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Abstract

We consider non-periodic holomorphic twist maps of the form
1 _
b =0+ < (y+ Fu(6,7), ri=1+r TRy (0,7r),

for a €]0,1] and v € R\ {0}. Under appropriate assumptions on Fj, F» and a primitive h
of r1 dfy — rdf it is shown that 7, = O((logn)"/®), if (6,, Tn)nen, 18 @ forward complete
real orbit of the map.

1 Introduction

Over the last years we have examined the dynamics of twist maps with non-periodic angles [2, 3,
4, 5]. Motivated by the Fermi-Ulam ping-pong model, and also by the Littlewood boundedness
problem, we have obtained results on the role of the bounded orbits in the general dynamics
[6] and also on the improbability of escaping orbits [7, 11, 12]. However, the first result for this
class of maps is older and due to Neishtadt [9]. He studied the ping-pong model in the analytic
case and proved that for any orbit the velocity v,, after the impact n must satisfy

v, = O(logn), n — . (1.1)

In this paper we consider more general holomorphic maps f : (6,7) + (61,71) of the form
1
91:9+r—a(’}/+F1(9,7’)), T1:r+r1_°‘F2(0,7’), (12)

1



where a €]0,1[ and v € R\ {0}. They should be viewed as perturbations of
0=0+L, r=r
/,nOl

The latter map is well-defined on Rx]0, co[ and has a holomorphic extension to the complex
domain C x {r € C : Rer > 0}. Moreover, it is symplectic, due to ry dfy — rdf = db, for
ho(0,7) = —2L r1=@ We will investigate the dynamics of (1.2), being defined on a set of the

l1—a
type
Q=Rsx{reC:Rer>r,|[Imr| <n|rl}

for some d,r > 0, n €]0,1], with Ry = {# € C : |Imf| < §} denoting the open strip in the
complex plane about R of width . Our main assumptions are:

(i) the smallness of the holomorphic functions F; on Q (supposed to map reals into reals),
in the sense that F;(0,r) = O(r~®), uniformly in 6 € Ry, for j = 1,2;

(i) h(0,7) = bo(0,r) + O(r'=2%) uniformly in § € Rs, where r df; —r df = db holds for (1.2).

Under these hypotheses we are going to show (Theorem 3.1) that there exists a constant C' > 0
such that if (0,,,7,),,cy, 15 a forward complete real orbit of (1.2), then there is ng € N so that

r < Cllogn)/®, 0> ng.
For the proof, we apply a rescaling ¢ = £'/°r to put f from (1.2) into the form
¢6 . 91 = 9+€R1(97£7€)7 51 :€+€R2(97£75)7 (13)

where Ry(0,¢,¢) = g (v + Fi(6, 5%)) and Ry(6,€,¢) = €' 7°F5(0, 55=). It turns out that the
family of maps {t.} can be defined on a common domain G,, where G = Rx|1,2[ and

G,={z=(q,p) € C*:|Imgq| < p, dist(p,I) < p}.

This leads us to study (see Section 2, also for more discussion of the subtleties) general maps
P.: G, — C? given by

PE : = +€l(x78)7 €Ty = (9171)1)7 T = (Q7p)a

where [ belongs to a certain class of maps M, ,, that has to be carefully set up in order to
account for singularities of [ or % at ¢ = 0; recall the definition of Ry, Ry in terms of Fi, F5
above. Inspired by [5], we call the family of maps { P.} E-symplectic, if p; dg1 — pdq = dh(-,¢)
for a function h € M, ,, such that, as e — 0,

oh
h(g,p.e) = em(q,p) + O, 5-(¢,p,¢) = m(q,p) + O(e),
uniformly in (¢,p) € G, for a bounded function m : G, — C. It turns out that all these
conditions can be verified for (1.3) after rescaling b from (ii) to h. Furthermore, it is possible
to construct a function F = E(x) satisfying JVE(z) = l(x,0), where J denotes the standard
symplectic matrix; in fact E(6,¢) = E(§) = 2= £'~ for the maps from (1.3). The function £
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should be thought of as an approximate first integral (adiabatic invariant) for the family {P.}.
This means that the variation of E along the orbit remains small for an exponentially large
time. More precisely, Theorem 2.5 ensures that if

(xn)ogngjv = (Psn(xo))ogngN

is a real forward orbit piece of P. so that x,, € G for all 0 < n < N, then
|E(z,) — E(z0)] < Ce, 0<n<min{N,N.}, N.= [/, (1.4)

for constants C', D > 0 and if € > 0 is small enough (all independent of the orbit). Going back
to the original variables (6,r), it follows that

IS0 — S| < Cs2. m<n<m+ e,

where s, ~ r17® (up to a multiplicative constant), 8 = % < land § = 1% > 0. Then to

complete the proof of Theorem 3.1 we need to show that limsup,, . W < (). This is
accomplished in a clean way by using Lemma 3.4, which is related to upper and lower solutions
to the difference equation x,, 1, = x,, + Cx?.

Section 4 concerns the ping-pong map. This important example was analyzed in [9] and
we revisit it to illustrate the applicability of our results. Our proof is substantially different
from the proof in [9], since the change of variables and the adiabatic invariant we are going
to use seem to be new. Note that v = 1/2 for the ping-pong map, but in the notation of the
main theorem (Theorem 3.1) as mentioned above 7, = E,, = v2/2 corresponds to energy, not
velocity, and hence we recover (1.1). An important issue here is how to extend the map to the
analytic setup. We also remark that the result comes with some uniformity, in the sense that
it leads to the estimate

_ v
lim sup —— < Cp
n—oo n

for a constant Cy > 0 that is independent of the chosen orbit.
It remains an open question, if the logarithmic bound, as provided by Theorem 3.1, is
optimal. In Section 5 we will give an example for o = 1/2 such that for every (6y,79) € R* so

that 0y > 0 and r9 > 0 the forward complete orbit (6, rn)neNO does exist and satisfies

0 < liminf — " < lim sup < 00.

nooe (logn)? 7 noee (logn)?
However, this example will barely fail one of the assumptions of Theorem 3.1 (the bound (3.4)
does only hold uniformly for § in bounded sets, but not for € Rs), and hence it does not yield
optimality. This indicates that maybe some assumption of Theorem 3.1 could be relaxed, or in
some examples unbounded orbits could exist. However, given the advanced technical machinery
that is used to establish Theorem 3.1, both points seem to be difficult to address.

2 E-symplectic families of maps

An important observation in [9] is the existence of adiabatic invariants for families of analytic
canonical maps close to the identity. Given a convex domain G C RY x RY and a family of
symplectic maps

P.:G—RY xRN 2 =x24c¢l(z,e),



it is possible to construct a function £ = E(z) satisfying
JVE(x)=1(x,0), (2.1)

0 Iy
—Iy O
numerical integration method for the Hamiltonian system & = JVE(z). This fact suggests
that E(x) should be an adiabatic invariant for P., meaning that

where J = ( . For small ¢ the iteration z,,; = P.(x,) can be interpreted as a

|E(PM(x)) — E(z)| < Ce, 0<n<N,, (2.2)

£

where N, is of the order e?/¢; the constants C, D > 0 should only depend upon an appropriate

norm of [. In essence this is discussed in Remark 5 and Proposition 3 of [9]. Additional details
can be found in [1], in particular in the case of bounded domains.

However, the previous statements must be taken with some caution in the case where the
underlying domain is unbounded. As a counter-example we consider the family of translations

1 =+ eJu+ v,

defined on the whole space G = RY x RY. Here v # 0 is a fixed vector and E(z) = (z,v)
satisfies (2.1), since [(z,€) = Jv + cv. Due to P(x) = x + nel(x, ) we obtain

|E(P(x)) — E(x)] = e*nlv*.
Therefore (2.2) does hold only for n < N. = O(1/¢) many steps.

To overcome this inherent difficulty, Benettin and Giorgilli in [1] considered an unbounded
domain G and a family of maps derived from a symplectic integration algorithm for a Newtonian
system of the type ¢ = —VV/(¢). Then they impose some growth conditions on V' (q) as |¢| — oo.
We will follow a different approach and assume that our family { P.} satisfies a condition inspired
by the notion of an exact symplectic map (called E-symplectic), as it was understood in our
previous work [5]. Furthermore, to simplify matters, we will restrict ourselves to the case of
direct interest to us for applications. Throughout we will take

N=1 and G=Rx1I,

where I C R is an open and bounded interval. Our goal will be to understand the dynamics
of a map on the plane (0,7) — (#1,71) when r — oo. For this reason our family of maps {P.},
P.: (q,p) — (q1,p1), will be obtained after a rescaling ¢ = 0, p = er with ¢ € R and p €]1,2].
This procedure will lead to functions [(x,¢) that are analytic in x, but not necessarily smooth
in ; a prototype can be the function I(z,e) = h(z/e?), where h is real analytic in [1, co[ and
h(¢) — 0 as ¢ — oo. Then [ is continuous as a function of the two variables (x,¢), but the
partial derivatives 9%l do not always exist at ¢ = 0.

The following definitions are motivated by the previous discussions. In general, for the
norms on C? and C“*% we will take |x| = maxj<i<q|z;| and |A] = maxi<i<d, 1<j<ds |@ijl,
respectively. Note that for A € C¥™¢, z € C%, A; € Ch*4 and A, € C¥9 this implies

|Az| < d|Al|z|, |AiAs] < d]A1]]As].
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The points in G = R x I will be denoted by = = (¢q,p). For p > 0 we will write
G,={x=(q,p) € C*:[lmg| < p, dist(p,I) < p}.
Given ¢ : G, — C holomorphic, let

lell, = sup{lp(2)] - x € G, }.

If 0 < r < p, then by the Cauchy integral formula one has

1
Dyl < ——
D¢l < —— lll
where Dy is the Jacobian.
Definition 2.1 (The classes M,, and M, ,,) Let p >0 and o €]0,1].

(i) The class M, , consists of those continuous maps | : G, x [0,0] = C?, | = l(z,¢), which
satisfy:

(a) 1 maps real into reals; and
(b) for every e € [0,0] the map l(-,€) is holomorphic on G, and
12l,.s = sup {[l(-;€)ll, - € € [0, 0]} < oo.
(ii) The class My ,, consists of those continuous maps | : G, x [0,0] — C?, | = l(z,¢),

satisfying

(a) | maps real into reals;

(b) 1 is C* in G,x]0,0];

(c) for every e € [0,0] the map l(-,€) is holomorphic on G,;

(d) one has

ol
1 = 0l + 500 {520 0)]| 2 €l0.01} < o0
Remark 2.2 Note that, for a map [ € M,, or | € M, ,,, all the derivatives 920FI(-,¢) :
G, — C? for € €]0,0] are holomorphic, where o € N3 and k£ € Ny. Similarly, all the 921 :
G, x [0,0] — C? are continuous functions of both variables. This follows from the Cauchy
integral formula and the continuity of /. Furthermore, the derivatives can be interchanged:

agafl(,&') = ajaa(cxl<7€>

Definition 2.3 Suppose that | € M, ,,, and for ¢ € [0,0] consider the family of maps P. :
G, — C? given by

P.: x=x+c¢l(z,e), x1=(q,p1), z=I(¢,p). (2.3)



We say that the family {F.} is E-symplectic, if there is a function h € M, ,, such that
p1dqi — pdg = dh(-e) (2.4)

and there exists a bounded function m : G, — C satisfying

hq,p,e) =em(g,p) +O(e?) as €—0 (2.5)
and

Oh

E(q,p, e)=m(q,p) +O(e) as ¢—0 (2.6)

uniformly in (¢,p) € G,.

Remark 2.4 (a) m is holomorphic in G,. To see this, note that 9%(-,¢) is holomorphic for

e > 0 by Remark 2.2. Since m is the uniform limit of fo (q,p,te) dt as e — 0, it is holomorphic
itself.

(b) m satisfies

om - 811 om - 811

where [ = (l1,13). For, we observe from (2.5) that e~'h — m uniformly on G,. Therefore also
the derivatives converge, uniformly on compact subsets of G,. From (2.4),

_,Oh ol oL, _,0n 0l ol

— =1 l ly —.
€ 9 2+p8q+628q I 8]9 pap Egap

Thus it remains to pass to the limit ¢ — 0 and use Remark 2.2. Relation (2.7) can also be
stated as

lo(z, 0
Vi) = p a0+ (50 o= ) 29
(c) One has
ol Oly
— 0) + = 0)=20 2.9
a(61,19,)+a(<119,) : (2.9)
as follows from gq(;np = gpé‘; Relation (2.9) implies that the Jacobian matrix DI(z,0) is Hamil-

tonian, i.e., it satisfies Di(x,0)*J 4+ JDI(z,0) = 0, or equivalently, JDI(x,0) is symmetric.
Since G, is simply connected, we conclude that there is a holomorphic function £ : G, — C
such that JVE =1(-,0), i.e., (2.1) holds. Actually, (2.8) shows that we can take

E(z) =li(z,0)p—m(z), == (gp). (2.10)

(d) The relation JVE = [(-,0) yields

E E
dEIaa—d —l—%—dp——lgdq—i—lldp



Hence E(x) = E(x¢) + fv(—lg dq + 1y dp) for every path ~ that connects a fixed ¢y € G to x.
This observation makes the connection to the formula for E given in [9] below (2.7).

(e) Condition (2.6) does not follow from (2.5), as the example

1
h(g,p,e) = em(q,p) + & sin (g)
shows.

The proof of our main result (see Theorem 3.1 below) relies on the following theorem, which
should be compared to [9, (2.7), p. 135 and Prop. 3, p. 136]. It can be established along the
lines as indicated in [9], cf. [8] for more discussion and full details.

Theorem 2.5 Suppose that | € M, ,,, and for e € [0,0] consider the family of maps P: :
G, — C? given by
P.: xy=x+¢l(x,e). (2.11)
Let the family {P.} be E-symplectic. Then there exist & €]0,0] and constants C,D > 0 (de-
pending upon p, o, |[l||, , . the interval I, [|L||, ,, and sup,.¢p 4 le= (%(-,e) —m)||,) such that
if
(x’TL)OSnSN = (Psn(xo))OSnSN

15 a real forward orbit piece of P. so that x,, € G for all0 < n < N, then

|E(z,) — E(z0)] < Ce, 0<n<min{N,N.}, N.=I[e"/"]. (2.12)

3 Main result

To motivate our main result let o €]0,1[ and v € R\ {0}. Consider the map (0,7) — (61,71)

given by

Q1:Q+l7 r=r.
ro

It is well-defined on R x]0, co[ and has a holomorphic extension to the complex domain C x {r €
C : Rer > 0}. Moreover, the map is symplectic, since it satisfies

r1d01—rd9:dh0

for

ho(6,7) = ——— 17, (3.1)

11—«

We will consider perturbations of this map on a sub-domain of C? of the type
Q=Rsx {reC:Rer >r,|[Imr| <n|rl}, (3.2)

where 6,r > 0, n €]0,1[, and Rs = {# € C : [Im | < §} denotes the open strip in the complex
plane about R of width §.



Theorem 3.1 Consider the map f: (0,7) — (01,71) given by

1
0, =0+ r—a(v—kFl(é’,r)), r =1+ (0,r), (3.3)

under the following hypotheses:
(a) Fy and Fy are holomorphic in Q from (3.2).
(b) If (0,r) € QN R?, then Fy(0,r), F»(0,7) € R.
(c) F;(0,r) = O(r=*), uniformly in 0 € Ry and for j =1, 2.

(d) There is a holomorphic function f : Q — C that maps reals into reals and such that
ridf, —rdf = db as well as

h(0,7) = ho(6,7) + O(r'72), (3.4)
uniformly in 0 € Rs, where by is defined in (3.1).

Then there exists a constant C > 0 such that if (0n,7n),cy, 5 @ forward complete real orbit of
f, then there is ng € N so that

Ty < C(logn)l/a, n > ng.

Remark 3.2 (a) The dependence of C' with respect to the parameters will be discussed along
the proof; C' will be obtained from a sequence of constants C1, ... C43.

(b) If the functions F; and F, are 2m-periodic in 6, then f can be defined on a cylinder and
the conclusion can be improved to 7, = O(1) as n — oo for each complete real orbit. This is
a consequence of the Small Twist Theorem, see [13, Chapter III]. In fact, after the rescaling
p = er with p € [1,2], the map f has an expansion of the form

0y =0+¢e" p +0(£*), p1=p+ O(*),

as ¢ — 0, uniformly in 0 € Rs. Taking a sequence ¢, — 0, we find corresponding invariant
curves r = 1,(0) such that 1/e, < ¢,(0) < 2/e, for § € R. These curves are closed in the
cylinder and act as barriers for all real orbits, preventing them to escape. The same conclusion
is valid if then dependence on 6 is quasiperiodic and the frequencies satisfy a Diophantine
condition, cf. [14].

(c) Without any further assumptions, for a map f which satisfies (a)-(d), there are infinitely
many forward complete real orbits such that r, = O(1) along the orbit. This is a consequence
of the results in [3]. To establish the claim, we first observe that (c) yields for r € R the bound

OF;

5 0,r) = O(r_(1+°‘)), r — 00, (3.5)

uniformly in § € R; (3.5) follows from the Cauchy formula, see the proof of Theorem 3.1 below.
According to [5], the latter estimate is sufficient to guarantee the existence of a generating

8



function h = h(0,60,) associated to f, i.e., r = % and r = _aa_ehl are verified. Actually one can
take h(6,0,) = —h(0, R(0,6,)), where r = R(0,0,) is implicitly defined by the first equation in

(3.3). Some computations then show that

a/,yl/oz

R(6,61) ~ M/ (00 = 0)71/%, h(6,61) ~ T (= 0)

—

as 01 — 0 — 07, where as usual F(x) ~ G(x) as * — o means that lim,_,,, F(x)/G(x) = 1.
Hence we can invoke [3, Thm. 2.5] or [5, Exercise 5.6] to deduce that for each 7 > 0 the map f
has an orbit (6, T”)neNo such that r,, > 7 for all n € Ny and furthermore sup,, v, < oo.

To prepare for the proof of the theorem, we are going to discuss some aspects of the method
of upper and lower solutions for the difference equation

Tpt+1 = g(xn), (36)

where ¢g : I — R is an increasing function that is defined on an interval I C R.
A sequence (Vn)o<p,<y C I is called a lower solution of (3.6), if .41 < g(yn) for n =
0,...,N — 1. An upper solution is defined by reversing the previous inequality.

Lemma 3.3 Let (v,) and (I')) be a lower solution and an upper solution of (3.6). If vo < 'y,
then v, < T, for all n.

Proof: This follows by induction from the monotonicity of g. O

Next we will show how to construct lower and upper solutions for an equation that will be
important for the proof of Theorem 3.1. Consider

Tpt1 = Tp + ng,

where €' > 0 and 8 < 1. The function g(x) = x + Cz” is increasing in I = [0, 00}, if 3 > 0,

and it is increasing in I = [(C|B ])ﬁ, oo[, if B < 0. Inspired by the general solution of the
differential equation @ = Cz”, we test sequences of the type

for some A, B > 0; the condition A > (C\ﬂ\)ﬁ is also assumed, if § < 0, to make sure that
Yn € I. From the mean value theorem we obtain
B B8
Tn+1 — Tn = m (A + B(n + Cn))li@

for some ¢, €]0, 1].
Let us first look at the case where 8 € [0,1]. Here we deduce that

B B
2 < < AP 3.7
1_/8771 > o+l Yn > 1—ﬁ7n+1 ( )



Hence 7, will be an upper solution, as soon as B > C(1 — ). To get a lower solution, we

observe that -

B
14+ —.
M
Therefore we get
5 B\
Tn+1 S (1 + Z) Tn>

and thus, due to (3.7), 7, will be a lower solution, if B(1 + %)% < C(1-p).

For 5 < 0 the inequality (3.7) is reversed. As a consequence, 7, will be a lower solution,
if A > (C’|B|)ﬁ and B < C(1 — (), and it is an upper solution for A > (C|6|)ﬁ and
B(1+ %)% > C(1 — ). Thus to summarize:

(a) If B < 1is fixed and B = £ C(1 — f8), then I';, = (A + Bn)ﬁ will be a lower solution,
if A > 0 is taken sufficiently large (depending on C' and f3); this fact won’t be needed in
what follows.

(b) If B < 1is fixed and B = 2C(1 — (), then I, = (A + Bn)ﬁ will be an upper solution,
if A > 0 is taken sufficiently large (depending on C' and f3).

Returning to the general setup, let us now assume that the interval I is of the type I =|b, 00|
and let h : Ng — Ny be a given function with the property that

h(n) >n+1, neN,. (3.8)
Let (9n)nen, C I be a sequence such that
Ym < g(m), 0<n<m<h(n). (3.9)

This sequence is a lower solution of (3.6), but it has additional favorable properties; in this case
it will be possible to sharpen the conclusion of Lemma 3.3 as follows.

Lemma 3.4 Let (yn),cy, € 1 and (Ty),cn, C I be such that:
(a) (yn) satisfies (3.9),
(b) (I'n) is an upper solution to (3.6),

(¢) 70 < T,
(d) (I'y) is increasing and limsup,, . 7, = 00.
Then there is a non-decreasing function o : Ng — N such that
Yoy > T and 7, <T,, me{0,...,0(n)—1}. (3.10)

In addition,
on+1)>h(c(n)—1), n e N (3.11)
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Proof: Define
o(n) =min{k € Ny : vy > I, }.

It follows from (d) that o is well-defined and monotone increasing. Also, thanks to (c), we have
0(0) > 1 and accordingly o(n) > 1 for all n € Ny; in particular, the statement (3.11) makes
sense. The relations in (3.10) are obtained directly from the definition of o, and we are going to
prove (3.11) by contradiction. So assume that for some n € Ny we have o(n+1) < h(o(n)—1).
Then

h(c(n) —1) > o(n+1) > o(n) > o(n) —1

shows that we can use (3.9), with n replaced by o(n)—1 and m replaced by o(n+1), to deduce
that Y(m41) < 9(VYom)—1). Since g is increasing and due to (b), this would yield

Von+1) < g(7a(n)—1) < g(ln) < Ty,

which is impossible by (3.10). O

Remark 3.5 The previous proof is still valid, if the sequence (7,,) does not lie in I, but satisfies
a modified version of (3.9). Assume that there a numbers b* > b, > b such that I'y > b* and

Vg1 =0 = 7, > b, (3.12)
Then ~, is required to have the property that
Yo = b = b< 9, <g(Wm), 0<n<m<h(n). (3.13)

Proof of Theorem 3.1: Step 1: Some estimates. We will show that, after restricting the size
of €, the functions F; and F» will satisfy some additional estimates. From (c) we know that
there are numbers C; > 0 such that

|F;0,m)| < Cor®, (0,r) e, j=1,2. (3.14)
We consider the smaller region

Q, = Rs x {rGC:ReT>2L|Imr| < g|7“|}

and claim that there are constants C’](l) > 0 for j = 1,2 such that

or,

(0, <oV g e, =12, (3.15)

(t,7)

where C’j@ only depends upon r, n and C}. To prove this we first use an elementary geometric
argument to find a constant x €]0,1[, depending upon r and 7, such that if (0,7) € €., then
all points (6, p) with § € Rs and |p — r| < k|r| will belong to €. Now it is possible to use the

Cauchy formula
OF; 1 F;(0,
a—]wﬂ”) = —/ A p)2 dp,
r 2mi J., (p—1)
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where v is a circle with center r and radius x|r|. Then (3.14) leads, after a short computation,
to (3.15). The same kind of arguments in conjunction with (d) yields the following bounds for

b:

|h(9,7”) - hO(eu T)’ S 03 7,172&7 (67 7’) € QJ (316)
%(9%) - %(9%) <0re, (6,r) € Q. (3.17)

where C3 > 0 and C’él) > ( are suitable constants. From now on the domain 2 will be replaced
by €. To simplify notation, we will assume that already €2 is a domain on which the estimates
(3.14), (3.15), (3.16) and (3.17) are verified.

Step 2: Rescaling. Under the transformation ¢ = £'/%r the map f becomes
¢€ : 81 :8+5R1(97§78)7 51:§+6R2(07§7€)7

where

0.6 =g (14 A )) Reb.60—¢R(0 1),

According to (a), 1. is defined on
Y. =Rs x {€ € C: [Im¢€| < nlé|,Re € > e'/or).

We intend to apply Theorem 2.5 to the family of maps {t.}, and the first task will be to
determine a common domain. Let us fix I =|1,2[ and define G = R x I. A generic point
in G will be denoted by = = (0,£) and we also recall that |z| = max{|f|, ||} will be taken
as the norm on C?. Elementary geometric considerations show that it is possible to select
p €]0,min{1/2,d} and o > 0 such that G, C X, for € € [0,0]. The next step is to show that
I = (Ry, R) belongs to M, ,,. Note that we are extending this map to ¢ = 0 by letting

R1<97§70) - é’la’ R2(97£70) =0.
The functions R;(-,-,0) are obviously continuous on G,. We are going to show that
Rl (07 gu 5) — 5%7 RQ(ea 57 6) — Oa (318)

as ¢ — 0, uniformly in G,. This implies that the extension of R; to G, x [0, 0] is continuous,
and hence the same holds for [. The limits in (3.18) are a consequence of (3.14) and the bounds
1/2<1—p<|¢| <2+ p<5/2for (6,€) € G,

Now that we know that [ is continuous in G, x [0, o], the conditions (a), (b) and (c) from the
definition of the class M, ,, follow directly from the assumptions on F; and F5. To establish
(d), we first consider ||I[|,,. Here

[Ba( - e)ll, <2%(y+ 2% Cre), [Ra(s0s8)l, < ma Cae, (3.19)
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for m, = max{(2)'72*,22*71}, is derived from 1/2 < |¢] < 5/2 and (3.14), so that 1], < oo
For the derivatives w.r. to €, we have

OR; 1 flia OF, & OR, 1 52 ¢ OF, &
5 069 =3 G g () e 069 =5 e gy (i)
for £ €]0, 0]. Using (3.15), we deduce that
2
HaRl < 2_01 7 H&Rz < Ma 051)7
a a

so that [|I[|, ,, < oo and therefore I € M .
Step 3: The symplectic condition. We apply assumption (d) to observe that

h(h,€,¢) = Mo (9, gf/a) (3.20)

is a potential for ¢. on G, i.e., & df; — £df = dh(-,¢) is satisfied. Moreover, from (3.16), we
obtain that

h(0,€,6) =em(0,€) + O(e?) as e — 0, (3.21)
uniformly in (6,§) € G,, where m(6, &) = ho(6,&); for this note that m is homogeneous in £ of
degree 1 —c. The function m is bounded on G,,. Next, condition (2.6) follows from (3.17), and it
should be observed that the bound on [[e7!(2 — m) Hp then only depends upon Cj, C’z,()l) and a.

€

It remains to prove that h € My ,, in order to conclude that the family {¢.} is E-symplectic;
note that h is extended to € = 0 by h(6,£,0) = 0. From (3.21) we get the continuity of h
on G, x [0,0]. Next we are going to show that condition (d) in the definition of M, ,, (see
Definition 2.1(ii)) also holds. The definition of by and (3.16), (3.17) imply that

h(0,r) = O(r'"™*) and %(0,7‘) =0(r )

uniformly in 6 € Rs. Thus using these estimates, we obtain a uniform (in € €]0, 0]) bound on
1h(-,e)ll, and [I52(-,e)]l -

Step 4: Application of Theorem 2.5. Since

we deduce from (2.1) that
E(0,¢) = —51 %

and thus in fact F' = F(§). Then Theorem 2.5 yields the existence of & €]0, 0] and constants
C, D > 0 such that if € € [0, 5] and

(mTL)OgnSN = <9n7€”)0§n§N

is a real forward orbit piece of . so that 1 < &, < 2 for all 0 < n < N, then

|E(&,) — E(&)| < Ce, 0<n<min{N,N.}, N.=[eP"]. (3.22)

13



Step 5: Going back to the original system. First we fix two numbers 1 < a < 3/2 < b < 2. Let
(0ns T) , <n<n, Pe a real forward orbit piece of f such that e = (2r,, /3)™* < &, where ¢ is from
the previous step; by decreasing ¢ further, we may assume that in addition

G < ﬁ min { (g)l_a _ gl pie (;)l_a} (3.23)

as well as

2—-b a-—1
5 < mi 3.24
o <min{ o (3.24)

are verified. Then we have &,, = £/%r,, = 3/2 €]1,2[, where in general we let £, = ¢'/®

Denote by

Tn-

N, =max{m >n; :1 <&, <2 for n with n; <n <m}

the longest time such that along the orbit (6,,&,) of 1. it holds that 1 < ¢, < 2. From

Step 4 and (3.22) it follows that

)

n1<n<ng

1—a - X
aC’s, ny <n <min{N,,ni + N.}, N. =[]
~

Thus for ny <n < min{N,,n; + N.} we deduce from ¢ < ¢ and (3.23) that

3\ 1-a 1— . 3\ -« 1— N

al=e < (—) P (—) +—Lle<pie (3.25)
2 ¥ 2 v

We claim that N, > ny; + N.. Otherwise (3.25) would be applicable n = N, to imply that

én, € [a,b]. We do also know that £y, 1 €]1,2[. But then

Engi1 = En, +eRo(0n,, &N, €)

together with (3.19) and ¢ < 1 would lead to [En,11 — &n,| < Mo Cre? < my Cye. This in
turn would yield &x, 1 €]1,2[ by (3.24), which is impossible. This completes the argument for
N,, > ny + N., and the previous discussion can be summarized as follows: If 7, > (3/2) 6=/,
then

|ri=e — r}“_a| < Cy 7"7152“, ny <n < mng+ [e95m], (3.26)
where Cy = (%)1_%(1_70‘)@ and Cs = (2/3)°D.

l—«a

»~ and writing m = ny, (3.26) reads as follows: If

l-a
Step 6: Conclusion. In terms of s, = Cy* r
Sm > Cg, then

|80 — Sm| < O 52, m<n<m+ e, (3.27)

where 5 = % <1,0=1%>0 0C = (3/2)1(C5/6)Y? and C; = CyCs. We need
to prove that limsup,, . (1();# < () for an appropriate constant C, > 0 that will be
independent of the initial condition sy. Suppose now that limsup,,_, . s, = 0o, or equivalently
lim sup,,_, o, 7n = 0.

14



We intend to adapt (3.27) to the framework described in Lemma 3.4 and Remark 3.5. The
function g(z) = x + Cr;2” is increasing in I =]b, oo, where we take b = 0 for 3 > 0 and

b= (C;|B|)T7 for B < 0. In addition,
h(n) = n + [e*]

satisfies (3.8), since all the s,, are positive. The numbers b, and b* are defined as follows. First
we take

b, = max{Cs + 1,2b, (2C;) 77 }.
To obtain b* so that (3.12) is satisfied for «, = s, we need an estimate of the type s, >
Cy Sp+1 — 1, which is valid for all n € N. By the definition of the map and by (3.14):

12«
n )

Togl = T + r,lfaFg(Gn, rn) <1+ Cor

which translates into

11—«

1—a
st < G5+ Cary 21T S O3 (g7 4 Gy 200)
S+ Cg 55 2% < (Cg + 1)(s, + 1)

for a suitable constant Cg > 0. Expressed differently, we have the bound
Sn > 09 Sp4+1 — 1 for Cg = (Cg + 1)71. (328)

Therefore an appropriate choice for b* > b, > b is b* = (Cs + 1)(bs + 1). Finally we take
r,=(A+ Bn)ﬁ with B = 2C7(1 — () and ATF > max{so, b*}. From the discussion prior
to this proof we know that (I',,) will be an upper solution to =, = =, + C7 28, if A is fixed

to be sufficiently large (depending on sy, 8, Cs, C7). Clearly I'y > max{sq, b*} and (T'),) is
increasing. Lastly, (s,) satisfies (3.13), the latter due to (3.27): if s, > b, then s,, > Cs and
(3.27) applies. It follows that s, — Cr7s2 < s, < g(sm) for 0 < m < n < h(m). The lower
bound also yields

1
Sp > Sm(1 — 0735;1) > 5 S > b

for such n. Hence Lemma 3.4 provides us with a non-decreasing function ¢ : Ny — N such that
So(n) > I, 8 < Ty for m € {0,...,0(n) — 1} and furthermore

ocn+1)>0o(n)—1+ [esg<">—1], n € Ny. (3.29)
Thus from (3.29), (3.28) and sy, > I';, we deduce
on+1)>ao(n)+ eSrm-1 — 2 > o(n) + @5 em =" _ 2 > g(n) 4 CTn=1) _ 2,
After some straightforward manipulations using the definition of I',, and & =1, this yields

U(n+1) ZG(n)—i—Cwec“"—Z

15



for constants Cg, c11 > 0 depending upon Cy, §, A and B. Therefore

n—1 n—1
cun
O'(TL) = 0'(0) -+ (O'(k + 1) — O'(k)) > 1+ 010 E eC“k —2n > ClO 611—1 — 2n. (330)
ec1l —
k=0 k=0

Thus o has at least exponential growth, which means that its ‘inverse’ will remain below a
logarithm. More precisely, let

¥(m) =min{n € Ny : m < a(n)}.

Then m < o((m)) — 1 and hence s, < I'yayy. In addition, from (3.30) it follows that
(m) < log(m + Cia) + Cy3 for suitable constants Cio, C13 > 0. This in turn leads to

Sm < (A+ Bp(m)) ™7 < (A + Blog(m + Cia) + BCys)'/?

and therefore also
lim sup _m < C
mooo (logm)t/o = 7"
for C, = BY? which completes the proof. Note that C, is independent of the initial condition
Sg, but in general the ng from the statement of Theorem 3.1 will depend on sg. O

4 Application to the ping-pong map

The Fermi-Ulam ping-pong map (see [3]) for the forcing function p is usually expressed in terms
of the variables time and velocity at the impacts with one of the rackets. Assuming that this
racket is fixed, the equations for the map (¢, vo) — (t1,v1) are

t1 :f—i—p—t), U1 :UO—QZ'?(E),
U1
where ¢ = £(tp,v) denotes the hitting time to the other racket, which is obtained from the
relation (f — to)vy = p(tf). A computation shows that v, dt; A dv, = vy dty A dvg, and this
formula suggests the energy F = %vz to be used as the conjugate variable of time. In this way
we obtain the symplectic map V¥ : (tg, Eo) — (t1, E1),

7 p(t) _ . -T2
tl_tJrﬂ(\/Fo—x/ﬁp(f))’ B = (VE, — V2p(D)),

where t = t(tg,vo) is implicitly defined by means of

p(t)
V2E,

The real domain of the map W contains a half-plane of the type ¢, € R, E > R, (see [3]).

t=to+

As an application of Theorem 3.1 we will obtain the following result, which is an upper
bound for the velocities in the analytic case; also see [9, Example 5].
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Theorem 4.1 Leté > 0 and p : Rs — C be holomorphic and such that p maps reals into reals,
Ip(2)| < C for z € Rs, and 0 < a < p(t) < b fort € R. Then there exist constants Cy, E, > 0,
depending only upon the parameters, such that if (tn,En)neN0 s a forward complete real orbit
of ¥ with liminf, . E, > E,, then there is ng € N so that

|E,| < C.(logn)?,  n > no,
and for the velocities v, = /2E, this means |v,| < /2C,logn for n > ny.

The idea of the proof is to use Theorem 3.1, not in the coordinates (¢, E'), but in (w, W) given
by w = fg ﬁ and W = p(t)?E. Thus we need to verify that the map (wq, Wy) — (wy, Wy)
satisfies the assumptions of Theorem 3.1. This will be accomplished in three steps. First we
are going to show that ¥ has a well-defined holomorphic extension. In the second step we will
prove that the map (wg, Wo) — (wy, W7) is exact symplectic, and the function b = b(wo, Wp)
satisfying

W1 dw1 - Wg dwo = db
will be computed. Finally, after applying Theorem 3.1 to this new map, we will go back to
the original to obtain the conclusion. Incidentally, we would like to mention that the quantity
W1/2 appears in [9, Example 5], where it is considered as an adiabatic invariant.

4.1 The complexified map

We start with two lemmas on holomorphic functions.

Lemma 4.2 Let g : Ry — C be holomorphic and such that Re ¢'(z) > 0 for z € Rs. Then g is
one-to-one.

Proof: This is a particular case of [10, Prop. 1.10]. O

Remark 4.3 Under the assumptions of Lemma 4.2, as g is non-constant and holomorphic,
the image g(Rs) C C is open. Thus g~! : g(Rs) — Ry is well-defined and holomorphic by the
inverse function theorem.

Lemma 4.4 Let g : Ry — C be holomorphic such that g maps reals into reals and there exists
a >0 so that Reg'(z) > a for z € Rs. Then R,s C g(Ry).

Proof: Fix w = a + ib € R, i.e., we have |b| < ad. In particular, we can choose o €]0,d|
such that |b] < ao holds. To find a solution z € Rs of g(z) = w, note first that g(R) = R
by assumption. Hence there is x € R satisfying g(z) = a. We consider the functions fi(z) =
g9(z) —a and fy3(z) = —ib and our intention is to apply Rouché’s Theorem on the rectangular
region bounded by

'={¢:Refez—Ajz+Al,Imé =xc}U{{:Re{ =x £ A Im€ € [—0,0]},
where A > 0 will be taken to be large enough (see below). Once we have established that

[ > (O, £€T, (4.1)
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the proof will be complete, since then fi(z) = g(z) —a and fi(z) + fo(2) = g(z) — w will
have the same numbers of zeros inside of I'; this number is one, by the choice of  and as g is
one-to-one by Lemma 4.2. To check (4.1) on the horizontal parts of T" take £ = ¢ £ io, where
t €r—A,x+ A]l. Then g(x) € R yields

1/1(6)] = lg(t +io) — g(x)| = [Im g(t + io)].

As ¢’ is real on R, one has, using the hypothesis,

ttio ttio o
Im g(t £+ i0)| = ’Im/ J'(2) dz‘ = ‘Im / q(2) dz) = ’Re/ g'(t tis)ds| > a|al.
x t 0

It follows that |fi(§)| > alo| > |b] = |f2(€)]. It remains to verify (4.1) on the vertical parts of
I'. For, take & = (x £ A) + is, where s € [—0,0]. Define K = max {|g(z + )| : v € [—0, 0]}.
Now observe that, for t € R,

t+is

Reg(t +is)| = ’Reg(l’—i—is) +Re/ g'(z)dz

x+1is

t
> ’Re/ g’(u—i—is)du‘ - K

> alt—z|—
due to the hypothesis. As a consequence,
A = lg(z £ A +is) —a] = ad — K — [a] > o] = | f2(6)]
provided that we fix A > a™(|a| + 0] + K). 0

Now we return to the ping-pong map and define o(z) = p(2)? for 2 € R;. From the
assumptions on p we may assume that a < b < C. Then

ad
1= e

satisfies 0; < $. The expression Argz €] — 7, 7| for z € C\ {0} will denote the argument of .

Lemma 4.5 The function @ satisfies

1
Rep(z) > a* and |p(z)| <2, 2€Ry,
and moreover -

|Arg p(2)] < 7 *€ Rs, /2.

Proof: From the Cauchy integral formula we deduce that
2C"?
|’ (2)] < - for 2z € Ry)o.

Take z =t 4 is € Rs/5. Then ¢(z )+ f t+zs €) d¢ implies that
t+us 202
Rep(2) > a2+Re/ e de > o~ 2
t
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as well as
t+is 202
eI <8+ [ ©d] <+
t

and
2

2C
()] < = sl

Thus if 2 € Ry,, then Rep(z) > a?/2 and [p(2)] < b + 25 28 < 3p%/2. In addition, if

z € Ry, 2, then [Im ¢(z)] < a*/4 < Rep(z), which yields the claim on the argument. O
Lemma 4.6 The function 7 : Rs, — C, 7(2) = [~ dCQ = [7 ;ég is holomorphic, one-to-one
with holomorphic inverse, and satisfies

Ryay C T(Ra)  for A €]0,64], (4.2)

where o(A) = 2“04A

Proof: By Lemma 4.5 the function ¢(z) does not vanish on the simply connected domain Ry, ,
and hence ﬁ has a holomorphic primitive 7(z). Lemma 4.2 in conjunction with Lemma 4.5
implies that 7 is one-to-one. Also 7 maps reals into reals and satisfies

, ~ Re 1 _ 1 o
Rer'(s) = Re (75) = oy Rewle) 2

Thus Lemma 4.4 applies with a = 204 to prove that (4.2) holds. Concerning the fact that
7(Rs,) — C is holomorphic, cf. Remark 4.3. O

201

To extend the ping-pong map ¥ as a holomorphic map, we take the complex square root to
be \/z = |2|"/? exp((i/2)Arg z), where the complex plane is cut along | —o0, 0]. In particular, /z
is holomorphic on C\] — 00, 0] and extends the positive square root. Note that \/¢(z) =
holds for all z € Rs, 2. To establish this identity, it is sufficient to adapt the proof of Lemma
4.5 to the function p to conclude that |[Argp(z)| < 7 for z € Ry, /0.

Lemma 4.7 Let e = 8502 . Then for every z € Rs)y and E € C\| — 00,0] such that |E| > e the
equation

. p(Z)
zZ=z+
V2FE
has a unique solution Z = Z(z, E) lying in Rs)s. Moreover, (2, E) — Z(z, E) is holomorphic as
a function of two variables. In addition, A €]0,0/4] and z € Ra implies that Z(z, E) € Raa.

(4.3)

&)
V2E’

P <X (4.4

Proof: Consider the function g(z, E) = Z —
Z € Rs/; one has

so that we need to solve ¢g(Z, E) = z. For
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by the Cauchy integral formula. It follows that

99 7(3) p'(2)] 20 _1
Yz E)=1- 21-—s 21 )
Re 62(Z’ ) Re RE = VRIE|Y2 T 262 2

for Z € Rs/2. Thus from Lemma 4.2 we infer that g(Z, £) = 2 can have at most one solution
Z € Ry2. Next let A €]0,5/4]. Then Re %(Z,E) > 1/2 for Z € Rya. Therefore we can invoke
Lemma 4.4 with @ = 1/2 to obtain Ra C g¢(+, E)(Rga). Finally we can apply the implicit
function theorem to deduce that Z = Z(z, E) is holomorphic on the domain R, x {E €
C\] — 00,0] : |E| > e}. O

Now we are in a position to define the holomorphic extension of the ping-pong map,
U:lUycC*—C? (z,E) (21, B,

given by
p(2)

V2(VE - V2p/(3))

where Z = Z(z, F) is from Lemma 4.7 and

B =(VE-V2p(3))%, (4.5)

21 =2+

Uy = {(2,E) € Ry x (C\] — 00,0]) : |E| > e}

To see that this map is well-defined, we first observe that, according to Lemma 4.7, Z € Rs/s.
Thus both p and p’ can be evaluated at Z. Moreover, using (4.4) it follows that the denominator
in the equation defining 2z; never vanishes: we have

220 Bl

|E|1/2 > Ql/2 _

4.2 The change of variables and the new map

The map WV is exact symplectic on the domain
Uy={(2,E) €Uy : = € Ry, 2}
More precisely, it satisfies the identity
Eydzy — Edz =dh (4.6)

for

1 1 1
h(z E) = —~ ~2( + ) A7
(B) = =59 (5 + 75 (4.7)
The new restriction on the size of |Im z| guarantees that h is holomorphic on Up. In fact, both
denominators z; — Z and Z — z do not vanish. This is a consequence of the definitions of z; and
Z, together with the inequality
. 1
|p(Z)| > _a>0a ZGR&/%

V2
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which in turn follows from Lemmas 4.5 and 4.7.

The generating function for the ping-pong map was computed in [3]. This computation,
together with the relationship between the function h and the generating function (see [5]),
imply that (4.6), (4.7) holds. Note that all computations in [3] were done on the real domain
of ¥, but once again we rely on the uniqueness of holomorphic extensions.

Later we will need to reformulate (4.6), (4.7) in the new variables (w, W), where w =
7(z) and W = p(z)?E. This can be achieved from general principles, without any further
computation. For this reason we include a short digression into general maps.

Consider the space C? endowed with the 1-form

o = pdq,

where ¢,p € C are the coordinates of a point. Assume that D, D C C? are two domains with
sub-domains Dy C D and Dy C D. Let x : D — D be a holomorphic diffeomorphism such that
x(D1) C Dy and

X‘o=0+dm
for some holomorphic function m : D — C. In addition, let 7" : D; — C2? be a holomorphic
map with 7'(D;) C D and

T0c =0+ dh

for some holomorphic function A : Dy — C. Then T = x o T o x : D; — D is well-defined
and a short calculation reveals that

T"0 =0+ db (4.8)

for )
hb=hox+m—moT. (4.9)

In fact, the standard properties of pullbacks of differential forms yield

d(hoy) = )S*(dh) =x"(T"c - o)=(Tox)oc—x‘o :~(X o T)*a —x'o )
= T°(x"0)—x'c=T"(c+dm)—c—dn=Tc—c+dmoT —m),

which proves (4.8).

Now we go back to the ping-pong and introduce the full change of variables I' : (2, E)
(w, W).

Lemma 4.8 The map
[':Rs, xC—C? (2,E) (w,W),

where w = 7(2) and W = p(2)*E, is a holomorphic diffeomorphism between Rs, x C and
I'(Rs, x C) that verifies I'"o = 0. Moreover, if A €]0, 6], then R,ay x C C I'(Ra x C).

Proof: According to Lemma 4.6, I" is holomorphic and satisfies Rya) x C C I'(Ra x C) for
A €]0,6;], due to (4.2) and the fact that its inverse I'™! is given by (w, W) — (z, p(2)72W),
where z = 77!(w). This inverse is also holomorphic. To prove that I*o = o, observe that
dw = ]ﬁ dz, and hence W dw = E dz as desired. O
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To adjust our situation to the general framework as outlined above, we define
D=I(Rs xC), D=Rs xC, x=I"' T=1.

Furthermore, we take m = 0 and h from (4.7). To introduce D; and Dy, let A = 2 and take

4
p > 4 so large that 2A + %ﬁ < ;. Then we define

D = {(w,W) € Ry(a) % C : [Arg W| < %, W > pc%},
D; = {(3,E) e RAxC:Ee€C\|]—o00,0],|E| > pe},

and check all the conditions set out before. First of all, Dy C D and D; C D are immediate,
using Lemma 4.8 for the latter. Also x : D — D is a holomorphic diffeomorphism by definition,
and moreover x(D;) C D;. For, let (z, E) = T'(w,W) € x(D:). Then w € Ry(a) implies
z € Ra by Lemma 4.8. Furthermore, since |p(z)| < C,

W[ _ pC%
E — > =
EI=poE” & =
and due to Lemma 4.5,
1 T T T
Arg E| < [Arg W ‘A ’<— T_T
|Arg E| < [Arg W + %) 171735

so that in particular E ¢] — 0o, 0] and accordingly (z, E') € D;. Next, to see that T'(D;) C D,
we have to make sure that (z1, Fy) = T'(z, F) has [Im 2| < 6; for (2, E) € Dy. As z € Rp and
|E| > pe > e, we have Z € Ryp by Lemma 4.7. In addition, (4.4) yields |p/(Z)| < 2 and thus
by the definition of Fj:

2v2C _ 1
B2 = WVE—vap(2)] > (B - 225 L

recall that e = 85%2 and p > 4. Thus by the definition of z;:

PAI_ gn v2e <2A+L<61,

RIEE = ST EE ST

|Im 21| < |[Im 2| +

which completes the argument for T(Dy) C D. Since Dy C Uy, h from (4.7) is well-defined and
holomorphic on D; and we have T*o = o + dh due to (4.6).

Now that we have verified the conditions of the general argument, we can conclude from
(4.8) and (4.9) that ® =ToWol ! : Dy — C? (w, W) — (wy, W), is well-defined and satisfies

Widw, —Wdw=4dh, h=hol L (4.10)
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4.3 Application of the main theorem and proof of Theorem 4.1

To summarize, so far we have established that the map ® : D; — C? is Well defined and
1

holomorphic. We are going to apply Theorem 3.1 with f = &, r = pC?%e, n = 3, @ = 5 and

v = /2. For the width of the strip we take ¢ to be o(A), and in order to write ® in the required
form (3.3), we introduce F; = F and Fy = G for

W, —Ww
Flw,W) =vVW(uw, —w) — V2, Glw,W)=-—"—7-. 4.11
We also define F(w, W) = w; —w — \ﬁ, so that F(w, W) = v/W F(w,W). Then the assump-
tions (a) and (b) of Theorem 3.1 are satisfied. For, recall from (3.2) that ® needs to be defined

on
Q={(w,W)eRs; x C:ReW >r, |ImW| <nW|},
which is the case due to 2 C D;.

To derive the needed bounds |F| = O(|W|~'/?) and |G| = O(|W|~/?) as required by (c),
we need to make some preliminary observations. From Lemma 4.7 we know that z € R/, so
that |p/(2)] < 2C/§ by (4.4). In general, if £ € C satisfies Re > 0, then Re /€ > \/Lﬁ €12
Therefore if |E| > 2e and Re £ > 0, then

Re (VE —V2p'(2 >—\/_— —,

and hence E; € C\] — 00,0]. As a consequence, y/F; can be understood as a single-valued
expression and we can write the first equation in (4.5) as

. p()
=Zz+ . 4.12
21 z \/Q_E'l ( )
Lastly, if even z € Ra, |F| > pe and Re E > 0 holds, then one also has
2C 1
VE - V2p/(3)| > VIEl - V2= > SV/IE],
and hence .
Bl = 7 1B (4.13)

We also have z € Rao C Ry, and therefore |p(z)| < 2b* by Lemma 4.5. It follows that
|E| = %] > 5 [W|, and thus |E)| > g5 [W/| due to (4.13). Then from the definitions of Z
and zy, cf. (4.3) and (4.12),

z—2 < S CHW|TM2 |z -2 < <20h|W| V2, 4.14
In particular, |z — 2| < 3C|W|~Y/2. To bound F, we first observe that
_ . p(?) [ 1 1 } .
21 —2=Z+ —2=|—=+ Z). 4.15
1 oIon 5E 2B, p(2) ( )
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Since [ArgW| < T and |Arg—%| < %, we have VIV = /p(2)VE = p(2)VE. Now the

R v(2)
expression for F' is split up according to
~ 2 2 1 . .
F(w,W):wl—w—i :wl—w—i—:Fl—l—Fg,
vl VE p(2)
where

~ 1 1 1
P = w1—w_[\/ﬁ+\/2_EJ p(2)

p(2)p(2)

= 7(z1)—7(2) —

by (4.15), and

~ 1 1 1
R NG o et

A= G~ ome) (426)

From geometric considerations we deduce that

For the first term,

IC—2] < |z1—2< 3C’b|W|_1/2,
(=2 < max{|Z—z||Z— x|} <20b|W[/2,

for any point ¢ on the segment [z, z;]. The upper and lower bounds for p provided by Lemma
4.5 together with the estimate for |p/| allow us to find a constant K3 > 0 such that for each

¢ €lz, 2]
1 1

p(Q?  p(=)p(Z)
As a consequence, (4.16) yields

< Ky max{|¢ — z|,|¢ — [} < 3CKb|W| /2.

|Fy| < 3CK bWV 2 — 2] < 9C2 K b* |W| 2

To bound Fj, we note that by (4.5) and (4.4)

VE - VE| < V() < 22€.

Therefore, due to (4.13),

\WE —VE| 1 20 _AClp(z)| _ 4C

NN R AN LR

and thus we deduce that altogether

[F(w, W)| = VW[ F(w,W)| < VIW[(IE] + |B]) < G W| 72

_ 2
‘FQ‘ = ’W‘ila
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holds for an appropriate constant C'; > 0 depending only upon 4, C', a, b. Concerning the
bound on |G|, according to [7, (5.10)] one has

Wy — W = %gp(%)/o -] (1= Nz +A2) (- Nzt Az)|dr, (@)

where once again p(z) = p(z)?. In the paper just mentioned this relation was used for a
real-valued p, but as all functions involved are holomorphic, it extends to the complex-valued
case due to the uniqueness theorem in complex analysis. Now A < 4;/4 and §; < §/4 yields
Im((1 = A)Z+ X2)| < |ImZ| + [Imz| < 2A + A = 3A < §/2 and similarly |[Im ((1 — \)Z +
Az1)| < |ImZ| + |Im 21| < 2A + 6, < §/2. Owing to the Cauchy integral formula one has
" (2)] < (2/6)*C? for z € Rsjs. Therefore (4.17) implies that

Wy — W[ <4C*% 3|2 — 2| < 12C°0 673 (W |~Y2,

and hence
|G (w, W)| <12 C°ho3 |W|_1,

which is in fact better than G'= O(|W|~/?) what we would have needed in assumption (c) of
Theorem 3.1.

Lastly we are going to verify the hypothesis (d) of Theorem 3.1, the function h being given
by (4.10) with A from (4.7). We also note that bo(w, W) = —v/2W for our choice of parameters
and we need to establish that |h — bo| = O(1). To simplify the estimates, it is convenient to
express h and b is a different way, which is based on the definition of the maps ¥ and ®. More
precisely, using the various definitions we write

Mz E) = _%p(g)2<211_2+2i2)
= —%p(f)Q(gﬂLg)
_ —%p(%) (V2(VE - V3p/(2)) + V2E)

and

where (z, F) = I'"!(w, W). As a consequence,

(1) = oo, W) = VIV (1= 5500 (a0,

Similarly as before, the lower bound on [p(z)| and the upper bound on [p’| together with (4.14)

lead to B
- p(2)

< Ky lz— 2| < CKyb[W|V2
p(2)
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which proves that
6 (w, W) = bo(w, W)| < Cs.

Let us now fix F, > a% r, where r appears in the definition of the domain 2. Suppose that
(tn, E”)neNg is a forward complete real orbit of ¥ with liminf,_,. F, > E,. By assumption
there exists N € Ny such that E, > a%z for n > N. Then W, = p(t,)*E, > a*E, > r for
n > N shows that (wy, W), -y is a forward complete real orbit for ®, and hence Theorem 3.1
is applicable. - O

5 An example

Consider the map f: (0,r) — (01,71) defined as

2
91:9—1—\/74—, r=1r—q(0), (5.1)
1

where ¢ is a given function. This map is symplectic, because it can be expressed in the form
dg dg

r =355, "1 = —g, for the generating function

9(9791) =

+ Q0
with () denoting a primitive of q. This is possibly the simplest family of maps in the framework
of Section 3. We will analyze the dynamics for the particular case where ¢(#) = —%.
Assuming that (6y,r9) € R? is such that 6y > 0 and ry > 0, we observe that a forward
complete orbit (6, rn)neNO can be produced; the sequences 6,, and r,, are positive and increasing.
We are going to prove by direct analysis that
0 < liminf — " < i <

iminf —— <limsup — < oo.

n—oo (logm)? — n_mp (logn)?
However, as we will see, Theorem 3.1 is not applicable in this case, since the bound (3.4) does
only hold uniformly for # in bounded sets, but not for § € Rs. This could mean that some
assumption of Theorem 3.1 can be relaxed, or for particular examples unbounded orbits could
exist.

5.1 Applicability of Theorem 3.1
First note that the map (5.1) can be written in the form (3.3), with a = 1/2, v = /2,

Fi(0,r) =2 <ﬁ — 1), F(0,r) = ———=q(0), (5.2)

T

where in the following the complex square root will be understood as before.
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The function ¢ is bounded and holomorphic on any strip Rs with 6 < 1; we fix 6 = 1/2 for
definiteness. It follows that |¢(f)] < C for € Ry/,, where C' = 16. To prove this, consider
6 € Ry/p and |0] > 2 first. Here we have

de) _ 20 _,

1O = g 11 = oy =*

If g € Ry and [0] < 2, then |1+ 62| = |0 + |0 —i| > 1/4 yields

2|0
11+ 62|

l4(0)] =

< 2-4/6| < 16.

We now proceed as in the previous section to find an appropriate domain of holomorphy
Q) C C2% C(learly the hypotheses (a)-(c) of Theorem 3.1 are satisfied. The validity of (d) is
more delicate. As has been used before, in general the primitive of the form ry df, — r df is
computed from the generating function g via h(6,r) = —g(0,6,(0,7)). Thus for the map from

(5.1) we get
h(0,7) = —v/2(r — q(0)) — Q).

bo(@,?”) - _@7
cf. (3.1), and (3.4) says that we should have |h(0,r) —bo(6, r)| bounded, uniformly in (,7) € €,
in order that Theorem 3.1 is applicable. The primitive is Q(f) = —log(1 + #?), and the best

estimate one can get is |h(6,7) — bo(0,7)] = O(1) for each § € Ry, but the bound is not
uniform.

We also note that

5.2 The real dynamics

We start with a useful notion of equivalence for sequences.

Definition 5.1 Let (ay), oy and (bn),cy be two sequences of eventually positive numbers. We
say that (ay) is equivalent to (b,), if there exist constants C' > ¢ > 0 and ng € N such that
can, < b, < Ca, is verified for n > ny; this will be written as (a,) =~ (by).

Lemma 5.2 Let (py), oy be an increasing sequence of positive numbers such that

n—1

(pn) = (Z R%) (5.3)

k=2

for some o > 1, where Ry, = Zf;ll Ls. If o > 1, then (p,) is bounded. If o = 1, then
P;

(pn) = ((logn)?).

The proof is given in the next subsection.

Going back to the map f from (5.1), we consider (6, ) € R? such that 6y > 0 and 79 > 0.

Let (0, T">n€N0 denote the resulting forward complete orbit; we already noted above that 6,
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and r,, are positive and increasing. As a first step we are going to show that lim,,_,.. 6, =
Otherwise we would have 0 < 6y < 6, < C for n € N. Then rp,y1 — r, = —q(0,) = |q(0n
implies that

00.
O<m<rp1—rm<M<oo, neN,

where m = inf, ey [¢(6,)| and M = sup,,cy|¢(0,)|. Then (r,) >~ (n) and consequently

=~ /2
On =00+ ) |- = o0 (5.4)
j=1 ¥ 7

which is a contradiction.

In terms of R, = > 7" L N the relation (5.4) can be written as 6,, = 6y + v/2 R,,1, which
implies that also lim,,_,., R,, = oo holds, and furthermore (6,,) ~ (R,,+1). Since R,41 — R, — 0,

we deduce that (6,,) ~ (R,) is verified. Due to lim, . 6, = co and

202
0|0 =——
40)10 = 55,
there are constants K > k > 0 such that
k K
— < 0,)] < — > 0.
o <l < 5 n0
If follows that for suitable ny € N and constants K* > k* > 0 one has
R = |q(0n)] < R "2

As a consequence, for n > ng we obtain from r, = r,,1 + >_7_, [q(6;)| that

n

Tno—l"’k ZEJ Srngrno—l"f_K ZEJ
J="no J=no
From this it is easily deduced that (r,) ~ (72 - =), and hence Lemma 5.2 applies with o = 1.
J
Its conclusion is that (r,) ~ ((logn)?).

5.3 Some auxiliary results

Lemma 5.3 For some a,b > 0 consider the differential equation i’ = ae‘byw, y > 0. Then
every solution satisfies
oylz) 1
zh—>n<(>10 (Inz)2 b2 (5:5)

Proof: First we observe that y is increasing and 3'(x) < a. Thus y is well-defined for x — oo

and satisfies y(x) — oo as x — 00, since the equation has no equilibrium. By separation of
variables,

1 )1/ ab
(y(x)1/2 — 5) V@' — 5 Tt C,
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where C' is a constant. Taking any b; < b < by we deduce that, for large =z,

@2 %b$ < ebzy(x)l/z’

which yields the claim upon taking the logarithm. O

Lemma 5.4 Let p : [1,00[— [1,00][ be continuous. Furthermore, suppose that there are con-
stants 0 < v < T and zy > 1 so that

( ) . R(y)g ( ) 0 ( )
for some o > 1, where R(y fl 1/2 fory>1. If o0 > 1, then p is bounded. If o0 =1, then
there are constants 0 < ¢ < C such that

c< P8 o (5.7)
(log x)?

for x sufficiently large.

Proof: Let ¢(z) = [/ R( )d. Then ¢/ = R~7 and ¢ = —o R~ "tV R’ together with R = p~1/2

leads to the dlfferentlal equation ¢ = —a(¢/)% p~Y/2. Then (5.6) yields
2((7+1) 2(0+1)
2 () 2 ()
<o o . T > @.
g =N =T Gy :

Owing to ¢” < 0, this can be rewritten as

1/2,; ¢'(x) ¢”( ) 1/2, ¢'(x)
R TR

First we consider the case where o = 1. Here we obtain

T > x. (5.8)

(1086 () + 20 29(2) ) 2 0,

= (10ge/(x) +20M2p(a)")

IN

0,

for z > zy. Upon integration and exponentiation one gets

¢ () 7P <o () 2@ > B,

for x > xg, where by = log ¢/ () +27"2¢(0)"/? and By = log ¢/ (w0) + 2I''/2¢(z9)*/. Therefore
¢ is a lower solution of i = ae"%"* for a = %, b = 2412 and an upper solution for @ = eB,
b =2I'Y2. Let y and y denote the Correspondmg solutions with common initial values y(zo) =

Y(zo) = ¢(x0). Then
y(x) < o(x) <y(x), x> 0.
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According to Lemma 5.3 one has lim,_, % = % and lim,_, o (lgn(g = ﬁ. Recalling (5.6),
this leads to (5.7), where we can take for instance ¢ = s_r and C' = 27F

In the second case o > 1, (5.8) can be expressed as

_T/2, ¢'(x) Cb”( ) 124 Cb/( )
PSSyt = T T s

Upon integration of the inequality on the right-hand side, it is found that

d o , o—1
(255 @) 2o 6(a) ) <0

Therefore it follows from ¢’ > 0 that

ag o—1
< d@)7 +29 0 d(@)? <
oc—1 o

g o-1
20 ¢(z)'/* — 9(@0) T + 27 p(w0)'”,

which shows that ¢ is bounded. Since 1 < p(z) < v ¢ (z), also p is bounded. O

Proof of Lemma 5.2: First we consider the case where o = 1.

Step 1: p, — 00 as n — oo. Otherwise we would have p,, — po €]0,00[ as n — oco. But then
(R,) ~ (n), and consequently the series ) R%L is divergent. However, this contradicts (5.3).

Step 2: R,, — o0 as n — 00. Otherwise we would have R,, — R €]0,00[ as n — 0o. Then
(5.3) yields

but this in turn leads to (R,,) ~ (Z’?f L/) which is divergent as n — oc.

Step 3: (Pnt1),51 = (Pn),>; and (Ryq1),5, =~ (Ry),~;- To establish these assertions, we first
introduce a convenient notion. A sequence (a,) will be said to have the bounded difference
property (BD property, for short), if a, — 0o as n — oo and the sequence of progressive
differences (a,4+1 — a,) is bounded. If (a,) has the BD property, then (a,41),5; = (@n), 51
since |anq1/a, — 1| < C/|a,| < 1/2 for n large enough. The BD property is not invariant
under the equivalence of sequences, but if (a,) has the BD property and (b,) ~ (a,), then
(anrl) = (bn)

Returning to (p,) and (R,), owing to (5.3) and Step 1 we know that Y ,—, RL — 00 as

n — oo. Since the differences are bounded (even converging to zero) by Step 2, ( Z:; Rik) has
the BD property. Invoking (5.3) once more, it follows that (pn41) =~ (pn). Similarly, (R,) has
the BD property, and thus (R,11) =~ (R,).

Step 4: To prove that (p,) =~ ((logn)?), we may assume that p, > 1 for n € N. Then the
function p : [1, 0o[— [1, co[ obtained by piecewise linear interpolation from p(n) = p, is contin-
uous, increasing and such that lim, ., p(z) = co. Let R(y fl P 6)1 —575 for y > 1. According to

Lemma 5.4 it is sufficient to establish the estimate (5.6). Ifj < ¢ < j+1, then p; < p(&) < pjs1-

Since
R(n)z/1 PGLE Z/ 1/2
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for n € N, we deduce that R, — ,01_1/2 < R(n) < R,,. Hence we may employ Step 3 to obtain
(R(n)) ~ (R,). Finally we observe that if y € [j,7 + 1], then R(j) < R(y) < R(j +1). For
x € [N, N + 1] then

=

-1

<
I

yields
N-1 N
1 /x dy 1
- < | 2 < § i
2751 <) B S =G

If we now use (5.3) in conjunction with py < p(z) < pn41 and (ppy1) =~ (pn), the relation (5.6)
follows easily.

In the case where o > 1 we need to prove that (p,,) is bounded. Assume on the contrary that
we would have p,, — 0o as n — oo (recall that the sequence is increasing). This would imply
R, — o0 as n — oo, as otherwise R,, = Ry €]0,00[ as n — oo for an appropriate R,,. Then
(5.3) yields

n—1

(pn) = (Z%) ~ (n),

k=2

but this in turn leads to (R,) =~ (Z;:ll J%), which is divergent as n — oo. Thus we are in
the same position as after Steps 1 and 2 in the above argument. An inspection of Steps 3 and
4 shows that they can be straightforwardly adapted to the current setting. In other words, we
can apply the case o > 1 of Lemma 5.4, and hence the function p(x) is found to be bounded.
Since p, = p(n), the sequence (p,) must be bounded which is a contradiction and completes

the proof of Lemma 5.2. O
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