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Weyl-Kac type character formula for partially integrable

representations of affine Lie superalgebras:

chL(Λ) =
1

R

∑

w∈W ]

ε(w)w

(
eΛ+ρ

n∏
i=1

(
1 + e−βi

)

)

where





βi ∈ Π = {simple roots}
(Λ + ρ|βi) = 0

(βi|βj) = 0

{βi}i=1,··· ,n : maximal (n := atypicality)



3

super-character:

ch
(−)
L(Λ) :=

1

R(−)

∑

w∈W ]

ε(−)(w)w

(
eΛ+ρ

n∏
i=1

(
1− e−βi

)

)

where

ε(−)(rα) :=





1 if α/2 = root

−1 if α/2 6= root

R(±) := eρ

∏
α∈∆even

+

(1− e−α)multα

∏
α∈∆odd

+

(1±e−α)multα
: (super)denominator of g
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Example. In the case ŝl(2|1):

R(−) · ch(−)
L((m−1)Λ0)

(m ∈ N)

= e2πimt

{∑

j∈Z

e2πimj(z1+z2)qmj2

1− e2πiz1qj

|| put

Φ
[m]
1

−
∑

j∈Z

e−2πimj(z1+z2)qmj2

1− e−2πiz2qj

|| put

Φ
[m]
2

}
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Basic mock theta functions Φ
(±)[m;s]
1

Φ
(±)[m;s]
1 (τ, z1, z2)

def
:=

∑

j∈Z

(±1)j
e2πimj(z1+z2)+2πisz1qmj2+sj

1− e2πiz1qj

(
m ∈ 1

2N

s ∈ 1
2Z

)

Φ
(±)[m;s]
1 (τ, z1, z2, t)

def
:= e2πimt Φ

(±)[m;s]
1 (τ, z1, z2)





quasi-elliptic transformation properties

Φ
(±)[m;s]
1 − Φ

(±)[m;s′]
1 |S : holomorphic

+ Zwegers’ function R
(±)
j;m

⇓

Φ̃
(±)[m;s]
1 : (non-holomorphic) modular form
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Theorem. Let m ∈ 1
2N, s, s′ ∈ 1

2Z.

1) S-transformation: if s ∈ Z and s′ ∈ 1
2 + Z,

• Φ̃
(+)[m;s]
1

∣∣
S

= Φ̃
(+)[m;s]
1

• Φ̃
(−)[m;s]
1

∣∣
S

= Φ̃
(+)[m;s′]
1

• Φ̃
(+)[m;s′]
1

∣∣
S

= Φ̃
(−)[m;s]
1

• Φ̃
(−)[m;s′]
1

∣∣
S

= Φ̃
(−)[m;s′]
1

2) T -transformation:

Φ̃
(±)[m;s]
1

∣∣
T

=





Φ̃
(±)[m;s]
1 if m + s ∈ Z

Φ̃
(∓)[m;s]
1 if m + s ∈ 1

2 + Z

3) s− s′ ∈ Z =⇒ Φ̃(±)[m;s] = Φ̃(±)[m;s′]
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Elliptic transformation properties for Φ̃
(±)[m;s]
1 (m ∈ 1

2N, s ∈ 1
2Z):

Theorem. Let





m ∈ 1
2N

a, b ∈ Z

a + b ∈ 2Z

or

{
m ∈ N

a, b ∈ Z
. Then

• Φ̃
(±)[m;s]
1 (τ, z1 + a, z2 + b, t) = e2πisa Φ̃

(±)[m;s]
1 (τ, z1, z2, t)

• Φ̃
(±)[m;s]
1 (τ, z1+aτ, z2+bτ, t) = (±1)a e−2πim(bz1+az2) q−mab Φ̃

(±)[m;s]
1 (τ, z1, z2, t)
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We now consider mock theta functions

in general setting.
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Supercharacter in general case:

R(−)ch
(−)
L(Λ) =

∑

w∈W ]

ε(−)(w)w

(
eΛ+ρ

n∏
i=1

(
1− e−βi

)

)

where





βi ∈ Π = {simple roots}
(Λ + ρ|βi) = 0

(βi|βj) = 0

{βi}i=1,··· ,n : maximal

and

ε(−)(rα) :=
{ 1 if α/2 is a root

−1 otherwise
(α : even root)
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Normalized supercharacter:

R(−)ch
(−)
Λ

def
:= q

|Λ+ρ|2
2(K+h∨) R(−)ch

(−)
L(Λ)

= q
|Λ+ρ|2

2(K+h∨)
∑

w∈W ]

ε(−)(w)w

(
eΛ+ρ

n∏
i=1

(
1− e−βi

)

)

=
∑

w∈W
]

ε(−)(w)w

( ∑

α∈M ]

q
|Λ+ρ|2

2(K+h∨)ε(−)(tα)tα

(
eΛ+ρ

n∏
i=1

(
1− e−βi

)
))

where

tα(λ) := λ + (λ|δ)α−
{|α|2

2
(λ|δ) + (λ|α)

}
δ
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Note: For an even root α, tα∨ = rδ−α rα

Then

ε(tα∨) = ε(rδ−α)︸ ︷︷ ︸
||
−1

ε(rα)︸︷︷︸
||
−1

= 1

ε(−)(tα∨) = ε(−)(rδ−α)︸ ︷︷ ︸
||
−1

ε(−)(rα)︸ ︷︷ ︸
||{

1

−1

=




−1 if α/2 = root

1 if α/2 6= root
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For simplicity, consider the case ε(−) = ε :

R(−)ch
(−)
Λ =

∑

w∈W
]

ε(w)w

(
q

|Λ+ρ|2
2(K+h∨)

∑

α∈M ]

tα

(
eΛ+ρ

n∏
i=1

(
1− e−βi

)
))

=
∑

i∈I

ε(gi)gi

∑

w∈W
!

ε(w)

(
q

|Λ+ρ|2
2(K+h∨)

∑

α∈M ]

tα

(
ew(Λ+ρ)

n∏
i=1

(
1− e−βi

)
)

︸ ︷︷ ︸
|| put

Fw(Λ+ρ)

)

where

W
!

:=
{
w ∈ W

]
; w(βj) = βj

}

{gi}i∈I : a set of representatives of W
]
/W

!

i.e, W
]

=
⋃

i∈I

giW
!

Want to find a modification of Fw(Λ+ρ) to a modular form.
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For simplicity, put λ := w(Λ + ρ) and consider the function

Fλ = q
|λ|2

2(K+h∨)
∑

α∈M ]

tα

(
eλ

n∏
i=1

(1− e−βi)

)

Assume that ∃ {γi}i=1,··· ,m such that

• {γi}i=1,··· ,m : Z-basis of M ]

• (βi|γj) = − δi,j

• {βi}, {γi} : a basis of h so dim h = m + n

and put

γ̃i := γi +

min{i−1,n}∑
j=1

(γi|γj)βj (1 5 i 5 m)

M :=

m⊕
i=n+1

Z γ̃i
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Note.

• (γ̃i|βk) = (γi|βk)︸ ︷︷ ︸
||

−δi,k

+
∑
j

(γi|γj) (βj|βk)︸ ︷︷ ︸
||
0

= −δi,k

• k 5 min{i− 1, n} =⇒

(γ̃i|γk) = (γi|γk) +

min{i−1,n}∑
j=1

(γi|γj)

−δj,k

||︷ ︸︸ ︷
(βj|γk)

︸ ︷︷ ︸
||

−(γi|γk)

= 0

• In particular

n + 1 5 i 5 m

1 5 k 5 n

}
=⇒ (γ̃i|γk) = 0
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Theorem 4.

1) λ is written in the form:

λ = (K + h∨)Λ0 +

m∑
i=n+1

kiγ̃i

︸ ︷︷ ︸
|| put

λM

+

n∑
i=1

ki︸︷︷︸
||

−(λ|γi)

βi

2) F̃λ = ΘλM
×

n∏
p=1

Φ̃
[K+h∨

2 |γp|2; (λ|γp)]
1

(
τ, −βp, βp +

2

|γp|2 γ̃p, 0
)

where

ΘλM
:=

∑

α∈M

eλ+(K+h∨)α q
1

K+h∨ |λ+(K+h∨)α|2

(
classical theta function over the lattice M

)
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3) In general case where ε(−)(tα) = ±1 occurs; i.e,

Fλ := q
|λ|2

2(K+h∨)
∑

α∈M ]

(±1)|α|
2
tα

(
eλ

n∏
i=1

(1− e−βi)

)

its modification F̃λ is given by the signed theta functions

F̃λ = Θ
(±)
λM

×
n∏

p=1

Φ̃
(±)[K+h∨

2 |γp|2; (λ|γp)]
1

(
τ, −βp, βp +

2

|γp|2 γ̃p, 0
)

where

Θ
(±)
λM

:=
∑

α∈M

(±1)|α|
2
eλM+(K+h∨)α q

1
K+h∨ |λM+(K+h∨)α|2

¤
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Proof of Theorem 4. 1) : Since {βi}, {γi} are basis of h, we can put

λ = (K + h∨)Λ0 +

m∑
j=1

ajγj +

n∑
j=1

bjβj

Then

0 = (λ|βi)

(1 5 i 5 n)

=

m∑
j=1

aj (γj|βi)︸ ︷︷ ︸
||

−δi,j

+

n∑
j=1

bj (βj|βi)︸ ︷︷ ︸
0

= −ai

so

λ = (K + h∨)Λ0 +

m∑
i=n+1

ai γi︸︷︷︸
||

γ̃i −
∑

j

(γi|γj)βj

+

n∑
j=1

bjβj = (K + h∨)Λ0 +

m∑
i=n+1

aiγ̃i +

n∑
i=1

kiβi

And

(λ|γj)

(1 5 j 5 n)

= (K + h∨) (Λ0|γj)︸ ︷︷ ︸
0

+

m∑
i=n+1

ai (γ̃i|γj)︸ ︷︷ ︸
0

+

n∑
i=1

ki (βi|γj)︸ ︷︷ ︸
||

−δi,j

= −kj

¤
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Proof of Theorem 4. 2) : Let M ] 3 α =
m∑

i=1

jiγi; then

• (α|βp) =
m∑

i=1

ji (γi|βp)︸ ︷︷ ︸
||

−δi,p

= −jp

• tαβp = βp − (α|βp)︸ ︷︷ ︸
||
−jp

δ = βp + jpδ

• tα(λ) = λ + (K + h∨)α−
{

K + h∨

2
|α|2 + (λ|α)

}
δ

= λM −
n∑

i=1

(λ|γi)βi + (K + h∨)
m∑

i=1

jiγi −
{

K + h∨

2

∣∣∣
m∑

i=1

jiγi

∣∣∣
2

+

m∑
i=1

ji(λ|γi)

}
δ
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Then

Fλ = q
|λ|2

2(K+h∨)
∑

α∈M ]

tα

(
eλ

n∏
p=1

(1− e−βp)

)

= eλMq
|λ|2

2(K+h∨)
∑

j1,··· , jm ∈Z

e
−

n∑
i=1

(λ|γi)βi+(K+h∨)
m∑

i=1
jiγi

q
K+h∨

2

∣∣ m∑
i=1

jiγi

∣∣2
+

m∑
i=1

ji(λ|γi)

n∏
p=1

(1− e−βp qjp)

= eλMq
|λ|2

2(K+h∨)
∑

j2,··· , jm ∈Z

e
−

n∑
i=2

(λ|γi)βi+(K+h∨)
m∑

i=2
jiγi

q
K+h∨

2

∣∣ m∑
i=2

jiγi

∣∣2
+

m∑
i=2

ji(λ|γi)

n∏
p=2

(1− e−βp qjp)

×
∑

j1∈Z

e−(λ|γ1)β1+(K+h∨)j1γ1q
K+h∨

2 j2
1 |γ1|2+(K+h∨)j1

(
γ1

∣∣ m∑
i=2

jiγi

)
+j1(λ|γ1)

1− e−β1 qj1

︸ ︷︷ ︸
||

(A)1
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Compute (A)1:

(A)1 =
∑

j1∈Z

e−(λ|γ1)β1

e
K+h∨

2 |γ1|2j1
{

2
|γ1|2

γ1+
2τ
|γ1|2

(
γ1

∣∣ m∑
i=2

jiγi

)}

||︷ ︸︸ ︷
e(K+h∨)j1γ1q

(K+h∨)j1

(
γ1

∣∣ m∑
i=2

jiγi

)
q

K+h∨
2 j2

1 |γ1|2+j1(λ|γ1)

1− e−β1 qj1

= Φ

[
K+h∨

2 |γ1|2; (λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1 +
2τ

|γ1|2
(
γ1

∣∣∣
m∑

i=2

jiγi

))

As the 1st step of modification, we replace Φ1 by Φ̃1 and put
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1
F̃λ := eλM q

|λ|2
2(K+h∨)

∑

j2,··· , jm ∈Z

e
−

n∑
i=2

(λ|γi)βi+(K+h∨)
m∑

i=2
jiγi

q
K+h∨

2

∣∣ m∑
i=2

jiγi

∣∣2
+

m∑
i=2

ji(λ|γi)

n∏
p=2

(1− e−βp qjp)

× Φ̃

[
K+h∨

2 |γ1|2;(λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1+
2τ

|γ1|2
(
γ1

∣∣
m∑

i=2

jiγi

))

︸ ︷︷ ︸
||

e
(K+h∨)β1

(
γ1

∣∣ m∑
i=2

jiγi

)
Φ̃

[
K+h∨

2 |γ1|2;(λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1

)

= eλMq
|λ|2

2(K+h∨) Φ̃

[
K+h∨

2 |γ1|2;(λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1

)

×
∑

j2,··· , jm ∈Z

e
−

n∑
i=2

(λ|γi)βi+(K+h∨)
m∑

i=2
ji[γi+(γi|γ1)β1]

q
K+h∨

2

∣∣ m∑
i=2

jiγi

∣∣2
+

m∑
i=2

ji(λ|γi)

n∏
p=2

(1− e−βp qjp)
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= eλM q
|λ|2

2(K+h∨) Φ̃

[
K+h∨

2 |γ1|2;(λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1

)

×
∑

j3,··· , jm ∈Z

e
−

n∑
i=3

(λ|γi)βi+(K+h∨)
m∑

i=3
ji[γi+(γi|γ1)β1]

q
K+h∨

2

∣∣ m∑
i=3

jiγi

∣∣2
+

m∑
i=3

ji(λ|γi)

n∏
p=3

(1− e−βp qjp)

×
∑

j2∈Z

e−(λ|γ2)β2+(K+h∨)j2[γ2+(γ2|γ1)β1]q
K+h∨

2 j2
2 |γ2|2+(K+h∨)j2

(
γ2

∣∣ m∑
i=3

jiγi

)
+j2(λ|γ2)

1− e−β2 qj2

︸ ︷︷ ︸
||

(A)2

Compute (A)2: putting γ̃2 := γ2 + (γ2|γ1)β1
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(A)2 =
∑

j2∈Z

e−(λ|γ2)β2

e
K+h∨

2 |γ2|2j2
{

2
|γ2|2

γ̃2+
2τ
|γ2|2

(
γ2

∣∣ m∑
i=3

jiγi

)}

||︷ ︸︸ ︷
e(K+h∨)j2γ̃2q

(K+h∨)j2

(
γ2

∣∣ m∑
i=3

jiγi

)
q

K+h∨
2 j2

2 |γ2|2+j2(λ|γ2)

1− e−β2 qj2

= Φ

[
K+h∨

2 |γ2|2; (λ|γ2)
]

1

(
τ, −β2, β2 +

2

|γ2|2 γ̃2 +
2τ

|γ2|2
(
γ2

∣∣
m∑

i=3

jiγi)

)

As the 2nd step of modification, we replace Φ1 by Φ̃1 and put
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2
F̃λ := eλM q

|λ|2
2(K+h∨) Φ̃

[
K+h∨

2 |γ1|2;(λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1

)

×
∑

j3,··· , jm ∈Z

e
−

n∑
i=3

(λ|γi)βi+(K+h∨)
m∑

i=3
ji[γi+(γi|γ1)β1]

q
K+h∨

2

∣∣ m∑
i=3

jiγi

∣∣2
+

m∑
i=3

ji(λ|γi)

n∏
p=3

(1− e−βp qjp)

× Φ̃

[
K+h∨

2 |γ2|2;(λ|γ2)
]

1

(
τ, −β2, β2 +

2

|γ2|2 γ̃2 +
2τ

|γ2|2
(
γ2

∣∣
m∑

i=3

jiγi

))

︸ ︷︷ ︸
||

e
(K+h∨)β2

(
γ2

∣∣ m∑
i=3

jiγi

)
Φ̃

[
K+h∨

2 |γ2|2;(λ|γ2)
]

1

(
τ, −β2, β2 +

2

|γ2|2 γ̃2

)
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= eλM q
|λ|2

2(K+h∨) Φ̃

[
K+h∨

2 |γ1|2;(λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1

)

×Φ̃

[
K+h∨

2 |γ2|2;(λ|γ2)
]

1

(
τ, −β2, β2 +

2

|γ2|2 γ̃2

)

×
∑

j3,··· , jm ∈Z

e
−

n∑
i=3

(λ|γi)βi+(K+h∨)
n∑

i=3
ji[γi+(γi|γ1)β1+(γi|γ2)β2]

q
K+h∨

2

∣∣ m∑
i=3

jiγi

∣∣2
+

m∑
i=3

ji(λ|γi)

n∏
p=3

(1− e−βp qjp)
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Repeating this procedure n-times, we obtain

n
F̃λ = Φ̃

[
K+h∨

2 |γ1|2; (λ|γ1)
]

1

(
τ, −β1, β1 +

2

|γ1|2γ1

)

× Φ̃

[
K+h∨

2 |γ2|2; (λ|γ2)
]

1

(
τ, −β2, β2 +

2

|γ2|2 γ̃2

)

...

× Φ̃

[
K+h∨

2 |γn|2; (λ|γn)
]

1

(
τ, −βn, βn +

2

|γn|2 γ̃n

)

× eλM q
|λ|2

2(K+h∨)
∑

jn+1,··· , jm ∈Z

e
(K+h∨)

m∑
i=n+1

jiγ̃i

q
K+h∨

2

∣∣ m∑
i=n+1

jiγi

∣∣2
+

m∑
i=n+1

ji(λ|γi)

︸ ︷︷ ︸
classical theta function

Thus we obtain the modification of Fλ:



27

F̃λ =

n∏
p=1

Φ̃

[
K+h∨

2 |γp|2; (λ|γp)
]

1

(
τ, −βp, βp +

2

|γp|2 γ̃p

)

× eλM q
|λ|2

2(K+h∨)
∑

jn+1,··· , jm ∈Z

e
(K+h∨)

m∑
i=n+1

jiγ̃i

q
K+h∨

2

∣∣ m∑
i=n+1

jiγi

∣∣2
+

m∑
i=n+1

ji(λ|γi)

︸ ︷︷ ︸
||
(I)

To compute (I), put α :=
m∑

i=n+1

jiγ̃i ∈ M , then

(I) =
∑

α∈M

eλM+(K+h∨)α q
1

2(K+h∨)
|λM+(K+h∨)α|2

= ΘλM

hence

F̃λ =

n∏
p=1

Φ̃

[
K+h∨

2 |γp|2; (λ|γp)
]

1

(
τ, −βp, βp +

2

|γp|2 γ̃p

)
× ΘλM ¤
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Example: ŝl(m|n) (m > n)

∆
+
even = {εi − εj, δi − δj}i<j

∆
+
odd = {εi − δj

(i5j)

, δi − εj

(i<j)

}

where εi (1 5 i 5 m) and δi (1 5 i 5 n)

with symmetric inner product





(εi|εj) = δi,j

(δi|δj) = −δi,j

(εi|δj) = 0

Π = {simple roots of sl(m|n)}
= {εi − δi

(15i5n)

, δi − εi+1

(15i5n)

, εi − εi+1

(n+15i5m−1)

}
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Dynkin diagram of ŝl(m|n) (m > n)

µ´
¶³

µ´
¶³

µ´
¶³

µ´
¶³

µ´
¶³

µ´
¶³

µ´
¶³

µ´
¶³

µ´
¶³

× × × × ×³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³

PPPPPPPPPPPPPPPPPPPPPPPPPPPPPP

· · · · · ·
ε1 − δ1 δ1 − ε2 ε2 − δ2 εn − δn δn − εn+1

εn+1 − εn+2 εm−2 − εm−1

εm−1 − εm

δ − (ε1 − εm)
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Put
βj := εj − δj (1 5 j 5 n)

T := {β1, ... , βn}

TC :=

n⊕
j=1

Cβj

M ] :=
〈
εm − εj

|| put
γj

; 1 5 j 5 m
〉
Z

: root lattice of sl(m,C)

W
!

:=
{
w ∈ W

]
; w(βj) = βj (∀j)

}

{gi}i∈I : a set of representatives of W
]
/W

!

i.e, W
]

=
⋃

i∈I

giW
!
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PK
+,T

put
:=





Λ ;

(a) integrable w.r.to ŝl(m,C)

(b) (Λ|β) = 0 (∀β ∈ T )

(c) (Λ|δ) = K





Then

PK
+,T =





KΛ0 +

n∑
i=1

kiβi +

m−1∑
i=n+1

kiεi ;

(i) K, ki ∈ Z=0

(ii) K = k1 = k2 = · · · = km−1
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For Λ ∈ PK
+,T ,

R(−) · ch(−)
Λ = q

|Λ+ρ|2
2(K+h∨)

∑

w∈W ]

ε(w)w

(
eΛ+ρ

n∏
i=1

(1− e−βi)

)
(h∨ = m− n)

= q
|Λ+ρ|2

2(K+h∨)
∑

w∈W
]

ε(w)w
∑

α∈M ]

tα

(
eΛ+ρ

n∏
i=1

(1− e−βi)

)

=
∑

i∈I

ε(gi)gi

∑

w∈W
!

ε(w)

(
q

|Λ+ρ|2
2(K+h∨)

∑

α∈M ]

tα

(
ew(Λ+ρ)

n∏
i=1

(1− e−βi)

)

︸ ︷︷ ︸
||

Fw(Λ+ρ)

)



33

Define the modified supercharacter by

R(−) · c̃h(−)

Λ :=
∑

i∈I

ε(gi)gi

∑

w∈W
!

ε(w) F̃w(Λ+ρ)︸ ︷︷ ︸
||

Θw(Λ+ρ)M × ϕ
T

=
∑

i∈I

ε(gi)gi

( ∑

w∈W
!

ε(w)Θw(ΛM+ρM )

︸ ︷︷ ︸
|| put

A !
ΛM+ρM

× ϕ
T

)

where

ϕ
T

:=

n∏
p=1

Φ̃
[K+h∨

2 |γp|2;(Λ+ρ|γp)]
1

(
τ, −βp, βp +

2

|γp|2 γ̃p

)

=

n∏
p=1

Φ̃
[K+h∨]
1

(
τ, −βp, γp +

p∑
j=1

βj

)
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and Λ
M

and ρ
M

are defined by

Λ = KΛ0 +

m−1∑
i=n+1

kiεi

︸ ︷︷ ︸
||
Λ

M

+

n∑
i=1

kiβi

ρ = (

h∨
||

m− n)Λ0 +

m−1∑
i=n+1

(m− i)εi

︸ ︷︷ ︸
||
ρ

M

+(m− n− 1)

n∑
i=1

βi
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Theorem 5. Let λ ∈ PK
+,T ; then

1) R(−) · c̃h(−)

λ =
∑

i∈I

ε(gi)gi


A!

λ
M

+ρ
M

n∏
p=1

Φ̃
[K+h∨]
1

(
τ,−βp, γp +

p∑
j=1

βj

)



2)
(
R(−) · c̃h(−)

λ

)∣∣
S

=

(−i)
m−n−1

2 |M∗/(K + h∨)M |−1
2

∑

µ∈PK
+,T

mod (TC+Cδ)

( ∑

w∈W
!

ε(w)e
− 2πi

K+h∨ (λ+ρ|w(µ+ρ))

)
R(−) · c̃h(−)

µ

3)
(
R(−) · c̃h(−)

λ

)∣∣
T

= e
πi|λ+ρ|2
K+h∨ R(−) · c̃h(−)

λ
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Remark.

The modified supercharacters c̃h
(−)

λ are determined

depending on λ mod TC

Namely, for λ, µ ∈ PK
+,T ,

λ ≡ µ mod TC ⇐⇒ c̃h
(−)

λ = c̃h
(−)

µ
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Admissible representations:

m def

integrable w.r.to a suitable sub-root system

Example. In the case ŝl(2|1),

Λ : admissible
def

⇐⇒ Λ : integrable w.r.to {kiδ + αi}i=0,1,2

or {kiδ − αi}i=0,1,2

For Λ = KΛ0 − 1
K (k2α1 + k1α2) where K = m

M − 1

(
m, M ∈ N

(m,M) = 1

)
,

R(−)ch
(−)
Λ = Φ[m;0]

(
Mτ, z1 + k1τ, z2 + k2τ,

t

M

)

Modification:

R(−)c̃h
(−)

Λ = Φ̃[m;0]
(
Mτ, z1 + k1τ, z2 + k2τ,

t

M

)
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Functions Ψ̃
[M,m;s]
i; j,k (i = 1, 2) :

Ψ̃
[M,m;s]
i; j,k (τ, z1, z2, t) := q

mjk
M e

2πim
M (kz1+jz2)Φ̃

[m;s]
i

(
Mτ, z1 + jτ, z2 + kτ,

t

M

)

Ψ̃
[M,m;s]
j,k := Ψ̃

[M,m;s]
1; j,k − Ψ̃

[M,m;s]
2; j,k

Note. Ψ̃
[M,m;s]
i; j,k are determined depending on j, k mod MZ.

Transformation property :

Ψ̃
[M,m;s]
i; j,k

(
− 1

τ
,
z1

τ
,
z2

τ
, t− z1z2

τ

)
=

τ

M

∑

(a,b)∈ΩM

e−
2πim
M (ak+bj)Ψ̃

[M,m;s]
i; a,b (τ, z1, z2, t)

where ΩM :=
{
(a, b) ∈ Z2 ; a + b ∈ 2Z

}
/ ∼

(a, b) ∼ (a′, b′)
def⇐⇒

{
(a− b)− (a′ − b′) ∈ 2MZ

(a + b)− (a′ + b′) ∈ 2MZ
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For complete arguments on modular properties of

characters and supercharacters, we need to consider

twisted characters and supercharacters.
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Twisted characters:

non-twisted

twisted

}
affinization of

finite-dimensional Lie superalgebra
↓
g :

ĝ =
( ⊕

n∈Z

tn ⊗ g
)
⊕CK ⊕Cd : non-twisted

ĝtw =
( ⊕

n∈Z

tn ⊗ geven

)
⊕

( ⊕

n∈1
2+Z

tn ⊗ godd

)
⊕CK ⊕Cd : twisted

Correspondingly,
non-twisted

twisted

}
(super-)characters ch

(ε)
ε′ are defined

where

ε =

{
0 : super-character
1
2 : character

ε′ =

{
0 : non-twisted
1
2 : twisted



41

Functions Ψ̃
(±)[M,m;s, ε]
i; j,k; ε′ (i = 1, 2) :

For ε, ε′ = 0, 1
2 and j, k ∈ ε′ + Z, put

Ψ̃
(±)[M,m;s; ε]
i; j,k; ε′ (τ, z1, z2, t)

:= (±1)j+ε′q
mjk
M e

2πim
M (kz1+jz2)Φ̃

(±)[m;s]
i

(
Mτ, z1 + jτ + ε, z2 + kτ + ε,

t

M

)

Ψ̃
(±)[M,m;s; ε]
j,k; ε′ := Ψ̃

(±)[M,m;s; ε]
1; j,k; ε′ − Ψ̃

(±)[M,m;s; ε]
2; j,k; ε′
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Modular transformation properties of Ψ̃
(±)[M,m;s, ε]
i; j,k; ε′ :

Let

{
m ∈ 1

2N

M ∈ Nodd

s.t. (M, 2m) = 1 and

{
s ∈ Z

s′ ∈ 1
2 + Z

. Then

• Ψ̃
(±)[M,m; s, ε]
i; j,k; ε′

(
− 1

τ
,

z1

τ
,

z2

τ
, t− z1z2

τ

)

=
τ

M

∑

(a,b)∈ΩM

e−
2πim
M [(a+ε)k+(b−ε)j] ×





Ψ̃
(+)[M,m; s, ε′]
i; a+ε, b−ε; ε (τ, z1, z2, t) if “ + ”

Ψ̃
(+)[M,m; s′, ε′]
i; a+ε, b−ε; ε (τ, z1, z2, t) if “− ”

• Ψ̃
(±)[M,m; s′, ε]
i; j,k; ε′

(
− 1

τ
,

z1

τ
,

z2

τ
, t− z1z2

τ

)

=
τ

M

∑

(a,b)∈ΩM

e−
2πim
M [(a+ε)k+(b−ε)j] ×





Ψ̃
(−)[M,m; s, ε′]
i; a+ε, b−ε; ε (τ, z1, z2, t) if “ + ”

Ψ̃
(−)[M,m; s′, ε′]
i; a+ε, b−ε; ε (τ, z1, z2, t) if “− ”
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In the case ŝl(2|1), admissible weights of level K = m
M − 1 are parametrized by

ΩM,0 :=
{
(j, k) ∈ Z2 ; 0 5 j, k < M

}

To describe the twisted characters, define the set

ΩM,12
:=

{(
j +

1

2
, k +

1

2

)
; (j, k) ∈ ΩM,0

}
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Modified admissible characters :

For ε, ε′ = 0, 1
2 and (j, k) ∈ ΩM,ε′,

c̃h
[M,m;ε]

j,k;ε′ (τ, z1, z2, t) :=
Ψ̃

[M,m;ε]
j,k;ε′ (τ, z1, z2, t)

R
(ε)
ε′ (τ, z1, z2, t)

where

Ψ̃
[M,m;ε]
j,k;ε′ (τ, z1, z2, t) := q

mjk
M e

2πim
M (kz1+jz2)Φ̃[m]

(
Mτ, z1 + jτ + ε, z2 + kτ + ε,

t

M

)

R
(ε)
ε′ (τ, z1, z2, t) := (−1)2ε(1−2ε′) e2πit η(τ )3 ϑ11(τ, z1 + z2)

ϑ1−2ε′,1−2ε(τ, z1) ϑ1−2ε′,1−2ε(τ, z2)

and ϑ00, ϑ01, ϑ10, ϑ11 are theta functions in the Mumford’s book “Tata lectures on

theta I”.
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Modular transformation of ŝl(2|1)-admissible characters :

Let





m ∈ N=2

gcd(M, 2m) = 1
or





m = 1

M ∈ N
. Then

c̃h
[M,m;ε]

j,k;ε′ |S =
(−1)4εε

′

M

∑

(a,b)∈ΩM,ε

e−
2πim
M (ka+jb) c̃h

[M,m;ε′]
a,b;ε

c̃h
[M,m;ε]

j,k;ε′ |T = e
2πim
M jk−πiε′ c̃h

[M,m;ε+ε′]
j,k;ε′

where (j, k) ∈ ΩM,ε′ .



46

Quantum Hamiltonian reduction :





g : finite-dim Lie superalgebra

f : nilpotent element

K : level

⇓

W (g, f, K) : W-algebra

Example:
g = sl(2|1)

f = e−θ

}
=⇒ N=2 SCA

(θ = highest root)
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N=2 SCA is spanned by





Ln, Jn (n ∈ Z) : even elements

G±
n (n ∈ ε + Z) : odd elements

c : central element

ε =

{
1
2 : Neveu-Schwarz

0 : Ramond

with (anti-)commutation relations

Ln Jn G+
n G−

n

Lm
(m− n)Lm+n

+m3−m
12 δm+n,0c

−nJm+n (m
2 − n)G+

m+n (m
2 − n)G−

m+n

Jm mJm+n
m
3 δm+n,0c G+

m+n −G−
m+n

G+
m (m− n

2)G
+
m+n −G+

m+n 0
Lm+n + m−n

2 Jm+n

+c
6(m

2 − 1
4)δm+n,0

G−
m (m− n

2)G
−
m+n G−

m+n

Lm+n − m−n
2 Jm+n

+c
6(m

2 − 1
4)δm+n,0

0

Note : Cartan subalgebra = linear span of L0, J0, c
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Characters of N=2 h.w. reps via quantum reduction:

The characters of N=2 SCA are obtained by letting

{
z1 = z

z2 = −z

in the characters of ŝl(2|1)-modules:

χ̃
[M,m;ε]
j,k;ε′ (τ, z, t) := e2πitcM,m

Ψ̃
[M,m;ε]
j,k;ε′ (τ, z,−z, 0)

R
N=2(ε)
ε′ (τ, z, 0)

where

(j, k) ∈ Ω
[N=2]
M ;ε′ :=

{
(j, k)

∣∣∣∣
j, k ∈ ε′ + Z=0

0 < j, j + k 5 M − 1

}

cM,m := 3
(
1− 2m

M

)
: central charge
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Theorem 6. (modular properties of N=2 characters)

χ̃
[M,m;ε]
j,k;ε′

(
− 1

τ
,
z

τ
, t− z2

6τ

)
=

∑

(a,b)∈Ω
[N=2]
M ;ε

S
[M,m]
(j,k),(a,b) χ̃

[M,m;ε′]
a,b;ε (τ, z, t)

χ̃
[M,m;ε]
j,k;ε′ (τ + 1, z, t) = e

2πim
M jk−πiε′

2 χ̃
[M,m; ε+ε′]
j,k;ε′ (τ, z, t)

where

S
[M,m]
(j,k),(a,b) := (−i)(1−2ε)(1−2ε′) 2

M
e

2πim
M (j−k)(a−b) sin

m

M
(j + k)(a + b)π
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Fusion coefficients of N=2 SCA:

F
[N=2]
M :=

⋃

ε+ε′+ε′′= 1
2 or 3

2

(
Ω

[N=2]
M,ε × Ω

[N=2]
M,ε′ × Ω

[N=2]
M,ε′′

)

For (λ, µ, ν) ∈ F
[N=2]
M ,

N
N=2,[M,m]
λ,µ,ν

put

:=
∑

ξ ∈Ω
[N=2]

M,12

S
[M,m]
λ,ξ S

[M,m]
µ,ξ S

[M,m]
ν,ξ

S
[M,m]

(1
2 ,12),ξ
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Theorem 7. Let λ := (j, k), µ := (j′, k′), ν := (j′′, k′′), then

1) N
N=2[M,m]
λ,µ,ν = 0 or 1.

2) N
N=2[M,m]
λ,µ,ν = 1 ⇐⇒ (F1) or (F2)

(F1)





(j + j′ + j′′)− (k + k′ + k′′) = 0

|(j′ + k′)− (j′′ + k′′)| < j + k < (j′ + k′) + (j′′ + k′′)

(j + j′ + j′′) + (k + k′ + k′′) < 2M

(F2)





(j + j′ + j′′)− (k + k′ + k′′) = ±M

|(j′ + k′)− (j′′ + k′′)| < M − j − k < (M − j′ − k′) + (M − j′′ − k′′)

(j + j′ + j′′) + (k + k′ + k′′) > M
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Let
h := eigenvalue of L0 on the h.w.vector

s := eigenvalue of J0 on the h.w.vector

• N=2 highest weight representations are characterized by (h, s, c)

• hj,k;ε =
m

M

(
jk − 1

4

)
− 1 + 2ε

8

• sj,k;ε =
m

M
(k − j)− 1− 2ε

2

• cM,m =
3(M − 2m)

M
= 3 · M

m−2(
M
m−2

)
+2
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Note:

• m = 1 =⇒ cM,1 = 3 · M − 2

(M − 2) + 2
(M ∈ N=2)

(well known minimal series = unitary series)

• m = 2

(M, 2m) = 1

}
=⇒ mock modular series
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Similar method for quantum reduction works

for all affine Lie superalgebras

to give

new series of mock modular representations

for N=3, N=4, ... superconformal algebras.
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Natural Problem (Open):

What is the representation theoretical meaning

of the additional terms ?

and

of the Zwegers type functions ?


