Almost sure Kallianpur-Robbins laws for Brownian motion in the plane

Peter Mörters Universität Kaiserslautern, Fachbereich Mathematik, 67663 Kaiserslautern, Germany. E-Mail: peter@mathematik.uni-kl.de Abstract. The Kallianpur-Robbins law describes the long term asymptotic behaviour of integrable additive functionals of Brownian motion in the plane. In this paper we prove an almost sure version of this result. It turns out that, differently from many known results, this requires an iterated logarithmic average. A similar result is obtained for the small scales asymptotic by means of an ergodic theorem of Chacon-Ornstein type, which allows an exceptional set of scales. AMS Subject Classification (1991). Primary: 60J65, 60F15, 60J55.

Key words: planar Brownian motion, additive functional, almost sure limit theorems, Kallianpur-Robbins law, ratio ergodic theorem, Chacon-Ornstein Theorem, log averaging methods, higher order logarithmic density.

1 Introduction and statement of the main theorems

It is a central paradigm in probability theory that statements about the (asymptotic) distribution of stochastic processes can be turned into almost sure or pathwise limit theorems by means of averaging. Beyond the law of large numbers, there are several early examples of such limit theorems, which use logarithmic averages, for example in the work of Lévy [23, p.270] and Erdös and coauthors [13], [17]. Renewed interest in the subject came up, when, independently, Fisher [19], [20], Brosamler [12] and Schatte [30] discovered the almost sure central limit theorem. Interesting recent progress can be found, for example, in the papers of Berkes and Dehling [6], Fahrner and Stadtmüller [18], Ibragimov and Lifshits [22], Berkes, Csaki and Csörgö [5] or the survey of Berkes [3].

The common feature of most of these results is that for a process {X_t} we know the asymptotic distribution P = lim_{t→∞} P{X_t ∈ •} and the corresponding almost sure limit theorem states that, almost surely, for some class of functions f, the logarithmic averages converge, lim_{t→∞} 1 log t ∫_t 1 f(X_s) ds s = ∫ f dP . In this paper we will study the Kallianpur-Robbins law from this point of view. For the formulation of this law we recall the notion and some basic facts about additive functionals, see [29, Ch.X]. Let {B_t}_{t≥0} be a standard linear or planar Brownian motion realized as the canonical process on d-dimensional Wiener space and denote the left shifts by {θ_t : t ≥ 0}. An additive functional is a nonnegative, adapted process {A(t) : t ≥ 0} on Wiener space, which is almost surely right-continuous and nondecreasing, such that A(0) = 0 and, for all s, t ≥ 0, we have

A(s + t) = A(t) + A(s) ∘ θ_t almost surely.

To each additive functional one can associate a measure ν_A by

ν_A(M) = ∫ R^d E^x [ ∫ 1 0 1_M (B_s) dA(s) ] dℓ^d(x) for M ⊂ R^d Borel.

An additive functional A(t) is called integrable if the measure ν_A is finite. The key example of an additive functional is the occupation time of Brownian motion (up to time t) in a Borel set

A ⊂ R^d. Then νA is Lebesgue measure restricted to A and integrability means that the Lebesgue

measure of A is finite. The ratio ergodic theorem states that for each pair A, B of integrable additive functionals with total mass ‖ν_B‖ > 0, lim_{t→∞} A(t) B(t) = ‖ν_A‖ ‖ν_B‖ almost surely. (1)

The Kallianpur-Robbins laws state that in the case of linear Brownian motion the asymptotic distribution of any integrable additive functional {A(t)/ √ t} is the distribution of the modulus of a normally distributed random variable with expectation 0 and variance ‖ν_A‖^2. In the case of planar Brownian motion the asymptotic distribution of an integrable additive functional {A(t)/ log( √ t)} is exponential with expectation ‖ν_A‖/π, for a proof see e.g. [29] or [14].

The Kallianpur-Robbins law for linear Brownian motion provides a simple example of a limit law that allows an almost sure limit theorem using logarithmic averages. Let F be the class of all continuous f : [0, ∞) → [0, ∞), which are bounded by some polynomial. For every integrable additive functional, W-almost surely, for all f ∈ F, lim_{t→∞} 1 log t ∫_t 1 f ( A(s) √ s ) ds s = √ 2 π ∫_∞ 0 f(a‖ν_A‖) e^{−a2/2} da . This can be proved easily in the case that A(t) is the local time at 0, using the scaling property of Brownian motion and Birkhoff’s ergodic theorem. By means of (1) it can be extended to arbitrary integrable additive functionals.

It is the principal aim of this paper to prove almost sure Kallianpur Robbins laws for the more interesting case of a planar Brownian motion. Perhaps surprisingly, it turns out that one cannot obtain an almost sure version of the Kallianpur-Robbins law by taking logarithmic averages. However, we shall show that a different averaging technique is successful: Writing log^{(n)} and exp^{(n)} for the n-th iterate of the logarithm or exponential, we can define, following a clasical approach of Hardy and Riesz, see e.g. [20], for every n ≥ 1, the logarithmic laws of order n as 1 log^{(n−1)}(t) ∫_t exp(n−1)(0) δ_{{s}} ds ∏_{n−2} j=0 log^{(j)}(s)

, for t > exp^{(n−1)}(0),

where δ_{{s}} is the Dirac measure concentrated in s. Averaging with respect ot these laws includes the Cesàro average as logarithmic average of order one, the usual logarithmic average as logarithmic average of order two and what we call iterated logarithmic average as logarithmic average of order three. The averages are hierarchical: the convergence of averages with respect to the order n logarithmic law implies convergence with respect to all higher order logarithmic laws, but not conversely, see [20]. The log-averages are natural cases of the Riesz means R(λ, 1). For a discussion of these averaging methods and their relationship, see e.g. [19], [7], [20], [8], [18]. It turns out that the iterated logarithmic average is the minimal choice to obtain an almost-sure version of the Kallianpur-Robbins law.

Theorem 1.1 (Time average Kallianpur-Robbins law for planar Brownian motion) For every integrable additive functional {A(t)} of planar Brownian motion, almost surely, lim_{t→∞} 1 log log t ∫_t e f ( A(s) log √ s ) ds s log s = ∫_∞ 0 f (a‖ν_A‖ π ) e^{−a} da for all f ∈ F .

One way to interpret the theorem is that we look at a fixed typical Brownian path and study the distribution of A(t)/ log( √ t) with respect to a random choice of the time parameter t picked according to the logarithmic laws of order three. Limit laws for iterated logarithmic averages have appeared in the literature before, for example, in [11], [21] or [24] and more recently in [4]. It is natural to ask whether a pathwise Kallianpur-Robbins law can also be formulated for the random choice of a scale instead of time parameter. We restrict our attention to the occupation time of Brownian motion in a shrinking bounded set B ⊂ R^2, defined by ν[r] = ℓ{s ∈ [0, 1] : B_s ∈ rB} . By the scaling invariance of Brownian motion the distribution of the occupation time of Brownian motion in B up to time t coincides with the distribution of t·ν[1/ √ t]. This allows a different view of the Kallianpur-Robbins law: Instead of the long term behaviour we can also study the behaviour of the occupation time in a shrinking family of sets and the Kallianpur-Robbins describes the asymptotic distribution of {ν[r]/(r^2 log(1/r))} as r ↓ 0 as exponential with expectation ℓ^2(B)/π. Although this statement is completely equivalent to the Kallianpur-Robbins law in the classical formulation, it is impossible to derive a scale average Kallianpur Robbins law from the time average Kallianpur-Robbins law: The almost sure Kallianpur-Robbins law is a statement about the occupation time in a set as time increases, which as a process has an entirely different distribution from the occupation time in a shrinking set. However, a pathwise Kallianpur- Robbins law for scale averages can be obtained from quite different sources and, again, iterated logarithmic averaging is necessary.

Theorem 1.2 (Scale average Kallianpur-Robbins law for planar Brownian motion) For every bounded ℓ^2-continuity set B ⊂ R^2, almost surely,

lim_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε f ( ν[r] r^2 log(1/r) ) dr r log(1/r) = ∫_∞ 0 f ( a π · ℓ^2(B) ) e^{−a} da for all f ∈ F.

Again, holding a typical Brownian path fixed, we can interpret this as a limit result in distribution for the occupation time in a set with a randomly chosen scale factor. The theorem was proved for the special case of the occupation time in a shrinking family of centred balls in [25]. In contrast to the long term situation one cannot easily generalize this to occupation times in other sets, because the natural analogue of the ratio ergodic theorem (1) fails to hold. There is, however, an analogous ergodic theorem of Chacon-Ornstein type if one allows a small set of exceptional scales. The following result closes the gap in the proof of Theorem 1.2, but is also interesting in its own right.

Theorem 1.3 (Ratio ergodic theorem for small scales) For all bounded ℓ^2-continuity Borel sets A, B ⊆ R^2 with ℓ^2(B) > 0, almost surely, there is a set N ⊆ (0, ∞) of vanishing iterated logarithmic density, i.e. such that

lim_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε 1_N (r) dr r log(1/r)

= 0 ,

and such that lim_{r→0} r∉N ν[r](A) ν[r](B) = ℓ^2(A) ℓ^2(B) .

The paper is organized as follows: In Section 2 we prove the random time Kallianpur-Robbins law and in Section 3 we indicate the key step in the proof of the ratio ergodic theorem for small scales. Those parts of the proof, which due to limited space cannot be carried out here, are available upon request from the author or on the internet at the address given at reference [26]. We finish the paper by indicating some extensions of our theorems and referring to related work. Acknowledgement: I would like to thank H. v.Weizsäcker for many helpful discussions on the subject of this paper.

2 The time average Kallianpur-Robbins law

Note that, by (1), Theorem 1.1 needs only to be proved for some fixed integrable additive functional. We choose A(t) to be the occupation time in an arbitrary fixed compact set A ⊂ R^2 up to time t. The proof is then based on an approximation of the occupation measures by weighted occupation measures. The decay of correlation of these weighted occupation measures for different weight parameters can be calculated and we obtain an almost sure limit theorem for a random choice of the weight parameter. The statement of Theorem 1.1 can be derived from this by approximation. This proof is inspired by the beautiful proof of the weak law in [14]. Define for every weight parameter λ > 0 a random variable μ̃[λ] = ∫_∞ 0 e^{−λt}1_{{Bt∈A}} dt. It is possible to determine the moments of these random variables explicitly.

Lemma 2.1 We have E^{{ k∏}_{n=1}^{μ̃[λn](A)} log √ 1/λ_n } = (ℓ2(A) π )_k ∑ γ∈Γ k∏ n=1 log(1/ ∑_k j=n γ_j) log(1/γ_n) + O ( 1 log(1/λ_k) ) ,

as 0 < λ_1 < . . . < λ_k → 0, where Γ denotes the set of all permutations of (λ_1, . . . , λ_k).

Proof. For every tuple x = (x_1, . . . , x_k) we denote x^′_1 = x_1 and x^′_k = x_k − x_{k−1} for k > 1. Then E^{{ k∏}_{n=1} μ̃[λn](A)^} = ∫_∞ 0 dt_1 · · · ∫_∞ 0 dt_k e^− P^{kn=1 λntn} P{B_{t1} ∈ A, . . . , B_{tk} ∈ A} = ∑ γ∈Γ ∫_∞ 0 dt_1 ∫_∞ t_1 dt_2 · · · ∫_∞ t_{k−1} dt_k [ ∫ A · · · ∫ A k∏ n=1 1 2πt^′_n e^{−γntn} e −‖x′n‖2 2t′n dx ]

= 1 (2π)^k ∑ γ∈Γ ∫ A · · · ∫ A [ ∫_∞ 0 dt_1 t^′_1 e^{−γ1t1} e −‖x′1‖2 2t′1 ∫_∞ t_1 · · · ∫_∞ t_{k−1} dt_k t^′_k e^{−γk tk} e −‖x′k‖2 2t′k ] dx.

For the innermost integral we find ∫_∞ t_{k−1} dt_k t^′_k e^{−γk tk} e −‖x′k ‖2 2t′k = e−γk tk−1 ∫_∞ 0 e^{−γk t}e^{−‖x} ′ k ‖ 2 2t dt t = e^{−γk tk−1} · 2K_0( √ 2γ_k‖x^′_k‖) , where K_0 is the Bessel function of imaginary argument, which satisfies, see e.g. [31],

K_0(s) = 1 2 ∫_∞ 0 e^{−t− s24t} dt t = log(1/s) + O(1) , for s ↓ 0.

Iterating this argument we get the following exact expression E^{{ k∏}_{n=1} μ̃[λn](A)^} =^1_{πk}^∑_{γ∈Γ}^∫_A· · ·^∫_A^{k∏}_{n=1} K0(^√2^{∑k}_{j=n} γj‖x^′_n‖) dxk . . . dx1 , (2) and asymptotically, as 0 < λ_1 < . . . < λ_k → 0, E^{{ k∏}_{n=1}^{μ̃[λn](A)} log √ 1/λ_n } = (ℓ2(A) π )_k ∑ γ∈Γ k∏ n=1 log(1/ ∑_k j=n γ_j) log(1/γ_n) + O ( 1 log(1/λ_k) ) .

Lemma 2.2 Let k, l ≥ 0 be integers and a_1, . . . , a_N ∈ R. Then, for 0 < κ ≤ λ → 0, E^{{( N∑}_{n=1}^{anμ̃[nκ](A)} log √ 1/nκ )_k(_N∑ n=1 a_nμ̃[nλ](A) log √ 1/nλ )_l}

= (ℓ2(A) π N∑ n=1 a_n )_{k+l} · k!l! · k+l∑ i=l ( i − 1 l − 1 ) ( log(1/λ) log(1/κ) )_{i−l} + O ( 1 log(1/λ) ) .

Proof. From Lemma 2.1 we get that E^{{( N∑}_{n=1}^{anμ̃[nκ](A)} log √ 1/nκ )_k(_N∑ n=1 a_nμ̃[nλ](A) log √ 1/nλ )_l}

= (ℓ2(A) π · N∑ n=1 a_n )_{k+l} · k!l! · ∑ γ∈Γ ∏_{k+l} n=1 log(1/ ∑_{k+l} j=n γ_j) log(1/κ)^k log(1/λ)^l + O ( 1 log(1/λ) ) ,

as 0 < κ < λ → 0, where Γ denotes the set of all distinct permutations of (κ,^k_{...}, κ, λ,^l_{...} , λ). Observe now that, as κ ≤ λ → 0,

log(1/ ∑_{k+l} j=n γ_j) = { log(1/κ) + O(1) if γ_j = κ for all j ∈ {n, . . . , k + l}, log(1/λ) + O(1) if γ_j = λ for some j ∈ {n, . . . , k + l},

and hence ∑ γ∈Γ k+l∏ n=1 log(1/ ∑_{k+l} j=n γ_j) = k+l∑ i=l ( i − 1 l − 1 ) log(1/λ)^i log(1/κ)^{i−k−l} + O ( (log(1/κ))^k(log(1/λ))^{l−1} ) .

Therefore, for 0 ≤ κ ≤ λ → 0, E^{{( N∑}_{n=1}^{anμ̃[nκ](A)} log √ 1/nκ )_k(_N∑ n=1 a_nμ̃[nλ](A) log √ 1/nλ )_l}

= (ℓ2(A) π N∑ n=1 a_n )_{k+l} · k!l! · k+l∑ i=l ( i − 1 l − 1 ) log(1/λ)^i log(1/κ)^{k+l−i} log(1/λ)^l log(1/κ)^k + O ( 1 log(1/λ) ) .

We now use Lemma 2.2 to prove the almost sure convergence of the moments of μ̃[λ](A)/ log √ 1/λ with respect to a random choice of λ.

Lemma 2.3 Almost surely, for all a_1, . . . , a_N ∈ R, we have

lim_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε [_N∑ n=1 a_n μ̃[nλ](A) log √ 1/nλ ]_k dλ λ log(1/λ)

= k! [ ℓ^2(A) π · N∑ n=1 a_n ]_k . (3)

Proof. We first fix a_1, . . . , a_N and look at the expectations. We use the previous lemma to see that E^{{ N∑}_{n=1}^{an μ̃[nλ](A)} log √ 1/λ }_k = k! [ ℓ^2(A) π · N∑ n=1 a_n ]_k + O ( 1 log(1/λ) ) . Because 1 log log(1/ε) ∫_{1/e} ε 1 log(1/λ) dλ λ log(1/λ) ≤ 1 log log(1/ε)

, (4)

we conclude that, for some C > 0, | | | 1 log log(1/ε) ∫_{1/e} ε E^{{ N∑}_{n=1}^{anμ̃[nλ](A)} log √ 1/nλ }_k dλ λ log(1/λ) − k! [ ℓ^2(A) π · N∑ n=1 a_n ]_k| | | ≤ C log log(1/ε) . Using Lemma 2.2, we get as 0 < κ ≤ λ → 0, for some constant C > 0, Var { 1 log log(1/ε) ∫_{1/e} ε [_N∑ n=1 a_nμ̃[nλ](A) log √ 1/nλ ]_k dλ λ log(1/λ) }

≤ 2 (ℓ2(A) π · N∑ n=1 a_n )_{2k}( 1 log log(1/ε) )_2 ∫ 1/e ε ∫_{1/e} κ (k!)^2 (_{2k}∑ i=k+1 ( i − 1 k − 1 ) ( log(1/λ) log(1/κ) )_{i−k}

+ C log(1/λ) ) dλ λ log(1/λ) dκ κ log(1/κ) .

Using again (4) and ( 1 log log(1/ε) )_2 ∫ 1/e ε ∫_{1/e} κ log(1/λ) log(1/κ) dλ λ log(1/λ) dκ κ log(1/κ) ≤ 1 log log(1/ε) , we conclude that, for a suitable constant C > 0, Var { 1 log log(1/ε) ∫_{1/e} ε [_N∑ n=1 a_nμ̃[nλ](A) log √ 1/nλ ]_k dλ λ log(1/λ) } ≤ C log log(1/ε) . By Chebyshev’s inequality, for every δ > 0 and sufficiently small ε, P^{{|}^1_{log log(1/ε)}^{∫ 1/e}_ε^{[ N∑}_{n=1}^{anμ̃[nλ](A)}_{log} √_{1/nλ}^{]k dλ}_{λ log(1/λ)} − k!^{[ℓ2(A)}_π ·^{N∑}_{n=1} an^{]k|} > 2δ^} ≤ C δ^2 · log log(1/ε) . Let ε_j = exp(− exp(j^2)). Then, by the Borel-Cantelli lemma, almost surely,

lim_{j→∞} 1 log log(1/ε_j) ∫_{1/e} ε_j [∑_N n=1 a_nμ̃[nλ](A) log √ 1/λ ]_k dλ λ log(1/λ)

= k! [ ℓ^2(A) π · N∑ n=1 a_n ]_k . In particular, we get

lim sup j→∞ 1 log log(1/ε_j) ∫_{εj} ε_{j+1} | | ∑_N n=1 a_nμ̃[nλ](A) log √ 1/λ | |^k dλ λ log(1/λ) ≤ lim_{j→∞} log log(1/ε_{j+1}) log log(1/ε_j) · lim_{j→∞} 1 log log(1/ε_{j+1}) ∫_{1/e} ε_{j+1} [∑_N n=1 |a_n|μ̃[nλ](A) log √ 1/λ ]_k dλ λ log(1/λ) − lim_{j→∞} 1 log log(1/ε_j) ∫_{1/e} ε_j [∑_N n=1 |a_n|μ̃[nλ](A) log √ 1/λ ]_k dλ λ log(1/λ) = 0 .

Hence, for ε_{j+1} ≤ ε ≤ ε_j ,

lim sup ε↓0 1 log log(1/ε) ∫_{1/e} ε [∑_N n=1 a_nμ̃[nλ](A) log √ 1/λ ]_k dλ λ log(1/λ) ≤ lim_{j→∞} 1 log log(1/ε_j) ∫_{1/e} ε_j [∑_N n=1 a_nμ̃[nλ](A) log √ 1/λ ]_k dλ λ log(1/λ)

+ lim sup j→∞ 1 log log(1/ε_j) ∫_{εj} ε_{j+1} | | ∑_N n=1 a_nμ̃[nλ](A) log √ 1/λ | |^k dλ λ log(1/λ)

= k! [ ℓ^2(A) π · N∑ n=1 a_n ]_k . Similarly, we get

lim inf_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε [∑_N n=1 a_nμ̃[nλ](A) log √ 1/λ ]_k dλ λ log(1/λ) ≥ k! [ ℓ^2(A) π · N∑ n=1 a_n ]_k , and hence (3). Finally, we observe that (3) holds almost surely simultaneously for all tuples with rational entries and thus, by approximation, almost surely, for all a_1, . . . , a_N ∈ R.

We now go back to the study of the additive functionals, using an approximation argument. The case k = 1 of the following lemma is Brosamler’s Theorem, which was proved in [11] by a different method.

Lemma 2.4 lim_{t→∞} 1 log log t ∫_t e [ A(s) log √ s ]_k ds s log s

= k! [ ℓ^2(A) π ]_k almost surely. (5)

Proof. We look at the continuous function g : [0, 1] → [0, 1] with g(x) = 1 if x ≥ 1/e and g(x) = 0 if x < 1/e^2, which is linear on the interval (1/e^2, 1/e). We can now find, for every η > 0, polynomials p = ∑_N n=1 p_nx^n and P = ∑_N n=1 P_nx^n such that, for every 0 ≤ x ≤ 1, p(x) ≤ g(x) ≤ P (x) ≤ p(x) + η . Observe that g(e^{−λt}) = 1 if t ≤ 1/λ and hence μ[1/λ](A) ≤ ∫_∞ 0 g(e^{−λt})1_{{Bt∈A}} dt ≤ ∫_∞ 0 P (e^{−λt})1_{{Bt∈A}} dt = N∑ n=1 P_nμ̃[nλ](A). As ∑ P_n ≤ 1 + η we may use Lemma 2.3 to conclude that, for all k,

lim sup ε↓0 1 log log(1/ε) ∫_{1/e} ε [ μ[1/λ](A) log √ 1/λ ]_k dλ λ log(1/λ) ≤ k! [ ℓ^2(A) π · (1 + η) ]_k . Similarly, we have g(e^{−λt}) = 0 if t ≥ 2/λ and hence μ[2/λ](A) ≥ ∫_∞ 0 g(e^{−λt})1_{{Bt∈A}} dt ≥ ∫_∞ 0 p(e^{−λt})1_{{Bt∈A}} dt = N∑ n=1 p_nμ̃[nλ](A) . Upon observing that ∑ p_n ≥ 1 − η, we infer that, for all k,

lim inf_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε [ μ[1/λ](A) log √ 1/λ ]_k dλ λ log(1/λ)

= lim inf_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε [ μ[2/λ](A) log √ 1/λ ]_k dλ λ log(1/λ) ≥ k! [ ℓ^2(A) π (1 − η) ]_k . As these inequalities hold for every η > 0 we conclude that, almost surely,

lim_{ε↓0} 1 log log(1/ε) ∫_{1/e} ε [ μ[1/λ](A) log √ 1/λ ]_k dλ λ log(1/λ)

= k! [ ℓ^2(A) π ]_k .

We finally conclude lim_{t→∞} 1 log log t ∫_t e [ μ[s](A) log √ s ]_k ds s log s

= k! [ ℓ^2(A) π ]_k , (6)

by means of a change of variable.

To finish the proof of Theorem 1.1 observe that the limits we get in (6) are the moments of an exponential distribution with parameter ‖ν_A‖/π. Hence we can get the full statement from the method of moments, see e.g. [10].

3 The scale average Kallianpur-Robbins law

The scale average Kallianpur-Robbins law for planar Brownian motion follows directly from the known case together with Theorem 1.3. We restrict our attention to the key step in the proof of the latter theorem, which is based on a generalization of a method of Ray [28]. He showed that the occupation measure of small balls can be approximated by means of the number of inward crossings of small annuli performed by the Brownian motion before it leaves the unit ball. This argument was the key to the proof of the special case in [25]. We generalize this approach and approximate the occupation measure of small sets of arbitrary shape by means of these crossing numbers. This is not easy, because Ray’s proof makes substantial use of the symmetry of the balls.

To make this precise, let τ be the stopping time given by τ = inf{t > 0 : |B_t| ≥ 1}. Denote by μ the occupation measure of the stopped Brownian motion. Fix a number b > 0 and define a_n = e^{−bn}. For every n we define stopping times t_0 = 0, t_{2k+1} = inf{t > t_{2k} : |B_t| > a_{n−1}} and t_{2k} = inf{t > t_{2k−1} : |B_t| < a_n}. Define the crossing numbers as N_n = max{k ≥ 0 : t_{2k} < τ}, the number of inward crossings of the annulus with radii a_{n−1} and a_n.

Theorem 3.1 Suppose A is a Borel set of the open unit ball B(0, 1). Then, almost surely, μ ( a_nA ) = a^2_n · N_nb · [ ℓ2(A) π + o(1) ] + o(na^2_n) , as n → ∞. (7)

From Theorem 3.1 one can see that, unless N_n/n is too small, for large n the ratio of the occupation times in two sets a_nA and a_nB is close to ℓ^2(A)/ℓ^2(B). Because {N_n/n} forms a null-recurrent Markov chain, N_n/n is occasionally small, but by means of the explicitly known transition probabilities of the chain one can show that this happens sufficiently rarely and Theorem 1.3 holds.

We now give the proof of Theorem 3.1. Identify R^2 with the complex plane C and write B_t = |B_t| · exp(iϑ_s) with ϑ_s ∈ [0, 2π). Occasionally it is convenient to identify e^{iθ} ∈ ∂B(0, 1) and θ ∈ [0, 2π). The random variables M^n_k with values in [0, 2π) × [0, 2π) are defined by

M^n_k := (Θ_{2k}, Θ_{2k+1}) := (ϑ_{t2k} , ϑ_{t2k+1}) ,

where we have omitted the dependence of the stopping times t_k and angles Θ_k on n for notational convenience. For every n the sequence {M^n_k }_{k≥1} of random variables is a stationary, ergodic

Markov chain. If h_θ is the harmonic measure on ∂B(0, 1) at e^{−b}e^{iθ}, then the invariant distribution of {M^n_k }_{k≥1} is given by 1 2π ∫_{2π} 0 ∫_{2π} 0 δ_{{(θ0,θ1)}} dh_{θ0} (θ_1) dθ_0 .

If g_θ is the harmonic measure on ∂B(0, 1) at e^be^{iθ}, then the transition probabilities of {M^n_k }_{k≥1} from (θ_0, θ_1) are given by ∫_{2π} 0 ∫_{2π} 0 δ_{{(θ2,θ3)}} dh_{θ2} (θ_3) dg_{θ1}(θ_2) .

We require some basic facts about Brownian motions conditioned to exit the ball B(0, e^b) at a certain point. These facts are provided by well known tools from probabilistic potential theory, see [2] for an excellent introduction.

Lemma 3.2 For every (θ_1, θ_2) ∈ [0, 2π)× [0, 2π) there is a process {X_t(θ_1, θ_2)}_{t≥0} on a probability space (Ω, A, P ) such that

(i) if {B_t}_{t≥0} is a Brownian motion started in e^{iθ1} , ρ is the first exit time from B(0, e^b) and Θ ∈ [0, 2π) is the exit point defined by B_ρ = e^be^{iΘ}, then the distribution of the process {X_t(θ_1, θ_2)}_{t≥0} is a conditional distribution of {B_t}_{t≥0} given Θ = θ_2,

(ii) if ρ is the first exit time of {X_t(θ_1, θ_2)} from B(0, e^b), then, for every Borel set A ⊆ B(0, 1) the function

f_A( · ; b) : [0, 2π) × [0, 2π) −→ [0, ∞) (θ_1, θ_2) → E_P { ∫_ρ 0 1_A(X_t(θ_1, θ_2)) dt }

is continuous, where E_P denotes the expectation with respect to P ,

(iii) for every m ≥ 1 and Borel set A ⊆ B(0, 1) the moments E_P {( ∫_ρ 0 1_A(X_t(θ_1, θ_2)) dt )_m} are bounded in (θ_1, θ_2).

Proof. Let (θ_1, θ_2) ∈ [0, 2π) × [0, 2π). We only have to construct the process {X_t} = {X_t(θ_1, θ_2)} up to the first exit time ρ from B(0, e^b). Define the harmonic function h(x) = e^{2b} − |x|^2 |e^be^{iθ2} − x|^2 for x ∈ B(0, e^b).

Let {X_t}_{t≥0} on (Ω, A, P̃) be a Brownian motion started in X_0 = e^{iθ1} and killed upon exiting the domain B(0, e^b). Let {F_t}_{t≥0} be a filtration for this Brownian motion with A = ⋃ t≥0 F_t and recall that {h(X_{t∧ρ})}_{t≥0} is an {F_t}-martingale. The h-path transform of {X_t} is defined by

P_h(M) = ∫ M h(X_{t∧ρ}) h(X_0) dP̃ for M ∈ F_t.

For properties of the h-path transform we refer the reader to [2]. The required process is {X_t}_{0≤t≤ρ} on the probability space (Ω, A, P_h). Property (i) is Proposition (2.7) in [2]. To check property (ii) we look at a sequence b_n ↑ b and denote the first exit time from B(0, e^{bn} ) by ρ_n. Then

f_A(θ_1, θ_2, ; b)

= lim_{n→∞} ∫_∞ 0 ∫ 1_{{s<ρn}}1_A(X_s) dP_h ds = lim_{n→∞} ∫_∞ 0 ∫ 1_{{s<ρn}}1_A(X_s) h(X_s) h(e^{iθ1} ) dP̃ ds = lim_{n→∞} ∫ ∫_{ρn} 0 1_A(X_s) h(X_s) h(e^{iθ1} ) ds dP̃ = lim_{n→∞} ∫ G_{bn} (e^{iθ1} , y)1_A(y) h(y) h(e^{iθ1} ) dy = ∫ A G_b(e^{iθ1} , y) h(y) h(e^{iθ1} ) dy , where G_b denotes Green’s function for the domain B(0, e^b). As the integrand of the last expression is uniformly equicontinuous in (θ_1, θ_2) for all y ∈ A, this implies property (ii). Finally, the boundedness of the moments of ρ follows from the inequality P_h{ρ > t} ≤ c_1 exp(−c_2t), for positive constants c_1, c_2 not depending on (θ_1, θ_2), see [1].

Lemma 3.3 1 2πb ∫_{2π} 0 ∫_{2π} 0 f_A(θ_1, θ_2; b) dh_{θ1}(θ_2) dθ_1 = ℓ^2(A) π . Proof. Note that ∫_{2π} 0 f_A(θ_1, θ_2; b) dh_{θ1}(θ_2) = ∫ A G_b(e^{iθ1} , y) dy and ∫_{2π} 0 G_b(e^{iθ1} , y) dθ_1 is a harmonic function inside B(0, 1), which is constant on the boundary. Hence this function is constant and equal to its value at 0, which is 2b.

We now fix n and let

T^n_k = ∫_{t2k+1} t_{2k} 1_{{Bs∈anA}} ds , hence μ(a_nA) = Nn∑ k=0 T^n_k . (8)

Conditional on the sequence M^n = {M^n_k }_{k≥1} the T^n_k are independent and T^n_k has the same distribution as a^2_nT (Θ_{2k}, Θ_{2k+1}; b), where

T (θ_1, θ_2; b) = ∫_ρ 0 1_{{Xt(θ1,θ2)∈A}} dt , and {X_t(θ_1, θ_2)}_{t≥0} is as in Lemma 3.2. Hence,

E^{{( N∑}_{k=1}(T^n_k − fA(Θ2k; Θ2k+1; b) · a^2_n)^{)4 |} M^{n}}

= a^8_n N∑ k=1 EP^{{(}T (Θ2k, Θ2k+1, b) − fA(Θ2k, Θ2k+1; b)^{)4}} + 6a^8_n N∑ k=1 N∑ j=k+1 EP^{{(}T (Θ2k, Θ2k+1; b) − fA(Θ2k, Θ2k+1; b)^{)2}} × EP^{{(}T (Θ2j, Θ2j+1; b) − fA(Θ2j, Θ2j+1; b)^{)2}} .

By Lemma 3.2(iii), for every positive integer m, E_P {T (θ_1, θ_2; b)^m} is bounded in (θ_1, θ_2) and hence the expression above is bounded by a constant multiple of N^2a^8_n. We now apply Markov’s inequality and get, for every ε > 0, P^{{|}^{N∑}_{k=1}^(T^n_k − fA(Θ2k, Θ2k+1, b) · a^2_n^{)|} > ε · na^2_n^| M^{n}} ≤ 1 ε^4n^4a^8_n E {[^N∑ k=1 ( T^n_k − f_A(Θ_{2k}, Θ_{2k+1}, b) · a^2_n )]_4| |M^n } ≤ C · N^2 n^4ε^4 . Because {T^n_k }_{k≥1} and N_n are independent conditional on {M^n_k }_{k≥1} we have P^{{|}^{Nn∑}_{k=1}^(T^n_k − fA(Θ2k, Θ2k+1; b) · a^2_n^{)|} > ε · na^2_n^| M^{n}} ≤ C · E^{{N 2n |M n}}_{n4ε4} , and, together with (8), this gives P^{{|}μ^(anA^) − T^n_0 −^{Nn∑}_{k=1} fA(Θ2k, Θ2k+1; b) · a^2_n^| > ε · na^2_n^} ≤ C · E^{{N 2n }}_{n4ε4} ≤^{4C}_{n2ε4} , (9) using in the last step that EN^2_n ≤ 4. Also T^n_0 is bounded by the first time the Brownian motion hits the sphere of radius a_{n−1}. The second moment of this stopping time is bounded by a constant multiple of a^4_n and thus we get from Markov’s inequality, for every ε > 0,

P{|T^n_0 | > ε · na^2_n} <^C_{n2ε2} . (10)

By the Borel-Cantelli lemma we conclude from (9) and (10) that, almost surely, μ ( a_nA ) = Nn∑ k=1 f_A(M^n_k ; b) · a^2_n + o(na^2_n) , as n → ∞. (11)

In the next step we show that, for every ε > 0, if N_n ≥ nε and n is sufficiently large, then | | | Nn∑ k=1 f_A(M^n_k ; b) − N_nb · ℓ^2(A) π | | | ≤ ε · N^n . (12) Recall Lemma 3.3 to see that the subtracted term is N_n times the expectation of the summands. Due to the dependence of the chain {M^n_k }_{k≥0} on n, however, the proof of (12) requires a more subtle argument than the ergodic theorem alone. We will make use of a large deviations principle of Stroock for Markov chains satisfying a uniformity condition, which can be found in [16, Ch.6.3]. The transition densities π((θ_1, θ_2), (θ_3, θ_4)) of our Markov chain, which are given in terms of the harmonic measures, satisfy

π((θ_1, θ_2), (θ_3, θ_4)) ≤ [ (1 + e^b)(1 + e^{−b}) (1 − e^b)(1 − e^{−b})

]_2 · π((θ^′_1, θ^′_2), (θ_3, θ_4)) for all θ_i, θ^′_i ∈ [0, 2π), which means that the uniformity assumption is fulfilled. Also, by Lemma 3.2(ii), the set of all probability measures ν on [0, 2π) × [0, 2π) satisfying | ∫ f_Adν − ℓ^2(A)b/π| ≥ ε is compact.

Hence we infer from the uniform large deviation principle for the empirical measure of {M^n_k }_{k≥1}, see Theorem 6.3.8 and the following remark in [16], that, for every ε > 0 there is some δ > 0 depending, of course, on ε > 0, such that

lim sup N →∞ 1 N log P^{{|}^1_N^{N∑}_{k=1} fA(M^n_k ; b) −^{ℓ2(A)b}_π^| ≥ ε^} < −δ . Note that the probabilities above are independent of the choice of n, as the distributions of the Markov chains {M^n_k }_{k≥1} do not depend on n. We conclude that, for sufficiently large integers n, denoting by [nε] the integer part of nε, P^{{|}^1_{Nn}^{Nn∑}_{k=1} fA(M^n_k ; b) − ℓ^2(A)b/π^| ≥ ε and Nn ≥ nε^} ≤ ∞∑ N =[nε] P^{{|}^1_N^{N∑}_{k=1} fA(M^n_k ; b) − ℓ^2(A)b/π^| ≥ ε^} ≤ ∞∑ N =[nε] e^{−Nδ} = e^{−δ[nε]} · 1 1 − e^{−δ} .

Hence, by the Borel-Cantelli lemma, almost surely, for all but finitely many n, | | | Nn∑ k=1 f_A(Θ_{2k}, Θ_{2k+1}; b) − N_nb · ℓ^2(A) π | | | ≤ { ( ε · n ) · sup_{θ1,θ2} f_A(θ_1, θ_2; b) if N_n < εn, ( ε · N_n ) if N_n ≥ εn. As this holds for every ε > 0 it implies, together with (11), the required approximation (7).

4 Further remarks, extensions and open problems

• The techniques presented here also allow the proof of the divergence of the logarithmic averages in Theorems 1.1 and 1.2, see [25] resp. [26] for more details.

• One can extend our main results in such a way that certain families of additive functionals are covered simultaneously, i.e. with a single zeroset of exceptional paths. An interesting extension, carried out in [26], shows that one can get a limit law simultaneously for all weakly continuous bounded functionals of the occupation measures.

• A different kind of pathwise Kallianpur-Robbins law, namely for the random choice of a spatial shift parameter, is described in Section 10.3. of [15].

• An alternative approach to the time average Kallianpur-Robbins law is via the skewproduct approximation of planar Brownian motion. This was used in [27] to prove an almost sure version of Spitzer’s theorem on the windings of a Brownian motion. This result also requires iterated logarithmic averaging.

• A celebrated result of Darling and Kac (see e.g. [9] or [14]) describes the possible limit laws of a class of (not necesarily integrable) additive functionals as the class of Mittag-Leffler laws. The corresponding limit laws may have an almost-sure version either for ordinary logarithmic averages (for example for the occupation time in a stripe of R^2, by the result on linear Brownian motion) or only for iterated logarithmic averages (for example for the occupation time of bounded sets). It would be interesting to see where exactly the boundary between the two regimes is.

References

[1] R. Bañuelos and B. Davis. Heat kernel, eigenfunctions, and conditioned Brownian motion in planar domains. J. Funct. Anal. 84, 188–200 (1989).

[2] R.F. Bass. Probabilistic Techniques in Analysis. Springer, New York (1995).

[3] I. Berkes. Results and problems related to the pointwise central limit theorem. In: Asymptotic methods in probability and statistics. Ed. B. Szyszkowicz. Elsevier 1998.

[4] I. Berkes and E. Csàki. Almost sure central limit theorems for nonlinear functionals. Preprint, (1999).

[5] I. Berkes, E. Csàki and S. Csörgö. Almost sure limit theorems for the St.Petersburg game.

Stat. and Probab. Letters 45, 23–30 (1999).

[6] I. Berkes and H. Dehling. Some limit theorems in log density. Ann. Prob. 21, 1640–1670 (1993).

[7] N.H. Bingham. Moving averages. In: Almost Everywhere Convergence. Eds. G.A. Edgar and L. Sucheston. pp.131–144, Academic Press (1989).

[8] N.H. Bingham and L.C.G. Rogers. Summability methods and almost-sure convergence. In:

Almost Everywhere Convergence II. Eds. A. Bellow and R.L. Jones. pp.69–83, Academic Press (1991).

[9] N.H. Bingham, C.M. Goldie and J.L. Teugels. Regular variation. Cambridge University Press, Cambridge, (1987).

[10] L. Breiman. Probability. Addison-Wesley, Reading, MA, (1968).

[11] G.A. Brosamler. The asymptotic behaviour of certain additive functionals of Brownian motion. Invent. Math. 20, 87–96 (1973).

[12] G.A. Brosamler. An almost everywhere central limit theorem. Math. Proc. Camb. Phil.

Soc. 104, 561–574 (1988).

[13] K.L. Chung and P. Erdös. Probability limit theorems assuming only the first moment I.

Memoirs Amer. Math. Soc. 6 (1951).

[14] D.A. Darling and M. Kac. On occupation times for Markoff processes. Trans. Amer. Math.

Soc. 84, 444–458 (1957).

[15] A. Dembo, Y. Peres, J. Rosen and O. Zeitouni. Thick points for planar Brownian motion and the Erdös-Taylor conjecture for random walks. To appear in Acta Math. (1999).

[16] A. Dembo and O. Zeitouni. Large Deviation Techniques and Applications. Applications of Mathematics 38, Springer, New York (1998).

[17] P. Erdös and G.A. Hunt. Changes of signs of sums of random variables. Pacific J. Math.

3, 673–687 (1953).

[18] I. Fahrner and U. Stadtmüller. On almost sure max-limit theorems. Stat. and Probab.

Letters 37, 229–236, (1998).

[19] A.M. Fisher. Convex–invariant means and a pathwise central limit theorem. Adv. in Math.

63, 213–246 (1987).

[20] A.M. Fisher. A pathwise central limit theorem for random walks. Preprint series: Mathematica Gottingensis 4 (1990).

[21] A. Földes. Strong theorems for random walk and its local time. In: J. Perez Vilaplana (Ed.), Proc. 4th Int. Meeting of Statistics in the Basque Country, VSP Utrecht. pp.263–267 (1994).

[22] I.A. Ibragimov and M.A. Lifshits. On almost sure limit theorems (in Russian). To appear in Theory Probab. Appl. (1999).

[23] P. Lévy. Théorie de l’addition des variables aléatoires. Gauthier Villars, Paris, (1937).

[24] M.B. Marcus and J. Rosen. Logarithmic averages of the local times of recurrent random walks and Lévy processes. Stoch. Proc. Appl. 59, 175–184 (1995).

[25] P. Mörters. The average density of the path of planar Brownian motion. Stoch. Proc. Appl.

74, 133–149 (1998).

[26] P. Mörters. Pathwise Kallianpur-Robbins laws for Brownian motion in the plane. Preprint available from the author or at http://kluedo.ub.uni-kl.de/

[27] P. Mörters. A pathwise version of Spitzer’s law. Submitted to Proceedings of the 4th Conference on Limit Theorems in Probability and Statistics, Balatonlelle, Hungary, 1999.

[28] D. Ray. Sojourn times and the exact Hausdorff measure of the sample paths of planar Brownian motion. Trans. Amer. Math. Soc. 108, 436–444 (1963).

[29] D. Revuz and M. Yor. Continuous Martingales and Brownian motion. Springer Verlag, Berlin, (1994).

[30] P. Schatte. On strong versions of the central limit theorem. Math. Nachr. 137, 249–256 (1988).

[31] G.N. Watson. A treatise on the theory of Bessel functions. Cambridge University Press, Cambridge, (1966).