbitrarily high order dispersion
management (M > 3)7

In this paper, we will show that the answer to these questions is affirmative, using the method
in [9]. We will also use a technical simplification of the method from [9], relying on a certain
multilinear estimate, which was suggested by an anonymous referee of that paper. We will discuss
compensation of both even and odd orders without lower order terms, and furthermore mixed
cases up to order three. The linear part of the equation has the general form (3). To simplify the
exposition, we will assume that all 3, are periodic step-functions, more precisely that 3,,(t —1) =
Bt + 1), Bn(t) = =b,, # 0 for t € (—1,0), and [,,(t) = b, for t € (0,1) hold. Considering
the more general case with [3,, being general piecewise constant mean-zero periodic functions does
not create any new difficulties, but makes the derivations more cumbersome. In this (symmetric)
case and with zero average dispersion, a = 0, the Hamiltonian functional of the averaged equation
reduces to

H(u) = —% /O 1 /]R Tyl dudt, (4)

where we have used that the integral over the period (—1,1) is equal to the double value of the
integral over (0, 1). In (4) we denoted by T'(t) the solution operator of the general equation

M
uy = Z by (—i0,) " u, (5)
m=2

which is the above linear equation (3) for ¢t € (0,1), and therefore with constant coefficients.
Furthermore, T},,(t) stands for the solution operator of the linear equation with the single dispersion



term O, i.e., u(t, ) = (T,,(t)uo)(x) solves
iuy = (—i0;)™u (6)

with initial data u(0,z) = ug(x).
Our first main result concerns the pure higher order dispersion case.

Theorem 1.1 Let m > 3 and T,,(t) be defined via (6). Then the minimization problem

P, = inf {gom(u) tu € L2 / lu|® dx = 1} <0, (7)
R
with the functional v, given by
/ / (T, (z)[*dxdt, u € L? (8)

Note that the functional H from (4) has been renamed to ¢,, to allow for an easier comparison
with [9], which our strategy of proof follows; we will also use the simplification mentioned above.
The main new technical problem compared to [9] results from the fact that in the case m > 3
the functional ¢, is no longer invariant under rotations, i.e., in general ©,,(€“*u) # ©,,(u) for
a € R. Stated differently, ¢, is not invariant under translations of the Fourier transform. The
latter property was important in [9], since it allowed us to re-center those minimal sequences which
are localized in Fourier space, but whose ‘centers’ move off to infinity. Due to the lack of invariance
of the functional ¢,, a new argument had to be found. It turned out, however, that the loss of
invariance was beneficial for the construction of a minimizing sequence, as the sequences whose
‘centers’ move to infinity could be shown to be not minimizing, see Lemma 2.5 below.

We prove the theorem in Section 2 by taking any minimizing sequence and constructing a
strongly converging subsequence (up to translation of the original sequence). The first step is to
show, in Section 2.1, that there is a subsequence which is tight in the Fourier domain. Then we
will verify in Section 2.2 that there is yet another subsequence which (up to translation) is also
tight in physical space, from which the strong convergence in L? follows.

For the mixed cases up to third order we could obtain a similar result, which in particular
yields the existence of a ground state in the motivating problem that was described above.

possesses a solution u € L?.

Theorem 1.2 Let T(t) denote the solution operator of the equation
iy = —by O%u + ib3 O2u, where by, by # 0.

Then the minimization problem

P, = inf {gp(u) tu € L2 / lul? dx = 1} <0
with the functional ¢ given by ’
/ /| (z)[*dxdt, wu € L? (9)
has a solution u € L2.

Remark 1.3 Note, that the case bs = 0,by # 0 has been treated in [9] and the case bs # 0,by = 0
follows from Theorem 1.1.

Up to some technical differences the proof of Theorem 1.2 naturally is quite similar to the proof
of Theorem 1.1; it will be carried out in Section 3.



2 Proof of Theorem 1.1

2.1 Tightness of minimizing sequences in the Fourier domain

In this section we establish the tightness of every minimizing sequence in Fourier space, up to
selection of a subsequence; see (23) in Corollary 2.8 below for the notion of tightness we are using.
From (6) we obtain the representation

(Tultyu)a) = [ € i(e)ds. (10)
where here and henceforth for simplicity all 27-factors in the Fourier transforms are dropped, so
that we have 4(§) = [, e “#zy(x) dx. A basic related Strichartz-type estimate is

| T (- )UHL 2m+1) Ry R) — <Cllullp, ue L? (11)

see [7] or [19, 5.19(b), p. 369] with n = 1, ¢(§) = =&, k = m, ¢ = 2(m + 2), and a = 0.
The following lemma states a certain refined multilinear estimate related to T,,. The usefulness
of such type of estimates was explained to the first author by an anonymous referee of [9], who
also outlined its application (see Lemmas 2.3 and 2.4 below); this help is gratefully acknowledged.
In spirit, Lemma 2.1 is similar to e.g. [16] or [3, Lemma 2.2], where refinements of Strichartz’
estimates are discussed. We remark that we did not try to optimize the decay power g(m) in (12);
for our purposes it is sufficient to obtain some g(m) > 0.

Lemma 2.1 There exists a constant C > 0 such that
(T () (T (Y0) | 22 01y < Clist(L, J) = [Ju]| 2 |0]] 2 (12)

for all functions u,v € L? such that @ and © are supported in disjoint intervals I C R and J C R,
respectively, which are at positive distance. For m > 2 the function q(m) > 0 is defined by

{m—_l T M 1S even

qm)=4 * (13)

m 1s odd
Proof: Without loss of generality we may assume that I lies to the left of J. Denoting a = sup [

and b = inf J thus dist(/, J) = b —a > 0. Writing u(t) = T,,,(t)u and v(t) = T,,,(t)v we have from
Parseval’s identity

(T () (T ()0 2 o = //thHMmeu {) dadt — //'rg (. €) dedr.
with
¢ = F(uw), G= 7—"(12171[0,1] (1)),

and F denoting the space-time Fourier transform. In view of (10) thus

O(1,&) = //ei(7t+5”)u(t,x)v(t,x)dxdt
= [ [ itsosentr + &+ 0l — & - &) darde
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Consequently, the representation

T Ea 0N o = [ [ WDEG-E" — 6 + @) dde (1)

is obtained. Now we consider separately the two different cases.

Case 1: m is even. Here we can use a well-know argument which relies on the gain which is
obtained by introducing a suitable transformation. For this we let n = (n1,12) = (—=&" =&, &1+&2),
dnidn, = m|&5—t — &m7dEdEy, to get from (14) and Holder’s inequality

T (T (Y022 10,1109

N N dndny
C (& V(&2 G(n1,m2 1 m—1
/R/R| @@ COn M) e

N 2| 2 dnydns 1/2
C (& 0(&2 2 Gl
([ [ 1atetm ot o) 160,

g, d¢ 1/2
< //mm (&) e em) Gk
bm 1 )—1/2

IN

IN

< lll pellvll g2 |Gl 2,

Since m — 1 is odd, 0™ ! —a™' > C(b — a)™' = Cdist(I,J)™!, cf. Lemma 2.2(i) below.
Observing

1G22, = lluvo (Dl 2 = (T () (T ()0) 22, 0,115
we thus obtain (12) for even m.

Case 2: m is odd, m = 2n + 1. First we are going to argue that without loss of generality
we can assume that b —a > 1. Indeed, Holder’s inequality, the elementary inequality |z]|? <
£72)2]2 + 2=V |22 wwith e = ||ul| L, and (11) yield

||(Tm<')u)(Tm(')U)||L§z([0,1}><R) < ”T ()U||L4 [0,1]xR) [T ()0 ||L4 ([0,1]xR)

1/4
m— m+1
< / ||u||L2dt+e )27+

1/4
vll?, dt 62(m 1) v 2(m+1)
L L

< CHu”LQHUHL27

observe that (m)(ﬁ) = e " (&), whence Ty, (t) preserves all H*-norms. Thus if b —a < 1,
then we can produce any factor 1 < (b—a) ? = dist(I, J)"? on the right-hand side. Therefore

we will suppose in the sequel that b — a > 1. Inserting the factor |£)'~' — §T‘1|71/3H/3 in (14),
Holder’s inequality leads to

(&) 1o(&) [

_ _1.,1/2
R gt —enM

T T sy < €] i)

([ [re - aioce o+ oPanis)



3/2 3/2
f 2/3

1/3
/ / Gl dmd772> ,
R JR

where in the last step we have again used the transformation (1,7,) = (=& — &,& + &). To
bound the first term, we note that for & € J and & € I the estimate

g = <5§—s%>(<s%>"*+<s%>"*253+...+5%<5§>”*2+<53>H)
> e -alle+al(8" "V +8"Y) 2 Co - ale + &l

follows from b —a > 1, see Lemma 2.2(ii). Therefore the Hardy-Littlewood-Sobolev inequality [17,
p. 31] implies

a(&) [P lo(&) [

2/3
T T gy < Calistr. ([ [ dédts) (G,

|§2 + §1|1/2
2/3
: ~1/3]1413/2 3/2
< caistr. a7 o e,
< Cait(, ) ul ool 2 Gl (15)
Thus it remains to estimate |G| L3, For this purpose, we note that
= )32 3/2 2/3
(s, = WF@ 0, < Cltan@lye = ([ [ ottt doa)
1/ 3 1/3
< / /|u (t,x) |3dxdt / /|U (t,2))? dxdt . (16)
Using the elementary inequality |2|* < e7|z[2 4 &2~ !|2|*™+D with & = ||lul|;» and (11), we get

similarly as before

/ [t dwar < oz / Jul2dt + 27 ul 50 < Clu

Thus (12) follows from (15) and (16). This completes the proof of Lemma 2.1. O
The following technical lemma has been needed in the above proof.

Lemma 2.2 (i) Let n € N be odd. Then b™ —a"™ > 21="(b—a)"™ for every a,b € R with b > a. (ii)
Let k € N. There exists a constant C' > 0 such that whenever a,b € R withb—a > 1, then & < a
and & > b implies €28 + €28 > C.

Proof: (i) We have v" — a" = nffx”_l dr. If b > a > 0, then ffx”_l dx > fobfa 2" lde =
ntb—a)". Ifb>0>aand b+ a > 0, then fab " ldr = fa(bfa)ﬂ " dr + f(l;_a)/Q " ldr >
JOm2 gt gy (OO g1 g — (€ ’Eb“g; "y = n7120 " (b—a)". 1 b > 0 > a and b4-a < 0,
n— _ (b—a)/2 i n— —b n— b n— _

then fax Vde = [~ Ldx —|—f_(b_a)/2x Vdx > f_(b_amx 1dx—|—f_(b_a)/2x Lde =

a
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f_(lz;i)lé% 2" Vdx = n7127"(b — a)". The last case a < b < 0 is symmetric to b > a > 0. (ii) If
b>a>0,thenb>1+a>1, Whence§%k+f§k > >1. Ifb>0>aand a < —1/2, then
ek > %k > 272k [fb>0>aanda > —1/2,thenb > 1+a > 1/2, thus 2 4+£2F > b2k > 272k,

Finally, if a < b < 0, then |a| = —a > 1 —b > 1 yields & 4 £2% > |a|?* > 1. O
Next we need to establish yet another technical lemma; recall (7) for the definition of P ,,.
Lemma 2.3 There exists a constant Cy > 0 with the following property. Let € > 0, N € N, and

u € L? with ||lul|;. =1 be given and choose a < b such that [*_|a(§)[*dE =¢e/2 = [ a(E)|* dE.
Then

g2 CNam) C N2a(m)
)+

1/4
‘ B & -1/2
HTm( )UHL?I([OJ]XR) S |:( Pl,m) (1 9 b_ a)q(m) + (b . a)2q(m):| + ClN )

with g(m) > 0 from (13).

Proof: For a fixed u as in the assumption we divide the interval [a,b] into N subintervals of
equal length (b — a)/N. Then there must be one of the N subintervals, denoted [d/, b'], such that

f:,/ [a(&)[*d¢ < N~1. We introduce u;, ug, u, € L? through
= 1]_00711/[1?6, Uy = 1[a’,b’] ?AL, and u, = 1]b'a°°[a'

It follow that u = u; + ug + u, and moreover that

b/
ol = ol = [ lae)dg < N7

Furthermore,

1= [ P dez [ ja©Pde =l z [ la@)Pds =,

[e.o] —00 — 00

In summary, taking into account the analogous bounds on ||u,| -, we have shown that

luoll e < N7V2, Ve/2 < lull <1, and V/e/2 < flunllp. < 1.

In addition, we also have

2 2
e+ = |

—00

a’ oo 0o

W@Wﬁﬁ/h%ﬁ%ﬁ/ a(€)2de = 1,

b —00

hence )
€

4 4 2 2
laall e + llurllze < 1= 2fullzelurllze <1 = <
Since the supports of 4; and 4, have distance at least b’ — a’ = (b — a)/N, Lemma 2.1 implies

CN%
(b—a)*

iy oy Il el <

1
/ /|Tm(t)ul|2|Tm(t)ur|2dxdt§
0o Jr



where ¢ = ¢(m). On the other hand, by definition of P, ,, we also have

1
| 1Bt drde < (Pl < .
o Jr
and analogously

1
| [ ! st < (=Pl < .

.From Holder’s inequality we thus deduce

/01/R]Tm(t)ulﬂTm(t)ur\da:dt < / /\T £y ! dxdt>12 / /yT w2 T, ()ur\zda:dt> v

CN4
(b—a)”
and the same estimate is obtained if the roles of u; and u, are exchanged. Expanding
T (8) (g + we) Y = [T (8) ] + 4T (8) 0P| T ()| + 6] T (£)tad|*| T ()|

4| T (| Ton (8 P + | T ()|
and invoking the above estimates, it follows that

. CN¢ CN%
Tt Ydedt < (—P 1 e
/0 /R| m( )(ul —|—u,,)| X = ( 1,m)<||ul||L + ”u ||L > + (b _ a)q + (b _ a)2q

g2 CN? CN%
< (—Pl,m)<1 — 5) + b—aF + L

If we finally take into account

1
| [ 1Eattult dode < (-l < o872
0 R

then the triangle inequality ||Tm(.)u||L§z([071]xR) < || Ton () (uy + u,,)||L%2([071}XR) + ||Tm(.)u0||L§2([071]XR)
completes the proof of the lemma. a

The next lemma is a useful consequence of Lemma 2.3.

Lemma 2.4 For every e > 0 there exist 6 = 0. > 0 and R = R. > 0 with the following property.
If uw € L? satisfies |lull. = 1 and ¢(u) < Py + 6, and if a < b are such that [ |4(§)[* d€ =
e/2 = [71a(&)|*d¢, then b—a < R.

Proof: Denote C'; > 0 the constant from Lemma 2.3, and for given € > 0 set

| Py |2 160, N4(m)\ 1/q(m)

0= 3 and R:maX{N, <W> },
where N = N, is introduced in (17) below. If u € L? satisfies ||u||;. = 1 and ¢(u) < Pi,, + 9, and
if a < b are such that [ |a(§)|?dé =e/2 = [ |a(€)]*dE, then b — a > R cannot occur. Indeed,
if b—a > R, then Lemma 2 3 would yield

g2\ 1/4 1/4

(P (1=F)] = =P = 0 < )] = 7Ol o
22 CyNam™) Oy N2a(m)q1/4 .
_ _ —1/2
< P (1=5) + g + ] O
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for every N € N. If we select N = N, € N such that

ew < [ nn(i- )] [erm(- )] "

then we obtain by definition of R the contradiction

£2 o) Na(m) C, N2a(m) 20, Nalm) g2
(=Pim) T S R+ TR S g = (CRmT
Hence we must in fact have b — a < R. O

After this preparation we can take the main step towards finding a minimizing sequence which
is tight in the Fourier domain.

Lemma 2.5 Let m > 3 and (u;) be any minimizing sequence for Py ,,. Then there exist a subse-
quence (which is not relabelled) and & € R for j € N such that the following holds:

(a) sup;ey |€5| < 00, and

(b) for every e > 0 there is R = R. > 0 and j. € N so that
[ lwpaszi-e i
1€=&5I<R

Proof: For a fixed sequence g5, \, 0 we choose 6, = ., \, 0 and Ry, = R., /' oo correspondingly
by means of Lemma 2.4. Since (u;) is a minimizing sequence for P ,,, it follows from ¢(u;) — P,
that for every k € N there is ji € Nsuch that ¢(u;) < Py ,,+0 for j > jj,. Passing to a subsequence
if necessary we therefore may assume p(u;) < Py, + 05, for j > k.
(1)
Let us start by fixing j = 1. We first select agl) < bgl) such that [*|4,|?dE = /2 =
Jy | |* d€. Since p(u1) < Py, + 01, we obtain from Lemma 2.4 that bgl) — agl) < R;. Denoting
1
& = (agl) + bgl))/Q the center of the interval [agl), bgl)], it follows that
&1+R1 bﬁ”
[ pa= [ P ez [ P dg=1-
l€—€1l<Ra &1—R af"

The next step is to fix 7 = 2 and to consider uy. First we choose ag) < bgl) with the property
that ff{j o2 d€ = £1/2 = [T [d2]* d€. Due to p(up) < Py + 61, Lemma 2.4 yields bV — oV <
R;. Next we select aéz) < ag) and béQ) > bgl) such that ff(i) [ta|>dE = e9/2 = sz% |tig|* dE.
Then ¢(uz) < Py, + d2 in conjunction with Lemma 2.4 implies bg) — a§2) < R,. We denote
& = (al) +b")/2 the center of the interval [a{", 5"]. Then 6" — a{" < Ry implies & + Ry > bgl)

as well as & — Ry < agl), whence

byY

) &2+R1 ) ,
/ |G| d€ = |tg|* d€ > / [Gg|? dé = 1 —e.
[€—&2|< R €—Ri alV



In addition, we also have £ > agl) > ag), thus & + Ry > Cng) + Ry > béz), and similarly & < bgl) <
ng) yields & — Ry < 552) — Ry < (1&2). Therefore
&2+Ro bg)
/ |tig|* d€ = |G| d€ > / |tip]? d€ = 1 — &5.
|E—&2|<R2 &—Ry a$?

This procedure can be continued inductively to yield a sequence (&;) C R such that
[ lakdezi-a 1<ks;
1€—&; <Ry

holds. Then (b) is satisfied, since given € > 0 we may choose kg € N with ¢, < ¢ and set R = Ry,
and j. = ko. Then j > j. = ko implies

[ e =1 -2, 212
1€=&5 <R 1€—&;|<Rpq

as was to be shown. Consequently, it remains to prove the boundedness of (§;). To do so, we
can assume that on the contrary there is a subsequence (not relabelled) such that £ — oo; the
case that {; — —oo along a subsequence can be handled similarly. Now we fix ¢ > 0 and choose
R = R. >0 and j. € N according to (b). Then we decompose

lALj = fij + UA)j, with ﬁj = 1[§ij,§j+R] QAI,]‘, ] Z ja-

Hence a Lipschitz estimate for ¢,,, analogous to [9, (2.5)], in conjunction with ||u;|/,, = 1 and
Lemma 2.6 below yields for j € N sufficiently large,

[om (i)l < m (1) = pm(0))] + [@m(v;)]

—(m—2)/3 4
< Ol + eyl s = vl + O ™2
1/2
~ —(m—2)/3 ~ —(m—2)/3
< Clal+ o =c( [ juerd) o+ o™
|E—&1>R

1/2
— C(l _/ ‘ﬁj(é)’Q df) +C£;(mf2)/3 < C\/E+C£;(mf2)/3.
[E—&51<R

Taking the limit j — oo, this and the fact that (u;) is a minimizing sequence gives |P; ,,| < Cy/e
for all ¢ > 0, whence P, = 0. However, similar to [9, Lemma 2.5] one can show that P, ,, < 0,
which gives a contradiction. Hence we conclude that indeed (;) must be bounded. O

We add two more technical results that have been used before.

Lemma 2.6 Letm > 3 and ¢, be defined asin (8). Ifu € L? is such that supp(@t) C [(.—R, &+ R)
for some &, > max{1,2R} > 0, then

o ()] < CE ™23 u| ..

10



Proof: From (10) we recall (T,,(t)u)(z) = [z e
thus follows that

et = [ 1 [ttt dnae = [ [ e g i) i@ aE)

x0p(§1 — &+ & — &) (;Z) (1—e™™),

@) (€) dé. By integrating out fo dt [ dz, it

where
a=a(l,..., &) =" =& +&" &1

Therefore we obtain
om()] = /R /R /R d&dszdsga@l)a(&g)a(&s)a(&—gz+§3>%<1_e—w)

. . . . 1
c [ [ [aadeds i@l - + &)l

IA

(18)

with
B=0081,6,8) =" —&" +&" — (L —&+8&)™,
and we used that [5(1 —e”)] < C(1+|3])”". Case 1: m is even. We fix 4 €]0,1] and perform

an argument like in [9, Lemma 2.10]. (i) On the set where & — &] < 0 we get from Young’s
inequality, cf. [6, Cor. 4.5.2], and with g(—-)(§) := g(—¢&)

] [ deadadaipcen i@l - & + &)l

RJRJIR

< [ [ [dadndaigen il - il + &)

< ¢l a6 < Clulias (19)

(ii) On the set where |5 — &3] < §, we obtain in the same manner
1

] [ s desdesteepsn i@l a6 it — & + 69| 55 <

(iii) Now we consider the case that | — &] > ¢ and [& — & > . Due to (18) we can always
restrict our attention to &;,&s, & € supp(u), whence &1,£2,83 > & — R > &./2 by assumption.
Accordingly, by Lemma 2.7(a) below we can estimate for an appropriate 1y > 0,

L+ 1[8(61,62,8) = & — &l — &l1Bm—2(£1,62,63)]
molés — &ll&s — &l (Jal™ 2 + |2 + &l 2)

>
> 327 (m- 27705m_2 &1 — &1 — &3
> (3/2)6% 27 e & (1 + |& — &l — &)

< Olfulz26. (20)

It follows that

[ ][ desdedestiecissie-cion i) o6 ate - &+ &)l
1

~2¢—(m-2) aEDAEN1a(EN 1, —
052 / / / dés dga s i) (€0 |66 — €+ 0| T — e =
< 052 s, (21)

1+16|

Nz
=
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where for the last estimate one can for instance use the bound obtained from [9, (2.23)], with § = 1
and A = 2 there, also noting that T'(A) < |ul|2, for every A > 0 and moreover that now ® ~ @
gives || ®|,» < |lull,» rather than ||®|,. < C|lul|3,, as we had in [9]. By (18), and summarizing
(19), (20), and (21), we see that

om()] < C(8+ 57269 lull s < CE 2 ull .,

where we have chosen the optimal § = &, (m=2)/3 < 1. Case 2: m is odd. In principle we follow

the same lines as before. Now we use Lemma 2.7(b) below to obtain

L+ [8(&1,62,83)] &1 — &€ — &1 + &3]l Bm—3(&1, &2, &)
mlé — &ll& — &6 + E|(16]™ 2 + €)™ + [&]™72).

Thus if £1,82,&3 > & — R > & /2, then [& + &) = & + &3 > &, and & — &, [& — &3] > 6 yields

1+ |8(&, &,8)] = 3273 M2 |6 — &6 — &
> (3/2)8% 27 7 (1416 — &6 — &),

>
>

Hence the preceding argument can be applied once more. a

Lemma 2.7 Let m € N and
Blx,y,z) =a™ —y" +2"—(x—y+2)", x,y,z€R.

(a) If m is even, then we can write 3(x,y,z) = (x — y)(y — 2)Bm_2(z,y, 2) with a polynomial
Bm—2 of degree m —2 such that |Gy _a(x,y, 2)| = no(|z|™ 2+ |y|™ 2 +|2|"2) for some ng > 0
and all x,y,z € R.

(b) If m > 3 is odd, then we have B(x,y,2) = (x —y)(y — 2)(x + 2)Bm_s(x,y, 2), where B, _3 is
a polynomial of degree m — 3 so that |Bm_s(x,y, 2)| = m(|z|™3 + |y|™3 + |2|™3) holds for
some ny > 0 and all x,y, z € R.

Proof: (a) We can assume that m > 4. First we show that G(z,y,z) = 0 implies x = y or
y = z. For this purpose we fix yo # zo and consider the function f(z) = ((z,vo,20). Then
f(y0) = 0 and moreover f'(z) = maz™ ' —m(z — yo + 20)™ " for x € R. Since (m — 1) is even,
u +— u™ ! is one-to-one on R. Hence it follows that f'(z) # 0 for x € R, i.e., f is either strictly
increasing of strictly decreasing. In both cases we obtain f(z) # 0 for x # yo as claimed, and
this leads to B(z,y, 2) = (v — y)*(y — 2)!B(x,y, z) for some maximal k,I € N and a polynomial
B of degree (m — k — [). Differentiating both sides w.r. to z yields ma™ ' — m(z —y + 2)™! =
(z — )" Yy — 2)![(x — )0, B + kB] for all z,y,2 € R. Thus if & > 2, then * = y enforces
ma™ ! —mzm™"! = 0 for all 2,z € R, which is impossible. It follows that & = 1, and similarly
[ =1, so that we obtain ((z,y,2) = (x — y)(y — 2)Bm_2(x,y, 2), where (3,,_o is a polynomial of
degree m — 2. Next we claim that

5m72(3607y0, Zo) =0 = xy=y=2=0. (22)

Indeed, if B, —2(70,%0,20) = 0, then also B3(wo,%o,20) = 0, and consequently z¢ = yo or yo = 2o.
Assuming yy # zo we can further factor 5,,_o(z,y0,20) = (* — x0)Bm—2(x,v0,20) for z € R,
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so that B(z,y0,20) = (x — v0)(Wo — 20)Bm—2(T, Y0, 20) = (= — 10)*(¥o — 20)Bm—_2(, Yo, 20) due to
1o = 7. Differentiating the original form of 3 w.r. to z we see that m(z™ ! — (z — yo + 20)™!) =
(x — yo)(yo — 20)[(x — yo)axﬁm,Q + 2ﬁ~m,2] for z € R, which at x = zy = yo yields m(zj " —
2"1) = 0. Hence the contradiction gy = zy = 2y is found. Therefore we have seen that in fact
Bm—2(Z0, Yo, 20) = 0 implies g = yo = z¢. Differentiating G(z,y, 2) = (x — y)(y — 2)Bm-2(x,y, 2)
w.r. to 2 and y, we get m(m — 1)(z —y + 2)™ 2 = (z — y)(y — 2)0%,Bm-2 + (x — 2y + 2)0uBpn—2 +
(y — 2)0yBm—2 + Bm_a. At zg = yo = 2, this gives m(m — 1)z;""% = 0, i.e., (22) holds. Thus we
must have the estimate |B,,_2(z,y,2)| > no(|z|™2 + |y|™ 2 + |2|™2) for some constant 79 > 0
and all z,y,z € R. Otherwise there would exist sequences (z;), (v;), (z;) C R and n; — 07 such
that |Bm—a(x;, 5, 25)| < n;(Ja;]™ 2 + |y; ™2 + |2;]™2) for all j € N. If we assume w.l.o.g that
0 < [z] = max{|z;l,[y;l, %[} and define Z; = z;/[z], 9, = y;/lz], and Z; = 2;/[z], then
|Z;], 7] <1 =1%], so that we can suppose that Z; — x¢, J; — vo, and Z; — zy as j — oo, where
|z0] = 1. But f(x,y,2) = (x — y)(y — 2)Bm_2(x,y, z) shows that 3,,_» is homogeneous of degree
m — 2, thus as j — o0

|Bn—2(T0, Y0, 20)| —  |Bm—2(E5, 75, %) = 125172 Bna(}, yj, 7))
< M (a7 A+ ™+ |2 < 3p; — 0, — oo,

We hence obtain f,,_2(zo, Yo, 20) = 0, which however contradicts (22) in view of |zg| = 1. (b) The
proof of (b) can be carried out along similar lines as in (a), so we do not expand the details. O

Finally we are in the position to show that any minimizing sequence is (up to a subsequence)
tight in Fourier space.

Corollary 2.8 Let m > 3 and (u;) be any minimizing sequence for Py,,. Then there ezists
a subsequence (which is not relabelled) such that the following holds: For every ¢ > 0 there is
R=R. >0 and j. € N so that

R
/ Pde > 11—, > .. (23)
-R

Proof: Let the subsequence of (u;) be chosen as in Lemma 2.5, and let R, = SUD jen 1]

e > 0 is given, then we set R. = R; + R. > 0 and Je = 7o € N, where R. and Je are se-
lected corresponding to € by means of Lemma 2.5. Then [{; — 5,5] + R.] C [~R., R.] implies

Re |~ . S
f_RE > d§ > fl§—§j|<R5 |4;]*dé > 1 — ¢ for j > j.. O

2.2 Tightness in physical space and convergence

In the previous section, we have shown that any minimizing sequence possesses a subsequence
which is tight in Fourier space. Now, we will prove that there is yet another subsequence which
(up to translation) will be tight in z-space, leading to the strong convergence (in L?) to a minimizer.
The proofs in this section are rather similar to the ones in [9], and therefore we provide details
only when necessary.

We first prove one estimate which will be used to rule out the alternatives ‘vanishing’ and
‘splitting’ in the concentration compactness lemma. Since this part of the argument does not rely
on the pure higher order dispersion form, we will more generally consider T'(t) defined via (5),
instead of T, () as obtained from (6).
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Lemma 2.9 Let T(t) be the solution operator associated to (5). If u € HM=' = HM-Y(R;C),
A >0, and t € R, then

A 2A
[ moupds < [ e+ A7 fulfye
—A —2A

Proof: Let u(t,xz) = (T'(t)u)(z). From the equation (5) we obtain

B,(|ul?) = 2Re(iu;) = 21m( Zb )

Thus if we choose a function ¢ € C§°(R) with values in [0, 1] such that ((x ) =1 for |z| < A,
((z) =0 for |z] > 24, and [|(']| poo(my < CA™", then is follows with I(t) = [, (( \ r)|* dx that

—QZb Im /Cuamudx

uO0Mudr = — 0, 1) 0" tudr =: Jy(t (0,1) 0™ tud
/Rguwux /[Cu—i—C( )] udx 1( /( )

where [J,(t)] < CA™ u(®)]|alu(®)]l s <
ut)(€) = e SN (€), whence [Ju(t)

CA™Yul|?r; for the latter estimate, note that

s = |lul

s for s € R. Then we may continue
/ga OMudr = Jy(t) + /[g’(@za) + C(02u)] O Pudx =: Jy(t) + Jo(t /c (02u) 07 2u
R R
where again |Jy(t)] < CA~"||u||%a 1. Thus the repeated application of this procedure finally yields

/(u@mud:v— /gam Yudz,

with | J(t)] < CA=Y|ul|?a—:. Therefore

—2Zb Im /Cu@mudx Zb Im< ())
leads to |1(t)] < CA™Y|ul|%u—1. Hence for t > 0,

A t
T(t)ul?d 2de =1I(t) =1 I(s)d 2de+ CA™! 2 1,
/ T(tyuldz < / Clu(t) P dz = I(t) = I(0) + / (s)ds < / Cluf? di + CA™ ] [l

A

which implies the required estimate. O
Following the lines of [9, Lemma 2.7], one then establishes the next estimate.

Lemma 2.10 Foru € HM=! t €10,1], and A > 1 we have

. ro+2A ) . ) )
|T Ju|*dr < C( sup Ju|* do + A7 ||ull par— ) ||ull 5

zoER 0—2A
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Now, we are ready complete the proof of Theorem 1.1. Our argument varies only slightly from
the original one in [9]. From Corollary 2.8 we already know that by passing to a subsequence of
any minimizing sequence (u;), we may assume that (4;) is tight, in the sense of (23). Then the
concentration compactness lemma is applied to (u;), see [10] or [9, Lemma 3.1] for the form which
is to be used here. This leads to three alternatives for (a further subsequence of) the sequence (u;),
namely ‘tightness’, ‘vanishing’, or ‘splitting’. In the first case one can follow the reasoning in |9,
Section 4.1.1] to prove that (u;) has a strong limit in L?, which then yields the desired minimizer
for Py ,,. This argument only relies on the shift invariance ¢, (u(- + 29)) = ¢m(u), which holds
here, since (T'(t)u(- + zo))(x) = (T(t)u)(x + xo) is a consequence of the fact that both sides have
Fourier transform ei@0é=it(X5 bm€™)(€). Finally, to rule out ‘vanishing’ one can just copy the
argument given in [9, Section 4.1.2] using Lemma 2.10, and that ‘splitting’ is impossible may be
verified as in [9, Section 4.1.3]. 0

3 Proof of Theorem 1.2

Given the similarity of Theorem 1.2 to Theorem 1.1, we do only point out which modifications are
necessary to carry through the argument elaborated in Section 2. Lemma 2.1 has to be replaced
by the following

Lemma 3.1 There exists a constant C > 0 such that
T )T ) 2 qoawmy < Cdist(L, )™ [l pallv]l .2

for all functions u,v € L? such that & and © are supported in disjoint intervals I C R and J C R,
respectively, which are at positive distance.

Proof: The relation

ult, z) = (T(t)u)(x) = / g i (¢) g (24)

R

yields, in the notation of Lemma 2.1,

O(r1,&) = // (£1)0(&)00(T + 0(&1) + 0(£2))60(& — &1 — &2) d&idEa,
whence
[T o = / / (E)0(E)C(—0(62) — 0(62). & + &) dErdEa,

where (&) = €% + b3€>. Then we proceed as in Lemma 2.1 in the Case 2 (m odd) and insert the
factor |o(&1) — o/ (&)|71/3T1/3 into the integral. To estimate the second resulting term

r= ([ [16) - selG-o(e) - ol + ) derdes)

we introduce the transformation (ny,12) = (=0 (&) —0(&2), &1+&2), which leads to Ry < C’||G||L3€ <

Cllu|| z2]|v] ;2 as before. For the first resulting term

|U(§1)|3/2|v( )|3/2 2/3
" </I 7 |o7(&1) — o' (&) ? 5Id&) ’
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we observe that [0'(&1) — 0'(&)] = [3b3(& — &) + 262(& — )| = [& — &|[3b3(& + &) + 2b2] >
Clb—a)l&s + &+ for & € T and & € J, with 7 = 2by/(3b3). Then in the subsequent
application of the Hardy-Littlewood-Sobolev inequality the constant v can be absorbed through
e.g. the transformation (ny,72) = (£1,&2 + 7). Hence it is found that H(T('W)(T(‘)U)Hifz([o,uxn@) <

CRyRy < Cdist(I,J)™Y3 ||ul|32||v]| 3, as before. O

The only other place in Section 2.1 where the particular form o(§) = &™ of the dispersion
function in the pure higher order dispersion case was used is Lemma 2.6. Accordingly, we have
to derive an appropriate modification for the mixed case considered here, where we have o(¢§) =

bo&? + bs&®.

Lemma 3.2 Let ¢ be given by (9). If u € L? is such that supp(i) C [&. — R, &, + R] for some
& > max{1,2R,2|bs|/|bs|} > 0, then

o) < CEul| .

Proof: From (24) one deduces in analogy to (18),

ewi<c [ [ [ dedeasaeaeae)ae - &+ o)l

where

B =B(61,62,8) = (1) — 0(&2) +0(&3) — o (& — & + &3).
With o(€) = €2 + b3€3, this is evaluated as
8= (&~ &)(& — &) (20 + 3s(&1 + &),

and if |§ — &, &2 — &3] > 0 and &1,&,& > & — R > & /2 as well as & > 2|by|/|bs|, then for
d €]0,1],

118 2 16— &lig — &l (316 + &) = 20ba]) 2 161 — &l — &l (31016, — 2/eal)
2|bs] |61 — &all€2 — & & = 0%|bs| (1 + 161 — &2ll&2 — &) &

Therefore it is clear that the argument from Lemma 2.6 can be applied to obtain the desired
estimate. O

AV

Since we have seen that the necessary modifications compared to Section 2.1 are possible, it
follows as in Corollary 2.8 that any minimizing sequence (u;) for P, has a subsequence (which is
not relabelled) such that (4;) is tight, in the sense of (23). Next we observe that concerning the
application of the concentration compactness lemma to (u;) in Section 2.2, we already established
Lemmas 2.9 and 2.10 for the general mixed dispersion case, i.e., for T'(t) defined via (5). Thus
these results in particular are valid in the mixed third order case which is considered here. Hence
one can follow the reasoning which is outlined in Section 2.2 and elaborated in [9] to complete the
proof of Theorem 1.2. O
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