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Suppose we observe an invertible linear process with independent
mean zero innovations, and with coefficients depending on a finite-
dimensional parameter, and we want to estimate the expectation of
some function under the stationary distribution of the process. The
usual estimator would be the empirical estimator. It can be improved
using that the innovations are centered. We construct an even better
estimator using the representation of the observations as infinite-order
moving averages of the innovations. Then the expectation of the function
under the stationary distribution can be written as expectation under the
distribution of an infinite series in terms of the innovations, and it can be
estimated by a U-statistic of increasing order (also called “infinite-order
U-statistic”) in terms of the estimated innovations. The estimator can be
further improved using that the innovations are centered. This improved
estimator is optimal if the coefficients of the linear process are estimated
optimally. The variance reduction of our estimator over the empirical
estimator can be considerable.

1. Introduction. There is a large literature on estimation in ergodic time
series driven by independent innovations. In the last fifteen years, optimality ques-
tions have also been addressed. Efficient estimators for the parameters of ARMA
type processes are constructed by Kreiss (1987a, 1987b), Jeganathan (1995), Drost,
Klaassen and Werker (1997), Koul and Schick (1997), and Schick and Wefelmeyer
(2002a). For invertible linear time series, the innovations can be estimated, and lin-
ear functionals of the innovation distribution can then be estimated by correspond-
ing empirical estimators based on the estimated innovations; see Boldin (1982) and
Kreiss (1991). Simple and efficient improvements of these estimators are possible
if the innovations are centered; see Wefelmeyer (1994) and Schick and Wefelmeyer
(2002D).

Here we are interested in estimating functionals of the stationary law. Such
functionals can be estimated in a straightforward way from observations of the time
series. Linear functionals of the stationary law can be estimated by corresponding
empirical estimators. The stationary density can be estimated by a kernel estimator;
see e.g. Tran (1992), Yakowitz (1989) and Honda (2000).
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These estimators are “nonparametric” in that they do not exploit the informa-
tion that the time series is driven by independent innovations. In this paper we
show how to use this information in order to construct efficient estimators for lin-
ear functionals of the stationary law of causal and invertible linear processes with
coefficients depending on a finite-dimensional parameter. We restrict attention to
estimation of expectations of smooth functions. Examples are moments, absolute
moments, the characteristic function, and other transformations of the stationary
law. One of the applications would be testing for Gaussianity. Under stronger con-
ditions on the time series, one could prove corresponding results for expectations
of step functions, for example the distribution function. An application would be
estimating the value-at-risk in finance mathematics.

In the simplest such time series, a moving average process of order one, Saavedra
and Cao (1999, 2000) show that the specific structure of the model allows the sta-
tionary density to be estimated at the parametric rate n~1/2. Schick and Wefelmeyer
(2002c) prove that the estimator of Saavedra and Cao is efficient. Analogous para-
metric rates can also be obtained for estimators of conditional expectations; see
Miiller, Schick and Wefelmeyer (2002) for a result in nonlinear autoregressive pro-
cesses. Such estimators could be combined with the estimators in the present paper
in order to efficiently estimate functionals of joint laws of linear processes, for ex-
ample autocovariance functions.

A cautionary remark: Unlike the usual empirical estimators for functionals of
the stationary law, our efficient estimators use the full structure of the model, in
particular the independence of the innovations. Like all efficient estimators, they
are therefore sensitive against misspecification of the model.

Specifically, consider observations Yi,...,Y, from a causal linear process

Yi=Xi+) 0:Xes, t€LZ,

s=1

with independent and identically distributed innovations X;,t € Z, with mean
zero and finite variance. A simple estimator of a linear functional E[h(Yy)] of the
stationary distribution is the empirical estimator % Z?Zl h(Y;). It does not use that
the process is linear and centered. We shall show how to construct better estimators

if the process is invertible,

Xi=Yi+ > Y. tez

s=1

The idea is to express the functional E[h(Yy)] as E[h(Xo + > oo 0, X ], and to
estimate it by a U-statistic of increasing order based on estimated innovations,
taking into account the constraint that the innovations have mean zero. We do
this for a situation often encountered in applications: The coefficients d1, do, ... and
hence also 71,72, ... depend on an unknown Euclidean parameter .

The construction of our estimator involves several steps. Let us illustrate them
with the simplest example, a linear autoregressive model of order one,

}/;f:,l?}/tfl—"Xt? t€Z7
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with 9 belonging to the interval (—1, 1). Our result is new, and nontrivial, even for
this simple case. The model is a semiparametric model with one-dimensional pa-
rameter ¢ and infinite-dimensional parameter P, the distribution of the innovations.
The stationary distribution of this process thus depends on the pair (J, P).

We want to estimate the linear functional E[h(Yp)] of the stationary distribution.
The obvious estimator is again the empirical estimator % 2;21 h(Y;). It is known
that the empirical estimator is a least dispersed regular estimator in Markov chain
models with completely unspecified transition distribution; see Penev (1991), Bickel
(1993) and Greenwood and Wefelmeyer (1995). Here, however, we are dealing with a
semiparametric submodel. Thus we should be able to improve upon this estimator.

Before we describe our estimator, let us briefly describe a simple improvement of
the empirical estimator, obtained by exploiting that the innovations, and hence the
observations, have mean zero. This is a linear constraint E[Y;] = 0 on the stationary

distribution. For any ¢ € R we obtain a new estimator for E[h(Yy)],
1 n
LY (v - ey
j=1

For general Markov chain models, Miiller, Schick and Wefelmeyer (2001b) deter-
mine the constant ¢ which minimizes the asymptotic variance of the new estimator.
For our autoregressive model, this constant becomes particularly simple if h is a
polynomial. For example, for the stationary wvariance E[Y{], i.e. h(y) = y?, the
optimal constant is

e
(L+)pe’

=Cy =

with p, = E[XT]. This optimal ¢, depends on P and ¢ and must be estimated. We
estimate ¥ by the least squares estimator 0. = S YiaY/n T Y, the
innovations by Y; — 9.Y;_1, and u; by its empirical estimator based on estimated
innovations,

(1.1) T S A

The resulting estimator for E[Y?] is

ln ?_L ;
n;(yj (1+9.)fia Y])'

This simple improvement of the empirical estimator does not use the autore-
gressive structure of the chain. As mentioned above, this structure is exploited by
a U-statistic of increasing order. Improving the empirical estimator then involves
three steps. In the first step, we assume 9 as known and exploit the structural rela-
tion Y; = ¥Y;_1+ X;. In the second step, we use the information that the innovation
distribution has mean zero. The last step consists in replacing ¢ by an estimator.
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The key step is the first one: We represent the observations as an infinite series
of the innovations:

Yi=) "X, tel
s=0

Suppose first that the parameter ¢ is known. Then we can calculate the innova-
tions Xy = Y; —9Y;_1, t = 1,...,n, from the observations. Since Y; has the same
distribution as S = Zfil 9571 X, the problem is now reduced to estimating the

functional
o0

E[h(Yy)] = EIR(S)] = E[n( 301X,
s=1
from i.i.d. observations X, ..., X,,. This expectation is approximated by E[h(S(™)]
with S0 = "™ | 9°~1 X, if m increases with n. It suggests itself to use as estimator
for E[h(S™)] the following variant of a U-statistic. Form the sums

Si(¥) = Zﬁs_lXi(s) = Zﬁs_l(n(s) — 19}/1-(5)_1)
s=1 s=1

for injective functions ¢ from {1,...,m} into {1,...,n}. These sums are distributed
as S(™). Hence we estimate E[h(Yp)] by an average over these sums, the U-statistic

n—m)!
() = S s, ),
icd
where ® denotes the set of all injective functions from {1,...,m} into {1,...,n}.

We can show, via Hoeffding decomposition, that if m = m(n) increases with n

at an appropriate rate, then the U-statistic 4(19) is asymptotically linear,

n

R(9) = E[R(Yo)] + = Y ha(X;) + 0p(n"/?),

j=1
with influence function h, =3 oo hs, where hy(z) = E[h(S)| X, = z] — E[h(S)].
For fixed m, the U-statistic A(¢) is a least dispersed regular estimator of
E[R(S™)] = E[h(XT,9°71X,)] if nothing is known about the distribution
of the X;. See Levit (1974), or argue via asymptotic equivalence of U-statistic
and von Mises statistic and efficiency of the empirical distribution function, Beran
(1977). Optimality is preserved if we let m tend to infinity at the appropriate rate.
For U-statistics of increasing order see also Shieh (1994) and Heilig and Nolan
(2001).

In Section 2 we prove these results for functionals of the more general form
E[n(Y22, B:sXs)] with summable coefficients (31, B2, . ... The results are of inde-
pendent interest. For simplicity we do not prove them under minimal assumptions
on the function h. In our applications to linear time series in Sections 4 and 5 we
shall need stronger assumptions anyway. The assumptions are general enough to
cover moments and absolute moments and other smooth functions.

Now we turn to the second step of the construction of our estimator, exploiting
that X; has mean zero. This is a linear constraint of the form E[Y; —9Yy] = E[X;] =
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0. The simple improvement of the empirical estimator = Z] 1 h(Y;), described
above, has used the linear constraint E[Y;] = 0 on observatlons from a Markov
chain. Here we use the constraint F[X;] = 0 on the observed innovations, which
are i.i.d. This simplifies improving our estimator £(+}). Similarly as above we form,
for any a € R, the estimator

1 n
#(0,a) = i( —ZY 9Y;_1)

3

which has influence function z — h,(z) — ax. It is easy to check that the choice
o E[X1h.(X1)]
=q,=———*—7
E[X?]
yields an estimator with smallest asymptotic variance in this class of estimators. The

optimal a, stems from projection on [X;]. It depends on P and must be replaced
by an estimator. A consistent estimator is

> i (Y = 9Y;-0) 3750 Hy 5(9)

a(9) = - 7
where
n—m)!
Hos) = ((n - 1))! Y. MSiW), s=1...m j=1....n
i€D, i(s)=j

This leads us to the estimator
1 n
(0, a. (1)) = R —a,(¥) —
R0, 8:(0) = 5) = .(0) 5 30 -

We show that this is a least dispersed regular estimator of E[h(Y)] in the submodel
with known parameter . For a related efficiency result in such i.i.d. models with
linear constraints, but for simpler functionals, see Levit (1975). In Section 3 we
generalize these results to functionals of the form E[h(>" o0 | B:Xs)].

The third and last step of the construction of our estimator consists in replacing
¥ by an estimator 9, leading to the substitution estimator (0, a,(0)). It then fol-
lows from the substitution principle that the substitution estimator is efficient for
E[h(Yp)] = E[R(X2, 9571 X,)] if 9 is efficient for 9. Conditions for this principle
to hold were first formulated by Klaassen and Putter (2001) in models with inde-
pendent and identically distributed observations, and generalized to Markov chain
models by Miiller, Schick and Wefelmeyer (2001a).

In Section 4, rather than checking the conditions for the substitution principle, we
calculate directly the influence function of the substitution estimator for functionals
E[n(Y 22 as(¥9)X,)] from observations which approximate X, ..., X,,. In Section
5 we apply the results of Sections 2 to 4 to estimate stationary expectations E[h(Yp)]
from observations of causal invertible linear processes. Efficiency of our estimator
follows from Schick and Wefelmeyer (2002a) who characterize efficient estimators
for arbitrary differentiable functionals in such time series models.
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In Section 6 we compare the asymptotic variances of the empirical estimator,
the improved empirical estimator and our estimator for the stationary variance in
AR(1) models. In this situation, the asymptotic variances of the estimators can
be calculated explicitly. For innovation distributions far from normal, the variance
decrease can be considerable.

2. Estimating the distribution of an infinite series. Let Xi, X5,... be

independent and identically distributed random variables with
(2.1) E[|X,]*] < o0
for some p > 1 and with unknown common distribution P. Let 1, 32, ... be known
real numbers such that

oo
(2.2) 316, < oo.

r=1
Then the series

S = ZﬁrXr

r=1

converges almost surely, and in Lo,. Let h be a function from R to R such that
(2.3) h(@)| < CL(1+ o), z€R,
(2.4) [h(z+y) = h(z)] < Co(1+ [2P)(ly + [yl”), =,y €R,

for some finite constants C; and Cs. Then the expectation E[h(S)] is well-defined.
Examples of functions h that satisfy (2.3) and (2.4) are polynomials in = or |z| of
degree at most p, and Lipschitz continuous functions.

We are interested in estimating F[h(S)] from the observations X7,..., X,. Let
us introduce our estimator. It follows from (2.1) to (2.4) that the infinite sum S is
well approximated by the finite sum S = S, By X, for moderately large m.
Indeed, the Minkowski inequality yields that

(2.5) EH Zb:ﬁjxj

b
q]gE[|X1|‘1]<Z|gj|)q, 1<a<b, 1<q<2p
Jj=a

In view of (2.4) and the independence of S — S™) and S(™)
E[|n(S) = h(S™)[P] < CRE[(1 + S P)?(E[(|S — S| + ]S — ST [)?).

It is now easy to see that there exists a constant K such that

(26) E(n(S) - n(se) < k2( Y 151)’
r=m-+1

and hence

(2.7) |E[R(S)] — E[L(S™)]| <K > |B].

r=m-1
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Actually, the constant K can be chosen to be

_uz0+§]m) (1+ E[X?] + E[1 X1 |?).
Recall that ® denotes the set of all injective functions from {1,...,m} to
{1,...,n}. The random variables

Si=> BXip, i€,
r=1

have the same distribution as S(™). Hence an unbiased estimator of E[h(S(™)] is
given by

_ (n—m)!
’ i€ed

The estimator can be written as U-statistic

1

™ > ko (Xi1) - Xim))

m/ 1<i(1)<--<i(m)<n

with symmetric kernel k,,, defined by
km(xl7"'7 m 'Zhﬁlxz(l +ﬁmwl(m))a .'I)]_,...,l‘meR7
eIl

with IT the set of permutations of {1, ..., m}. Using standard U-statistic techniques
(see Serfling, 1980, p. 178, Lemma A, and p. 184, Lemma B) we obtain that

lz:’rnk'ml

3

where
bim = Elkm(X1, ..., Xm)] = E[h(S™)],
kmi(z) = Elkm(z, Xo, ..., X)) — km, z€R,

and the remainder satisfies

E[R? < i <T)2<:>_1E[k,2n(X1, LX)l

It is easy to check that E[k2,(X1,...,Xn)] < E[R?(S(™)]. Using m!/(m—r)! < m"
and n!/(n —r)! > (n —r)" we obtain for n —m > m?:
"1 om? N7 m2 \2
2] < 2/ q(m) - < 2(g(m)
B[R] < B2 (")) Y - (=) < B*(s"™)(——)".

n—m

Note also that

Mk (@ Em:( h(ST™Y | X, = a] — [h(s<m>)]), z € R.

r=1
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Let now
h-(z) = E[h(S) | X, =2] — E[h(S)], z€R, r=12,....
With the help of (2.4) and the Cauchy—Schwarz inequality we verify that
[ #2dp < 4B((S) - h(S - 51X,

< 4022E[(1 + ‘S - ﬁTXr|p)2]E[(|ﬁrXr| + |6TXr‘p)2]~

This and the Minkowski inequality show that there exists a constant C' such that
for all sufficiently large m and k, m < k,

/( zkj n) dp <o ij 5)”

r=m-+1 r=m-+1
Thus the series h, = > 2, h, is well-defined in Lo(P) and is the Lo(P)-limit of
>t he

(2.8) /(h*—zm:hr)ZdPHO as m — 00.
r=1

It follows from the Cauchy—Schwarz inequality and (2.6) that

(2.9)/ (mkm,l - i hr)2 dP < 4mE[|h(S) — h(ST™)|] < 4mK2( i |5T|)2
r=1 r=m+1

for large m. We arrive at the following result.

THEOREM 2.1.  Suppose we can choose m = m(n) such that
(2.10) m*/n—0 and n'* Y |B[—0.
r=m-+1

Let h fulfill (2.3) and (2.4). Then the estimator

i (n ;L!m)! Z h(iﬁrxi(r))

icd r=1
is asymptotically linear for E[h(S)] with influence function h, = > oo hy.:

r=1
& = E[h(S)] + % En: ho(X;) + 0, (n1/2).

Jj=1

In particular, i is asymptotically normal with variance [ h2dP.

We have phrased this and the following theorems about estimators as asymptotic
linearity results. The reason is that asymptotic linearity is useful for obtaining other,
more familiar results about estimators: They are then seen to be asymptotically
normal, their asymptotic variance is easily calculated, and we can check whether
they are regular and whether they are efficient in the sense of being least dispersed
among regular estimators.



ESTIMATING INVARIANT LAWS OF LINEAR PROCESSES 9

REMARK 2.1. Let us briefly discuss the choice of m in two special cases.
(1) Suppose that the coefficients 1, 32, ... decay exponentially, say

Bl <9, j=1.2,...,

for a finite constant C' and a positive number ¥, ¥ < 1. Then the requirement (2.10)
is satisfied if m*/n — 0 and n'/29™ — 0. The latter holds if log(n)/m — oco. If
¥ < e~ /2 it even holds for m = log(n).

(2) Suppose 3; = 0 for j > p. Then we can take m = p. We should point out
that in this case h, = hy + -+ + hy is a finite sum and (2.8) holds even though m
does not go to infinity. This is the classical result for fixed degree U-statistics.

As it is very time consuming to calculate % for large m, it is advantageous to
choose m as small as possible.

REMARK 2.2. If the coefficients do not decay fast enough, we may not be able
to satisfy (2.10). For example, if 3; = j717%, j =1,2,... for some positive a, then
m needs to satisfy m*/n — 0 and n/m?® — 0. But this is only possible if a > 2.

Let us now show that % is efficient. For this it suffices to show that E[h(S)] is
differentiable at the true P with canonical gradient equal to the influence function A,
of our estimator . Since we will have to look at distributions near to, but different
from, the true P, it will occasionally be convenient to express the dependence
of expectations on the underlying distribution by writing Ep for E. Note that
k(P) = Ep[h(S)] defines a functional on the set of all distributions with finite
2p-th moments. We introduce a local model at the true P as follows. Let L.(P)
denote the set of all measurable functions g from R to R such that f gdP =0 and
[ g*dP < 0o. To each g in L, (P) associate a sequence g, in L, (P) such that

(2.11) lgn| <nY/®  and / 2dp — 0.

A possible choice is g, = g12|g| < n'/®] — [ g1[2|g| < n'/¥]dP. Let P, , denote
the distribution with P-density 1 + n~ / gn. Since 0 < 1+ n~'2g, and J@+
n’1/2gn) dP = 1, the function 1 + n~'/2g,, is indeed a probability density.

THEOREM 2.2.  Suppose we can choose m = m(n) such that (2.10) holds. Let
h satisfy (2.3) and (2.4). Then the functional K(P) = Ep[h(S)] is differentiable at
P with gradient hy = > 2| hy:

nY2(k(Ppy) — — / hyg dP.

PROOF. Let m = m(n) fulfill (2.10). Let G,, 0 = 1 and
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Since
k

k k
n (G =1) =Y Gr190(X0) = Y 9a(X0) + D 9n(X0) (G — 1)
r=1 r=1

r=2
and

B[(Gnx = 1) = EIG7 4] = 1= (1 +n" Elgn (X1))* — 1
k

< —
n

Elg2(X1)](1+n" " Elgh (X)),

we get by an application of the Cauchy—Schwarz inequality and the independence
of X, and Gy, »—1 that

m

‘nlﬂE[h(S)(Gmm 1) - E[h(S) Zgn(Xr)} )

r=1

<3 (B SIEGR K ElCrrr ~ 1) =0
Since [ g, dP =0, we find that

E[h(S)gn(X,)] = E[(E[(S) | X,] - E[h(8)])ga(X,)] = / gy dP.

Thus, in view of (2.8) and (2.11),

E[h(S)Em:gn(Xr)} = /gnihr P — /gh* dPp.

This shows that
(2.12) n*2E[h(S)(Gpm —1)] — /gh* dP.

Note that Ep, ,[R(S™)] = Ep[h(S™)G,, ], so that (P, 4) — k(P) equals
Ep, ,[h(S) = A(S"™)] + E[(h(S"™) = h(8))Gn,m] + E[R(S) (G — 1)].
The desired result now follows from (2.12) and (2.10) because

oo

nl/2|Ep, , [1(S) = A(S™)) = O (! 3 15,])
r=m-+1
by the same argument that yields (2.7), and
n2|B((h(S) = h(S™))Gnm]| = O(n1/2 3 15,])
r=m-41

by (2.6) and E[G} ] — 1.

Theorems 2.1 and 2.2 imply that & is least dispersed among regular estimators of
Ep[h(9)] if nothing is known about P. For an appropriate version of the convolution
theorem see Bickel et al. (1998, p. 63, Theorem 2, and p. 65, Proposition 1).
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3. Estimation with constraints. In the setting of Section 2, we can find
better estimators for E[h(S)] = E[h(>_,, 8-X,)] if additional information about
the distribution P is available. Suppose we know that

(3.1) /dezo

for some measurable function ¢ from R to R such that [ 1% dP is finite and positive.
An important case is the choice ¢(z) = z. This just means that P has mean zero.
Under the constraint (3.1) we can consider the estimator

for real a and verify that it has influence function h. — at) if m = m(n) fulfills
(2.10):

I

() = %Z ) = ap(X;)) + op(n12).

Its asymptotic variance is minimized for the choice
J huipdP
[¢2dp’

which is the coefficient of the projection of h, onto 1. Let us now construct an
estimator of a, that is consistent if m = m(n) fulfills (2.10). Our candidate is

N () Y Hey
Zj:lz/}Q( j) ’

a=ay =

S
*

where

(n—m)! .
Hm-:m Z h(S;), r=1,....m,j=1,...,n.
i€®, i(r)=j

Recall that S; = >, Br Xy for i € ®. In view of the law of large numbers we
need only show that

(32) %ZM»Z - Zh )+ 0p(1).
Jj=1 r=

Given X1, the random variable H., ; is a U-statistic (of degree m —1 in the variables

Xo,...,X,). Thus we have for r = 1,...,m and n —m > (m — 1)%
=1\ n— 1\
E[(Hr,l—E[Hr,l|X11>21§E[h2<s<m>>]k21( )Y
1)2

Blp (st 2=

n—m
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From this and the Cauchy—Schwarz inequality we get

B[ 3 (3 - E 1 xD) | <mZE (H, | X))
=O0(m*(n—m)™").
Thus m*/n — 0 implies that

(33) LS (o Hey — BlH, X)) = 0,(1)

j=1 r=1
From this and another application of the Cauchy—Schwarz inequality we can now

conclude that
m

Y)Y Hey = Zw SO ElH | X+ 0,0,
j=1

r=1 r=1

It is easy to check that

(3.4) Z EH, ;| X;] = m(km + km1(X;)).

As mk,, = o(n'/?), we obtain from the central limit theorem that
— Zw DMk, = o0p(1).

In view of this, (2.8) and (2.9), we can now conclude the desired (3.2). Let us
summarize this in the following theorem.

THEOREM 3.1.  Suppose we can choose m = m(n) such that (2.10) holds. Let
h satisfy (2.3) and (2.4). Then the estimator

() = — .~ > 0(X))
j=1

is asymptotically linear for k(P) = Ep[h(S)] with influence function h. — a.p:

D 1h (X)) = adh (X)) + 0y (n” /).

j=1

N

S|

k(ay) = k(P) +

In particular, /é(d*) is asymptotically normal with variance

E[(ha(X1) = ax0(X1))*] = /hf apP — W

It is straightforward to check that h, — a4 is the efficient influence function for
estimators of Ep[h(S)] under the constraint [ ¢dP = 0; see Levit (1975). It follows
from Theorem 3.1 that #(d,) is a least dispersed regular estimator of Ep[h(S)]
when P is unknown except for [1dP = 0; see again the convolution theorem in
Bickel et al. (1998, pp. 63 and 65).
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4. Estimated coefficients and perturbed observations. Let Xi,...,X,
be i.i.d. random variables with distribution P fulfilling (2.1). We want to estimate
the expectation E[h(} .2, 3-X,)]. In the applications to time series we have in
mind, the coefficients 51 = a1 (%), B2 = aa(dy), ... depend on an unknown param-
eter Yo, and the random variables X1, ..., X,, are the unobservable innovations of
a time series. In this case, both the coefficients and the innovations must be esti-
mated from the time series using estimators of ¥y. This will be done in Section 5. In
preparation, the present section considers general estimators Xn’l(@), oy Xom (1§)
of X1,...,X,. Theorem 4.1 shows asymptotic linearity of a U-statistic based on
observations Xml(l@),...,Xn,n(@); Theorem 4.2 treats the case with constraint
J¥dP = 0. As underlying parameter space we take an open subset © of R,
We assume that oy, ase,... are continuously differentiable functions from © to R
such that for some n > 0,

(oo}

(4.1) > lar(¥o)] < oo and Z sup ||y (9)]] < oo,

r=1 =1 19—Y0ll<n

where ¢, denotes the gradient of «,.. Note that this implies that

oo

(4.2) Z sup  |a,(9)] < o0

r—=1 I?=2oll<n

for the same 7 as in (4.1). We consider random variables X, 1 (1), ..., X, »(¥) such
that X, ;(¥) approximates X if 9 is close to ¥g: There are d-dimensional random
vectors &1,&s, ... such that

(4.3) sup E[|¢;%] < oo
jz1
(4.4) max V2] = 0,(1),
i<n
(4 ) ( 19 1/2 ) X 1/2,T )2 ( )
) sup g n +n" /%t —n TtE ) =o0,(1
1< 4 3% “ 3

for all finite T.

REMARK 4.1. The conditions (4.3) and (4.4) are implied by uniform integra-

bility of the variables ||£1]|%, [|€2]|%,. ... The former is obvious, the latter follows
as
1 n
—1/2)|¢. < 2 1/2
P max n gl > n) < Z:|m\umn>n )
< 1 E ”2 1/2 0
< o g E[IGIPLIg ) > 02, 0> o

Thus, if the random vectors £1,&s, ... are identically distributed, then (4.3) and
(4.4) follow from E[||&1]|?] < oo. Sufficient conditions for (4.5) are asymptotic dif-
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ferentiability of X, ; at ¥y in the sense that
) 2
(46) ‘fﬁlfT Z ( n j 190 +n 1/2t) n,](ﬁo) - nfl/QtTXn,j(’ﬁo)) = Op(].)

for all finite T" together with

(4.7) LS 1K)~ 12 = 0,(1),
j=1

n

(4.8) > (X (W0) = X;)% = 0,(1).

j=1

In applications to time series, X, (o) is a truncated series representation of inno-
vations, see (5.5) below.

For ¥ € © and i € ® set now

9) = o (9)X
r=1

= Zar(ﬂ)X
Zar nz(r) )

Set S = S(¥) and S; = S;(¥). These are the series in Section 2. Think of S,, ;(¥)
as an approximation of S;(1}). Next define

. _(n—m)!
R(9) = Zh<sn,i(19)>7 v € 0.
i€edP
Then /(1) is an “estimator” of E[h(S)] and defined as in Section 2, but now with
Xi,..., X, replaced by X, 1(%),..., Xnn(Y). Let J be an estimator of Jy. In

this section we calculate the influence function of (). The result will be used in
Section 5.

AssuMPTION H. The function h satisfies (2.3) and (2.4) and is absolutely con-
tinuous with an almost everywhere derivative h’ that is almost surely continuous
with respect to the distribution of S and satisfies the growth condition

W' ()] < Cs(1 + [z])?, x €R,

for some constant C5 and some ¢ € [0, p].

Examples of functions h that satisfy Assumption H are again polynomials in z
or |z| of degree at most p, and Lipschitz continuous functions.
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THEOREM 4.1.  Suppose assumptions (4.1) to (4.5) hold, h fulfills Assumption
H, and we can choose m = m(n) such that (2.10) holds with 8, = «,.(99). If ¥ is
n'/2-consistent for 9y, then

(4.9) R0) = &+ AT (0 — o) + 0p(n~1?),
where
(n —m)!
i€d

m

D; = Z[dr(ﬂo)Xi(r) + ar (90)&im], i€ P.

r=1

PrROOF. For i€ ® set

m

Dn,i = Sn,z('lg) - S’L = Z[ar('g)Xn,z(r) (19) - O‘T(190)Xi(r)]~

r=1

Since h is absolutely continuous, we see that
A n—m)! !
RO — k= # ZDM-/ W (S; + 2D, ;) dz.
n! . 0
ied
The desired result can now be written as

> (Dn7i /01 W (S; + 2Dy ;) dz — D] (0 — ﬂo)h’(Si)) — o, (n"1/?).

iced

(n —m)!
n!

But this is a consequence of the following statements.

@) PSS = 0,0)

€D
aiy S nge— 0,0,

i€EP
(4.12) w > (Dui = DI (9 = 90))* = 0,(n 1),

) ied
(’I’L — m)‘ ! ’ 1 2

(4.13) Lo ;/O (W(Si+2Dn) = 1(S0)) " dz = 0,(1).

Of course, (4.10) holds because its left-hand side has an expectation that converges
to that of E[h/(S)?] by the properties of h’. Next, we have

1<j<n

(114) BIDIP) < 2( 3 o)) B3]+ 2( D or (00)]) max B[]

r=1

by the following version of the Cauchy—Schwarz inequality:

(Z arbr)Z < Z |ar| Z |ar‘bz~
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Relation (4.11) follows from (4.14) and assumptions (4.1) to (4.3). To obtain relation
(4.12), use the formula

m m

LS (S larbin) < () 5300

i€d r=1 r=1 j=1
to bound the left-hand side of (4.12) by

3(3 Jar@) — an0o)]) ZH&;II 19 = dol*

r=1

£33l )” 1 (o & (9~ o))’

7j=1
m 1 ' ) . 21 ™ - ,
+3<Z/O ||047~(190+Z(19—190))—Oé,«(ﬁo)HdZ) EZ|X]‘ ||’L9—190H .
r=1 j=1

The desired (4.12) is now immediate in view of (4.1) to (4.5) and the n /2.
consistency of J. Note that nl!/2 -consistency of 19 contlnulty of &, and (4.1)
yield

Z/O s (90 + 29 — 00)) — e (90)] dz = 0p(1).

We also have

(4.15) D,, = max |D,, ;| = 0,(1).

i€d

This is a consequence of (4.12) and the fact that

—-1/2 D < 19 1/2X 19 —-1/2
maxn™ /%[ Dyl 721”% 0 || max n \ |+;|ar 0 | max n 1€l
= op(1).
Thus it suffices to prove (4.13) with D,, ; replaced by Dy = D, 1[|Dy 4| <1]. It
follows from Assumption H that

1 2
Zoi= [ (W(si+2D; )~ () dz a2+ IS0, ice.
0

Since S; has the same distribution as S (9g) = Y1 a,(99)X; and S™) con-
verges in Lo, to S, we see that the random variables {Z,; : i € ®,n > 1} are
uniformly integrable Thus (4.13) will follow if we can show that for every L,

(4.16) Z/ LA (S + 2Dy ) — h’(Si))de:op(l).

i€P

Fix L. Define a map H from Q, the set of all probability measures on the Borel
o-field of R?, into [0, L] by

H(Q) = /L AW (z) =K (y)? Q(dx,dy), Q€ Q.
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With the aid of this map we can write the expected value of the left-hand side of
(4.16) as

D D CThS

i€
where @7, ; is the distribution of the bivariate random vector

Vi =(Si+2D; .. S)".

n,i’

Endow Q with the topology of weak convergence. This topology is generated by the
Prohorov metric p. By the properties of A’, the map H is bounded and continuous
at Qo, the distribution of (S, S) . Note also that H(Qo) = 0. Hence for ¢ > 0 there
exists § > 0 such that p(Q, Qo) < ¢ implies |[H(Q)| < e. It thus suffices to show
that

(4.17) sup{p(Q;, ;, Qo) : 1 € &,z €[0,1]} — 0.

For this we use the following simple property of the Prohorov metric. If X and
Y are two bivariate random vectors with distributions @ and R, then p(Q, R) <
n+ P(|X — Y| > n) for each n > 0. Let now Y; = (S7,S7)" with

S; =S+ tmir(0) Xngr.

r=1

Then Y; has distribution Qg and [|Y,7, = Y;[| < V2|8; — SF| + |D;, ;| for all 2 € [0, 1]
and all ¢ € ®. The desired (4.17) is now immediate.

REMARK 4.2. For i€ ® set

5'7; = Z ar(ﬁO)Xz(r) and Cr@ = Z ar(ﬁ())gi(r)v

r=1 r=1
so that D; = Sz + T;. Under the assumptions of Theorem 4.1, one can show that
(n—m)! .
(4.18) Tz;h/(si)si = p+op(1),
ic

where = E[I'(S)S] with S = 322 d,.(90) X,
One also expects that under mild additional assumptions,

(4.19) WZM(&)E = v +o0,(1)
’ i€d

for some vector v € R%. Then (4.9) simplifies to

R) =R+ (4 )T (0 = o) + 0p(n/?).

In the following lemma we formulate a set of sufficient conditions for (4.19) that
is useful for the applications we have in mind.



18 ANTON SCHICK AND WOLFGANG WEFELMEYER

LEMMA 4.1.  Suppose Assumption H holds, m*/n — 0, the random vectors
&1,&, ... are stationary with E[||&1?] < oo and

(4.20) sup E[|&, — Elér | Xo—sy s Xoa]|?] = 0 as s — o0.
r>s

Then (4.19) holds with

v =E[N(S)] Z ar(9o) E[&1].

PrOOF. Without loss of generality we may assume that d = 1. Let s denote the
integer part of 1+ log(n). Let @, denote the set of all ¢ in ® such that i(q) > s and
li(g) —i(r)| > sforal ¢,r=1,...,mand g #r. Set &5 = E§ | Xp—s, ..., Xp_1]
for r > s and

T’i,s - Zar(ﬁO)fi(r),sv 1€ d.
r=1

Since m*/n — 0, we have that n™/(n —ms)™ — 0. This shows that the cardinality
of ®, is of the same order as that of ®. Hence the cardinality of the complement
D\, of @, with respect to ® is of order o(n!/(n—m)!). We now use this and (4.20)
to show that the left-hand side of (4.19) differs from

(Tl — m)' I
D=— > H(S)T
icd,
by a term of order o,(1). Indeed, the expected value of the absolute value of this
term is bounded by

n—m)!
RS B S)T + Y BN (S)(Ts ~ T
i€D\D, icd,
Now use the fact that the expected values E[I/(S;)?] and E[T?] are uniformly
bounded and that E[(T,.s — T})21/2 < 2%, a; (90) 5up,o (B[l — & 212, to
conclude that this bound tends to zero.

It is easy to check that two summands h’(S;)T; s and h'(S;)Tj s of D are indepen-
dent if their indices ¢ and j satisfy |i(r) —j(r)| > s for all » = 1,...,m. This shows
that the variance of D goes to zero, so that D = E[D]+ 0,(1). Since S; and T; ; are
independent for i € ®,, and S; has the same distribution as S(™) = oo (Y) X,
we have

BD) = Bl (s " S B )

The properties of A’ imply E[}/(S™)] — E[h/(S)]. From (4.20) and (4.1) we get

[ASTN

sup |E[T;s] — Zar(ﬁo)E[él]‘ — 0.

We can now conclude that E[D] — v. This completes the proof.
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Let us now turn to the constrained setting of Section 3, with ¢ a function such
that [ dP =0 and [ 1?dP finite and positive. For ¥ € ©, consider

K(0, 0, (0)) = &(9) — ax (V) % > (X (9)),

j=1
where
D1 V(X3 (0) 3000, Hyj (9)
D V(X (9)) ’
Hr,j(ﬁ):% Yo hS(9), r=1,....m j=1,....n.
€D, i(r)=j

We write now a.(¢y) for the a, of Section 3 to stress the dependence on the pa-
rameter.

i () =

THEOREM 4.2.  Suppose the assumptions of Theorem 4.1 hold. Suppose also that
Y is Lipschitz with an almost everywhere derivative ' that is continuous P-almost
surely. If U is n*/?-consistent for 9y, then

—Za* 19 Xoni( 19 ) = a. (o) Z’l/) )+ ax( 190)FT(19 o) + 0p(n _1/2)

3|>—‘

SN

If, in addition, the random vectors &1,&a, ... are stationary and satisfy (4.20), then

(4.21) Ly = B[ (X1)]E&] + op(1),
and hence /:{ = /%(19 ae ( A)) equals
o = R(9) = . (Jo) %Z (B0) B[y (X1)]E[E] (D — do) + 0p(n~"/?).

PROOF. Since (4.21) is easy, we prove only the first conclusion. It suffices to
show that

(4.22) i (0) = a. (V) + 0,(1),
(123) 3 (@(Xos(9) Zw T~ 90) + 0, (n72)

The latter is a special case of Theorem 4.1 with h replaced by ¢ and a;(9) = 1
and a,(9) = 0 for r > 2. As v is Lipschitz, we obtain from (4.4), (4.5) and the
n'/2_consistency of 9 that

(4.24) W, = max [(X,,;(0)) = $(X;)| = 0p(1).

1<j<n
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In view of (3.2) and (4.24), the desired statement (4.22) will follow from

(4.25) . 390 0) = VO 3 Hrs ) = (1)
(4.26) = Zw ng (1) > (Hy i (0) = Hy j(90)) = 0p(1).

It follows from (2.9), (3.3) and (3.4) that
% f: (s - iHm(ﬁo))z = 0,(1).
It follows from (4.23) thJa:l -
. _Zn;w(Xn,j(ﬁ)) = UG s = 0p(1),
=

Together with (4.24), these statements yield (4.25). Next, bound the absolute value
of the left-hand side of (4.26) by

S S K D)L 15+ DD

r=1 T j=14ed,i(r)=j

"L (n—m)! &
SOy RN ST (LI W)L+ (S + Do) Do,
r=1 J=1i€®,i(r)=j
where D,, ; and D,, are as in the proof of Theorem 4.1 and Cj is a constant. An

application of the Cauchy—Schwarz inequality now shows that the square of the
left-hand side of (4 26) is bounded by m2?C?U,,V,,, where

ZDH [

i€EP

:%Z — Z > (L4 X5+ W) (1 + [Si] + Dy)*
r=1

J=14€d,i(r)=j

It follows from (4.11) and (4.12) that nU, = O,(1). It follows from (4.24), (4.15)
and ¢ < p — 1 that V,, = O,(1). As m?/n — 0, we obtain the desired (4.26).

5. Application to semiparametric linear processes. Now we apply Sec-
tions 2 to 4 to real-valued causal invertible processes Y;,t € Z, with infinite-order

moving average and autoregressive representations

(5.1) YVi=Xi+ ) 6.(0)Xi—s, te,

(5.2) V=X, =) %Y, tez,
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where the innovations {X;,t € Z} are i.i.d. with distribution P which has mean
zero and finite variance, and the parameter ¥ varies in an open subset © of R%. We
assume that d;,02,... and ~v1,72,... are continuously differentiable functions from
O into R with the following growth conditions at the true parameter ¥ = 9J¢: For a
finite constant C' and positive numbers 1 and a < 1,

(5.3) sup  [|0,(9)] + |6, < Ca”, r=1,2,...,
[[9—d0ll<n

(5.4) sup [y ()| + [ (I)]]] £ Ca”, r=1,2,....
[[9—doll<n

Here 4, is the gradient of 8,, and 4, the gradient of ;..

EXAMPLE 5.1. For the AR(1) process Y; = X; + 9Y;_; take © = (—1,1) and
set y1(9) = — and () = 0 for s > 2. The infinite-order moving average repre-
sentation holds with d,(9) = v°.

EXAMPLE 5.2. For the MA(1) process Y; = X; + 9X;_; take © = (-1,1)
and set 01(¥) = 9 and d5(9) = 0 for s > 2. The infinite-order autoregressive
representation holds with ~,(¢) = (—19)".

EXAMPLE 5.3. For the ARMA(1,1) process Y; — 11Y;—1 = X; — 92X, 1 take
© = {(¥1,92) : V1,02 € (—1,1),01 # Y2}. The infinite-order moving average rep-
resentation holds with 0, () = (91 — 9¥2)¥5 ", and the infinite-order autoregressive
representation holds with ~,(9) = (9o — 91)95 L.

In the following, we will occasionally write Y;(¢}) for representation (5.1) of Ys,
and Ep for expectation when P is true. We want to estimate the functional

k(9, P) = Ep[h(Y1(9))]

from observations Yj,...,Y,. Since the true innovation distribution P has mean
zero, we have the linear constraint [z P(dx) = 0, i.e. Ep[)(X1)] = 0 for ¢(z) = .

Note that if we observe only Yi,...,Y,, we cannot estimate the first few in-
novations so well that (4.5) holds. However, (4.5) can be achieved if we observe
also Y_,(ny,..., Yy for a properly chosen sequence r(n) of integers. For example,
r(n) = p — 1 works for AR(p). In general, we must have Assumption 3 in Schick
and Wefelmeyer (2002a), which under our assumption (5.4) holds with r(n) pro-
portional to (logn)!*¢ for some ¢ > 0. We will assume in this section that those
additional observations are available. Otherwise, renumber the observations.

We apply Section 4 with o, = d,_1, r = 1,2,..., where o = 1, and take
Xn1(9),... Xnn(?) to be truncated versions of the representation (5.2) of the in-
novations X1,..., X, in terms of the observations:

r(n)+j
(5.5) X0 =Y+ Y %@)Yj_s, j=1,....n, veO.
s=1
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It is easy to see that assumption (5.3) implies assumptions (4.1) and (4.2). Let us
now show that (5.3) and (5.4) imply (4.3) to (4.5) with

2'78190 —5) j:1,27....

As &1,&,, . .. are stationary and square-integrable by (5.4), we obtain (4.3) and (4.4)
from Remark 4.1. To prove relation (4.5), we verify the sufficient conditions (4.6)
to (4.8) with X, () = 327" 4,(9)Y;_,. Conditions (4.7) and (4.8) are casy
consequences of the choice of 7(n) and assumptlon (5.4). We bound the expectation
of the left-hand side of (4.6) by

r(n)+j

2
STE(Y sup (o +n7 ) = v, (00) = 025, (00)] 1Y)
i s=1 III<T

o0

2
< E(Y12)(Z sup |ys(9o +n"2t) — ys(do) —n 2T (190)|) '
s—1 lltIT

We have used the Minkowski inequality here. Since 71,72, ... are continuously dif-
ferentiable, each term in the last series converges to zero as n tends to infinity.
Hence the sequence of series converges to zero since the dominated convergence
theorem applies by (5.4). This proves (4.6) and completes the proof of (4.5). Fi-
nally, assumptions (5.3) and (5.4) imply relation (4.20).

Now set

9) = 6 1(9) X () (0),
r=1

Hog) = = Y S0

T ied, i(r)=j
LY - 0Y, ) S By (0)
- Z’Ll(Yj —JYj_1)? ’

(0, a) = Zh i lznzy Y 1)
j=1

€D

3

Since the random vectors &1, &, ... are stationary with Ep[¢;] = 0, Theorem 4.2
implies

B, 4. (0)) = #(9) — a. (9o) ZX +op(n1/?),

and Theorem 4.1, Remark 4.2 and Lemma 4.1 imply

B(9) = &+ Ep[l (Y1(9))Y1(90) T](0 — 9o) + 0p(n~/?)
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with Y3 (09) = 3202, 6-(90) X1—,. By Theorem 2.1 we have
1 n
00 P 2 (X
We arrive at the following result.

THEOREM 5.1.  Suppose assumptions (5.3) and (5.4) hold and h satisfies As-
sumption H (with Y1 (o) playing the role of S(¥g)). Choose m = m(n) such that
m*/n — 0 and log(n)/m — 0. If 9 is n'/2-consistent for 9o, then

R(D,a.(0)) = K(90, P) + Epll! (Y (90))1 (o) T1(J — do)

+ % Z[h*(Xj) — . (90) X;] + op(n~1/?).

Computations are faster if m is small. We may choose m proportional to
(logn)'*¢ with e > 0.

Let us now show that &(J, @, (9)) is efficient for Ep[h(Y1(1))] if 9 is efficient
for ¥y. Schick and Wefelmeyer (2002a) give conditions for local asymptotic nor-
mality and characterize efficient estimators for differentiable functionals in causal
and invertible linear processes. We need only check that the functional (¢, P) =
Ep[h(Y1(¥0))] is differentiable in an appropriate sense, with efficient influence func-
tion equal to the influence function of &(J, d. (9)).

We assume from now on that P has finite Fisher information I(P) for location,
i.e. P has an absolutely continuous density f and I(P) = [(*dP < oo, where
= f'/f. We also assume that the matrix V(dy) = Ep [5151 ] is positive definite.

Local asymptotic normality and differentiability require a local model. It is in-
troduced in Schick and Wefelmeyer (2002a) as follows. Set

G={g€ L.(P) /gdP /:vg P(dz) = 0}.
For g in G define P, 4 by its P-density 1+ n~1/2g, with
9n =G — /?mf dP(/%ﬁT dP)flvm
where y(z) = (1,2) " and v, (x) = (1, —n/$ vz An!/%)T and
Tn = /gl[lgl < n!%)(x —n"Py)e(y) dy,

with ¢ the standard normal density. Set ¥, ; = ¥o +n~'/2t for ¢ € R%. The argu-
ments of Theorems 2.2 and 4.1 yield the following.

THEOREM 5.2.  Suppose assumptions (5.3) and (5.4) hold and h satisfies As-
sumption H (with Y1(9) playing the role of S(¥o)). Then, for each (t,g) € RY x G,

12 (k(Ont, Po.g) — K(P0, P)) — Ep[h'(Y1(90))Y1 () "]t +/h*g dP.
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Schick and Wefelmeyer (2002a, Section 5) construct a least dispersed regular
estimator J, for 9J¢. It is asymptotically linear,

:M—*

Z (00)I(P)) ™ &;6(X;) + 0p(n~"2).

By Theorem 5.1, the substitution estimator é(ﬁ*,&*(ﬁ*)) is also asymptotically
linear,

(0., 0.(0.)) = 500, P) + = > [Bp [ (4(90)¥2 (90) IV (90)T(P)) E4(X;)

j=1

x>

 ha(X5) = . (90) X ] + 0p(n1/2).

By the characterization in Schick and Wefelmeyer (2002a, Section 2), Theorem 5.2
shows that the efficient influence function of (¢, P) equals the influence function

of the substitution estimator #(J,, d.(9,)), so that the latter is least dispersed and
regular for (%, P) = Ep[h(Y1(90))].

6. Variance reduction in a special case. We illustrate our results with the
autoregressive example considered in the Introduction. Let Yp,...,Y, be observa-
tions from the AR(1) model ¥; = ¥9Y;—1 + X; with |[¥g| < 1 and independent and
identically distributed innovations X; with distribution P, density f, mean zero
and finite fourth moment p4, where pi = kaP(dx), k = 2,3,4. We also assume
that P has finite Fisher information I(P) = [¢*dP for location, where ¢ = f'/f.

We want to estimate the stationary variance

— k(¥ P) = E[Y?] = [(Zﬁo H

Here h(x) = 2. The stationary variance reduces to

2 M2
ag —1_19%.

We consider the following estimators. The empirical estimator of o2 is
TN
=2
j=1

and has influence function
1

1_—193(312 — 952 — pi2).

The improved empirical estimator of o is
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with fi, as defined in (1.1) and 0)# the least squares estimator:

b, — E?:l Y 1Y;

*x — ~—=n__ _<>;o
Y Y
The improved empirical estimator has influence function
1 2 2,2 K3
— 9§z — e — —(y — Yox )
1_19%(21 0 H2 M2(y 0)

For these results we refer to Example 2 in Miiller, Schick and Wefelmeyer (2001b).

Finally, we write 62 (J) = &(J,a.(d)) for our estimator of ¢2. Suppose that
0 is asymptotically linear with influence function w. Then, by Theorem 5.1, our
estimator is asymptotically linear with influence function

1 2190/12 2 3
: —Dox)® — py — By -0 )
g (T wten) + (v = d2)? = o = Ly — o)
The least squares estimator ¥, has influence function
1—92
w(z,y) = Oy — o).
M2

An efficient estimator 19# has influence function
193
p2I(P)

If we use an estimator {4, then the estimator &i (64) is efficient by Section 5. In
the particular case of estimating moments, simpler efficient estimators are given
in Section 6 of Schick and Wefelmeyer (2002a). In particular, a simpler efficient
estimator of o2 is

w(z,y) = xl(y — Vo).

A% ~

. ~ N M3 .
- with (5 = fig — —fi1.
9 ? M2

The estimator is obtained by replacing ps and 9o in 02 = us/(1 — 93) by effi-
cient estimators. The eflicient estimator (15 of uo uses the constraint p; = 0. Of
course, both efficient estimators for o2 are stochastically equivalent. This can be
seen directly by simplifying &i(é#). More generally, /i /(1 — U2) is stochastically
equivalent to &i () for any n'/2-consistent estimator 9 of ¥g.
Next we determine the asymptotic variances of these estimators. The empirical

estimator 62 has asymptotic variance

1

192
- 2 270

2
U5
The improved empirical estimator 62 has asymptotic variance

1

1 v M_%)
(11— 93)? '

2 2
_ 4220
(/‘L4 Ha + o 1— 193 Lo
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One calculates that the estimators 6%(9*) and /i3 /(1—02) have the same asymptotic
variance. Finally, the efficient estimators 6% (64) and 15 /(1 — %) have asymptotic
variance
1 ( 2 4pa?3 13
S PO T B}
=g\ BT IR =9 e

2

The relative asymptotic variance increase of the empirical estimator 6< over the

efficient estimator is
I(P)(1 — 933/ p2 + 403 (uaI(P) — 1)
I(P)(1 = 98)(pa — pi5 — 3/ p2) + 403 o

For the improved empirical estimator 62 the relative asymptotic variance increase
is

A0 2 (p2 I (P) — 1)

I(P)(1 = 93)(ua — 3 — p3/ua) + 4032
These estimators are efficient for values of ¥y and P for which the corresponding
ratios are 0. The second ratio is zero if and only if 99 = 0 or u2I(P) = 1. The latter
happens if and only if P is normal. Thus, the improved empirical estimator 2 is
efficient if and only if 99 = 0 or P is normal. The first ratio is 0 if and only if u3 = 0
and also ¥y = 0 and oI (P) = 1. Thus, the empirical estimator 62 is efficient if P is
the normal distribution. For other distributions, it is efficient if and only if ¥ = 0
and puz = 0. The two ratios are the same if and only if pu3z = 0, which is the case for
symmetric P.

If 9y is close to 1, both ratios are close to pusI(P) — 1. Note that pusI(P) — 1 is
the relative variance increase of the sample mean versus the efficient estimator in
the location model generated by P. It is well known that pusI(P) — 1 can be large
if P is not normal.
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