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Weyl-Kac type character formula for integrable representations of

affine Lie algebras and their modular properties:

g=9g®Clt,t7"] & Cc & Cd
Weyl-Kac character formula for integrable highest weight module L(A):

1 1
chrny = Iz Ze(w)ew(A+p) = % Zs(w)w( Zeto‘(/\“) )

weW weW aeM

7

Ve

T

where theta function

R = H (1 — e @)yt - denominator of g

acAL
M = coroot lattice of g
o

tJM::A+QMM—{7?QMH%M®}5

p = Weyl vector



Example: In the case g= g\l(2, C),

M = {ag, a1} . simple roots
. hY = 2 . dual Coxeter number
L4 = e
Then
|A+p[? ,
TR eta(Mp) — @2m(m+2>t9j 1ma2(T, 2)
aeM
Perl WS i B2 = Oy mal (7, 2)
q C L(A) = € [9 L 9 ]<
1 1,2 —1,2J\T, Z)
h normalized character
where

0;m(T,2) = Z ez gk Jacobi theta function

ket Z



Weyl-Kac type character formula for partially integrable

representations of affine Lie superalgebras:

1 6A+p
chrny = Iz Z 5(w)w< - )

weWw? 1] (1 + 6_52')
i=1
( Bi € Il = {simple roots}
A+plf) = 0
where
(GilB;) = 0
| {Bi}i=1, n : maximal (n := atypicality)

conjectured by Kac-W (1988)
proved by Gorelik-Kac (arXiv:1406.6860)



Also important is the super-character:

(—) def
(le(A) = (ﬂlL(A)

e % — —e % 1f o; 18 odd

~% qf oy 1S even

L ) et
:ng (w)w | —

e Y — e

weWt [1 (1—e )
where .
(O)ry) = { 1 %f a/2 = root
-1 if  «/2 # root
[T (1— e o)mite
RY) = ¢f i . (super)denominator of g

H (1:|:6—oz)multoz

odd
a€A+



Example. In the case sl(2[1):

2mimj(z1+22) My —2mimg(z1+22) ,mj?
(=) .(5) _ _2mimt € q _ € d
N jEZ JjeL
(m € N) | put | put
ol ol

Problem: What is the modular property of this function?




Basic affine Lie superalgebras : (Kac: 1978)

o psi(n|n)

o 0sp(M|N)
e D(2,1;a)
° F\(ll)



Importance of modular properties:

quantum reduction

affine Lie superalgebras — W-algebras
Examples: sl(2,C) o Virasoro
osp(1]2) o super-Virasoro
sl(2[1) - N=2 SCA
0sp(3|2) o N=3 SCA
psi(2]2) - N=4 SCA
D — big N=4 SCA

D(2,1;a)

Modular properties of affine Lie superalgebras

l
Modular properties of SCA’s



Example. Representations of sAl(m\n) and osp(M|N) on the Fock space:

The case sl(m|n) and 6sp(2m|2n) = D(m,n) :

(W) = ¥ e
1
f . : ' T€7+Z . . — 1 e
ermions : < @D(z)*(z) _ Z wﬁz)*z_r_% (Z ; ,m)
X TE%+Z |
[ P0(z) = T o
reiiz .
bosons : ¢ R i=1,---,n
R E I S s N >
L TE%—I—Z

(anti)commutation relations:

W?@a wﬁ‘”*] — ng)*, %@] = 5i,j57“+3,0
o) oV = [,



Define weight and charge for each particle:

weight  charge weight charge
o ers 41 o s 41
o e s 1 907@* —el+rd —1
[ vacuum . |0)

F : Fock space with < annihilation : wff'), %@, gog), gpg)* (r > 0)

creation z@@, w}f'), gpgi), gog)* (r < 0)

\
F = @FS = (GB FS) | (EB FS) . charge decomposition

s€Z s:even s:odd
| |
Feven Fodd
e F, : irreducible ﬂ(m|n)—module

o Fien, Foaa : irreducible osp(2m|2n)-module
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Characters of these representations:

E

(1 4 efi qr+%) (1 4 e Ei qr+%>

chp,,,, +chp , = H =l x  (weight of |0})
r=0 _ (1 efi qr+2) (1 — e & qr+2>
i=1
o H (1 — efi q7’+%) (1 — e i qT-F%)
chp, —Cchp = H =l x  (weight of |0})
r=0 |] (1+ez T*Z)(l%—e zq”?)
1=1
e chp,,, chg, : modular forms
o <Ch<1;ez/en, ch 7 dd, h(l*:é)vwen h(];g)zivd>c . S Ly(Z)-invariant

'
supercharacters of irreducible 0sp(2m, 2n)-modules
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Character of Fj ;

For simplicity, consider the case n = 1;

I I
A0‘|‘351 q_% 00 1 62%:2]%(82 81)q2i§2kl(kl+l)
chp, = (1+ et g (1 + S E1 gl ) g /
SD(Q> . 1+ 681—€1q!kl—s

j k= (k27 ° 7km) S Zm_l

where  ¢(q) = [[(1—¢)
j=1
In particular in the case m = 2;

H(l + 651_5/1qj)(1 + egﬁ_slqj_l) Z

j=1 ko€ Z

6A0-|—88/1 q—% 6k2(€2—81)q2 o(ko+1)

ChFS =

p(q)? | + eflsighas

In particular for s = 0 (i.e, the space of charge = 0);

> , - 6k2(€2—€’1)q%k2(7€2+1)
ChFO 3 1 + e"1™ 51q 1 -+ 651_51(]]_ ) Z
J=1 ko€ Z

1 + ef1c1ghs



. ap 1= €1 — €] . -
Putting / , we obtain the character of sl(2|1)-module L(Ag):
Qo ‘= &1 — &9
Ag —na n(n+1)
e B - . e q 2
chrng) = (1+e g H(1 4 e™¢?)
(Ao) SO(q)zjl—ll %; 1+ eoign
Ay X —nay n(n+1)
-) € oy g1 o1 ] ne"2q
chyng) = (I—e"¢ )1 =€) ) (=1)
Ro) ™ 5(g)2 ]111 ; 1 — e—aign
( el — €2m'21
In coordinates: ¢ e 2 = €™ this formula for Ch(L_()AO) is written as follows:
€A0 _ €2m’t
\
it OO Ominzy L)
(=) € omiz j—1 —2miz ] n€ q -
ChL(AO) — 9 (1 — € 1q] )(1 — € 1qj) Z<_1> i
SO(Q> e ~ 1 —e T gh
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Zwegers’ method (Quick review)

He rewrites this formula as follows:

where

M(Ta <1, ZQ) :

1911<7', Z)

)
Ag)

€

mi2] 2minzy

o V11(7, 21)011(T, 22)

e n(r)?

1911<T>

T

= ele

) H(Ta 21, ZQ)

n(n+1)

©.9)

) 1 n Tz n—
HE T = g1 = g (1

n=1

e q 2
—1)" :

— €

—2miz .n

q

)
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In order to extend (T, 21, 22) to a modular form, he introduced the function

2

R(T, 2) ::Z{Sgn(n> _ E((n N Im(Z)) \/@) } (1)t e 2rin

Y

nE%—FZ

where

E(z) = 2/ e ™dt  and y = Im(7)
0

Theorem (Zwegers): The function

- 7
(T, 21, 20) = (T, 21, 22) + §R<T, Z1 — 29)
satisfies

1) ﬁ(T—l_l)zl)ZQ) — 6_%/7(7-721722>

15



Want to extend his method to general cases; namely

e higher level

e higher rank cases.

e higher atypicality

16
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Basic mock theta functions CDgi) [mss]

. ut - p2mimj(z1+20)+2miszy ymyPts; m € 1N
OUN (2, 20) 1= S (1) 4 ( 2

= I — e2mizig) s € 17

Note: 3 (1) 2 (itdn)zgmlivs) _ g

2 (1,2z) : Jacobi theta functions
jeZ ,

“What are the modular properties of these functions? ”

e Functions <I>§+)[m;s] take place in supercharacters of 3Al(2|1)—modules.

e These functions play basically important roles in modification of
supercharacters for all affine Lie superalgebras.

Put @gi)[m;s] (7, 21, 29, 1) el gamimi Cbgi)[m;s] (7, 21, 22)



Want to study the modular properties of @gi)[m;s]

0

Behavior under the action of SLy(Z)
|

(6 63))

q)gi)[m;S] |T(T7 Ry <22y t) = q)gﬂ:)[m’S] (T + 17 Ry <2y t)

m:s m;s 1 <
q)(li)[ ’]|S(T7 Z17227t> = _q)(lj:)[ ’](__7 _17



@gi)[m;s] |7 = easy

+)|m;s
oHmelg =

For simplicity, we discuss here about the function

. put )
CD[lm’S] (T, 21, 29,t) = <I>§+)[m’5] (7, 21, 22, )

and consider

q)[lm;8]|s _ (D[lm;S] _ 9



m € N
Note: Let Then
S €
o — @l ¢ = holomorphic function w.r.to 2 and 2

(") CD[lm;S] is meromorphic w.r.to z; with only simple poles:

{poles of CD[lm;S] wrto 21} =2 + 772
{poles of q)[lm;s]\g wrtoz} =2 + 1774

By simple calculation, we see that

. -1 | |
m;s B
ReSZ1:j+nT(I)[1 ] = — 627”]7"“71 e 2minmzo 627rzmt
271
. -1 . | |
m;s B
ReSzlzj—l—an)[l ]ls — 2_m 62%2]nm e 27Tmmz2 627mmt

So q)[lm;s] — CID[lm;S]|5 is holomorphic w.r.to z;.

20



Note:

Let {

Actually the following claim was proved in the above :

m € %N
. Then
s, s1 € 7

ol _ @l = holomorphic function w.r.to z; and z

21



m € %N
Note: TFor q)gi)[m;s] and @51””’“8] (S, s1 € Z ),the following holds:
s, sy € L+Z
holomorphic
s : holomorphic

s . holomorphic

s : holomorphic



Quasi-elliptic properties of @gi)[m;s]:

@gi)[m;s] (1, z1+a, z20+0b, t) = 7
()i (@,beZ)
Q7N 2z tar, b, 1) = 7

i

Note: < a,b € Z
La+b € 24

mE%N
{m c N
or

@ﬁiﬂm;ﬂ(ﬂ z1+a, z+b t) = 62”i3a®§i)[m;3](7, 21, 2o, 1)
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Note: Let m € %N, S € %Z. Then

1) UM 2, 2, 1) — etmime @I (2 g2y 4o 1)

2m—1

. : B _(k:—i—s)2
= mmt Z R Qz(gil,m(T, 21 + 29)

k=0

2) @ﬁi)[m”}(ﬂ 21, 29, 1) — e~ Tim= @ﬁi)[m”}(ﬂ 21 — 2T, 2o, t)

2m—1
. . (k+s)?
2mimt E : k - — L (=
_ pZmim em( +5)(21—22) g~ T 9]2;_1_)377,1(7_7 2+ 22)
k=0

where

. ; S\ 2
Q(i)<7_7 Z) - Z(i1>k 62ﬂzm(l€+ﬁ>zqm(k+%)

J,m
keZ



Proof of 1) :  Enough to show in the case t = 0.

627rijm(z1+22)627risz1 qmj2+sj

+)|m;s '
CI)g ! ]<7_7 217Z27O> — Z(il)] 1 — egm'zlqj
ez

€

627m]m(z1+22) q2mj 62mszlqm]2+83

(627Ti21 qj)Qm —4mimzq

+)|m;s '
<I>§ ! ](7_7 21,22+ 27,0) = Z;(il)j 1 — e2mizigi
je

Omigm(z1429) p2miSz1 Mj245] ( L2Tiz1 4f\2m
e e e q e“""*lq
— ¢ 47mm21§ :< 1>j < )

jEZ

1 — e?m’zlqj

Making (1st eqn) — €™ x (2nd eq), one has

25



q)gi)[m;S] (7-7 215 <2y O) o 647Tim21q)§i)[m33] (7-7 21, 22 T 27—7 O>

1 — (627Tz'z1qj)2m

. . 9 .
_ E :€2mjm(zl—|—22)e2mszlqmj +57

jez NI
- |
Z (62m'zlqj>k
k=0
2m—1 9
_ Z 6Wi(k+8)(21_22)q_(kzni) <i1>je2m'm(j+%)(21+22)qm(j+
k=0 JEZ

ngi)s,m<7-7 Z1 + ZQ)

26



27

( 21+ 29
Z1 = wW—Uu u = — 9
Change of variables : e, 3
21 — <2
2o = —W — U w =
\ 2
. put .
(b(li)[m’s](ﬂu,w,t) = @gi)[m’s](f, 21, Zo, 1)
. (' m € N
m & §N 1
Note : or § a,b € ;7
a,b € 7
La+b € Z
U

aﬁ(f”m;s](ﬂ u+a, w—+b t) = ¥sb-a qbﬁi)[m;S](T, u, w,t)



Note: Let m € %N, S € %Z. Then

o ¢§i)[m78] (7_, u) w) t) . 647Tz'm(w—u)¢§:t)[m;s]

2m—1

— eQmmt § :egm(kJrs)w

k=0

[ ¢§ﬂ:)[m78] (7_) w, W, t) o 647Tim(w+u)¢§:l:)[m;s]

2m—1

— eQmmt E :627T2(k+8)w

k=0

4

° qbgi)[m;s] (7_7 u, w, t) _ €8wim(w—7)¢gi)[m;s]

4m—1

(T,U—T7w—7-7t)

_(k+s)2 4
g " 9(_(]>€+8),m<7-7 2“)

<T7U+T;w_’7', t)

_(k’+s)2 4
g " 9(_(])€+8),m<7-7 Qu)

(7-7 ’U,7 w — 27—, t)

; . kts)2
D DY i A AT

k=0

—(k+s),m

28



Functions G557 .

S, 81 € Z
s, s € i+Z

Notation in this section : m & %N and {

Put
. put
GUDIsal (g gy = gl gl
|
1 s 1
Ly 1w
T T T T

Gy gy g )

Gy ) = g g




Lemma 1. Write simply G;

G[lm;s,sl]

missil . GUHlmssl ey

holomorphic function

G[lm;s’sl](ﬂ w, w+ 2, t) — G[lm;s’sl](ﬂ u, w,t)

=€

2mimt (

. 1 —1 migk 2mm LQ
—iT) 2\/7 g g eme r W)l g, (1 2u)
M ez  jez/omz
s1Sk<si+4m

G[lm;s’sl](T, u, w, t) — e8mm(w_7)G[1m;S’sl](7', u, w— 27, t)

G[lm;s,sl]

. k2
_ €2mmt E : 2mkzwq 4m9 k,m(Ta ZU)

keZ
sS< k< s+4m

is determined uniquely by the above 3 conditions.

30



Proof of 4):  Assume that there exist 2 functions satisfying conditions 1), 2), 3),
and let g(w) be their difference. Want to show g(w) = 0. By 2) and 3),

. gw+2) = glw)
o glw) =TT gw—27) ie, glw—2r) = T g(w)

Consider the Jacobi’s theta function

Vi (T, w) = T e ﬁ 1 —¢")(1 —e*™g" H(1 — e 2™ g™
This function satisfies i

V(T w+ 2) = J1(7, w), Oii(r,w —27) = ™Y (1, w)
Put f(w) == g(w)dyi (7, w)*™. Then

[ fw+2) = f(w)
flw—27) = f(w)

| f(w) . holomorphic = flw)=0 = g(w)=0

f(w) = 0 at some point

31



+)

Zwegers’ function R;-;m(T, w) (meIN, jeiZ):

n—j 1
R§j2(7’, w) = Z (11)2_%7 {sgn(n 5= J + 2m>
n e j+4
n=jmod2m

(o) BT

where E(z) ;= / e ™ dt
0

Properties of R;.,(7,w) :

o Ri(rwtl) = (¥ R(rw)

J;m 3

° R(:i:) <7_7 W — 7.) _ i@QWzm(T_Qw){R§2(T, w) L 2q_zfm 62772]@0}

Jsm

32



Zwegers’ coordinates (a,b) :

y = Im(7) then lm{w) =a
w = ar—b (a,b€R) Im(r)
s, s, s,
I e ¥
V% o Y ow

0 9\ p —tmmya? g~ o
2) <8a+7%)R J(r,w) = 4y/mye 0 (—T, 2w)

0 0 1 w —4rmb? L, 1 2w
9 (et ) B~ 1 5) = v R (L 2

T T kal T T

)

33



Proof of 2) : ((‘f@ + Tg{)) R(i) (1 w) = (;’a n T%)

( Z(:I:l)g_ng{sgn(n 5 7+ 2m)

n=j mod 2m

- - 2 EE

n=j mod 2m

1

LIA
da | ob

)© ((n—zma>

— E((n — 2ma)

Y

m

34

2
E e mn T 1 2minw
m
ngT—f—2mnw
e

{2} ()

7

n=j+2mk

9 e—ﬂ(n 2ma)?

Y
m

i 4\/@ 6—47Tma2y Z(il>k€2wim(k+%) (—7+21iy) 627rim(k+%)-2(w—2iay)

@GZ

J,;m

~”

-7 270

Q(i)( T+ 2y, 2(w — 2iay))



Let

o (% + 7%> ((—w)—%eT

m € N, j€iZ.

0

0

% 6—47rma2y Z

keZ/2mZ

2mimuw

(% + 7%> ((—w)—%e :

mj

em

(k+

b o

35

0.1 (—7, 2w) if jeZ
o) (—7, 2w) if jel+Z




[m;s

Functions a; ](7', w) :
. put Y
agm’sl](T, w) = —RE:{(T w) — i

V2m

Lemma 2.

1) &‘[7.77”&;51]@7 w) _687im(w—7)a£m;$1]<7 w — 27)

[m;s1] [m:s1] 21
2)a: T, W+ 2)—a; T, W) =
) 7 ( ) j ( ) /—2m
3) agm;81]<7 w) : holomorphic

mimw? migk 1
(—i7) 277 Z e R,Efﬂ)l( — _7E>

36

keZ
s1Sk<si+2m

(j+2
34772”) 627Tz(j+2m) }

— _9 {(] 4m627rzjw_|_q

o1 _migk  2mim 2
<—Z7_> 2 E e m e T (w+2m)

keZ
s1S k< sy+4m



Proof of 3) : (% + T%) ag-m;sﬂ(f, w) = — (% + T%) R;R(T, w)

4

Ve

]
2

dyfrg e~ maug (7 ow)

2 _ migk 8 (9 1 2mimuw? (+) 1 w
/o Z ¢ (8@+T@b> (( iT) e Rj””( 7"7'))

keZ \ ~~ J/
s1 S k<si+2m |
4,L‘\/%6—47Tma2y Z eﬁisnen_"_m(_?’ 2@)
neZ/2m7
_ —4rma® () = o L 7TWlk(n— ) +) (= 9757
= 4,/mye y{ — 0, ,,(—T,20) + o Z ( Z e / >¢9nm( T, 2W) }
neZ/2mZ k€Z
s1S5k<s1+2m

\




Functions ¢§i§gb;8] and Gﬁi’fﬂ:

Put
m:s put __1 ;
ot 1) = — Z Ry (7, w)f), (. 2u)
sSk<s+2m

For simplicity, consider the case “+” and s, s; € Z and put

put
m;s,S1| +)|m;s +)\m;s
G[l;addl] a ¢§;all[d - g;;d[d 1]’5

Lemma 3.

m;s,s 1 Tm 2 : m;s +
G[l;add 1]<7-7 u,w, t) — 5 62 : ai[j 1](7-7 w> @(—j,)m<7_> QU)
JEL
s j<s+2m

38
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Proof of Lemma 3 : Suffices to show in the case t = 0.

G[m;s’sﬂ(7'7 u, w, 0)

1;add
. 1 2rim(, 2 2 . 1w w
+)|m;s — £ (% —qp +)[m;s
p— (1a)d[d ]<7-7u,w702 - ;6 T ( ) g;a)d[d 1]( — ;7;,;70)
1 1
—1 1 —1 2
<ZRJmTw jm<7_ 2u) Zka( 7w)9(2)7m(_7_u>
s Sg<s+2m T T T T/,

-1 { (+) LN Tt (2L wy
N RO w) b = (i) Y e R (— —) 8 (7. 2u)

JymA T o k,m ’ JymA o
52§j<5+2m\ 2m s1Sk<si+2m T 7-/

|
e, w) .

—a



Then, by Lemma 2 and Lemma 3, we get the following:

Lemma 4. (properties of G[lw:jfﬂ)

o Gl add holomorphic function

[m,S,Sl [m;3731]

o Gl (Tu,w—+2,t) =Gy (T, u,w,t)

N | 7/ 7lek’ 27rzm LQ
) > D¢ 1 (7, 2u)

keZ JEZ/2mZ
s1Sk<si+2m

2mimt (

= €

o G[lng;dsasl](T, w, w, t) — eSrimw=r G[lng’jasl](T, w,w — 27, t)

2
2mimt E : 27mkzw —

keZ
sSk<s+2m

40



By Lemma 1 and Lemma 4, we have

Thus, putting

Gimssi

51[771;5

1,add
||

1; |S (¢1add ¢

put m;s] [m;s]
= gz51 + @)1 - We have

51[77%;8] _ 51[77%;81]‘5

— _ G[m78781]

m 81
1 add

5)

41



Theorem 1. Let m € %N, s, s1 € 4. Then

~ ~

R I

[m;s]

2) ﬂmgs](ﬂ u+a, w+b, t) = 51 (T, u,w, 1)

~

3) 51[m;8] (7.7 u+ at, w+ bT, t) _ qm(bQ—a2) e47m'm(—au+bw) gb
where a,b € %Z st. a+beZ

~

[m;s]
1

4) qbl[m;sl] = ﬂm;s] ie, ﬂm;s] does not depend on s € Z.

(7, u,w, 1)

42
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Proof of 3) follows from 2) and transformation property:

1 _M(UZ wQ)

~fms) _ - N[m;s]( Luw )
t) = —e 2 T
¢1 (T,U,w, ) 7_6 ¢1 7_7 7_7 7_7

Letting wouar we have
w — w+br’

—2mim (2 2 dmim(—autbw) m(b2—a?)

e T e q
I
~To 1 g 2mim I~ . 1 u w
¢1[m,3] <7_7 U+ ar, w4 bT, t) _ 7 [(u+a7)2_(w+b7-)2] ¢1[m,8]( —— —4a,—+ b7 t)
T « T T T ',
|
~ 1 uv w
¢1[m8](_ Ty oy t)
T T T
_ €4ﬂim(—au+bw)qm(b2—a2) l e—M(UQ—wz) ;gl[m;S] ( _ l) 37 E) t)
T T T T .,
|
T [m;



Translating these to CID[lm;S]:
Corollary. Let m € %N, s € 7., and put

mes ut —1 : —
q)[l,a’d]d@_’ 21, 29, 1) e 7627””” Z R;B(T, e 5 22)9;;)&(7', 21+ 29)

s<j<s+2m

NI m] put i m;s i m;s
[1 | : [1 | [1,add]
Then

© CAIS[lm;S] does not depend on s € Z.

o EI“)[lm;S]|S _ &)gm;8]7 (f)[lm;S]‘T _ (T)[lm;S]

~

[m;s]

o CD[lm;S](T, 21+a, 20+0b t) = &)1 (T, 21, 22, 1)

o O 2+ ar, 29 + br, 1) = g mabe2mimbatan) Il (1 o) )

where a,b € Z



Similar argument works for @gi)[m;s] (m € IN, s e iZ).

Theorem 2. Let m € %N, seZ, s ¢ %%— Z. Then

1) S-transformation:

o {f)gﬂ[m;é’] ’S _ Ef)gﬂ[mﬁ]

o (T)g—)[m;S] ’S _ (’I;gﬂ[m;S’]
o {f)gﬂ[m;S’] . = Ef)g—)[m;s]
o 55—)[%3’] g = (T)(l—)[m;S’]

2)  T-transformation:

Ol S mts € Z
1 T

S BT S R 1+ Z
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m € %N \
~ . ~ o
Corollary. s, ¢ € i1Z » = o(F)mis] = plE)lms]
s—s € 7Z
/
Elliptic transformation properties for &)gi)[m;s] (m € %N, s € %Z):
( m € %N
m € N
Theorem 3. Let ¢ a,b € Z or Then
a, b € 7
L a+b € 2Z
° EISF)[W](T, z1+a, zp+b t) = e*mse 5§i)[m53](7, 21, 22, 1)

o O zitar, mytbr 1) = (&) e 2rimbataz) grmab QEN G 5y g 1)



Note :

and
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Relation with Zwegers’ functions ; and p :

T2 2minzo n{ntl)

& q 2
1 — 627rizlqn

e
— —1)"
w(T, 21, 22) Tn(r. ) nezz( )

27Tin[z1+(z2—21)] eQm’(%zl) q%n2+%n

~~
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Modified supercharacter of 5Al(2|1)-module L((m — 1)A\y):

RS- Ch(L_(()m—l)Ao) = q)[lm;()] (T, 21, 29, ) — CID[Qm;O] (T, 21, 22, 1)
where
(I)[Qm;s] (7’, AR X t) = (D[lm,s] (7’, —Z9, —X1, t)

Make this to be a modular form, replacing "™ with CAI/DE-m;O]:

— ~ () T m; |m;
R . ch (m=1)Ag) = CD[l ’0](7', 21, 29, 1) — @[2 ’O](T, 21, 2o, 1)
| put
5[7”;0](7_7 21y <2, t)

| put

~

q)[m]<7_7 AR X t)



Properties of olml,

~

o DMy = @l oLl = @lm

o D7, 21+ a, 2 +b,t) = BI(7 2, 20,1)

o Pl (1, 21 + at, 2o + br, t) = g b e~ 2mimlbataz) (T)[m](T, 21, 2o, 1)
o EIVD[m](T, 29, 21, 1) = EIVD[m](T, 21, 22, )

[ &/)[m]@_’ —Xk1, —X9, t) = —&/)[m](T, K1y 292, If)

where a,b € Z
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