EXPLICIT TRILINEAR FORMS AND THE TRIPLE PRODUCT L-FUNCTION

MICHAEL WOODBURY

ABSTRACT. We study the central value of the triple product L-function L(1/2,II) where II = m ® w2 ® 73
and each m; is a cuspidal automorphic representation of GLg over a number field F'. This work verifies a
hypothesis of Venkatesh which predicted that the central L-value is bounded by a certain period integral. By
bounding the period, Venkatesh showed that under his hypothesis L(1/2,1I) satisfies a subconvexity bound
in a certain level aspect. A relationship between periods, the L-value in question and local trilinear forms
is provided by the work of Ichino. In this paper, we make Ichino’s formula explicit by calculating these
trilinear forms on various vectors. In the process, we complete the application to subconvexity as well as
give a new proof and generalization of Watson’s formula.

1. INTRODUCTION

The theory of L-functions has played a central role in number theory from its origins in Dirichlet’s proof
of the density of primes in arithmetic progressions to the present day. In this paper we consider the so-called
triple product L-function. We have Il = 7 ® w3 ® w3 where each m; is an automorphic representation of
GLz(F) for a number field F, and we consider the central value L(3,1II). (See Section 4.1 for the definition
of L(s,1II).)

Understanding the value L(1,1I) began with work of Garrett[10] and was furthered by Gross-Kudla[13],
Kudla-Harris[16],[15] and others. An especially beautiful formula was given by Watson[36] for many choices
of ;. Recently, Ichino [17] gave a very general formula extending these results. Although his result is more
general than Watson’s, it is less explicit. The results of the present paper can be interpreted as making
explicit the formula of Ichino. We do this by computing certain local trilinear forms. As a consequence, we
also obtain a generalization of Watson’s formula.

It is often the case that controlling the growth of the special values over a family of L-functions has number
theoretic applications. For example, if ((s) is the Riemann-zeta function then ¢ (% + it) can be interpreted
as L(%, m¢) for 7y a family of automorphic representations of GL; varying in the “t-aspect.” The principle
of convexity gives bounds on these values, but for number theoretic applications, an improvement on this
bound is usually required. For the case of {(s), convexity gives

IL(1/2,m)] = [¢(1/2+it)| < ¢,

but the expected bound of the Lindelof conjecture (a consequence of the Riemann hypothesis) is that for
any € > 0,

[L(1/2, )| < JH°

The convexity argument works quite generally for L-functions of the type L(s, o) where o varies over, for
example, automorphic representations of an algebraic group G. Many papers have been dedicated to proving
subconvexity results for various choices of G and for families varying in so-called “t-aspect”, “eigenvalue
aspect” and/or “conductor aspect.” We refer the reader to [26] where the cases of G = GL,, for n = 1,2 are
treated uniformly in all aspects, and references are given.

Another important application of the results of this paper, and the initial motivation for this work, is
to prove a conjecture of Venkatesh [34, Hyp 11.1] which has appliction toward subconvexity for the triple
product L-function.

Bernstein and Reznikov, in [2], apply Watson’s formula to establish subconvexity in the “eigenvalue
aspect.” They fix two Maass forms and vary the eigenvalue of the third form. Venkatesh [34] dealt with
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subconvexity of the triple product L-function in “level aspect”. Using ergodic theory, he establishes bounds
for the period integral

(1.1) T(p1 ® 03 @ gg) = / o1(9)02(9)pa(g)dg
PGLy(F)\PGL2(Ap)

for varying choices of ¢; € m;. In particular, he proved the following.

Theorem 1.1 (Venkatesh). Let F' be a number field and 71,72 automorphic cuspidal representations of
PGLy(Ap) with (finite) conductors ny,ny respectively. Let ms be another such representation with prime
conductor p { ning. Let @ be a uniformizer of F,. For given ¢; € m; (i = 1,2) fized by GLa(Oyy), we put
e=p1@p((® " |))p2 ® @3 where @3 € 73 and p is the right regular action. Then

1-4a)(1-2a)

e Q-10)1-20)
(1.2) |J(0)] Kemr,ma llp1llLallollallps]l L2 N (p)™ 76—

where ||f||Le is the standard LP-norm, and « is any bound towards Ramanujan for GLy over F. (We can

take a = 1/9 by Kim-Shahidi21].)

Venkatesh conjectured an upper bound for the central L-value in terms of |J (<p)|2 which would then give
a subconvexity bound for the central L-value L(%, IT). (See Corollary 1.5.) To describe it properly, however,
we need an analogy of the period integral J(¢) for a quaternion algebra B over F.

Remark. The subconvexity results for GL; and GLy L-functions of the paper [26] of Michel and Venkatesh
are established by first proving subconvexity for L(1/2,1I) where IT = m; ® m ® 73 is a triple product just
like we study here, but such that one or more of the representations m; is associated to an Eisenstein series,
i.e. not cuspidal.

1.1. Statement of results. We begin by setting notations. Let m;, denote irreducible admissible repre-
sentations of GLo(F,) for ¢ = 1,2,3. Write wfv for the corresponding representation of B,, the division
quaternion algebra over F,,, via Jacquet-Langlands. (This is zero if none exists.) Put II, = 71, @ 72, @ 73 .
Globally, we let II = m; ® 1o ® w3 where each m; = ®/ T is a cuspidal automorphic representation, and
if B is a quaternion algebra over F, we define II? to be the corresponding automorphic representation of
B* x B* x B*. For an algebraic group G over F' we denote [G] = Z(G(A))G(F)\G(A).

Recall that a quaternion algebra B/F is determined by a set of places ¥ = X5 of even cardinality where
v € ¥ if and only if B(F,) is a division algebra. We call v € ¥ ramified.

Given a global (or local) representation II = &®'TII, (or II,) as above, there exist certain holomorphic
functions &,(s,1I,1,) depending on a choice of additive character ¢, : I — C*. See [32] for details of
their definition and properties. In particular, in the global case, if ¢ = ®1, is trivial on F', the function
e(s,II) :=[], €v(s,11, %) is independent of ¢, and the L-function satisfies the functional equation

L(1 — s,10) = e(s, ) L(s, 1I).

Moreover, if the central character of IT is trivial (which we will always assume) then II ~ II and go(3,10) = £1
is independent of v, Denote the set {v | €,(3,1I) = —1} by X(II). This is a finite set.

Notice that J : II — C as given in (1.2) is a GLy(A)-invariant linear form. Prasad showed that the
existence of a GLg(A)-invariant form on II is determined by the local epsilon factors. In [29] he proved the
theorem below in almost all cases. Loke[25] completed the remaining cases.

Theorem 1.2 (Prasad,Loke). With the notation as above, the following holds.
(1) dim Homgr,(r,)(Il,, C) + dim Homp, (3. ,C) = 1.
(2) dimHomgr,(r,)(Ily, C) = 1 if and only if £(5,11,) = 1.

In particular,

(3) When &(3,11) = 1 the global quaternion algebra B = Bri/F whose ramification set is (1) is the
unique quaternion algebra for which Hompgx (4) (ITB,C) # 0.
(4) When 5(%71'1) = —1 one has Hompx (4 (1B, C) = 0 for all quaternion algebras B over F.

We will prove the following in this paper.



Theorem 1.3. Fiz w1, m cuspidal automorphic representations of GLy over a number field F with conductors
ny, no respectively. Fiz an ideal n. Let w3 be cuspidal automorphic with conductor np for any fived ideal n
and a prime p { mngn. Let @w be a uniformizer of F,. Let Sy = {q | ged(ny,ne,n)}, and So the set of
infinite places. Then there is a quaternion algebra B over F' such that ¥p C S; U S and there is a finite
set of vectors FB C 7B fori=1,2 such that

2
(1.3) L(3,m ®@m ®@73) <epr N(p)t+e ‘f[Bx] 1(b)pa(b (=" 1))@3(b)db‘

as N(p) — oo and the Langlands parameters of 3 o, remain bounded by R, for some p; € FP (i =1,2) and
p3 € 7T:§3 a new vector.

If v is a real place then 7, is isomorphic to either 7T§is a weight k-discrete series representation or a principal
series my. If v is complex then 7, is isomorphic to a discrete series w(sc’k. (See Section 6 for definitions.)
The condition that the Langlands parameters of m3 o remain bounded means that the values s, k allowed to
appear in 73 o, are restricted to a fixed bounded set R.

We also obtain a generalization of Watson’s formula to totally real number fields. In particular, we prove

the following. (See Theorem 5.1 for the more general statement.)

Theorem 1.4 (Watson when F' = Q). Suppose that F is a totally real number field and let 1 be a cuspidal
automorphic representation as above of squarefree level M. Moreover, we assume that for each v | 0o, ;4
are discrete series representations such that the largest weight is the sum of the two smaller weights. Let B
be any quaternion algebra such that TI® # 0, so 0p = HpeEB p divides N. Let e, = sv(%, IL,), and, for finite
v, let q, be the order of the residue field O,. Then

2
’ / o(b)db
(5]

_ _32¢(2) L(5,10)
(1.4) =|Ap| 2 "% L(LILAd) IZICU

3
11 / o (B2 db
i—1Y[B%]

where db is the Tamagawa measure on [B*] (defined in Section 2.2), p = ¢1 ® p2 ® p3 with ¢; a new vector
of T8 (chosen so that the sum of the weights at each real place is zero), Ap is the discriminant of F, and

1 if v oM
o) =g vl
0 el o) |0 vtop
2 if v | c0.

The formula as stated in [36] appears slightly different only because it is presented in the language of
classical modular forms. Note that this confirms Prasad’s theorem in this special case.

1.2. Application to subconvexity. From henceforth we will assume without loss of generality that 5(%, II) =
1. Under this assumption, Theorems 1.1 and 1.3 imply the following.

Corollary 1.5. Let IT = m; ® mo ® w3 where m; are cuspidal automorphic representations of PGLo over
F with w1, 7 fized and 73 has prime conductor p. For all w3 such that (I1) = 0, one has the following
subconvezity bound.

L(3,10) <nyo N(p)'-12

We describe the limitations of this corollary. We first remark that if v is a nonarchimedean place then
EU(%,HU) = +1 whenever any one of the representations is unramified. In particular, this implies that
sv(%, my) = +1 for all but finitely many v. Analogously, if v is archimedean then 6(%, I1,) = +1 if any one of
m; » is not a discrete series. If all three are discrete series of weights k,! and m where k is the largest weight
then 5(%,1‘[1,) = —1 if and only if kK < [+ m. If this is the case, we say that II, is balanced. Otherwise, we
say II, is unbalanced.

Because Theorem 1.1 requires that niny, be relatively prime to the conductor of 73, which is required to
be a prime p, we see that in this case the quaternion algebra B for which (1.3) is satisfied ramifies exactly at
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real primes v such that 7y ,, 72, and 73, are discrete series and for which II, is balanced. In other words,
the only restriction on II is that at each real place v either

e at least one of the representations is a principal series, or
e if all three representations are discrete series, the weights are unbalanced.

If Theorem 1.1 could be generalized to arbitrary quaternion algebras, our Theorem 1.3, would be enough
to make Corollary 1.5 unconditional.

Theorems 1.3 and 1.4 are obtained via the formula of Ichino and the explicit calculation of certain local
trilinear forms. The nonvanishing of the said forms was already known by the work of Gross-Prasad [14],
but our contribution is the exact evaluation of each. Ichino’s result is discussed in Section 2. The local forms
are constructed first via matrix coefficients. In Section 3 these matrix coeflicients are completely determined
for our particular choice of vectors. Then, in Section 4, we evaluate the trilinear forms using the results
on matrix coefficients. Theorem 1.4 and further generalizations are discussed in Section 5, and in the final
section we complete the proof of Theorem 1.3.

2. GLOBAL TRILINEAR FORM

In this section, F' is a number field with ring of adeles A = A, v a place of F' and F,, the corresponding
completion. Let G = GLy with center Z and Il = m ® o @73 where each 7; is a unitary cuspidal automorphic
representation of G over F'. If w; is the central character of m; then we require that wywsws be trivial. We let
L(s,II) denote the triple product L-function, L(s,II, Ad) = H?Zl L(s,m;, Ad) with L(s,m;, Ad) the adjoint
L-function attached to m; and (r(s) the zeta function of the number field F. See Section 4.1 for precise
definitions. We use the subscript v to represent the analogous local L and zeta functions. We may assume
that B is a quaternion algebra defined over F' for which II17 # 0.

2.1. Ichino’s formula. The central identity which we will use to relate the period on the right side of
(1.3) to the L-value on the left is due to Ichino[17] and arises when studying the space Hompgx (4)(II%, C) of
B*(A)-invariant linear forms where B* is embedded diagonally into B> x B> x B*. These are the so-called
trilinear forms. Theorem 1.2 tells us that this space is at most 1-dimensional.

It is more convenient to work with bilinear forms:

(2.1) HOme(A)XBx(A)(HB@)ﬁB,(C)

It is elementary to see that Theorem 1.2 carries over to this setting. In particular, since dim Hom (M8 ® ﬁf ,C) <
1, the space in (2.1) is again at most 1-dimensional. Moreover, letting db be a Haar measure, there is a
choice of invariant form:

(2.2) Io®d) = /[ e [ 512550 b
BX BX

Locally, there is also an obvious choice of B*(F},)-invariant form. Let
(2.3) (v ﬂ—fv ® %fv —C
be any B> (F,)-invariant pairing. Note that this is unique up to nonzero scalar. For ¢, = @1, @2, @3, €
12 and @, € 12 defined similarly, this gives a matriz coefficient
<Hf(gv)@v7§5ﬂ>v = <va(gv)@1,vv&1,v>v<ﬂfu(gv)W2,u,@2,v>v<ﬂ3€v(gv)@3,va853,1))1)
such that

I{;(Sav ® Py) = / <Hf(gv)‘:0m§5v>vdbv
FX\B*(Fy)

is B*(F,)-invariant. We assume that db, is any measure such that vol(F,*\B*(0O,)) = 1 for almost all v, so
that db = C' ] db,, for some constant C. (We will choose measures in Section 2.2 so that C' = A;g/QQF(Q)_l.)
Ignoring possible issues with convergence, I and [[, I, are both elements of (2.1), and so they must differ
by a constant. This is formalized by Ichino in the following.
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Theorem 2.1 (Ichino). Let I, I, be as above and

(2.4) L(p0 ® ¢v) = CF, (2)72 I (00 ® Bo).

Then L(€2822) — 1 for almost all v, and

<4P'u®$'u>v
I{p®p)
H?:l f[Bx] @j(b)%’(b)db

whenever the denominators are nonzero.

(2.5)

_ 293 Cr(2)? LL<§7H) ) H L(py ® 3y)

(LHaAd <@va¢v>v

Note that on each side of (2.5) the dependence on the choice of pairings (2.2) and (2.3) is removed by
dividing by (on the left side) by [] [5x @i ® @idb or (on the right side) by (@y, Py)o-

In the case that the central characters are trivial, II is self dual and I~ II. Using the composition of the
injection IT < II x IT given by ¢ — (¢, ) with (2.2) yields a quadratic form, namely
2

(2.6) I(0) = I(py ©7,) = /[G] o1(0)02(0)s(9)dg|

such that I(¢) = |J(¢)|? in the notation of Theorem 1.1. Hence Ichino’s result provides us with the necessary
tools to prove Theorem 1.3. Indeed, we will derive exact formulas for I,,(¢,) := I,,(¢®%p) from which sufficient
lower bounds will be obtained. (See, for example, Corollary 4.2.)

As described in the introduction, the functional equation implies that L(%,H) must be zero unless
5(%,1’[) = 1. Thus Theorem 1.2, together with (2.5), implies one direction of the fact conjectured by
Jacquet and proved by Harris and Kudla in [15] and [16]. We record their result here as it will be used in
Section 6.

Theorem 2.2 (Harris-Kudla). The central value L(%,11) # 0 if and only if there exists some B and some
¢ € IP such that Jixy #(b)db # 0.

By Theorem 1.2, the quaternion algebra B is that for which ¥z = X(II).

2.2. Measures. Let F, be a p-adic field with O, and ¢ as above, and let B,, be a quaternion algebra over
F,. If B = GLy(F,), we choose the (multiplicative) Haar measure db, (or dg,) to be that for which the
maximal compact subgroup K, = GL2(O, ) has volume 1. We abuse notation and also denote by db, (or by
dg,) the measure on PGLy(F,) consistent with the choice above and the exact sequence

(2.7) 1— F) — GLo(F,) — PGLy(F,) — 1.

This means that the image of K, in PGLy(F,) again has volume 1.

If B, is division then it contains a unique maximal order R,. We denote by db, the Haar measure on
B for which R has measure (¢ — 1)~!. Again, we write db, for the measure on PB* compatible with the
analogous exact sequence to (2.7). We remark that R has index 2 in F\B)S, and so vol(F,\B)) = q%l.

In the real case, let dz be the standard measure on R such that the volume of [0,1] = 1. Define the
subgroups

Noo ={n(z) = (17) [z e R}, A ={aly) =("1)|a e R"},

Koo — {"’QG — ( cos 0 sinH) | 0 c [0727.‘_)}

—sin 6 cos 6
of GL2(R) or PGL3(R). The we define the Haar measure via
1 dyd 1
(2.8) e — (1 — y~2)dfy dydfs

2 )

in the NooAoo Koo and Koo Ao Koo coordinate systems respectively. Note that in KA. Ko coordinates we
take a(y) only for |y| > 1.
We recall the notion of Tamagawa measure. As described in [27], for a connected linear algebraic group
G defined over a number field F', a measure w defined over F' determines measures w, such that for almost
all p, the volume of G(O,) = ¢~ M E#G(p) where G(p) represents the group obtained from G by reducing
modulo p.
5



For semisimple groups G, the Tamagawa measure can now be defined on G(F)\G(A) by giving G(F) the
counting measure as a discrete subgroup of G(A) and defining

dgs = |Ap|” 2 ] w,

where Ap is the discriminant of F'. In particular, for the case at hand of a quaternion algebra B defined
over F', and G = PB*, it can be checked that w, = (E}(Q)dbv. Therefore, the measure dby on A*\B*(A)
which corresponds to the Tamagawa measure db on [B*] is

dbp = C[dbs, =675 (2).

This constant C is exactly the constant appearing in Theorem 2.1 for our choice of measures.

By way of comparison, we recall that Ichino defines measures d*b, on PB,‘ by choosing a nontrivial
additive character v = ®,, : A/F — C* and letting d*b, be the Haar measure that is self dual with respect
to the Fourier transform. For places v that are unramified over QQ and for which ,, is level zero, the measures
d*b, and db, agree. More precisely, dby = C’ [[ d*b, with C’ = (r(2)7L.

We remark that the Tamagawa number of PB*, i.e. the volume of [B*] under Tamagawa measure, is 2.

3. MATRIX COEFFICIENTS: NONARCHIMEDEAN PLACES

We fix the following notation for this section. Let F' be a p-adic field with ring of integers Op and
uniformizer w. Let ¢ be the order of the residue field Or/(w). Let v = ordg be the additive valuation, and
define |z| = ¢7¥®). Let

G =GLy(F), K=GL:(Op), Z={(*.,)€ G},
P=NA where N={('%)eG}, A={(".)ecG}
Let o, = (¥" ), e= ('), w=(;1).
We assume that x1,x2 : F* — C* are unramified characters, meaning that Xi|o; =1fori=1,2. The

character x1 ® x2 gives a representation of P. We consider m = m(x1, x2) which is the (admissible) unitary
induction from P to G of this representation. Hence 7 is the right regular action of G on the space of
functions f : G — C (i.e. [7(g)f](h) = f(hg)) such that

1/2

f(g)

for all g € G, and there exists a compact open subgroup L C G which acts trivially on f. We will follow
the common abuse of notation in using 7 to denote both the space and the action. Note that m need not be
irreducible.

The contragradient 7 of 7 is equal to 7T(X1_1,X2_1). Let dk be the Haar measure on G for which K has
volume one. Then the pairing

(3.2) () imxFC  (f]) = /K FO)F(k)dk

ai

(3.1) F( L) g) = xa(a1)xz(az) o

is bilinear and G-invariant. (See [1], [6] for details.) Using this one defines the matrix coefficient associated

to f, f:

@, #(9) = (7(9)f. f)-
Note that in this section we do not necessarily assume that 7 is unitary. _
We will compute explicitly these matrix coefficients for particular choices of f and f—mnamely for those
vectors that are fixed by
Ko :=Ko(w) ={(2Y) € K |v(c) > 1}.

This is a two dimensional subspace. To perform this calculation, we derive general formulas in Section 3.1
and then apply these results to the unramified and special representations in Sections 3.2 and 3.3 respectively.
First, we record some standard results regarding the decomposition of G and volumes of certain subsets.
Recall that our measure on G (or on Z\G) is that for which K (or its image) has volume 1.
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Lemma 3.1. Let Qy = K and Q,, = Ko, K forn > 1. Then Z\G = Unzo Q, and forn >1,
(3.3) Kon K = Koon Ko | Kowon Ko | | KoonwE | KowonwKy.

Moreover, all of these unions are disjoint.
Let X, ={(2Y) € Ko |v(c) =n} and Y, = {(2}) € Ko | v(b) =n}. The following table is valid.

X |K| K | Xo | Y. | KoK |Koo.Ko
— 49 ,—n 1_% —n— n not
vol(X) || 1 [ +a7 | e [ e [0+ b | 2

X KowO'nKo ‘ K()Un’wK() ‘ Ko’wO'nwKo
n—2 n

q q q

vol(X) 11 ‘ 1+1 ‘ 141

n—1

TABLE 1. Volumes of various subsets of GLy(F), F a p-adic field

These results can all be obtained by interpreting the action of K on the left or right as row or column
operations respectively. For example, to get the decomposition Z\G = U,,>(€2,,, we may assume, by multi-
plying by an element of the center that min{v(a),v(b),v(c),v(d)} = 0. Then we alter (2%) by adding any
integer multiple of one row or column to the other, and by multiplying any row or column by any element
of O*. From this description it is clear that (¢ %) = ko, k' for some k, k' € K and n = v(det (2})).

In a similar fashion we obtain the decomposition

KoK= ) (7"¢9)Ku |J w(®%)K.
acO/pn deO/pn—1

Similarly decompositions can be given for Ky double cosets, and from these decompositions the stated
volumes are apparent.

3.1. Matrix coefficient associated to Iwahori fixed vectors. Recall that @ = m(x1, x2) is the induced
representation defined in (3.1). The Iwasawa decomposition G = NAK implies that a vector f € =« is
uniquely determined by its restriction to K. With this in mind we define fy and f1 to be the vectors whose
restrictions to K are the characteristic function on Ky and KogwK respectively. Let fy and f; be the
analogously defined vectors in 7.

We call the space 750 of vectors fixed by Ky the space of Iwahori fized vectors. Note that every such
vector is a linear combination of fy and f; because K = Ky U KowKy and KowKy = (N N K)KwK,.
Moreover, if f € 70 then f = afy + bf1 where a = f(e) and b = f(w).

Using the coset decompositions of Lemma 3.1 it is immediate that

/ filkg)dk it j=0
K,

(3.4) Diylg) =D, 7 (9) =
q| filwkg)dk if j=1.
Ko
Our goal is to determine ®; j(g) for all g € G. By the G-invariance of the inner form if f € 70 and J?E 7o
and k € K then
O, +(kg) = (n(kg) [, f) = (n(g)f,7 (k) f) = @, ;(9)  and
0, Hgh) = (n(g)m(k)f, ) = ®(g).
Hence ®; ;(g) depends only on the double coset KogKy. So by Lemma 3.1 we need to perform the calculation
for each of only four Ky-double coset representatives.

Proposition 3.2. The values of ®; ; are given by q_:f times the values in the following table. (Note that
the values for ®; j(woy,) hold only when n > 0. Otherwise, the table is valid for alln >0.)
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Do.0(g) af - % %(1 - %) 0 al - é
®10(9) 0 ol o/fé 1‘?;2;71 (1- %)
Poaly) || {2555 (1) o o 0
o) | ol 0 I I

TABLE 2. Values of matrix coefficients of Iwahori fixed vectors I

Proof. We prove the formula in the case that g € Koo, Ky. Let a; = x;(w).

Let g,¢' € G. We define an equivalence relation such that g ~ ¢’ if there exists k € K such that g = ¢'k.
Since the Iwahori fixed vectors are, by definition, invariant by Ky, f;(g) depends only on the equivalence
class of g. Realizing that Ky acts on G is by column operations it is easy to see that for (‘cl g) € Ky,

(3.5) (e8)on=(=2b)~ (% Y)

where b and b’ have the same valuation.! Applying this to (3.4) (for j = 0) yields

—n/2
Do (o) = / fo((‘c‘ g) on)dk = / fo ((76" 11’)) dk = vol(Ky)alq " = g ot - -,
(2 %)exo Ko I+

and

Byo(0n) = fl(kan)dk:/K (= 0)) dk = o.

Ko

The equivalence class of an element of G of the form w (2 %) o, with (¢ %) € Ky . Using the relation
L cd cd
O =(="1( 1Y), it is not hard to show that

z 11
woww (L= ") € (1 ) wKy v(b) = n
ab -~ 07 1n w
(3.6) w (c d) On { WoW (—b ' bw{") c (wn_m o ) Ky m=uv(b) <n.

Hence, (using (3.4) in the case j = 1) we have

®o,1(0n) =¢ fo(wkoy,)dk

Ko
n—1
=q Y vol(Ym) fo((=" ™ )
m=0
1— 1 n—1
_ q Z —-m, n—m_m_m-—n/2
- 1 q al CV2 q
1+ q m=0
—n/2 1 n-1 —n/2 n__ ,n 1
q n -1 ym _ 4 Q] — @
= (I==)at p (o7 )™ = - —(1--)
1+1 q g::o 1+ol—aitay q

IIn the calculations below we will abuse notion by writing b instead of &’ which differs from b by a unit (and similarly for
¢,c’.) Since our character x is unramified, this is harmless.
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and

@4 1(0n) =¢ f1(wkoy,)dk
Ko

=g Y vol(Yiu) fu((* ) w)

q n_—m,_n n
= 1 Qo q q = 1 Qg .
1+g = 1+3

These results give the values in the first column of Table 2. The calculations for the other columns are
similar. The only nuances are that the decompositions analogous to (3.5) and (3.6) may depend instead on
v(c) and take a slightly different shape. We leave the details to the reader. O

3.2. Application to unramified representations. Strictly speaking, the calculation of the local trilinear
form could be carried out at this point using the results of Proposition 3.2 with respect to the basis {fo, f1}
of Iwahori fixed vectors. However, it turns out that the calculations are drastically simplified by using a
different basis. In this section we describe this basis and the corresponding matrix coefficients in the case
that x1x5 ' # Hil. This implies that 7 = w(x1, x2) is irreducible. It is called an unramified principal series.

The vector ¢g = fo + f1, which we call the normalized new vector, is obviously fixed by K and, in fact,
7K = Cg¢o. Note that ¢g(e) = 1. Using bilinearity, <I>¢0750 = Z” ®; ;. It is easy to see that <I>¢O’($0 is
K-biinvariant, so using only the first (or any other) column of Table 2 above, we obtain the well-known
formula of Macdonald. (See, for example, [7, Theorem 4.6.6].)

Proposition 3.3. Let m = m(x1, x2) be an unramified admissible representation of GLy(F). If gbo,qNSO are
the normalized new vectors of © and T respectively then the function <I>¢O 3, i K -biinvariant and

“nj2 1_ oo ] _ oz’
P ~ (o — n q +an q
¢o,¢o( ”) 1+ % 1 1— 051_1042 2 1— 041012_1

form >0 and o; = x4 (w).

Recall that m = 7(x1, x2). For 7’ = w(x2, x1), there is exists an intertwining operator
(3.7 M:m—.
The map M is given by the formula

(3.8) (M1)(g) = /F fw(17) g)de

whenever the integral converges. It is defined elsewhere by analytic continuation.

Lemma 3.4. Let 7 = w(x1, x2), and 7 = 7(x2,x1). Let ¢o (respectively ¢p) be the normalized new vector
of w (resp. ') as above. Let ¢1 = fo — %fl, and let ¢} be the similarly defined vector in w.. Then

_oagt _ojla
9) Min= gy md Mo =t
1-— Q10 1- Qg

Given this result we abuse notation and call ¢g, ¢1 eigenvectors of the M.

Proof. As was remarked at the beginning of Section 3.1, if f € V then
Mf=afy+bfi where a=DMf(e)andb= M f(w).
Using the identity (91) = (=2"1) (.1 9) one deduces that

0 x z 1

))_{0 ifx e O

(3.10) folw (5 =) xe(z) |2 Y ifz ¢ Op,
9



and

(3.11) Jo(w (

Therefore, by combining (3.8) and (3.10) we have

o=

. |1 ifzewOp
1)w)—{ 0 ifzx ¢ owOp.

= Z vol(w"Or)(a; tag)"
n=—1
1. 1 ala_l
=1-- aay )" = (11— -)—2—
(1= e ) = (1= )

Similarly, (3.8) and (3.11) combine to give M fo(w) = vol(wOF) = %. So?

1 041042 1
3.12 Mfo=(1—-)—————fy +
(312) fo= = DT A
A similar calculation for f; shows that
_1
Mfl fO 1— — — 1 fl
Using the linearity of M, the result follows. O

We have now completed all of the computations necessary to prove the following extension of Proposi-
tion 3.3 using the basis {¢o, ¢1} of eigenvectors of M.

Proposition 3.5. Let m = m(x1,X2) such that x1x5 " # +|- | Let ¢g, ¢1 be the eigenvectors in the sense
of Lemma 3.4, and d)g,d)l the analogous vectors in ™ = 71'()(1 » Xa ) The values of the matriz coefficients

Vij(g) =2, 5 (9) are % times the values given by Table 3 in which
i Pj q

] oz’ 1_ oiles

— q
A—1 -, N —
— a0 —aj o

Note that A is the eigenvalue of ¢g and —B is the eigenvalue of ¢1.

LG ] 2p50m) [ 2550 | 2 50mw) | @ 5 wonw) |
(0,1) q(a1 —a3)A —(of —a3)A %(0‘? —a3)A —(of —a3)A
(1,0) | (of —a3)B (of —af)B | —g(af —a5)B | —;(af —af)B
(1,1) | g(afA+a3B) | —(afA+ a3 B) ——(alAJr ayB) | ;(ef A+ a3 B)
0,0) | B+ ajA B+ ab A alB+abA alB+ o A

TABLE 3. Values of matrix coefficients of Iwahori fixed vectors II

2In all of these calculations, we see that the integral converges if and only if |a o 1| < 1. However, via analytic continuation,
the results are the same for all ’X1X2_1’ # 1.
10



Proof. In the case of ¥; g = @ we see that

b1,00°
Uy 0(kg) = (n(kg)pr, do) = (n(g)dr, T(k™ o) = (m(9)d1, b0) = ¥1,0(g)

forall k € K. So ®(o,) = ®(wo,,) and ®(wo,w) = ®(o,,w). Now we use the bilinearity of matrix coefficients
to write

1
Py, 7, = oo+ Po1 — E(‘I’l,o +®11),

and calculate the value on o, using Table 2:

U1 0(0m) = B0.0(0) + D01 (o) — é(@l,()(an) 4 @14(00))

1 al —ay 1 1
=t -+ —-">=(1--)— =0+ ab
Lt T () g 0 ad)

1 1-2
= (a" — al 74»711
(1 2)(61 1a1_1a2>

-1
G-+ -

1—a; oy

For wo,w:

U o(wopw) = g o(wop,w) + @o 1 (wo,w) — %(@1,0(11)0”10) + @11 (wo,w))

:ag%_i'_o_%( al—al (1_%)—’—04?)

—T
l—aiay

1—1
= Lot —a3) (1- i) = —L(at —ap)B.

1—a1a2

The computation of ¥y,1(0) = @, 5 (04) is similar:

V1 1(on) =Poo(on) — %((I)O,l(an) + ®10(0n)) = q%@l,l(Un)

1. n_ 1 1— 1 af —ay 1 n

M q( q)l—a;1a2 T

1 nq - % n (1 - %
_5 0[1 o 1—a;1a2 + 042 E + 1—af1a2

=(af A+ ayB).
The formulas for ¥q 1 (woy,), ¥1,1(opw), U1 1(wo,w) and for <I>¢O 5, are derived in the same fashion. The
final row is just a restatement of Proposition 3.3. g

In order to prove Theorems 1.3 and 5.1 we will need to know something about the matrix coefficient
Uyo = <I>¢2 e where ¢o = (W_l 1) ¢o. (In particular, see Corollary 1.5.) By way of the following lemma
and a messy calculation, one could give a formula for W5 5 similar to those of Proposition 3.5.

Lemma 3.6. Let 7 = n(x,x '), and a = x(w). Let ¢o = (# ") ¢o € m where ¢q is as above. Then
¢ € T, More precisely,

b = —

— —1y,—1/2 —-1.1/2 —-1/2
1+(1](<a+oa Ja 20 + (072~ aq "))

Proof. Let k= (2Y) € Ky. Then
$2(gk) = do(g (25) (= 1))=¢>o(9(‘”’1 b))

cw td

=do(g (= ) (LT ) =7((= " 1))¢p.ol9) = Ppalg)

since ("1 ") € K and ¢y is fixed by K.
So ¢ = ¢a(e) fo+ Pa2(w) f1. Writing this in terms of the basis {@g, ¢1} and simplifying leads to the desired
result. |
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3.3. Application to the special representations. We remark that the results of this section are not
new. The matrix coefficient of a Steinberg representation was given by Godement-Jacquet in [12] for GL,,,
and by Borel [5] in general®. However, the present proof is included since it follows so neatly from the results
of the previous section.

If xixs - Hil then the resulting induced representation is reducible. Indeed, writing
1/2 -1/2 ~ 1 -1/2 -1 1/2
m=a(c Y2 T and F = a G,
this is reflected in the exact sequences
(3.13) 0—oy —m7—C, —0,
(3.14) 0 —Cy-1 —7T—0y-1—0

where C,, is the 1-dimensional space on which G acts by u(det g) and o, is a special representation.

[ g I On \ woy, \ TpWw | wo,w |
o0(e) || ‘)‘"(q;‘;*") 0 o
B | 0 e
By1(g) “"(q]l;gfm) "‘fj{; “f’j; 0
21.1(9) fres 0 U | e

TABLE 4. Values of matrix coefficients for m = 7(x |'|1/2 % |~|71/2)

2 and ap = ag~ /2. Using these values of oy, o, we rewrite Table 2

—n/2

We write o = x(w). So a; = aq'/
including the factor 4 as Table 4.
Our standard model of o, will be as a subset of 7 as in (3.13). We will see that 7, ~ ¢, -1 which could be

considered as a subset of 7(y ! |~|1/2 Xt \-|71/2). However, for the purposes of computing the inner form
(3.15) (,)royxaoy —C
it is better to consider 7, as the quotient 7/C,-1 as in (3.14). As a matter of notation, given these models

of oy and o, -1 we use letters f, ¢ to denote elements of 7w (or o), f, (E to denote elements of 7, and f, ¢ to
denote elements of o, -1. The following is a well-known result.

Lemma 3.7. The pairing on © x 7 defined in (3.2) descends to a well defined pairing on oy x o,-1. That
is to say, if f € oy and f € o1 then

f) = k) f(k)dk
(f, ) / f(k)f(k)
for any f € T whose image in o1 is f.

Note that % = ﬁ) + ‘]?1 € 7 is K-invariant so it’s image in o, -1 must be zero. Therefore, as a corollary
to Lemma 3.7, we have that

(3.16) /K F(k)dk: = /K Jdo(k)dk = (f,0) = 0

3What we call the special representation in this paper is a twist of the Steinberg representation of GLa.
12



for all f € 0. In other words, if f € o, then fK f(k)dk = 0. In fact, the converse is also true. Namely if
f € missuch that [, f(k)dk =0 then f € oy.

The space afﬂ is well known to be 1-dimensional. The vector ¢ = fo — % f1 € m meets the criterion above,
hence is an element of o,. We call it the normalized new vector. In order to choose a new vector in o
consistent with the choice of ¢, note that by

M7 =m( TN Y = A X T =

—1 is isomorphic to a subspace of 7'.

X—l

Ox

So we define the normalized new vector ¢ of oy-1 to be the image of any vector 5 for which M (5) =

fo— %f{ By Lemma 3.4, M(~0 — %fl) =(1+ %)51. A simple calculation then shows that (1 + %)(El and fo
have the same image in o, -1.
We now have all of the necessary ingredients to prove the generalization of Proposition 3.3 to the case of

7 a special representation.

Proposition 3.8. Let x be an unramified character of F and o = x(w). If ¢,¢ are new vectors of a
special representation o, and its contragradient o, -1 respectively, the value of the matriz coefficient ® =
4, .5./Ps,. 5 (e) is determined by the Table 5 in which n > 1.

L g [ w | on | won [ oaw  [wouw |
’ B(g) H ¢! ‘ atq " ‘ —atg " ‘ —atg ‘ g " ‘

TABLE 5. Values of matrix coefficient associated to the new vector of a special representation

Proof. We take ¢, ¢ as above. Then ¢ is the image of ﬁ). So, by Lemma 3.7,

Py, .5,(9) = <Ux(9)¢»¢_5> = / (fo— %fl)(kg)ﬁ)(k)dk = ®o,0(9) — %‘1)1,0(9)-
K
The result can now be deduced from Table 4. O

Remark. For all of our applications we are interested in determining IEZ%?). Since (¢, 5) = ¢$(e), it is

convenient to normalize ® in this way.

4. LOCAL TRILINEAR FORMS

In this section we compute the term I,(p,) appearing on the right hand side of (2.5). To this end, we
tabulate the local L and zeta factors that appear in Ichino’s formula in Section 4.1. In Section 4.2 we
calculate the forms I/ (p,) using our results above.

We now assume that all local representations are unitary. In the unramified case this means we only
consider 7(x1,X2) and that x;(w) is either complex with absolute value 1 for ¢ = 1,2, or else x1(w) =
X5 (@) = ¢~ for some real A which we can assume to be in the interval (0, %) (The latter case are the
so-called complementary series.) In the case of special representations oy, x we may assume without loss of
generality that x? = 1.

4.1. Local L-factors. Let F' be a nonarchimedean local field with uniformizer w, and let g be the order of
the residue field. We let x, v, u: F* — C* be unramified characters (perhaps with subscripts), and denote
v = x(@), B =v(w) and a = p(w) (with subscripts if , v, 4 have subscripts). Then L, (s, x) = (1—vyq~ %)~ !,
and the local zeta function is (p, (s) = Ly (s, 1).

Corresponding to each irreducible admissible representation 7 of GLo(F') there is a representation p :
Wg — GL3(C) of the Weil group. Any representation p of the Wg gives rise to an L-factor as in [33]. Let

p; correspond to 7; in this manner. Let Il = m; ® 75 ® w3. We define
L(s,II) = L(s, p1 ® p2 ® p3) and
3 3

L(s, 11, Ad) = L(s,&; Ad(p;)) = [ [ L(s, Ad(p:)) = [ [ L(s. m:, Ad)
=1 i=1
13



where p1 ® p2®p3 : Wrp — GLg(C) is the standard tensor product representation and Ad(p;) : Wr — GL3(C)
is the adjoint representation.
For the triple product, we are especially interested in the following three cases:

H1:7T(/141,ILL2)®7T(V1,I/2)®JX, H2:W(M17M2)®UV®O—X7 HSZU#®UV®J)(~

The triple product L-function in each of these cases is

1
LU(S,Hl) = H LU(S + %7/”’6”6)() = H —

—s5—1/2"
,0€{1,2} e.6e{1,2} L —adfsrg =Y
1
(1) = [[ Lo(simerx)Lo(s+1,puvx) = [] — —,
c€{1,2} gy (L aePra ) (1 —acByg="1)

1
T (= apyg ) (1 — afyg = 12)2
The adjoint L-functions agree with that given by Gelbart-Jacquet [11]. For the cases at hand,
Ly(s,1)
(L= a ) (=71 '2a®)

1
Lu(s, 00 Ad) =Lo(s +1,1) = 1— ==

Ly(s,11%) = Ly(s + 3, prx) Lo (s + &, pvx)?

LU(Sa 7T(X17X2)aAd) =

If x1=x35 t L(s,m(x1, x2) is equal to the symmetric square L-function precisely because, in this case, 7 has
trivial central character.

For the discrete series representations 7r§iS of weight k and the principal series representations mf of
GL2(R) we have the following L-functions. First, let

Cr(s) =7 */"T(s/2),  (c(s) = (2m)°T(s)
where T'(s) is the standard I-function. Then
L(s, mhi, @ mhz, @ mh%) = Ce(s + 1/2)Ce(s + k1 — 3/2)Ce(s + ks — 1/2)Ce(s + ks — 1/2),
L(s, M © Tl @ mh) = (s + ¢+ k = 1)Ce(s + )¢e(s =t + k= 1)Ce(s — 1),
Ls, 7TR ®7r ®7T]§3) = H Cr(s + €ty + 0tg + t3)
€,0,ve{£1}

L(s, mhie, Ad) = Ce(s +k — DGr(s+ 1),  L(s, 7k, Ad) = Ca(s + 2t)Ca(s)Cr(s — 2t).

4.2. Explicit computations: F nonarchimedean. Recall that we want to make Ichino’s formula (2.5)
explicit, i.e. calculate I, () which is a product of L-factors times

uw=/ m@%@z/ D1(g)®2(g)®3(g)dyg.
Z(F)\G(F) Z(F)\G(F)

If all of the local data is unramified, Ichino calculated that the trilinear form I() = 1—the normalization of
(2.4) is chosen precisely to give this result. So in all of our computations at least one of the representations
will be special.

We assume from now on that 73 = o,, and we denote the normalized matrix coefficient associated to a
new vector of o, by ®* as in Proposition 3.8. So our object is to calculate

%m®w®m=/ 8 ()82 () (g)dg
Z(F)\G(F)

where ®¢ = ®,, 5, for various choices of ;.
From Tables 1 and 4 we read off that (for all n > 0)

n

_r
q(1+ 7)

for g € {op, wop, opw, wo,w} with the minus sign in the cases o, w or wo, and the positive sign otherwise.
14
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All of the matrix coefficients we are considering are Ky-biinvariant, so we combine this with Lemma 3.1

to obtain the formula
Di(e)Py(e) — P1(w)Pa(w
(4.1) / B, () P2(9)®(g)dg = 1(e)P2(e) 1(w) P2 (w)
Z(F)\G(F)

l+q

e n
+ Z 1’qu <<I>1(I)2(Un) — <I>1<I>2(wan) — (I)l‘l)g(O'n’LU) + @1(1)2(’LUO'nIU)> .

n=1

In computing the forms, we will use (many times) the following identities. Let

2 -2
11—« 1— ¢
_ q _ q
(42) A—l_a2 and B—m
Then
11— 1-e’ _glipegg_oel
_ q a_ _ a a _ 1
(43) A+B_1—a2+1—a*2_ a—al =l+3
1-  poea’  ggpelgq_a’
-1 _ qa ¢ _ "¢ a1 -1
(4.4) Aa + Ba _a—l—a+o¢—a—1_ p— = la+a™),
al-2 g-el  _g241l442 1
~1 _ q a _ q a _ ~1
(45) Ao+ Ba = 1—a? +1—o¢_2_ a—al sata
(4.6) Ac? +Ba™? = (Aa+Ba Y(a+a™')— (A+ B) = %(oz2 +a7?) + % -1
(4.7 Aa™? 4+ Ba? = (Ao '+ Ba)(a+a ) —(A+B)=a*+a 2 +1— %.

4.2.1. Only one of the representations is special. In this section we treat the case when two of the represen-
tations are unramified, and only one is special. For the application to subconvexity this is the case of most
interest since it corresponds to the place p in Corollary 1.5. Let m; = m(u, ™ t) and 7o = 7(v,v~!) and
7 =0y Set a = pu(w), B = v(w) and v = x(w). Finally, let {¢{, %} be the basis of eigenvectors of 7; as in
Proposition 3.5.

Remark. Note that we have fixed 7, and 75 to have trivial central character. This has the effect of making the
formulas somewhat more manageable. However, it is true that the results below extend to the more general
situation in which only the product of central characters has trivial central character, i.e. m = 7(x1,X2),
mo = m(v1,ve) and x1x2v1ve = 1.

We combine the results of the previous sections to prove the following.
Proposition 4.1. Let ®3 be the normalized matriz coefficient corresponding to a new vector ¢ € o, as in

Proposition 3.8, and define \I/; = <I>¢i 5 fori=1,2 as in Proposition 3.5. Then
k &b

(48) [ P s = L3I 1 )

where

2 -2 po.
o[ 1t ke,
0 otherwise.
Proof. To show directly that C' = 0 when j and k are not both 1 is not hard using (4.1). However, we give
a more conceptual proof. Suppose that £ : m; X m x 0, — C is any G-invariant linear form. Note that if
¢ € o then Lemma 3.7 implies [, 7(k)¢dk = 0.
We claim that £(¢, ¢3, ¢) = 0 for all ¢ € 0. Since ¢} and @3 are K-invariant (and ¢ is G-invariant),
U(pg, 05, m(k)9) = L(m(k) " g, m(k) 165, &) = (g, 05, &)
for all k € K. Integrating over K, we find that

085, 82, 6) = (60, &2, /K r(k)dk) = (6, 62,0) = 0.
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Since the matrix coefficients are bilinear forms, ﬁxmg the vectors in one of the coordinates gives a linear
form in the other. For example, if we fix ¢>1 ® ¢2 ® ¢ € II then

l:m Xmg xm— C £(¢17¢27¢) = /Z\G (D(j)l’(;lq)(bz’(;z(b(b’(g(g)dg

is a linear form on II. From this point of view, it is immediate that in each of the cases of Proposition 4.1
that are claimed to be zero, as a form on either IT or IT (or both) the claim applies.

To complete the proof of Proposition 4.1, we need to do the calculation of (4.8). Let A;,—B; be the
eigenvalues of the intertwining operator M on m;. By (4.1), the integral (4.8) is equal to 7 times

[ pe (5
1 n -1 n
n—1 + (L qﬁv) A1 Az + (Lﬁq 7) B1B;

1—

—15-1 —1 —1

a a a a
B1 Az g’y A1 B2 g a A1Az qﬂ'y B B> 5(1 . ‘|
q q q q

_1 1y-1
_q+(1+q) [1_W + 04715717 + L a71ﬁ7 + 1_ aﬁfl’y

Simplifying the expression inside the parentheses yields L(3,1II) times

4
g(Alofl ¥ Bra)(Asf + Bof) — ’;7(,41 + B1)(4s + B)
3
’q%[(Az + By)(Ara™ 4 Bia)(B+ 1) + (Ara + Bia 1) (AsfB + BofY)]

2
- [(Al + Bl)(AQ + Bg) + (A1 + Bl)(AQ/Bz + BQﬂiQ) + (A2 + BQ)(AlOéiz + Blaz)]

Applying formulas (4.3)-(4.7), this becomes 7(1 + )L(2 IT) times
(49) 10D+ ) Flatam)(B+ BTG+ ) — A + a4 B
So, combining the above, we find that (4.8) is equal to q%L(%, IT) times
L(3, 1)~ + (4.9).
Since L(%,1II)~! is equal to
(4.10) (14 2?2 =g+ Zhla+a)(B+ 87+ Flo +a72+ 2+ 572,

the value of C' in the statement of the proposition follows. O

Corollary 4.2. Let the notation be as in Proposition 4.1, and set ¢ = ¢} ® ¢p3 ® ¢ where ¢3 = (w_l 1) 2
as in Lemma 3.6. Then

I, 1
(4.11) (9) _ ~(1+ )"
(0.0) 4
In particular, L.(¢) >> = where the implicit constant can be taken to be independent of 11 and q.

(¢,9)
Proof. Apply Lemma 3.6 to write

—1/2 -1,-1/2 -1,1/2 _ p,—1/2

P2 = ags + bo? where a= ba +51 a , b= b a 1ﬁq .

14= 14+ =

q q

First, assume that 8 = $~!. By the bilinearity of matrix coefficients,

= \a|2 \11171 + CLB\I/()J + ab\I/LO + |b|2 \11171.
16
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Recall that I, = (p,(2)~ QMI /. Therefore, (4.8) implies that

Ly (5,111)
1,(9) LOLITLAD [ 00 0o g
e ol w2, 0%(g)d
v L " [ Tt o)
L,(1, 11t i
=G @ [ v g = b0 - 1)

In the final step we have used that

1 +% 1 _ a’+a=2\1 1 B24+B872\-1
L1 - et g L
(-3 I
Although the result is the same if 75 is a complementary series (i.e. 3 = ¢* for some A € (0,1)) the
method is slightly different because the inner product is not the same. If ¢, ¢’ € o, then

(0.6) = [ oM )k
K
(Compare with (3.2).) Thus, since ¢y = ¢,
W =(maJon,2) = [ 0all) M) ()
ZGQAQ\I/QO + abAQ\IJl,Q — G,bBQ\IJ(J}l — bQBQ\I’Ll.

Cr, (2)72L, (1,117, Ad) =

The remainder of p£00f goes through as above, except one replaces |b\2 with —b?By/As. (We must divide
by Aj because (P2, py) = Uy 2(e) = As.) As it turns out, this is exactly the same expression in terms of 3
as was |b]°. O

4.2.2. Two of the representations are special. We now consider the case I1? = 7 (p, 1) ®0, ®0y. The following
result will be used in Theorem 5.1.

Proposition 4.3. Let II? be as above, and denote by ®% and ®> the normalized matriz coefficients corre-
sponding to the new vectors ¢* € o, and ¢> € oy as in Proposition 3.8. Let \I/(l)’o = (I>¢1 7 be the matrix
coefficient corresponding to ¢y € m(p, 1) as in Proposition 3.5. Then

2

(4.13) /Z\G U} 0208 (g)dg = (1 - 1)L(3,T1%)(1 - 2)(1 - o).

(9) _ 1
(¢ @) a

Proof. The evaluation of (4.13) is obtained by a calculation analogous to the proof of (4.8). Since the method
is identical, we leave the details to the reader.

Therefore, if we set ¢ = ¢ @ ¢* @ ¢3

Note that , ,
Cry (2)72L, (1,112, Ad) = (1 — 2)~1(1 — 222)=1(1 = 1)1,
Thus, given (4.13), the conclusion that é%i = % is immediate. O

4.2.3. All three representations are special. This is the case that corresponds to the primes dividing 9 in
Theorem 1.4. We remark that in this case and that of Section 4.3, the results are already known by [18].
However, the proofs given here differs from that of [18], and we include it to highlight the analogy with the
calculations of the previous sections.

We denote

e=¢e(3,00®0,®0,) =—(xpv)(@) = —aB.

Proposition 4.4. Let 71 = 0, and m» = o0,. Denote the matriz coefficient associated to the new vector
@' € m; as in Proposition 3.8 by ®¢ and set ¢ = ¢' @ ¢> @ ¢3. Then

(414) [, 2 s = (1 LG I - D0+
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Proof. We use Proposition 3.8 and apply (4.1):

1—q%+(1—Q)1—q% i()” 1—;2(1(1—61)(%)>

14¢ 14¢ = 1+4+¢q 14+ e
Equation (4.14) is immediate. The value of I,,(¢) now follows by multiplying by the appropriate normalizing
factors as given in Section 4.1. ]

Proposition 4.5. Let Il = 0, ® 0, ® 0, and 118 the admissible representation of B associated to I wvia
Jacquet Langlands where B is the unique quaternion division algebra over F. Let e = —(uvx)(w). If ¢ € TIB
and (;5 €118 then

I,
(4.15) (¢) =(1-e)la-1

(¢, 9)
Proof. The Jacquet-Langlands lift of o, is the character xp : B* — C* given by x5(8) = x o Ng(3) where
N5 is the reduced norm. Hence IT5 ~ np where ngp = upvpxp, and

R CUE (112 (8)6, 3)d3
Fx\BX Fx\BX

- / n5(8)(6, 8)dB
FX\BX

—(6,9) vol(F*\B*) if np is trivial,

B 0 otherwise.

Recall (see Section 2.2) that vol(F*\B*) = %. To obtain I,,, one multiplies this by the factor (g, (2)_2%.
(3,10,

Using the values given in Section 4.1 and simplifying, the result follows. O

Our factor € is indeed the local factor 5(%, IT). So Propositions 4.4 and 4.5 provide an explicit realization of
Prasad’s result. More precisely, the integrated matrix coefficient provides a trilinear form on II (respectively
I17) that is invariant by the diagonal action of G' (resp. B*.) It is nonzero on B* if and only if ¢ = —1. On
G, ¢ = ¢1 ® ¢? ® ¢3 is a test vector if and only if € = +1.

4.3. Explicit computations: F' = R. Although the proof given here differs from that of Ichino and Tkeda,
the result is Proposition 7.2 of [18].

Let K = {rg = (3% 5n0) | 8¢ [0,2m)}, N = {n(z) = (1) | v € R} and A ={a(y) = (* ) | [yl > 1}.
Then PGL2(R) can be given by the coordinates K AK. Recall (2.8) gives the Haar measure in this case.

It is well known (see [23, Prop. 14.1]) that for the weight k discrete series, which we denote by ngs, the
matrix coefficient corresponding to a new vector ¢ is given by

2y/det g)*
(4.16) a(g) = —(2Vdetg)
(a+d+i(b—c))*
and ®(g) =0 if det g < 0. In the K AK coordinates (and y > 1) this is

g=(2%),detg >0

k/2
_ ok 2mik(02—06 Y
(4.17) B (kg, a(y)kg,) = 2Fe2mik(0: 1>W.

As a matter of notation, let ¢~ = 71'(( -1 1 ))qﬁ In particular, if ¢ € 7% has weight m then ¢~ has weight
—m. Moreover, if ¢ is a new vector then the matrix coefficient associated to ¢~ is .

Proposition 4.6. For i = 1,2,3, let m = 7rd1's be such that k = k1 = ko + k3, and let ¢; € m; be a new
vector. Set ¢ = $1 @ @5 ® ¢p3 € Il 7leb ® 71'd16 ® 7leb Then

21
®,5(9)dg = —,
/PGLQ(R) ¢ ) k-1
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Proof. Using the description above and the K AK coordinates, we have

2k1+k2+k3 2 2T 2 y(k1+k2+k3)/2 ,
®y5(9)d 1 — y2)d6, dyde
/PGLQ(R) ¢,¢(g) 9= / / / 1+yk1+k2+k3( )db1dydos

2k y yk
2 ﬂ—/l (14y)2k %
ok yk 1 S
=2 ”[ = ><1+y>2“L =2n/(k=1)
2LU(1,HOO,Ad)
Lo (3.10)
= 2. O

¢) one multiplies this result by (g(2)~
)

Since (¢, @) = ®(e) = 1, to get I, which is easily seen to
I

v (7
¢,9

be equal to (k — 1)/m. Hence,

NS

5. GENERALIZING WATSON’S FORMULA

We now work globally. Let F' be a totally real number field, and 7y, 79, 73 cuspidal automorphic repre-
sentations of PGLy(F'). It is clear from the description in Section 4.3 that if ¢ = p1 ® Y2 ® 3 for some
0i = Q), wi,v € m; then I(¢) = 0 unless at each infinite place the weights k; , of ¢; sum to zero.

We say that Il = m; ® mo ® 73 is almost balanced if at each real place v, the largest weight is the sum of
the two smaller weights.

Theorem 5.1. Let 71, w9, w3 cuspidal automorphic representations of PGLgy over a totally real number field
F such that 11 = 11 @ o ® 3 is almost balanced. Assume that the conductor M; of m; is squarefree for each
i=1,2,3. Let M = ged(MNy,N,,N3). For {j,k,1} = {1,2,3}, write

‘Itj = ‘ﬂnjnjknjl where N = Ngj = gcd(mj,‘ﬁk)/‘ﬁ.

Let O be the product of all primes dividing 1 MeMN3. Let B be the global quaternion algebra such that
dim Homp(IIZ,C) = 1. (So the discriminant of B divides N.)

Define the vector ¢ = p1 ® 2 ® @3 € 1B as follows. For v | oo, let k, be the mazimum weight, and let
@i be twists of the normalized new vectors such that their weights add to zero as in Proposition 4.6. At a
finite prime p | n;, let ¢;, be the normalized new vector for i = j, k, and the twists of the normalized new
vector by (w71 1) as in Lemma 8.6 (where it is denoted as ¢2.) In all other cases we take @, , to be the
normalized new vector. Let ¢; = ®y9; 4.

Under this choice of ¢ and for db the Tamagawa measure,

2
’f[Bx]<P(b)db’ Cr(2)  L(L,T0)
5.1 _ 5 c
(51) Hle f[BX] |goi(b)\2db 923 IAF|3/2 L(1,11, Ad) v|£[zm

where, for finite places,

Yot aty) Rl
Cp = ﬁ(ltﬁ) ffp|“j
N ifp [ nk

and for inﬁm'te places, Cy, = 2 if all three representations m, ,, are discrete series and C,, = 1 otherwise. Here
€ = Ep( ).

Remark. Tt is not strictly necessary to choose the local components of ¢ to be normalized. Indeed, if we
replace ¢, by any nonzero constant multiple, since (5.1) is self-normalizing, the same formula still holds.

Note that Theorem 1.4 follows from Theorem 5.1 in the case that 91, = My = N3z = N. Moreover,
assuming that F' = Q this is (the adelic version of) Watson’s result [36, Theorem 3]. To verify this, note
that the left hand side of (1.4) (or (5.1)) is essentially the adelic version of the left hand side of Watson’s
formula. Indeed, the only difference is that the volume of the fundamental domain in Watson’s case is

2602 [[-» J] (+p
pEXB p|N,p¢%p
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whereas here, since we have chosen the Tamagawa measure, the volume is 2. Adjusting the formulas accord-
ingly, the right hand sides agree.

5.1. Setup and proof of Ichino’s theorem. Before giving the proof of Theorem 5.1 we recall the notation
and proof of Theorem 2.1. Let

GSpy, = {9 € GLa, | gJ g = v(9)J,v(9) € G}

0 I,
(5 6)

and [, is the n x n identity matrix. Let V' be the quadratic space associated to the quaternion algebra B.
Let ¢ denote the main involution of B, and define the symmetric bilinear form (z,y) = trg,p(2y*). Let

GO(V) ={g € GL(V) | (9z,9y) = v(9)(z,y),v(9) € G}

The subgroups Sp,,, and O(V') are those for which v(g) = 1.
Let 1) = ®1), be a nontrivial additive character of A/F. The Weil representation w on Sp,, (A) x O(V)(A)
can be extended to the adelic points of

where

G(Spa, x O(V)) = {(g,h) € GSpy,, x GO(V) | v(g) = v(h)}.

5.1.1. Shimizu’s theta lifting. For a certain space of Schwartz functions S(V(A)™) one defines the associated
theta function

e(gvh’ (b) = Z w(ga h>¢($)

zEV (F)n

When n = 1, 7 is an irreducible unitary cuspidal representation of GLy(A), and 7% is the representation
of B*(A) given by the Jacquet-Langlands correspondence, this theta function can be employed to give a
realization of the Jacquet-Langlands transfer.

0:17®SV(A) - 7P a7
given by
O(h; f,¢) = / f(9g")0(gg’, h; )dg

SLz(F)\SL2(4)

Here, dg = [[dg, is the Tamagawa measure on SLy(A), and h € GO(V)(A) and ¢’ € GL2(A) satisfies
v(g') = v(h). This map is well-defined, equivariant and surjective. Moreover, there exist corresponding local
maps

O, : T @ S(V(F,)) — B o7l such that 0 = ®0,.

We remark that 0(f,¢) is an automorphic form on GO(V), but it can be regarded as an automorphic
form on B*(A) x B*(A) via the map

B* x B* = GO(V)  (b1,by) -z = byaby "

For f = ®f, € m, we define the Whittaker function of f with respect to v to be

(52) Wi = [ fC Do)
F\A
where dz is the Tamagawa measure on A. Using this we define
(5.3) Bulf00) = [ (g0 VoW (g.)dg.
N(Fy)\SL2(Fy)
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5.1.2. Local/global forms on m% @ #5. We continue to consider the case n = 1. It is a result of Waldspurger
(see [35]) that if 0,(fy, ) = ©u @ @y, defining

BE)(@ ® Pu) = Gu(2)L(1, 7, Ad)ilgv(fvv bv)

gives a B,-invariant pairing on 72 ® 72. Moreover, for a fixed element of 7% @ 78, B3 (p, ® &,) = 1 for all
but finitely many places v.
Waldspurger also proved that

(5.4) Blp© @) - /{BX} (D)F(b)db = 20(2) " L(1, 7, Ad) [ Bi 0 © Bu):

5.1.3. Zeta integrals of Garret and Piatetskz’—ShapimfRallz's. Now let n = 3. This allows us to simultaneously
consider 0 : m; ® S(V(A)) — 7P @ 7P for i = 1,2,3. From this point onward, we may assume that

f:f1®f2®f3€nand¢'u ¢1v®¢2v®¢3ves( ( ))SU-Chtha'te(fzv®¢zv) (pi,v®(;5i,v~
Let

H ={(g1,92,93) € GL2 x GLg x GLz | v(g1) = v(g2) = v(g3)}.

This can be considered as a subgroup of GSpg. Let dh = [[dh, be the Tamagawa measure on A*\H(A).
Writing h = (g1, g, g3), the Whittaker function of f with respect to ¥ can be defined by

W}p(h) = W}ﬁ (gl)W}i (92)W}é (93)
where Wy, is defined via (5.2). Let Ng C H be the group
No = {(n(z1),n(z2),n(x3)) € H | 1 + 2 + 23 = 0}.

Let P C GSpg be the Siegel parabolic. Explicitly,

P:{( g W;‘_l )‘AGGLg,ueGm}.
We define a character x, : P(F,) — C*,
w(( i) =tk
Now let I,(s) = Indi3 et (x3).

For ¢, € S(V(F,)?) as above, let

Fo,(9:0) = (@)l (G 17, ) 910 (0):

This is an element of I,,(0) which can be extended to Fy,(g,s), a standard section of I,,(s). The local zeta
integral of Garret[10] and Piatetski-Shapiro and Rallis[28], is

(5.5) Zy(s,W}" Fy,) = / Fy, (hu, s)W ' (h,)dh,
FUX NO(FU)\H(F'U)

where 7 is a representative of the open orbit of H in P\GSp.
Harris and Kudla, in [16], give the integral representation of L(3,II)

50) [ o [ G =105.0) = )P LG [ QPL1/2 1) 200, W ).
BX BX
Z3(0,W )Y Fy,)
The sum is taken over all places; indeed, there is a finite set of places S such that for v ¢ S, Z5(0, W;f;}v Fg,) =

1. (This is recorded as Theorem 4.1 in [17].)
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5.1.4. Putting it all together. With this notation established, we can now recall the proof of Theorem 2.1
which consists of three ingredients. The first is the result (5.4) of Waldspurger which implies that

3
(57) Blewd) =[] /[BX] 3 (0)(b)db = 2°Cr(2) L1, IL Ad) [ [ Bl (pu @ 0).

Recall that B%(¢, ® @,) = 1 for all but finitely many v. (This follows from Proposition 3.1 and Lemma 3.2
of [17].) Note that to ease notation we are writing

3
BEJ(‘PU ® py) = HBE(%,W ® i)

i=1
The second result is (5.6) which combined with (5.7) implies that
Hp®§ 2) L(1/2,0I1) 17 Z5(0. Wi, Fy,
- (p©F) _ (r(2) LU py ZHOWS o)

Blewe) 20 L(LILA) L Bi(p, @)

The final ingredient is Proposition 5.1 of [17] which is equivalent to the fact that

L,(1,11,, Ad) -
5.9 ZEO0, WY Fy) =, 2—2%/ B2 (T1(b,)pp @ $y)d b,
(59) O ) = utn @ RS [ BT G)g0 @ 6)
where ~, = 1 if B, is split and v, = —1 otherwise. Note that the measure d*b, is the that for which

the Fourier transform with respect to 1, is self-dual. On the other hand, the measure db, used to define
I, (see (2.4)) is that for which F;\B)(O,) has a given volume, as discussed in Section 2.2. We have

d*b, = c,db, where ¢, =1 for almost all v and [], ¢, = |AF\73/2.

Since B : 117 ® I8 5 Cisa pairing, it must differ from (-,-), by a constant. Hence,
Py ~ -
Z5(0, W5, Fy,) o Lo(1/2,1L) (e ®$u) _ e I (py ® By)
BE((,DU X @v) Lv(la H'I}) Ad) <§01}; SZv>1) <<Pv; SZU>U

where I, is as in (2.4).
Putting this all together, (5.8) becomes

Ip©) _ ¢r(2) L2 p ZOWEFo) _ Ge@)  LU/2M) 17 L(p© )
(5-11) - 11 Bi(¢u @ 30) = Ta7 A L G,

(5.10)

= fY’uCUCFv (2)

Bleoy) 2% L(1,ILAd)

v v

This is exactly (2.5) for our particular choice of measures.
5.2. Proof of Theorem 5.1.

Proof. By combining (5.11) in the case that ¢ = @ with the local calculations of Corollary 4.2, Proposi-
tion 4.3, Proposition 4.4, Proposition 4.5 and Proposition 4.6, all of the local factors are accounted for except
in the case that v | co and one of the factors m; , is not a discrete series. So it remains to establish the local
factors for v | co in the following cases.
Case 1: All three representations m; , are principal series.
Case 2: One of the representations is a principal series and the other two are discrete series (of the same
weight k.)

To complete the proof, note that it suffices to compute the left hand side of (5.10). Indeed, we may choose
1 to be the character that is level zero at all finite places and which satisfies 1, (x) = €*™™ at real places.
Then the constant ¢, = |Ap, |_3/ ? for all v. In particular, for v | 00, ¢, = 1. Since globally 7, is irrelevant,
it therefore remains to show, in each of the two remaining cases, that

Z’B(O’ W}fjv7F¢v) —
Bi(f, ® bu)

for some choice of f, and ¢, for which 0, (fy, dv) = v @ B,,.
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In fact, Watson[36] gives choices f, and ¢, so that 0,(f,,d,) is equal to the function defined in the
statement of Theorem 5.1. For this choice, [36, Theorem 2| says that

b b _ 1 v | oo, Case 1
(512 zi0wgFo) ={ s U] Gy

Suppose that we are in the split case: 0,(fy, ¢v) = @y @ @y € Ty @ T,,. Then
Bl ®00) = [ Well( )Wa (7))

where d*a is Tamagawa measure for F\A. (See [35, Lemme 5].) Hence, by Watson’s choice of (f; v, ¢i,») in
the real case, and [36, Lemma 5],

5 e N ‘ 1 1 if m; ,, is a principal series
(5.13) By (fiw: $iw) = Lo(1,mi, Ad)CF, (2) { 27k=1if m; , is a discrete series of weight k

Combining (5.12) and (5.13) it is immediate that Z—% =1. O
Remark. The result of [36, Theorem 2] in Case 1 was previously computed by Ikeda[19].

6. PROOF OF THEOREM 1.3

We return to the notation of Section 2 in which F' is any fixed number field and A = Ap its ring of
adeles. Let w1, mo be cuspidal automorphic representations of GLy over F' with trivial central character and
fixed conductors n; and ns respectively. Let w3 be a cuspidal autormorphic representation of GLy over F'
with trivial central character and conductor np where p is prime and does not divide nnjng. We denote
II = 7 ® ™ ® 3. Let w be a normalizer of F,. Note that the Langlands parameters of 73 o, are allowed to
vary (within a bounded set.) Moreover, although n is fixed, the local components 73 4 for ¢ | n need not be.

At the real places m;, corresponds to either w’jis, a weight k-discrete series with k > 2 even, or an
irreducible (weight zero) principal series 7 = 7(|-|”,|-|”°) defined in the same way as (3.1). At a complex
place m; ,, is an irreducible principal series ﬂé’k.

Each of these is a (g, K)-module where g is the complexified Lie algebra of G, = GLy(F,) and K = O(2)
or U(2) depending on whether v is real or complex respectively. The irreducible representations of K are
called weights. In the real case these are integers and, as is well-known they are given by the characters
ko — €™ In the complex case, the weights are nonnegative integers k which correspond to representations
of dimension k + 1. In the notation above for Wé’s and 7, the minimal weight is encoded by the parameter
k. The parameter s is a complex number. The assumption that m., be restricted to a bounded set means
that the s and k are bounded for each v | co.

We will show that for the quaternion algebra B such that ¥p = 3(II) there exists a finite collection of
vectors F C P and FP C 72 such that for p3 a new vector,

2

L(3, 1) e g oom N(p)HHe /[BX]@l(b)@Z(b(wl 1 ))e3(b)db

for some ; € FP. As a first step, we prove the following.

Proposition 6.1. Let Il = m; ® my ® 73 be as in Theorem 1.3. Let B be the quaternion algebra such that
Y p = X(II). There exist vectors @; € 7715 such that for ¢ = 1 ® P2 @ w3,

1
(6.1 gmener I (ZE25) [ e

(@, Pv)
where the implied constant is dependant on €, Il, N(ningn) and ; ., where i =1,2 and v | conynan.

2

v[ninanoo

Proof. We apply Theorem 2.1. Write 77 = ®,m; ,. Clearly, we may assume that L(;H) # 0. Hence

Theorem 2.2 guarantees that we may choose some ¢; = ®,p;, for i« = 1,2,3 such that, writing ¢ =

©1 ® p2 @ @3, I(p) # 0 and I,(p,) # 0 for all v. In particular, we may let ¢, , be the (normalized) new
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vector for all v 1 conyngn. For such places v, I,,(¢,) = 1. Note that twisting ¢o by (W_l 1) means that
I,(¢py) is as in Corollary 4.2, hence I, (pp) ~ N(p)~'.
To deal with the term
L(1,11, Ad) B 13[ L(1,7;,Ad)
3 2 2
[T= f[BX] lpi(0)|"db f[BX] |05 (B)[” b

in (2.5), we use the bound of Iwaniec[20] which says that if ¢ € m; is the normalized new vector then
L(l, T, Ad)
T le(9)dg

as N(m;) — oco. Here, N(m;) denotes the conductor of 7; and the implied constant depends continuously on
the Langlands parameters of m; o.

After solving for L(%,1I) in (2.5) and applying (6.2), (6.1) follows. Since we are fixing ny,nz and n, all of
the terms in [N (71 )N (m2) N (73)]¢ except for N(p)¢ can be absorbed into the implied constant. O

(6.2) & N(m;)°

As a matter of terminology, we call ¢, a test vector if I,(¢,) # 0. Given test vectors for all v we can
construct the global vector ¢ = ®,¢, such that I(p) # 0. Therefore, given Proposition 6.1, Theorem 1.3
will follow provided we can show the following.

e Show that for each v | nyngnoo there exists a finite sets of vectors such that as w3 o, and 73, vary a
test vector can be chosen from the said finite sets.
e Show that the values of the corresponding linear forms is uniformly bounded.

In order to bound the terms I,,(v,)/{¢w, Yuv)v, We need to know that if there is some nonzero trilinear
form then integration of the matrix coefficient is such a form.

Lemma 6.2. If 5(%, IT) = 1 then the trilinear form

001 ® 02 ® s o / P00 a0}y

is monzero. Similarly, if 5(%,1_[) = —1 then integration over the division algebra F*\B* gives a mnonzero
trilinear form on I1B.

Proof. The case that II is tempered is proved by Sakellaridis-Venkatesh in [30, Proposition 6.4.1]. If II is
non-tempered, we may assume that one of the representations is a principal series. In this case, let w3 be
the principal series representation. One may also consider the trilinear form

lRs : W(ﬂ'l) ® W(’R’Q) Rmg — C
Wi Wauf) = [ [ WilaRWalak) ftals)k) [y~ 4y

where W(m;) is the Whittaker model attached to ;.
It is precisely this latter form that is employed by [9] where specific test vectors are given. By [26,
Lemma 3.4.2] £ = |[(gs|® (up to a nonzero constant). O

Now we bound I,(¢,)/{@v, v)s for archimedean primes v.

Lemma 6.3. Let m; 0 = [
such that m; and my are fized, and 73 o is bounded. Assuming that L(%,H) # 0, let B be the quaternion
algebra such that X = S(II). Then there exists a finite collection of vectors FP in wfoo for i =1,2 such
that if 3,00 € ™5, is a new vector then

vjoo Tiyw be the archimedean parts of automorphic representations m; fori=1,2,3

H Iv(‘ﬂl,’u R Y2,y @ @2,1}) >0

v|oo
for some choice of ¢; € F; and some § > 0.
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Proof. If v is real, for each of the finitely many choices k for which 73 ,, could be 7T§is, Theorem 2.2 guarantees
we may chose vectors @1, € wfv and @2, € va such that ¢ = 1, ® Y2, ® 3, is a test vector.

Now assume that 73, = 73 is a principal series. Loke[25, Cor. 2.2] gives a choice of vectors ¢; , € m; ,
(1 = 1,2) independent of s such that for ¢35, equal to the normalized new vector, the unique (g, K)-invariant
linear form, 1, ® @2, ® @3, is a test vector, hence the matrix coefficient is nonzero.

Because the matrix coefficient attached to ¢3, is a continuous function with respect to its Langlands
parameter®, under the boundedness condition there must be a lower bound on the values of the matrix
coefficient. More explicitly, given Loke’s choice of ¢1 4, p2,, We have a nonzero continuous map

A:Q— C* S Iv(@l,v 2y P20 ® @;,v)

where 3 , € T is the normalized new vector and s € Q C C. (The map is nonzero by Lemma 6.2) By the
boundedness assumption implies we may assume ) is compact, hence its image is uniformly bounded away
from zero.

If v is a complex place, Loke[25, Cor. 4.6] again proved that there must be a test vector independent
of s. The continuity argument of above again applies with € replaced by Q x {ky,--- , k;,} where k; are
the distinct nonnegative integers corresponding the possible weights. In this case, Loke does not give a test
vector independent of s. However, a test vector for a given value s, by continuity, will also be a test vector
for some open subset Us C €). Since € is compact, there exist finitely many values s; such that U,Us, = Q.

The finite set ffm is obtained by taking the union of all of the vectors obtained above. |

In each of Corollary 4.2, Proposition 4.3, Proposition 4.4 and Proposition 4.5 the value of I,,(¢y)/{¢v, Pv)v
is constant even if one of the representations is varied. That is to say, suppose v = q is a finite prime such
that q? {n; for i = 1,2 and g? { n. In particular, 73,4 = 7(u, u~ ) or o, for some unramified character y if v
is finite. Hence there is a choice of ¢, such that I,,(p,)/{¢w, @uv)v is nonzero and independent of p. Hence,
this completes the proof of Theorem 1.3 in the case that ny, no, n are squarefree.

Although we believe that this phenomenon—the existence a test vector such that I,,(y,) depends only on
the level of 73 ,—should hold more generally, it is not a priori evident. However, the following lemma allows
us to conclude that ny, no, n may be taken arbitrarily.

Lemma 6.4. Fiz irreducible admissible representations m1 4,72, of GLa(F,) that are local components of
global automorphic representations. There exist finite collections F1, C w1, and Fa, C T, and a constant
0 > 0 such that if s, is any other such representation of fized level such that 11, = my , ® w2, ® T3, admits
a GLy(Fy)-invariant linear form,

Iv(@l,v ® 2,0 ® %03,1)) Z )
for 3., the new vector and some ;. € Fi .

Proof. Note that since 7, ,, is the local component of an automorphic representation it is unitary. Moreover,
as demonstrated in [31], e(7(x, x)) = c(x) + ¢(x’). Therefore, that principal series representations of fixed
level and are parametrized by characters x,x’ : F,* — C of bounded conductor or which there are only
finitely many.
Let @ be a uniformizer, ¢, the order of the residue field, and let
U _ {1+uw’ |ueO*} ifi>1
O0* if i = 0.

As is well known, for x to be a character of level n means that

X(uz) = || x(u)
where Y is a character of the finite group O /U™, If 7(y, x ') comes from an automorphic representations,
we may assume s = s, is a complex number with Re(s) € [0, A] where A is any bound towards Ramanujan.
Note we may also assume that Im(s) is bounded. In other words, s is restricted to a compact set.
Let 73, ~ 7T(X0,XO_1) be such that I, # 0, and denote the new vector by ¢3,. Given @i ,,p2, such
that 1, ® @20 ® @3, is a test vector, as in the proof of Lemma 6.3, ¢1,, ® @2, ® cpgjv is also a test vector
for 3, ~ m(u, ™) where ji = x and s, is in some open set containing s,. Since the set of possible s, is

4The local L-factors are also continuous since they are products of gamma functions.
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compact, and the number of characters y is finite, we find that a finite collection of choices ¢ 4, 2, suffice
to give a set of test vectors for 73, any principal series representation.

A completely analogous argument gives a finite set of choices for ¢y ,, 2, in the case that 73, ~ oy. In
this case, however, the argument is simplified by the fact that x must be unitary, i.e. Re(s,) = 0.

Finally, if 73, is supercuspidal then its Kirillov model associated to a nontrivial additive character 1
is completely determined by the level of 73, and the epsilon factor 5(%,7r3,v,1/)). (See, for example, [8,
37.3 Theorem].) Again, the associated parametrizing set of such representations in compact, so the same
argument as above applies.

The existence of the constant § is established in exactly the same fashion as in Lemma 6.3. Namely,
values assumed by I,, on the given set of test vectors is the image of a compact set (corresponding to the
finite number of characters of O* /U™ and the admissible values of s,.) O

This completes the proof of Theorem 1.3.

Remark. In [9] explicit test vectors are given for all cases except that where all three representations m; .,
are supercuspidals. This can be used to make the choices of Fi ,, F2,, in Lemma 6.4 explicit. However, note
that the argument above is still needed to ensure the existence of 4.
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