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Abstract

For the Abraham-Lorentz model of a spinning charge a new approach is used to prove that all
solutions converge to the set of stationary solutions in the limit ¢ — +o0o. This new method
allows one to get rid of the additional assumptions that have been imposed before (e.g., the
Wiener condition).

1 Introduction and main results

In the words of [10, p. 213], ‘the state of the classical electron theory reminds one of a house
under construction that was abandoned by its workmen upon receiving news of an approaching
plague’. A particularly interesting and left open problem related to classical electron models is
the question whether or not radiationless motion is possible, i.e., whether or not a particle could
move in such a way such that it continuously catches up its own radiation. This issue has been
discussed controversially in a large number of publications, one of the pioneering works being [4].
The article [10] is a good summary of related physics papers up to 1982 (making it also clear that
in many cases unjustified linearization methods have been applied). The recent book [11] reviews
newer references also.

Several mathematically rigorous results of global asymptotic stability type (i.e., absence of
radiationless motion) were obtained in the last decade [11]. Denoting a solution schematically by
Y'(t), these theorems typically assert that

Y(t) =S as t— +oo (1.1)

in some kind of local energy norm (see below) and for all initial data Y (0) = Y, satisfying mild
regularity or decay hypotheses. Depending on the choice of the particular model, § either denotes
the set of all stationary states or a manifold of soliton-type solutions; therefore this problem
is closely linked to the questions and results discussed in [12]. However, the rigorous results
on radiationless motion so far have been requiring at least one of the two following additional
conditions:



(i) A smallness condition on the nonlinearity which is usually formulated as a smallness condition
on the charge-to-mass ratio e/m. This is helpful, since schematically the equation of motion
is m§ = eF'(q,¢) and e/m small allows for a contraction type argument.

(ii) The Wiener condition.

To explain the Wiener condition it is useful to remark that a basic quantitative estimate for this
kind of problems is obtained by keeping track of the amount of local energy that is radiated off to
infinity. Very roughly speaking, this estimate implies that

lim (i 9)(1) = 0. (1.2)

where ¢ is an explicitly known scalar function that is related to the charge distribution. If it is
assumed that its Fourier transform ¢ has no zeroes, then Wiener’s tauberian theorem asserts that
(1.2) implies the acceleration relaxation lim; .., §(t) = 0 also, which is the key step for proving
(1.1). Accordingly, the requirement that §(7) # 0 for all 7 € R (or the corresponding assertion for
the charge distribution) was termed the Wiener condition.

It is the purpose of the present paper to investigate the case where neither (i) nor (ii) is assumed.
Therefore we consider the simplest classical particle-field model for which the Wiener condition is
violated. It consists of a spinning charged particle at rest at the origin in R3 coupled to its self-
generated Maxwell field. As it will be seen below, if for instance the charge distribution is taken
to be a uniformly charged sphere or a uniformly charged ball, then the associated function g will
have countably many zeroes. Nevertheless we will be able to prove that, under mild assumptions
on the initial data, all solutions are attracted to the set of stationary solutions in a suitable sense.
This holds without any further assumption for the charged sphere. For the charged ball (and also
in the general case, if a natural nonresonance condition on the zeroes of g is included) this global
asymptotic stability result remains true provided that countably many masses are excluded. That
is, if we consider the particle’s mass to be a parameter of the system, then outside a countable set
of ‘exceptional masses’ all solutions of the system converge to the set of stationary solutions. In
particular, this latter property is generic. The appearance of such exceptional or resonant masses
was already observed in [4] on a linearized level; see Remark 1.5(b) below for more information.

The novelty of the approach taken in this paper consists of considering the equation for the
dynamical quantity (here: the angular velocity) as a dynamical system and to study its limit
points. Due to the estimate obtained from the energy dissipation it turns out that all possible
limit points are almost periodic functions. Since such functions can be well approximated by means
of trigonometric polynomials useful conclusions can be drawn about those limit points which are
solutions of the associated limiting equation. It is conceivable that the method of proof will lead
to improved results for other classical particle-field models as well.

According to the Abraham-Lorentz model for a rotating charge with positive bare inertia [11,
p. 125], the governing field equations for the system described above are the Maxwell-Lorentz
equations

O E(t,x) = rotB(t,z) —4m(w(t) A x)fe(x), 0:B(t,x) = —rotE(t, x), (1.3)
divE(t,x) = 4nfe(z), divB(t,z) =0, (1.4)

for t € R and = € R3, where f, is the charge distribution. The angular velocity w(t) € R? is to be
determined from

Lyw(t) = /R3 x A [E(t,x) + (w(t) ANx) AN B(t,z)| folz)dx, (1.5)
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where

I, = gmb /RS |z|? fo(z) dx (1.6)

is the bare moment of inertia associated to the bare mass my; all other constants are set equal
to unity. The right-hand side of (1.5) is called the torque vector. For simplicity the distributions
that model the charge distribution and the mass distributions, respectively, are chosen to be
proportional, but this does not really matter. They are both given by f. which we assume to
be a radially symmetric measure or function of compact support. More precisely, the required
properties of f. are as follows.

fe(x) = fo(|z|) is radial, fo(z) =0 for |z|> Ry, and / |fe(x)] dox < 0. (1.7)
R3

At many places fo(z) will be identified with its radial version f.(r).

We will investigate the asymptotic (¢ — £o00) behavior of solutions to (1.3)—(1.5) for suitable
initial data

w(0) =wy, E(0,2)= Ey(z), B(0,z)= By(x). (1.8)

Here wy € R3 and for the initial fields £y, By we assume that
Ey(—x) = —Ey(x), Bo(—z)= By(z) (z€R® and divE=drf., divBy=0, (1.9)

are verified. The symmetry assumptions on Fy and By propagate in time and they are needed to
insure that (¢(t) = 0,w(t), E(t,x), B(t,x)) gives rise to a consistent particular solution of the full
Abraham-Lorentz model of a spinning charge in motion [11, Section 10.2].

It should be noted that the Abraham-Lorentz model is the classical counterpart of the Pauli-
Fierz model of non-relativistic quantum electrodynamics, the latter being kind of a quantized
version of the former; see [11].

For the initial fields Fy and By we suppose that there is v > 1/2 such that for every R > 0
large enough

|2 (| Eo(2)] + [Bo(2)]) + (I V Eo(2)| + |V Bo(2)|) < C(R) |27, |a] > R, (1.10)

and
[Z|(IVV Ey(z)] + [VVBy(z)]) < C(R), |z]> R, (1.11)

are verified. Most likely these hypotheses imposed on the initial data could be improved, but this
is not the main aspect of this work.

For all w € R? the system (1.3)—(1.5) admits a stationary state (w, E,(x), B, (z)); see Lemma
7.3 below. As mentioned above, our main results are of global asymptotical stability type and
they concern the long-time behavior of all solutions (w(t), E(t, z), B(t, x)) whose initial data satisfy
(1.9) and (1.10). Among other things, it will be shown that such solutions converge to the set of
stationary solutions

S={(w,E,, B,):wcR}

in the local energy norm,

distR((w(t), E(t),B(t)),S) —0 as t— oo forevery R >0, (1.12)



where
distr ((w(t), B(®), B©), S) = inf, (1(t) = &l + 1) = Ealla(myo + 1B = Boll ooy )

is the (local in space) distance of the solution to S. Note that due to the Hamiltonian nature of
the system a global in space convergence cannot be expected.

First we consider the uniformly charged (unit) sphere.

Theorem 1.1 Take

fe(x) = 6(|z| = 1)
and let the initial data (wo, Eg, By) be such that (1.9) and (1.10) hold. Then the corresponding
solution (w(t), E(t,x), B(t,z)) of (1.3)-(1.5) and (1.8) satisfies

w(t) =0 and &(t)—0 as t— oo,
and w is asymptotically slowly varying. Furthermore, (1.12) holds.
This result will be proved in Section 5 below.

Remarks 1.2 (a) The method of proof will show that it is also possible to include models with
more general bare spin/angular velocity relation, like those considered in [3, Section 5.3]; also see
[2]. These kinds of systems are fully relativistic, whereas the Abraham-Lorentz model from above
is only semi-relativistic.

(b) We will neither obtain the pointwise convergence of w(t) nor a decay rate for w(t) or &(¢).

(c) A function w is said to be asymptotically slowly varying, if |w(t +T) — w(t)] — 0 as t — oo
uniformly for 7" in compact subsets of R.

(d) We do not deal with the case where my, = 0. See [4] for some remarks, and also [2, Section
A.3.3] for a discussion of the singular limit m;, — 0 and I, — 0. &

Next we turn to general charge distributions satisfying (1.7). In this case we need to impose a
further hypothesis on f.. To introduce it, consider the function

g(t) = t/: rfe(r)dr, teR, (1.13)

along with its Fourier transform

- \/gz/oo rfo(r)oy(tr)dr, T ER, (1.14)
T Jo

scos(s) — sin(s)

where

1(5) = - s €R. (1.15)

The function g is defined on R, odd, and does not vanish identically, since f, # Jq is assumed.
Writing out the series for cos and sin, we see that ¢ has the analytic continuation

B (j+1) Oo 2j+4 2j+1
— 2\/>Z 2 [/ drr* fo(r)| 227, 2z e C.



Thus its set of zeroes

[§=0} = {r €R: §(r) =0} = {u; : j € 7} (1.16)
is (at most) countable and no 7 € {§ = 0} can be an accumulation point of {g = 0} \ {7}; here we
let o = 0 and p_; = —p; and note that §(0) = 0 due to ¢1(0) = 0.

Definition 1.3 We say that the nonresonance condition (NRC) is satisfied for f., if for | # 0 the
relation p; + pu, = [y has no solutions, except for the trivial ones where 7 =0, k =1 or j =1,
kE=0.

For instance, it will be argued in Lemma 7.5 below that (NRC) holds for the uniformly charged
(unit) ball f, = 1{|x‘<1}.

Our second main result is as follows.
Theorem 1.4 Suppose that f, satisfies (1.7) and (NRC). Let the initial data (wq, Eo, Bo) be such
that (1.9) and (1.10) are verified. Then there is an at most countable set Moy C|0,00[ of excep-

tional masses such that the following holds. If my & Mexe, then the solution (w(t), E(t,z), B(t,x))
of (1.3)-(1.5) and (1.8) satisfies

w(t)—0 and &) —0 as t— oo,
and w is asymptotically slowly varying. Furthermore, (1.12) holds.
The proof is given in Section 6.

Remarks 1.5 (a) Remarks 1.2(b), (c) also apply in this general case.

(b) The set M.y, is explicit and can be calculated from f; see (6.1), and furthermore (7.18) for
the example of the uniformly charged ball. It is however unclear whether such exceptional masses
do really occur, i.e., whether the set & of stationary states could be non-attracting for some
mp € M. For instance, a periodic or more complicated solution cannot a priori be excluded for
my € M. If in general there were exceptional masses, this would give rise to a kind of ‘mass
spectrum’ for excited charge states in this classical model. %

2 Energy dissipation

From (1.13) recall that

o(t) :/ dr 1 f(r) 1y (1)t = t/ drrfs(r), teR
0 [t]
Then ¢ is odd and (1.7) implies that
g(t) =0 for |t| > Ry, (2.1)

and in particular g € L'(R).



Lemma 2.1 For every solution to (1.3)-(1.5) and (1.8) as in Theorems 1.1 or 1.4,
W g e LX(R),
where as usual (u * v) fR (t — s)v(s)ds denotes the convolution of the functions u and v.

Proof: For simplicity we assume that Fy and By are smooth and compactly supported in a ball
of radius R; > 0 in R3. A similar argument works if only (1.10) holds, as can be seen along the
lines of [9]. For R > 0 the local energy in Br(0) C R3? is

Enlt) = 5 B lw(®F + o /| (1B + B )

From (1.3)—(1.5) it follows that

. 1
ER(t):/ Ejdrt o [ & (BAE)S()
|z|>R T Ji|z|=R

where j(t,z) = (w(t) A z)fe(x) and T = |z| "'z is the unit normal. Thus j(¢,z) = 0 for |z| > Ry

implies that

Enlt) = 417T | FBADasE) (2.2)

for R > Ry. Defining p(x) = fo(x), the Maxwell equations (1.3), (1.4) are rewritten as wave
equations for ' and B whose solutions are

1 .
E(tt) = Eaalt,a) — /| L ajt— e —yly)dy

y—x|<t 47T|y - I’|

y—x y—x
- _ITT  (y)dS(y) — _ITT ) d
/|y s /| T

1
B(t,x) = Baaalt,x +/ ———(y—2) AN j(0,y)dS(y
(6) = Bua(ta) + | e (0= 0) A5(0,0)S()
1
+/ ——(y—x)Njt— | —yl|,y)dy
IH‘<t47r|y_$|3( )AG(E—| l,y)
1
+/ ——(y—x) NOyj(t — |z —y|,y) dy,
|y—x\<t4ﬂ-’y_'r’2( ) 1 | )

for t € [0, 00[. Note that p and j could be measures in x, so the usual terms Vp in the integrand of
E and rotj in the integrand of B had to be re-expressed. Concerning the data terms, for instance

Faualt,?) = 1 /|y (=2 VEw) + Bw) asw)
b [ (rotoly) — 4i0,1)) dS(y)

ly—=z|=t

holds. Thus if t > R+max{ Ry, R1} and |z| = R, then Eg..(t, ) = 0, and similarly Bya.(t, x) = 0.
Next we expand the inhomogeneous parts of £ and B in R™'. To begin with, recall that j(¢,z) =



0 = p(x) for |z| > Ry. Hence defining Q = Bg,.1(0) C R* we obtain

1 , Yy—x
Etz) = — | ————8,j(t— |z — dy — | ——" p(y)d
(t, ) /Q4W|y_$| Qj(t — |z —yly)dy /Qémw_ﬂgp(y) Y,

B(t.x) = /;@—xmu—u—m,y)dy

o 4rly — x)3

1 .
n / (Y — ) AN O (t — |z — yl,y) dy,

0 Arly — z|?

for t > R+ max{Ry, R1}+1 = R+t and |z| = R, since then B,(z)NQ = @ and dB;(z)NQ = 0.
It follows that

(t ) = Erad(tu SL’) + Eerr(tv .T), (23)
B(t,z) = Biaal(t,x)+ Ben(t,x), (2.4)
fort > R+ 1y, |z| = R, and R > 2(R, + 1) where
Foalt ) = ‘4—|r | ottt -y
Braa(t,x) = 47T|x|2 /@J (t—l|z[+2 -y, y)dy,

are the radiation parts and |Fe, (¢, z)| + | Ben(t, )| < CR™2. Let us for example check the formula
for E. If y € Q, then |y — z| > |z| — |y| > |z|/2 = R/2. Hence

< —2 < -2
)/ 47r|y_g;|3p )dy‘ <CR /Q |fe(y)ldy < CR

contributes to the error term. Also

1 — —
| = ||I| |y l’|| S2R72|y‘ SCR72
ly—z| |zl [zlly — =]

and 0yj(t,z) = (w(t) A z) fo(z). Therefore

|~ | gy =g 20 eyt g [ 0t te = ul )y
< CR|o,- /Q |y|\fe(y)\dy§OR‘2
by Lemma 7.2. Next, ||z| — |z — y\ — 7 -y| < CR7! implies that
|~ 5o | 00~ = y1.9) dy — Euat.2)

< CR™|&||,m /Q llfa()| dy < CR2,

once again by Lemma 7.2. Therefore (2.3) is verified, and the proof of (2.4) is similar. Now observe
that |Fraa(t, z)| + |Braa(t, )| < CR™' and B = Byaq + Berr = T A Fraq + Berr. Hence if t > R + to,
|| = R, and R > 2(Ry + 1), then

- (BAE) = 7 ([at« A Erad + Bose] A [Brad + E]> _ 7. (Erad AT A Erad)> o
= _’j A Z?raad’2 + Ferra



where |F,..(t,7)| < CR™3. Returning to (2.2), we have shown that

kﬂw+43/i WAE@duwﬁdﬂ@‘gCR”
4m |z|=R

forall R > 2(Ro+1) and t > R+ty. Fix T >ty = max{ Ry, R1}+1 and R > 2(Ry+1). Integration
from Ty = R+ ty to Ty = R+ T yields

R+T
/ dt/ dS(x) | A Eraa(t, )]? < (J(ER(R +to) + Er(R + T)) +C(T —ty)R™.
R+to |$‘=R

Since 0 < Eg(t) < £(t) = £(0) by Lemma 7.1, we may insert the definition of FE,.q, shift the
t-integration by R, and put x = Ro for |o| =1 to find

T
/ dt/ dS(J))U/\/atj(tha-y,y)dy
to ‘U‘:l Q

Passing to the limit R — oo first and then taking the limit 7" — oo, we obtain

/: “ /W 45(9) o 1 / (@(t+ 0 y) Ay)fely) dy

2
<O+ (T —to)R™

gyl (2.5)

Since the system is time reversible and [—tg, o] is a finite time interval, we may as well replace
ftzo dt by [ dt in (2.5). Recalling that f. is radial, explicit integration then yields

Adﬂ[;ww@—sxémmmﬁwn{ndgﬂzgc.

This completes the proof of the lemma. a

3 The torque equation

In this section we rewrite the right-hand side of (1.5) in a different way. If (w(t), E(t,z), B(t,x))
is a solution of (1.3)—(1.5) and (1.8) as in Theorems 1.1 or 1.4, define

ren = (B0 - (56

and moreover introduce

Z@@:F@@—&M@:(gggigﬁg). (3.1)

Using the Maxwell operator M(E, B) = (rotB, —rotF) for the fields £, B satisfying the constraints
divE = divB = 0, it hence follows from (1.3), (1.4), and M(F,) = (47(w A x)f.,0) [see Lemma
7.3] that

Z=MZ-G,

where



note that w +— B, is linear, cf. (7.4), and the first component G; of G is zero in view of V,E, = 0.
Depending on the regularity of Ey and By, the relation Z = MZ — G is to be understood in the
mild solution form

Z@@ﬂWW@NW—A®WWﬂW@Wm (3.2)

where (U(t)),cr denotes the group of isometries in L*(R?)* @ L*(R®)” generated by the Maxwell
operator M.
In the next lemma W (t,s,xz) = [U(t)G(s,)](z) is determined.

Lemma 3.1 Let g be defined by (1.13). Then under the above hypotheses,

- o
Wi(t,s,x) = — 2 <g(t — |z]) + g(t + |z|) — = g(t—71) dT) w(s) Nz, (3.3)

2] 2] —|z|

|z

Walt.s.0) = 25 (gl +la) —alt ~ e) + o |

E a]

gt — 7)1 dT) w(s)

|z

2m 3
- (e b~ st = e + o |

cd

gt —7)T dT) (z-w(s))z,

where T = |z|™1x.

Proof: First we follow [9] to solve ® = M®, ®(0) = &, for & = (d, d,) under the constraints
div®; = div®y = 0. For the complex field ¥ = &; + iP, this means that 0, = —iV A ©,
and thus 9, = k A ® =: m(k)® for the matrix m(k) representing kA. Therefore we obtain
T(t) = exp(tm(k))T(0). Since m(k)? = k@k—|k|2Id and m(k)® = —|k|>m(k), etc., the exponential
can be evaluated explicitly to be

exp(tm(k)) = cos(|k|t) Id + ]k\_Q(l —cos(|k[t)) (k@ k) + |k:|_1 sin(|k[t) m(k).
As U(0) = 01 4+ 0 has divl(0) = 0, we get
W(t) = exp(tm(k))T(0) = cos(|k|t) W(0) + [k|~" sin(|k|t) k A ¥(0),
and the corresponding relations
(1) = cos(|k|t) D + ilk| sin(|k[t) k A DL, (3.4)
Oy(t) = cos(|k|t) DL — i|k| " sin(|k[t) k A D,

for the components ®; and ®,. Application to @) (z) = G(s,z) = (0, Ga(s,x)) for fixed s yields
Wl(t, s, k) = |k|”" sin(|k[t) (rot Go(s, ) (k),

Walt,s,k) = cos(|klt) Gals, k).

Next we recall that rot Ga(s,x) = rot By (s, ) = 4m(w(s) A x)fe(x) by Lemma 7.3. Let ¢; be
defined by (1.15). Since f. is radial, the Fourier transform is evaluated as

(rot Ga(s, ) (k) = 4v2mi (W(s) A k) /OO dr r® fo(r) ¢1(r|k|) (3.6)

0
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for k = |k|~'k. By taking the inverse Fourier transform, this yields
Wit s,2) = 8(c(s)AZ) / dr 7 sin(rt) o (7)) / dr v £ (1) (77)
0 0
= 4(w(s) /\x)/dTTsin(Tt)qbl(T|:v|)/ dr r3fe(r)¢1(77’).
R 0

Now observe that g from (1.13) has

0=\ 21 [T,

cf. (1.14). Furthermore, ¢g(s) = @ satisfies ¢f(s) = ¢1(s) and EIZ\ (1) = ¢o(7|z|) for

T 1
h|$|(5> = \/;|:E_| 1[—|f€\7|$H(8)7 s e R.

It follows that

Wi(t,s,z) = 4(w(s)Ax) Im/RdTTem ¢1(T|x\)(/oo drr3fe(r)gb1(7r)>

0

= —2@(@(5)/\@%1111 (i/Rdre”t @(T)Q(T))
d

— —2V2R (6() A D) g1 (i + 1)
||
= —2r(() A9) (g lott — )+ gt +lxb) ~ oo [ ot 7)ar),

proving (3.3). Concerning the second component Ws, the argument is similar. First, rotB;, =
4d7(w A z) fo and divB,, = 0 implies that

471

Go(s, k) = E@(s,k):WkA((@(s)Ax)fe)A(k)
1 . & 3
— BT A L) AR) / dr v fo(r) (K],

in accordance with (3.6). The inverse Fourier transform of

Walt, 5, k) = cos(|klt) Gals, k) = —avzr XU 1 ois) a k) /OO dr 1 £, ()61 (r|k])

|k[? 0

is calculated to be

Walt,s,2) = —4[ / dr 7 cos(rt) (ulrla) + = (7)) / Oodr?“?’fe(r)gbl(w)} o (s)

4 decos(ﬁ) (so(rlel) + = ontrla)) [ drr?’fe(r)gbl(w)] (- @(s)) 7

|z] 0
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In addition,

/RdTTcos(Tt)qbo(T\x])/Oodrr:)’fe(r)gﬁl(Tr) = /3R (%/Rdmm@mg(r))

0

and in view of

—ila| " (hay (5)9)(7) = 1 (7])

also
1 = 3 ™ 1 irt Al A
[ dreos(rtion(rlal) [ drrtfmenrr) = =[5 g Re ([ dre™(h(s)s) (7) 3(7))
| Jr 0 2 |z R
T 1
= 2P ((hjzi(s)s) * g)(¢)
||
T
= g(t —T)Tdr
Using these relations above shows that W5 is as claimed. O

Corollary 3.2 For |z| < R,

C .
(Wi(t, s, 2)[ + [Wa(t, s, 2)] < 7 Lu<reroy [0(s)[-

|z
In particular, if t > R + Ry, then
t
‘ / Wi(t —s,s,)ds + H/ Wh(t ) ds
0 L3( L%(BR(0))
< C(R) max{|w( )| 7 €[t —(R+ Ro),t]}.
Proof: This is a direct consequence of Lemma 3.1 and the support properties (2.1) of g. a

Now we turn to rewriting (1.5). By (7.8), (7.9), (3.1), and (3.2),
Lo@t) = /R3m :E(t,a:)Jr(w(t)/\x)/\B(t,x)} fule) do
_ /R?):m :Zl(t,x)—i-(w(t)Ax)/\ZQ(t,x)] f(x) da

= [ n [HOZ0.0,@) + 60 A 0) A ROZ0, L) o) da

/ds /dexfe z)x A Wit —s,s,2) + (w (t)/\x)/\Wg(t—s,s,:L‘)]
= Thom(t) + Zinn(?) (3.7)

for t € R. The next estimate concerns Tpom ().
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Lemma 3.3 Under the above hypotheses (1.10) and (1.11) there is a constant C > 0 such that
Trom ()] < C (14 Jw®) ) and | Thom(t)] < C(1 + |w(t)] + @ (t)])
holds for t > 2Ry.

Proof: Taking the inverse Fourier transform it follows from (3.4) and (3.5) that

0i(12) = g [ S ot Zaaty) + Zas) + (=) ¥) a0,
©1r) = g [ ASW) [~ 400 Z) + Zaal) + (0= 0) ) et
for
O(tx) = UMD Z(0,)] (@) = (@1(t,), Dt 7)), (3.8)
where

(@7, ) = ®(0) = Z(0,-) = (Eo — Euy, Bo — Buy);
see [9]. From (1.10) and (7.5) we have
27 ()] + [yl Ve (y)] < C(R) |y~ |y| > R,

forj =1,2. Ift > 2R and |z| < R, then |[y—x| = t implies that |y| > |y—z|—|z| > t—R >t/2 > R.
Hence
|®(t,2)] < C(R)t™U) t>2R, |z| <R. (3.9)

Using (1.7) and this estimate for R = Ry, we get |Tnom(t)] < C (1 + |w(t)]) =0+ for t > 2R,.
Next observe that 0,®; = rot &3 and 9,95 = —rot ®; by construction. Since

Ve ()] + vl VYV ()| < C(R), Jy| > R
for j = 1,2 by (1.11) and (7.6), it follows as above that
|®(t,2)] < C(R), t>2R, |z|<R,
which in turn yields the bound on ﬂom(t). a

By means of Lemma 3.1 the inhomogeneous part 7y, (¢) can be expressed in a more convenient
way. Let

ri(t) = /0 Oorgfe(r)wl(t,r)dr, (3.10)
ro(t) = /OOOT“fe(T)sts(t,T)dr, (3.11)
for ¢ € R, where
atr) = =2 (gle=nwottn) =1 [ gt=myar), (3.12)
pultr) = _:g(t—de:—i—Z t:rr(t—T)g(T)ds, (3.13)
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for t € R and r € [0, 00[. Then
Ro(t) = —2kry(t) for teR. (3.14)
Furthermore, @1 (t,7) = pa3(t,r) = 0 for |t| > 2R, and r € [0, Ry] by (2.1). It follows that
k1(t) = Rao(t) =0 for |t| > 2R,. (3.15)
Also note that x; is odd and ks is even.
Lemma 3.4 Under the above hypotheses,

Ton(t) = —8?” EEEED ds—%”w(tm/o Ot — s)ra(s) ds

fort e R.
Proof: Using Lemma 3.1,
Wl<t7 85 .Z‘) = @l(ty |:L‘|) w(s) AT and WQ(t7 S,ZE) = 9021(t7 |:L‘|) w<3) + 9022(t7 |CL’|) (j ) W(S» z,

where ¢y is given by (3.12) and

oo (t,r) = 2% <g(t~|—r) —g(t—r)+ r_12 /_T g(t — T)TdT),
pl(t,r) = — 2% (g(t+r) —g(t—r)+ % /_T g(t — T)TdT).
Then
A\ Wit —s,s,2) + (w(t) ANx) AWyt — s, s, :1:)}
= goll(t — s, |z])(|x|w(s) —z-w(s)z) +x - Wa(t —s,s,2)w(t) ANz
= pr(t = s, |2 (|2 Td — 2 @ 2) w(s) + pas(t — s, |z]) w(t) A ((z @ 2) &(s))
for

pas(t,m) = a1t 1) + 2a(t, 7)
as in (3.13). From the symmetry of f. it follows that

t 1 ) .
Tonlt) = —AdsL;mﬁ@ﬁﬂw@—&wmed—w&@wﬁ

—w(t) A /0 ds /R3 dx fo(x) a3t — s, |z|) (z @ z) w(s)

= 5 [sat-a( [ arroen)
4m !

_ ?w(t) A | dsw(t— S)(/OOO d7“7’4fe(7”)8023(3a7")>>

0

as was to be shown. O
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4 The limiting equation

In what follows we will frequently refer to the notation and results summarized in Section 7.5
below. By Lemma 7.2 we have the bounds

[l oo + ]l oo + [[0]] oo < 00 (4.1)

For the function € : R — RS given by Q(t) = (w(t),&(t)) this means that |||« + |||, < 00,
and thus Q € C}(R) and T'"(Q) # () for the limit set. Let Y = (Y3,Y5) € I'(Q). Then Y; and Y,

are continuous and furthermore
w(t+h) — Yi(t) and  w(t + hy) — Ya(t) (4.2)

uniformly on every compact t-interval as k — oo for some fixed sequence hy — oo. Since

[2)
/ W(s+ hg)ds =w(ty + hg) —w(ty + hg), ta >ty

t1

we can pass to the limit & — oo to conclude that Y; is differentiable and Y, =Yy In addition,
(4.1) implies that Y; and Y5 are bounded. By (3.7) and Lemma 3.4,

87T t+hy
Lyw(t+hy) = Thom(t+ hg) — 3 / W(t + hy — s)k1(s) ds
0

47T t+hy
—?w(t—i—hk)/\/ W(t + hg — s)ka2(s)ds
0

forallt € R and k € N. If k is sufficiently large (more precisely: t+hy > 2Ry), then fOHh’“(. ) ds =
02R°(. )ds = [;°(...)ds by (3.15). Thus passing to the limit ¥ — co we obtain from (4.2) and
Lemma 3.3 the limiting equation
oo 4 [e.o]
8 [ Yot — o) (s) ds — Ty /\/ Ya(t — s)ea(s) ds (4.3)
0

I Yy(t) = —
b Ya(?) 3 3

for all t € R. Since w is Lipschitz continuous, (2.1) implies that also w * g is Lipschitz continuous.
Hence (w * ¢)(t) — 0 as t — oo by Lemma 2.1. For fixed ¢ € R therefore by (2.1),

(Yaxg)(t) = /_RO Yo(t — s)g(s)ds — /_RO Wt + hy — s)g(s)ds

— (@rg)(t+ 1) =0

as k — oo. Hence we arrive at the relation Y; x g = 0. Thus o(Ys % g) = 0 for the spectrum, so
that

o(Ys) C {g =0}

by (7.23) and since g € L*(R). In view of ¢;(0) = 0 also §(0) = 0; recall (1.15) and (1.14). Hence
Y1 = Y5 in conjunction with (7.24) and (1.16) implies that

o(¥2) C o(¥1) C o(¥2) U{0} C (5= 0} = {u, : j € Z}. (4.4)

In the introduction we noted that {g = 0} is at most countable, and hence so are o(Y;) and o(Y3).
Now observe that Y5 is Lipschitz continuous by (4.2), since |w(t + hg) — w(s + hg)| < C|t — s| in
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view of (4.1). Thus Y; and Y, are bounded, uniformly continuous, and they have at most countable
spectra. As a consequence, both Y] and Y5 are almost periodic. Next we note that as a consequence
of (3.14),

/OOO Yo(t — s)ka(s) ds = —2 /000 Yi(t — s)ki1(s) ds + ka(0) Yi(t) for teR, (4.5)

where explicitly

1a(0) = 297 /0 daa*f.(a) / i f(r) (4.6)

3
is calculated. Returning to (4.3), (4.5) yields the limiting equation
8r [ 8m o
L, Ys(t) = 3 Yo(t — s)k1(s) ds+?Y1(t) A Yi(t — s)ki(s)ds (4.7)
0 0

for t € R.

5 Proof of Theorem 1.1

Here we have fo(z) = §(|x| — 1), so that f.(r) = d(r — 1). Then

i) =y 2io) (5.1

1 .
I~i1<7'> = 427 ¢1<T> (Z + ;) €_W7 (52)

for 7 € R by (1.14) and Lemma 7.6. By (7.29), due to Y; = Y3, and using (7.31), we have for 7 € R

(Yoo k1)’ (7) = V21 Y3 (7)Ra(7) = V2mir Y7 ()i (1),

(Yixow)'(1) = V2rY)(r)f (7).
If 7 & o(Yy), then Y?(7) = 0 by (7.27). If 7 € (Y1), then g(7) = 0 by (4.4), whence &;(7) = 0
in view of (5.1) and (5.2). Therefore Y3 % k1 = Y1 %9 k1 = 0 by the uniqueness theorem for the
Bohr transform. Accordingly, the limiting equation (4.7) yields Y5 = 0, so that o(Y5) = 0 and
o(Y1) C {0} by (4.4). The latter relation implies that Y; equals a constant vector.

If we summarize the argument that was started in Section 4, then so far we have proved that
for Q(t) = (w(t),w(t)) every function Y = (Y1, Ys) € I'(Q2) satisfies Y = (C,0) for some constant
vector C' € R3. From Lemma 7.7 we deduce that 2(t) — 0 as t — oo and Q is asymptotically
slowly varying. Hence |w(t + T) — w(t)| — 0 as t — oo uniformly for 7" in compact subsets of R,

w(t) — 0, and &(t) — 0 as t — oo are obtained.
Next we consider the asymptotic behavior of the fields and prove (1.12). To begin with,

&m«<><><»®
< NEQ®) = Eowll g2z T 1BE) = Bawll 12540
= | Z(t )||L2(BR(O)) + ||Z2( N 2Ry

t
HQWWM@+MﬂMWWWMAWﬁ—wJ%

s

L?(Br(0))

L2(Br(0))
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by (3.1), (3.2), and (3.8). Hence (3.9) and Corollary 3.2 yield
distR((w(t), E@), B(t)), 3) < C(R) [t‘(””) +max {o(r)|: T € [t — (R + Ro), t]}]

for t > max{2R, R + Ry}, which gives (1.12) in view of w(t) — 0 as ¢ — oo. This completes the
proof of Theorem 1.1. a

6 Proof of Theorem 1.4

Define - .
Mere = { Vo (/0 L () dr) Ralu):je Z}, (6.1)

where {y; : j € Z} are the zeroes of g, see (1.16), and

Ri(T) = (/ﬁl[o,oo[)A(T) = —4\/%/000 daa®f.(a)é1(Ta) /00 drr® fo(r) (2 + %) e 1 eR,

for the function k; as introduced in (3.10). Thus M.y, is countable and can be determined from the
charge density f.. Consider the system (1.3)—(1.5) for my, & Mex. Let again Y = (Y1,Y3) € I'H(Q))
be a limit point of Q(t) = (w(t),w(t)). Once more it is the aim to conclude from (4.7) that Y] is
constant and Y2 = 0. For this suppose that o(Y2) # 0 and write o(Y3) = {); : j € N}; if o(Y3) is
finite, then the proof is easier. By (4.4),

o(Yz) Co(Y1) Ca(¥z) U{0} = {A;: 7 € No} C {g =0},

where we let \g = 0. We may assume that o(Y;) = {); : j € Ng}, since the proof is again easier
(and similar) in the case where o(Y;) = {); : j € N}. Choose trigonometric polynomials

P,(t) = Z Vinj Ylb()\j) et and Qm(t) =1 Z Tmi \j Ylb()‘j) oMt
j=0 ‘=
such that
Tim | Py = Vil gy =0 and  lim [ Qm = Yoy = 0, (6.2)

where v,,; €]0,1] and o,,; €]0, 1] are suitable coefficients such that lim,, .. ,,; = 1 as well as
lim,, o0 0m; = 1 for every j; see (7.32) below. Fix ¢ > 0. If my € N is sufficiently large and
m > myg, then |A,,(t)| < Ce for all t € R, where

An(t) = I O (t) + 8?” /OOO Qunlt — s)ra(s) ds — %” Po(t) A /OOO Po(t — s)i(s) ds.

This follows from (4.7) and (6.2), since in particular £; € L*(R). Thus if m > mgy and A € R, then
also [(A,,, e, | < Ce. Noting that by (7.30)

Sm. ] 8
— VPO ) piAit NS )
A, (t) ) jg 1 Omj A\ Y] ()\j)e <[b + 5 2w Hl()\j))

a 8% V2m Z Vg Vmte (Y7 (A7) A YT (k) Q38 51 (0),

J, k=0
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we obtain from (7.26) that

) i i oms A3 YY) (I + %mgl(Aj))a(Aj )

8 - _
- ?”\/% S Vg Ve (Y2 (5) A Y O0)) i () 60 + A — A)| < Ce.

7, k=0

Then take A = A\, € o(Ys) for some fixed I € N. We have \; # 0 by (7.27) and (7.31), since
o(Ys) C {g =0} and {g = 0} \ {0} does not have the accumulation point 0. Recalling (4.4), the
nonresonance condition (NRC) yields that the only solutions to A; + Ay — A, = 0 are given by the
trivial ones j =0, k =1 and j = [, k = 0. To summarize, if ] € N and € > 0 are fixed, then for all
m sufficiently large,

i W Y70 (B + VBT R (V)
— 8?7[_ 2T Vim0 VUml (I~€1(/\l) — I~i1 (0)) [Yf(()) A }/Ib(/\l)] S 08.

Passing to the limits m — oo first and then € — 0, we obtain the relation

INYP ) (B4 SVET R () = VR (1 (V) — Ra(0)[17(0) A VPN

for all | € N. Upon taking the inner product with Y7 ()\;) € R?, it follows that
i\ \Yf()\l)|2<lb + %”\/%rﬁu,)) —0.
Since \; € o(Y;) implies Y () # 0 we get
I, + 8%\/%%10\1) =0.

By (1.6) this relation is equivalent to

1

my = —V 21 (/000 rtfo(r) dr)_ R1(\),

which however is excluded since A\, € {§ = 0} and my, € Mey.. Therefore we have shown that
o(Yy) = 0 and o(Y7) = {0}. As a consequence, Y2 = 0, and Y] equals a (non-zero) constant vector.
[Note that in the case where o(Y;) = {\; : j € N} = 0(Y3) we would have Y; = 0.] Thus we proof
can be completed in the same way as was the proof of Theorem 1.1. O

7 Appendix: Some technicalities

7.1 Existence of the dynamics and a priori bounds

Lemma 7.1 Suppose that wy € R?, and Ey, By € L*(R®) are such that (1.9) holds. Then the
system (1.3)—(1.5) with initial data (1.8) has a unique (weak) solution. It conserves the energy

&0 =5 hle®F + o= [ (B +1B()P) b
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Proof: See [6, Prop. 2.2]. O

Lemma 7.2 Under the hypotheses (1.10) and (1.11) on the initial data we have
[l oo+ l0ll oo + (| @] e < 00

Proof: The bound on w is obtained from the conservation of energy. What concerns w, recalling
(3.7) we have
Iy w(t) = Tnom(t) + T ().

If t > 2Ry, then
| Trom(1)] < C (1 + |w(t)]) =0+ < 040+

by Lemma 3.3. An analogous estimate can be derived for t < —2R,, and 7o is bounded for
|t| < 2Ry. Furthermore, Lemma 3.4 and (3.14) imply that

Ton(t) = —8% i w(t — s)ki(s)ds — 8% w(t) A /0 w(t — s)kri(s)ds — 4% (w(t) Awp) ko(t) (7.1)

for t € R. Due to the compact support of k1 and ks the last two terms are bounded. For the first
term, writing out the definitions we get

/Otw(t — s)k1(s) ds
= 27r/ooodrr2fe(r)/0tdsw(t—s)[g(s—r)+g(s+r)—%/Tg(s—f)dr :

'

Consider for instance the contribution of g(s—r) for r € [0, Ry]. We distinguish the cases s € [0, 7]
and s € [r, t] to integrate by parts in s using (1.13). For ¢t > Ry it follows that

/Odsd)(t—s)g(s—r) = —w(t)g(r)—wog(t—'r’)—l—/Ordsw(t—s)(s—r)2f6(|s—'r’\)
— dsw(t —s)(s —1)2fu(ls — 7 tdsw —s Oodaaea.
[ sttt = 2als =+ [ st —s) [ daasto

s—r|

Since |s — r| < Ry is required, we have s < 2R,. Hence it ¢t > 2Ry, then
t T
/ dsw(t—s)g(s—r) = —w(t)g(r)+ / dsw(t —s)(s — 1) fo(|s — 7|)
0 . 0
— / dsw(t —s)(s —71)*fo(|s —7])
TQR() o)
+ / dsw(t — s)/ daafe(a). (7.2)
0 |

s—r|

This function of t > 2Ry is bounded. As the other cases and contributions can be handled similarly,
we obtain the boundedness w. To bound the second derivative &, we use

Iy &0(t) = Thom(t) + Tian ().
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According to Lemma 3.3 and the previous steps we have

[ Trom ()] < C(L+ w(t)| + |w(®)]) < C.

The derivative 7y, is calculated from (7.1). The last two terms yield a bounded contribution,
since ||w|| o + |W]| ;00 < 00 and kg = —2k; by (3.14). For the first term we consider for instance
the contribution of g(s —r) which led to (7.2). Differentiating the right-hand side of (7.2) yields a
bounded function of ¢ > 2R,. Thus we may argue as before to conclude that ||&]|;. < oo also. O

7.2 Stationary states

The stationary states (w, E,(z), B,(x)) of (1.3)—(1.5) are described in the next lemma; cf. [11,
Section 10.2]. We use ¢(k) = (2m)™"/% [, e"*%p(z) dz as the Fourier transform of a function
p:R* = R.

Lemma 7.3 The stationary states (1.3)-(1.5) are

w(t) = w,
Eu(z) — 4r k% /O ), (7.3)
B,(x) = 8% ( /:’ dr rfe(r)>w - 4% (VE% /Om| dr 7“4fe(7’)> w—3(7 - w)z|. (7.4)

[Observe that in fact E, = E is independent of w. Nevertheless this notation is used throughout
to emphasize that this E is part of the stationary state.] For every R > 0 large enough there is a
constant C(R) > 0 such that

[2]*| B ()| + |2 Bu(@)| + 2|V Eu(2)] + |2V B.(2)] < C(R) (1 + |w]) (7.5)

and

z|([VVE,(2)] + [VVB,(2)]) < C(R) (1 + |w]) (7.6)
are verified for |x| > R.
Proof: The relations to be satisfied are
w=0, rotB,(z)=4dn(wAx)f(x), divB,(x)=0, rotE,(x)=0, divE,(x)=4rf.(x).

From this both £/ and B are obtained using the observation that, in general, the solution F of
the equations rotF = Gy and divF = g, is given by F(k) = i|k|~*(k A G1(k) — kg2(k)) in Fourier
space. Using (zfo(x))"(k) = k g(|k|) it is found that

Eu(k) = —% kfu(k) and  Bu(k) = %ig(\k\) (6w — (k- w)k). (7.7)

Furthermore, it can be seen that these functions £, and B, already give rise to a solution of (1.5).
Indeed, for a fixed w € R3

47 /(a: N E,) fe(x)de = /(:B NE,)divE,dr =0 (7.8)
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is verified through integration by parts and observing div(z A E,)) = E,, -rotx — z - rotE, = 0. In
addition,

47T/x A [(w Ax) A Bw] fe(x)de = /m A (rotB, A B,) dx = —/diva(x A B,)dz =0, (7.9)
and thus
/:c A [Ew(x) + (wAz)A Bw(:c)]fe(:c) der =0

for every w € R3. Taking the inverse Fourier transform of (7.7) then leads to (7.3) and (7.4), which
in turn yield (7.5). O

Note that E,(—z) = —E,(z) and B,(—xz) = B,(z) by the symmetry of f,. We also remark
that (7.6) is certainly not optimal, but sufficient for our purposes.

We consider two important special cases.
Example 7.4 (a) For the uniformly charged sphere, fo(x) = d(|x| — 1),

X
EW(ZL“) = 471'@1{@»1}(:13),

8T 4dr _ _
Bw(ﬂj) = ? 1{|x‘<1} W — W 1{|x|>1} [w - 3(:13 : w)x]

(b) For the uniformly charged ball, fo = 1fz<1},

B (z) = %” % min {1, |z[*}, (7.10)
By(z) = %T [([5 = 6lal*] Lypapcry — ﬁ 1{|x\>1}>w
+3(Jof? Larcny + ﬁ Loy ) (@ w)a]. (7.11)
For other particular charge distributions (7.3) and (7.4) can be evaluated in a similar way. &

7.3 The uniformly charged ball

In this section we include some additional remarks concerning the uniformly charged ball, where
fe = 1{jzj<13- The stationary fields are given in (7.10) and (7.11). Furthermore, a straightforward
calculation using (7.19) below then shows that

t

9(t) = Tg<n(t) 5(1 =),
g(t) = \/g% [(72 — 3)sin(7) + 37 COS(T)],
far) = Va2 [/ 3 = 37 (5 cos(r) + sin(r) () + 3\/§T5(cos(7) ~ 5 sin(m)a(r)
+ % 84(7)? + % (r? — 30)} : (7.12)
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for t,7 € R.
Concerning the nonresonance condition, we have the following result.

Lemma 7.5 The nonresonance condition (NRC) from Definition 1.8 is satisfied for the uniformly
charged ball.

Proof: We have {§ =0} = {7 € R: (72 — 3)sin(7) + 37 cos(7) = 0}; note that always §(0) = 0.
If 7 # 0 is a solution to g(7) = 0, then 7 # kx for all k € Z, so that cot(r) = 1/7 — 7/3. First we
claim that if 7 is a solution and 7 > 6, then |7 — In| < 7/4 for some | € N. For, if |7 — In| > 7/4
for all I € N, we would have |sin(7)| > 1/4/2 and accordingly

6

11 1
< |3 e = 22 < v

T sm

which is a contradiction. Next we refine the preceding estimate and prove that if 7 > 15 is a
solution and 7 €](k — 1)7, k[ for some k € N, then

|7 — km| < 10571 (7.13)

is verified. To check this claim, suppose that |7 — kn| > 10k~! holds. By the first step there is
I € N such that 7 €](l —1/4)7, Ix[U]i7, (I + 1/4)7[. However, if 7 €]im, (I+ 1/4)x[, then cot(7) > 0
but 1/7 — 7/3 < 0, which is impossible. Thus | = k and |7 — kx| < 7/4 by the first step. Next
we Taylor expand sin about k7 to obtain |sin(7) — o(7 — k)| < (7 — k7)?/2, where o € {—1,1}.
Thus we get

|sin(7)| > |7 — kx| — (1 — kn)?/2 > (1 — 7/8)|7 — kx| > |7 — kn|/2 > 5k~

Hence 7 €|(k — 1), kx|, and accordingly k£ > 15/7, yields the contradiction

2 (k—1)m (k=17 1 _
5P 6 5 3 _(k—mg‘F 5| = lcottr)] =

As a further step we show that if 7 > 15 is a solution and 7 €|(k — 1)m, kx| for some k € N, then
k +3’<Ck‘3 (7.14)
T—kr+ — .
kol =1

holds, where C) = 4027. For, we already know that |7 — kn| < n/4. If |( — kn| < 7/4, then
|cos(¢)| > 1/4/2. By Taylor expansion of tan about kr, tan(r) = 7 — kr + (1/3)(1 — km)3(1 +
2sin” () / cos* ¢ for some ( satisfying |¢ — k7| < 7/4. From the second step it follows that

|tan(7) — 7 + kx| < 4000 k. (7.15)
Furthermore,

< i(lOT/k—FS) 24 (107 + 3)

3 — 72 — km T2 = kr k272

7 3 ’ _ i‘T(IC”_—TH?’ <27k (7.16)

3—724_% s

Since cot(7) = 1/7 — 7/3 means that tan(7) = 37/(3 — 72), (7.14) is a consequence of (7.15) and
(7.16).
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Now we can prove that p;+puy, = p; cannot have a nontrivial solution. Case (1): uj, x> 4072
Select J, K, L € N such that u; €](J — )7, Jr[, p €](K —1)m, Kn[, and py €](L — 1), Lx[. Then
by (7.14),

(J+K—L)w—§<l+l—l)‘ <O T+ K34 179
\J K L/)I= '

Since in particular i, pg, g > 500, we get J, K, L > 500/7, and accordingly

3

|(J+K—L)W|§§3—W+SC T

— < 7.
7 500 5008 ° 7

As a consequence, L = J + K, and hence

JK + K% 4 J? 1 1 1 T
=|=+=- <O (JPHKPH(J+K)).
KUK 7 TR TRl S3QU TR UAE)T)

If we assume w.l.o.g. that K > J, then we obtain

% <7CyJ7?,

which however contradicts the fact that J > 500/7. Case (il): p;, u €]0,4C 72|, For this case an
inspection of the finitely many possibilities (e.g. by sufficiently precise numerical approximation
as was done by the author) shows that the relation p; + pp = 4 does not admit a nontrivial
solution. Case (iii): p; €]0,4C 7% and py > 4072, Fix J,K,L € N as in (i). If p; + pp = i,
then also py > 4Cy72. Since 7 = 0 is the only zero of (72 — 3)sin(7) + 37 cos(7) in [-5,5], in
particular cot(u;) = 1/p; — p;/3 < 0, which yields p; €](J —1/2)w, Jr[. Thus by (7.13) and due
to K, L > 500/,

T+ K= Lya| < |+ Kr = Lal + 2 < |y + Kn — Ln| +

< WK e e Tcog 2T
( + )+2_ 500+2<7r

It follows that L = J + K. Thus by (7.14) for error terms R; and Ry such that |R;] < C;L™3 and
|Ry| < C1K 73,

3 3 371 1
/vLj:,ul_,uk:[ﬂr_ﬂ_KW+E+R1+RI€:JW+;(§_Z>+Rl+Rk- (717)

Since K > 4C 1 we get
L7r:J7r—|—K7T<uj+g+K7r<4017r2+g+K7r<3K7r,

and therefore due to L > K + 1,

6C
[Ri|+|R| < CiL7P+ K %) <20,K7° <6C LK * < —4017T—L—1K—1

17T
3 < 1 1)
2r\K L/’
From (7.17) we obtain the contradiction

3,1 1 3,1 1
Hi JW+7T<K L>+Rl+Rk_J7T+27T<K L>>J7T
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Case (iv): p; €] —4C17%,0] and py > 4Cy7%. Since p_; = —p;, we have p, =  + p—; and
p—j €]0,4C 72 If py €]0,4C7%], then we are back to case (ii), whereas if y; > 4Cy7?, then case
(iii) applies. The remaining cases can be handled using (i)-(iv) and the symmetry p_; = —p;. O

Next we consider the set Moy of exceptional masses from (6.1) for the uniformly charged ball.
Recall from (1.16) that {g =0} = {p; : j € Z}. If §(p;) = 0, then

R (1) = _gm (ﬂ? —43o>

Fj

by (7.12). Therefore
2

Meye = {47r (“j _430> je Z} (7.18)

J

is obtained.

7.4 K1 and K9

The kernels 1 and k9 are defined in (3.10) and (3.11). Here we outline the calculation of

a
~ 1 > —iTS
Ri(T) = e "k;(s)ds
for j=1,2and 7 € R.
Lemma 7.6 FExplicitly,
Fi(r) = —4vam / daa® f.(a)éy (ra) / ar £ (i =) e (7.19)
0 a

rT
21

Ro(T) = — k(1) — %m/ooo daa*f.(a) /00 drrfo(r), (7.20)

-
where ¢y is given by (1.15).
Proof: To begin with

Ri(T) = e " ki(s)ds = dr 1 fo / dse (s,
0 = ) FE o [T st

T

= —\/%/0 drrzfe(r)/o dse™ ' (g(s—?’)+g(8+7”)_%/ 9(5—0)d0>

T

= v [t [ daafia) [ dse ™ (1l =) =)
1 a(s+r)(s+7)— %/ do 1_q,q)(s —0)(s — U>)=

recall (3.12) and (1.13). Now
= / dse T L q(s —7)(s —T)
0
r+a ) r+a '
= lpcq / dse”"™(s = 1) + Li>qy / dse (s —r)
0 r—a

1 , . . L9
= 1p<ay = (e_”(”““)(l +iat) +irT — 1> + 15qy 2ia°e 7 ¢ (Ta) (7.21)
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and

a—nr

T, = / dse ™ ™ 1 gaq(s+7)(s+7) = Llyen / dse "™ (s +7)
0 0
1, .
= Lpeay (e’”(“””)(l +iar) —irt — 1). (7.22)
T

Hence 5
T+ To=1{cay — <(1 +iat)e ™ cos(Tr) — 1> + 1450} 2ia’e """ ¢\ (Ta).
- >
Furthermore, this also yields

1 [ s [
T, = _—/ dse‘”s/ do 11— aa}( s—o)(s—o0)

- ——/ da/ dse” ”5 1 gaq(s—0)(s—0)+1_gq(s+0)(s+ a))
2 , 4
= / da(l{Ka} ((1 +iat)e T cos(To) — 1) + 1o>a) 22’@26’”"¢1(7’a)>
r 0 -
2 )
= —1p<q = ((1 +iat)e " po(TT) — 1>
2a

1{r>a} |:(1 + ZaT) —iTa ¢0(7.a) —1— T(e—iﬂ" _ e—iTa) ¢1(TCL):| :

and thus after some simplification

2r ] . 2a2 ‘ 4
T+ T+ T =140 7(1 +iat)e” "¢ (1) + Lip>a) F(l +irt)e gy (Ta).

Therefore
() = —or /Oo dr 2 f.(r) /OO daaf.(a)(Ty + Ty + Ty)
0

— 2\/% drr fe(r [(% —H'T) e /T da a® fo(a)pr(Ta)
0

+ren(r7) /TOO daafe(a) (1+ iaT)e—i‘ra]

yields (7.19), since [~ dr [ da = [;° da [;° dr in the first integral, and 7 and a can be interchanged
in the second integral. Finally, the relation (7.20) is a consequence of (7.19) and (3.14), if we use
(4.6). O

7.5 Limit points, spectra, and almost periodic functions

In this section we review the definition and some properties of limit points, spectra of functions,
and almost periodic functions. All these results and more information can be found in e.g. [1, 5, 7].
Generally speaking, it seems that the class of almost periodic functions (or distributions) will play
an important role for the understanding of global asymptotic properties [8, 12].

The space of bounded and uniformly continuous vector-valued functions u : R — R"™ is denoted
by BUC(R;R") or simply by BUC(R), whereas BC(R) stands for the bounded and continuous
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functions. In particular, C} (R) € BUC(R). If u : R — R™ is a function, then (7,u)(t) = u(t + h)
is its translate by h € R. The w-limit set of u € BUC(R) is

I (u) = {v : 3 hy — oo such that 7, u — v uniformly on every compact interval in R}.

Then I'* (u) # 0.

Lemma 7.7 Suppose that u,u € BUC(R). Then the following assertions are equivalent.
(a) TF(u) contains only constant functions.

(b) wis (uniformly) asymptotically slowly varying, i.e., |u(t+T)—u(t)] — 0 ast — oo uniformly
for T in compact subsets of R.

(¢c) u(t) — 0 ast — oo.
The (norm) spectrum o(u) of u € BC(R) is defined as
o(u) = {7’ € R : H(7) = 0 holds for all ¢ € L'(R) such that ¢ * u = 0}.

Then o(u) = 0 iff w = 0 and o(u) = {0} iff u equals a non-zero constant. If u € BC(R) and
g € L'(R), then
o(u) Co(uxg)U{r € R:g(r) =0}. (7.23)

If u € BC(R) N C'(R) and % € BC(R), then
o(t) C o(u) C o(u) U {0}. (7.24)
Now we turn to almost periodic functions.

Definition 7.8 Let u : R — R"™ be a function. If ¢ > 0, then h € R 1is said to be an e-almost
period of u, if sup,eg |u(t — h) — u(t)| < e. The function u is almost periodic, if it is continuous
and for every € > 0 there is T > 0 such that each interval [to,to + T] in R contains an e-almost
period of u.

The space of almost periodic functions will be denoted by AP(R). Then AP(R) € BUC(R) holds.
Conversely, if u € BUC(R) and o(u) is at most countable, then v € AP(R). If u € AP(R), then
the mean value

M(u) = lim i/T u(t) dt

T—o0 2T _T
does exist. It even holds that

1 T+s
sup}ﬁ/ u(t)dt—M(u)‘HO, T — oc.

seER —T+s
Since
2 [ v = [ )] <sup |0
= w(t) dt — u‘:) / w(t)dt —M(u) <sup |...| —
T Jo 2(T/2) J_rjo41)2 seR
as t — oo, also
1 (T
M (u) zjlim —/ u(t) dt (7.25)
— 00 0
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is satisfied. If 7 € R, then e "4 € AP(R), and hence the Bohr transform
W (1) =M(e "), TeR,

is well-defined. The uniqueness theorem asserts that is u,v € AP(R) and v’ = ©’, then u = v
holds. An inner product on AP(R) can be defined by

<U, U>M = M(UT})?

and -
(M, ), = 6(\ = ). (7.26)
The relation of the spectrum to the Bohr transform is
o(u) = {7 :w (1) # 0}, (7.27)
and o(u) is at most countable. If u € AP(R) and g € L([0, oo[), then u xg g € AP(R) for
(w0 g)(t) = / u(t — s)g(s)ds, teR. (7.28)
0
Furthermore,
(uxo g)(1) = V2’ (7)§(r), T €R, (7.29)
where

. 1 g
g(1) = \/_2_71'/0 e Tg(t)dt, TeR. (7.30)

To check (7.29), note that by (7.25)

T—o0

(usgg) (1) = M(e ™ (u%gg)) = lim %/0 dt et /000 dsu(t — s)g(s)

1 o ) T—s )
= Tlim f/ ds e_”sg(s)/ dte” ™ u(t) = V2 g(m)u’ (1),
— 00 0 —s

since ¢ € L'([0,00[), u is bounded, and %f_T;S dt e mtu(t) — M(e ) = ub(r) as T — oo
pointwise for s € [0,00[. Thus (7.29) is verified. Next, if v € C*(R) is such that u,u € AP(R),
then

W (r) =it (t), TeR. (7.31)

This follows from integration by parts and the boundedness of u. An almost periodic function u
can be uniformly approximated by trigonometric polynomials. For this, write o(u) = {\; : j € N}.
Then

7711_120 1Qm — UHLoo(R) =0
for the functions .
Qn(t) = zm: Vgt (A;) €N,
j=1
where v,,; €]0, 1] are suitable coefficients. If j is fixed, then

lim v,; = 1. (7.32)

m—0o0
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For,

(7.26) yields

(Qur €™ =Y vt () (€™, €5y = " wit” (M) 8k = Ag) = v’ ().
k=1 k=1

Thus

W’ (N) = M(e ty) = (u, et = lim (Q,,, ey, = v’ () lim vy,

m—00 m—00

leads to (7.32).
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