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Sub-Riemannian (sR) geometry

Sub-Riemannian (sR) geometry is the study of metric distributions (X, E ⊂ TX, gE)
inside the tangent space.
Subbundle E is assumed to be bracket-generating .
Peculiar phenomena (Hausdor� dimension & abnormal geodesics..) arise.
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Bracket-generating distributions

E ⊂ TX bracket generating: C∞ (E) generates C∞ (TX) under Lie bracket [, ].

Examples:
1. Contact case: E2m = kerα ⊂ TX2m+1; rank dα|E = 2m.
Normal form (Darboux): α = dz −

∑m
j=1 yjdxj ; E = R

[
∂yj , ∂xj + yj∂z

]
Generation (1 step):

[
∂yj , ∂xj + yj∂z

]
= ∂z

2. Quasi-contact case: E2m+1 = kerα ⊂ TX2m+2; rank dα|E = 2m.
Normal form (Darboux): α = dz −

∑m
j=1 yjdxj ; E = R

[
∂yj , ∂xj + yj∂z , ∂w

]
Generation (1 step):

[
∂yj , ∂xj + yj∂z

]
= ∂z

3. Martinet case: E2 = kerα ⊂ TX3 , Z2︸︷︷︸
union of surfaces

= {α ∧ dα = 0} ⊂ X with

TZ t E.
Normal form: α = dz − y2dx, E = R

[
∂y , ∂x + y2∂z

]
Generation (2 step):

[
∂y , ∂x + y2∂z

]
= 2y∂z ,

[
∂y ,

[
∂y , ∂x + y2∂z

]]
= 2∂z
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4. Engel case: E2 ⊂ TX4 stable
Normal form: E = R [∂x, ∂y + x∂z + z∂w]
Generation (2 step): [∂x, ∂y + x∂z + z∂w] = ∂z ,
[[∂x, ∂y + x∂z + z∂w] , ∂y + x∂z + z∂w] = ∂w

5. Goursat case: E2 ⊂ TXn (... some general de�nition ...)
Normal form (eg.): E = R [∂x2 , ∂x1 + x2∂x3 + . . .+ xn−1∂xn ]
Generation (n-2 step): [∂x2 , ∂x1 + x2∂x3 + . . .+ xn−1∂xn ] = ∂x3 ,
[[∂x2 , ∂x1 + x2∂x3 + . . .+ xn−1∂xn ] , ∂x1 + x2∂x3 + . . .+ xn−1∂xn ] = ∂x4 . . .

and many more..
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Flag, metric & dimension

Canonical �ag:

E0︸︷︷︸
={0}

⊂ E1︸︷︷︸
=E

⊂ . . . ⊂ Ej︸︷︷︸
span of

jth brackets

⊂ . . . ⊂ Er(x)︸ ︷︷ ︸
=TX

Step= r (x) , Growth vector = kE (x) =
(
dimE0, dimE1, . . . ,dimEr(x)

)
.

E called equiregular if kE (x) is constant.

Theorem (Chow-Rashevsky '37)

E bracket-generating =⇒ any two x1, x2 ∈ X connected by horizontal path γ
s.t.γ̇ (t) ∈ Eγ(t) a.e.

Idea: etXetY e−tXe−tY = et
2[X,Y ] + O (t)

(
X, dE

)
is a metric space with dE = infγ horizontal

∫ 1
0 dt |γ̇ (t)|.

Q (x)︸ ︷︷ ︸
Hausdor� dimension

= limε→0
ln volBε(x)

ln ε

Ball-Box
=
thm

∑r(x)
j=1 j [kj (x)− kj−1 (x)] > n
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A metric ball

Figure: A metric ball in H3: |x|2 + |y|2 + |z| ≈ 1
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Popp's volume

Problem: De�ne a canonical smooth volume form from the sR structure(
X,E ⊂ TX, gE

)
.

O. Popp (Montgomery 2002) de�ned one in the equiregular case (
E0⊂E1
vector

⊂...⊂Er
bundles ):

Surjective bracketing map
(de�nes pushforward metric
/volume element on latter)

Bj : E⊗j → Ej/Ej−1

Use canonical isomorphism
of determinant lines

Λ∗TX ∼=
r⊗
j=1

Λ∗ (Ej/Ej−1)

µPopp not smooth in general.
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Geodesics

A geodesic connecting two points x1, x2 is a distance minimizer

(Bismut '84)
(
X, dE

)
metric complete =⇒ any two x1, x2 ∈ X connected by

geodesic γ ∈ C0,1
(
[0, 1]t ;X

)
Hamiltonian trajectories H (x, ξ) :=

∥∥∥ ξ|Ex∥∥∥2
project to minimizers (always

horizontal).

Not all minimizers obtained this way!
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Abnormal geodesics

R. Montgomery '94 found an abonormal minimizer (not a Hamiltonian projection).

Example. X = R3, E = ker
[
α = dz − y2dx

]
, has vanishing hypersurface

Z = {α ∧ dα = 0} = {y = 0}.
Consider γ (t) = (t, 0, 0) along x-axis.
Minimizes regardless of metric (i.e. topological minimizer)!
C1-isolated among horizontal curves.

Lack understanding of abnormals in general
Open question: Are abnormal minimizers smooth?

Well understood in cases:

Contact case: none.

Quasi contact case: Integral curves of LE := ker dα|E (topological)

Martinet case: Integral curves of ker α|Z =: LE → Z (topological)
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sR Laplacian

Let
(
X,E ⊂ TX, gE

)
sR manifold.

Choose an auxiliary density µ to de�ne

sR Laplacian : ∆gE ,µ :=
(
∇g

E
)∗
µ
◦ ∇g

E

where gE
(
∇gE f, U

)
= U (f), ∀U ∈ C∞ (E) is sR-gradient.

Characteristic variety: Σ =
{
σ
(

∆gE ,µ

)
= HE = 0

}
= E⊥.

(Hormander '67) E bracket generating =⇒ ∆gE ,µ is hypoelliptic

(Rothschild & Stein '76) ‖f‖2
H1/r .

〈
∆gE ,µf, f

〉
+ ‖f‖2L2 where r = maxx∈X r (x).

Discrete spectrum (ϕj , λj); ∆gE ,µϕj = λjϕj , on a compact manifold.
Spectral asymptotics questions: Weyl law, trace formula, propagation, ergodicity ...
(mostly open)
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sR Laplacian

Let
(
X,E ⊂ TX, gE

)
sR manifold.

Choose an auxiliary density µ to de�ne

sR Laplacian : ∆gE ,µ :=
(
∇g

E
)∗
µ
◦ ∇g

E

where gE
(
∇gE f, U

)
= U (f), ∀U ∈ C∞ (E) is sR-gradient.

Characteristic variety: Σ =
{
σ
(

∆gE ,µ

)
= HE = 0

}
= E⊥.

(Hormander '67) E bracket generating =⇒ ∆gE ,µ is hypoelliptic

(Rothschild & Stein '76) ‖f‖2
H1/r .

〈
∆gE ,µf, f

〉
+ ‖f‖2L2 where r = maxx∈X r (x).

Discrete spectrum (ϕj , λj); ∆gE ,µϕj = λjϕj , on a compact manifold.
Spectral asymptotics questions: Weyl law, trace formula, propagation, ergodicity ...
(mostly open)
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sR heat trace

Does the spectrum see the Hausdor� dimension?

Theorem (Ben Arous 1989, Léandre 1992... )

There exist aj (x) ∈ C∞ (X), j = 0, 1, . . .,

e
−t∆

gE,µ (x, x) ∼ t−Q(x)/2

 ∞∑
j=0

aj (x) tj

 .
The expansion is in general not uniform in x ∈ X. Does not yield trace asymptotics.

Theorem (Métivier '76)

If E is equiregular

N (λ) ∼
λQ/2

Γ (Q/2 + 1)

∫
X
a0.

Colin de Verdière-Hillairet-Trélat (singular Weyl law, ongoing)
Martinet eg.: N (λ) ∼ cλ2 lnλ.
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Spectrum and dynamics

Does the spectrum see abnormal geodesics?(
X3, E2

)
3D contact.

Theorem (Melrose '84)

N (λ) ∼ λ2

(∫
µPopp

)
+O

(
λ3/2

)
.

sing spt

(
tr e

it
√

∆
gE,µ

)
⊂ {0} ∪ {lengths of (normal) geodesics}

Theorem (Colin de Verdière-Hillairet-Trélat '18 (Duke J.))

If Reeb �ow is ergodic. Then one has quantum ergodicity (QE).

Semiclassical analog: trace of magnetic Dirac operator S. '17 (APDE).
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sR Laplacian
sR heat trace
sR wave trace

Spectrum and dynamics(
X4, E3

)
4D quasi-contact.

Theorem (S. '19)

sing spt

(
tr e

it
√

∆
gE,µ

)
⊂ {0} ∪ {lengths of (normal) closed geodesics}

∪
(
−∞,−TE

abnormal

]
∪
[
TE
abnormal

,∞
)

N (λ) ∼ λ5/2

(∫
µPopp

)
+O

(
λ2
)
.

Union of LE

closed curves
is of measure zero :

N (λ) ∼ λ5/2

(∫
µPopp

)
+ o

(
λ2
)
.

Theorem (S. '19)

If LE ergodic & LZµPopp = 0. Then one has quantum ergodicity (QE).

TE =shortest closed period of LE , Z =unit generator of LE ;
Integral curves of LE correspond to abnormals.

Proofs based on
√

∆gE ,µ ∈ Ψ1,−1
cl

(X,Σ) (exotic pseudodi�erential calculus).
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Sub-Riemannian (sR) geometry
sR spectral geometry

S1- invariant sR structures

Circle bundles
Bochner Laplacian
Bergman kernel

Circle bundles

Natural place for sR-structures:

Xn︸︷︷︸
S1L

, En−1︸ ︷︷ ︸
HX horizontal

, gE︸︷︷︸
π∗gTY

 with

(
L, hL,∇L

)
→
(
Y n−1, gTY

)
is a Hermitian line bundle with connection.

Equivalently consider sR structure invariant by a free and transversal S1 action.

Proposition: r (x)︸ ︷︷ ︸
step of E

−2 = ord
(
RL
π(x)

)

E bracket generating ⇐⇒ RL vanishes to �nite order (i.e. r = maxy∈Y ry <∞)

Decomposition: Y = ∪rj=2Yj ; Yj = {y|ry = j}
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Bochner Laplacian

Fourier modes: C∞ (X) = ⊕∞k=−∞C
∞
(
X,Lk

)
∆gE ,µX︸ ︷︷ ︸

sR Laplacian

= ⊕∞k=−∞ ∆k︸︷︷︸
Bochner

sR heat kernel expansion analogously gives e
− t

k2/r
∆k (y, y), k →∞.

Theorem (Marinescu-S. '18)

The �rst eigenfunction/eigenvalue (ψk0 , λ
k
0) of the Bochner Laplacian ∆k satisfy

λk0 ∼ Ck2/r∣∣∣ψk0 (y)
∣∣∣ = O

(
k−∞

)
, y /∈ Yr.

Generalizes:
R. Montgomery '95 (dimY = 2, r = 3), Hel�er & Mohamed '96, Pan & Kwek '02,
Hel�er & Kordyukov '09, Bonnaillie-Noël, Hérau & Raymond ('16) ...
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Bergman kernel

If Y cpx. Hermitian and L holomorphic semipositive

Kodaira Laplacian: �k : Ω0,∗
(
Y ;Lk

)
→ Ω0,∗

(
Y ;L⊗k

)
.

Bergman kernel: Πk (y) :=

dimH0
(
Y ;Lk

)∑
j=1

|sj (y)|2︸ ︷︷ ︸
orth. basis

Lichnerowicz + Mckean-Singer: Spec (�k) ⊂ {0} ∪
[
c1k2/r − c2,∞

)
in 2D

Local index theory of Bismut-Lebeau '91, Dai-Liu-Ma '06, Ma-Marinescu '07 gives

Theorem (Marinescu-S. '18)

For dimY = 2 & RL semi-positive of �nite order

Πk (y) ∼ k2/ry

 N∑
j=0

cj (y) k−j/ry


where ry − 2 = ord

(
RLy
)
.

Tian '91, Catlin '97, Zelditch '99 (positive case);
R. Berman '09, Hsiao-Marinescu '14 (on positive part in some cases).
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Thank you.
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