IDENTITIES FOR GENERALIZED APPELL FUNCTIONS AND THE
BLOW-UP FORMULA
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ABSTRACT. In this paper, we prove identities for a class of generalized Appell functions
which are based on the As root lattice. The identities are reminiscent of periodicity rela-
tions for the classical Appell function, and are proven using only analytic properties of the
functions. Moreover they are a consequence of the blow-up formula for generating functions
of invariants of moduli spaces of semi-stable sheaves of rank 3 on rational surfaces. Our
proof confirms that in the latter context, different routes to compute the generating func-
tion (using the blow-up formula and wall-crossing) do arrive at identical g-series. The proof
also gives a clear procedure for how to prove analogous identities for generalized Appell
functions appearing in generating functions for sheaves with rank r > 3.

1. INTRODUCTION

Paul Emile Appell’s study of doubly periodic functions led to the definition of the Appell
function [1]

)nqw 627rinv

. . T (_1
(1.1) A(u,v) = A(u,v;7) :=e Z g
nez
with u € C\(Z7 + Z), v € C, q := >, 7 € H. Among the intriguing properties of this
function are its behavior under elliptic transformations (u,v) +— (u+n17+my, v+noT+ms),
ni, M2, M1, My € Z and under modular transformations (u,v,7) = (g, 559 Z‘;fs) with
(%) € SLy(Z). About one century ago, Srinivasa Ramanujan closely studied related g¢-
hypergeometric series, and his discoveries led him to coin the term “mock theta function”
for such objects. The precise transformation properties of (1.1) were only clarified in 2002 by
Sander Zwegers [21]. In particular, he showed that addition of a non-holomorphic integral
to A(u,v) gives a function which transforms as a multi-variable Jacobi form.
Over the years various generalizations of the Appell function have arisen, for exam-
ple higher level Appell functions and multi-variable Appell functions Ag(u,v) with @ an

n—dimensional positive definite quadratic form and v € C* [22]. The Ag(u,v) differ from
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A(u,v) by having a more general quadratic form ) in the numerator. Such functions oc-
curred as characters of Lie superalgebras [11, 17] and also as certain generating functions in
the context of rank 2 sheaves on rational surfaces [3, 18, 19]. More recently it was established
that besides the possibly higher dimensional quadratic form, generalizations of (1.1) with
multiple terms in the denominator also occur as characters of Lie superalgebras [11] and
for rank > 2 sheaves [14]. These new functions can be expressed as specializations of the
following general shape (cf. [11, equation (0.13)] and [14, equation (4.2)]):

lQ(k)eQmU.k

(1.2) Ag,myy (0, 0) = Ag myy (w,v57) == Y i
LT ) RSLLY) [ — H?;l(l _ qk-m5627rzug)’

where () is the quadratic form for the n,-dimensional positive definite lattice A, m; € A*
with A* the lattice dual to A and j = 1,...,n_, and where - denotes the (Euclidean) dot
product. Furthermore, the argument w is a vector w = (uy, ..., u, ) with u; € C\(Z1 + Z),
and v € A* ® C >~ C". In the context of Lie superalgebras, {m;} is a set of pairwise
orthogonal vectors [11], but for sheaves this is typically not the case. One can expand the
terms in the denominator as geometric series, which leads to an (n, + n_)—dimensional
quadratic form of signature (n,,n_). Therefore we naturally refer to (1.2) as an Appell
function with signature (n,,n_).

The study of Appell functions with more general signatures than the mock modular objects
in Zwegers’ thesis is very natural. One expects that there is a more complicated notion of
“completion” for such objects than is necessary for mock objects. Besides the two contexts
mentioned above, these objects have arisen in a number of places in the recent literature on
g-series; for example, the reader is referred to [4] and [15] where it is explained how certain
special cases of general type Appell sums can be reduced to products of mock modular
objects, and what the relation of these Appell sums are to the theory of H-harmonic Maass-
Jacobi forms and to the theory of Gromov-Witten potentials. Further examples of Appell-like
sums with two factors in the denominator were studied recently by Ismail and Zhang (see
Corollary 4.4 of [9]) in the context of Rogers-Ramanujan type identities.

However, the general structure of these objects is still unknown (although results have
been obtained in unpublished work of Raum and of Zagier-Zwegers). In this paper, we take
a first step towards understanding such objects, which was also the first step in the proof of
the modularity results of [4]. Namely, one first considers the error to satisfying the elliptic
transformation satisfied by Jacobi forms, and writes this obstruction to transforming as a
Jacobi forms in terms of simpler mock-type objects. Here we establish such formulas for
our special cases. A similar analysis could also be performed on many other examples of
higher-index Appell sums using the methods used here.

These special cases are instances of (1.2) which occur as building blocks of generating
functions of topological invariants of moduli spaces of sheaves with rank r on a ruled or
rational surface S [14]. Expressing such generating functions in terms of generalized Appell
functions is a major simplification compared to previously determined generating functions
for r = 3, and also allows one to write completely explicit generating functions for r > 3
[14]. For the surface P? and rank r sheaves, the quadratic form @ in (1.2) corresponds to
the one of the A,_; root lattice, which is defined by [5]

A 3:{(k1,...,/{T)€ZT : kl+"'+kr20},
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Moreover, the generalized Appell functions are naturally divided by classical theta functions
of the A,_; root lattice, such that we arrive at an A,_; generalization of the Appell-Lerch
sum p(u,v) := % [21], where ¥(2) is the Jacobi theta function defined in (2.2).!

The identities proved here are implied by the blow-up formula. This is a well-known
formula in algebraic geometry which relates the generating function of Poincaré polynomials
of semi-stable rank r sheaves on a complex algebraic surface S and the generating function
for the blow-up ¢ : S — S with exceptional divisor C, [8, 12, 20]. Here, we briefly recall the
blow-up formula (see [13] for more details and references). Let H,.., (2,755, J) = H, ., (2;S, J)
be the generating function of stack invariants of semi-stable sheaves on the algebraic surface
S. The generating function sums over the second Chern class of the sheaves and keeps the
rank r and first Chern class ¢; fixed. The sheaves are p-semi-stable with respect to the
polarization J. Then the blow-up formula states:

bnk(z)
777‘

(1.3) Ho (5.0°7) = Hye\(25,7)

with ¢ = ¢*c; — kC,, and where b, ;(2) and n are defined by (2.5) and (2.1) respectively.
Besides giving an intriguing relation between generating functions for S and S, the blow-up
formula also gives interesting relations for H,z (2; 5, J), since for different ¢; and k one can

arrive at the same ¢; = ¢*c¢; — kC,. Since determining H,z (z; S, ¢*J) gives rather different
expressions depending on ¢; [13], these relations imply surprising and intriguing identities
for the generalized Appell functions. For r = 2 and S = P2, these identities reduce to known
periodicity relations of A(u,v) [21].

The identities for r = 3 and S = P? can be found in [14, Section 4.3]. We prove those
identities using only analytic properties of the generating functions. This result is desirable
from the point of view of g-series, since the intricate identities are proven without referring
to an underlying meaning of the coefficients as topological invariants of moduli spaces, and
further improves the understanding of these complicated objects. The result is also of interest
for algebraic geometry, since it shows that the different “routes” for calculating Hs ., (z;P?) do
lead to identical generating functions [13]. It therefore confirms consistency of all ingredients
(i.e., suitable polarization, wall-crossing and blow-up formula) going into the calculations.
The proof also indicates how to prove similar identities for the generalized Appell functions
for A,_; lattices following from equation (1.3) for r > 3.

Statement of results. Let ¢ as before be defined in (2.2). We denote by b, certain theta
functions summing over the root lattice A,_; (see (2.5) for the definition). We further let
. p2miz
w:= e zeC.
Our main results are the identities given in the following theorems. Our first identity
expresses the difference of two generalized Appell functions with signature (2,2) in terms of
higher level Appell functions, the eta function and Jacobi theta function.

1We often suppress the 7-dependence of a function whenever we wish to emphasize the dependence on an
elliptic variable and the modular variable 7 is clear from context.
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Theorem 1.1. As meromorphic functions, we have

w—kl—2k2+2qkf+k§+k1k2+k1+k2 w—’ﬁ—2k2+1qkf+k§+k1k2+2k‘1+2k2+l
1 _ w2 2k1+ko 1 _ w2 ko—k1 - 1 _ w2 2k1+ko+1 1 _ w2 ko—k1
,ﬂz’kﬁz ( g ) ( ) B q )( qr2=k1)
. _ 2 _ 2 _ 2 _ 2_
“73 w 3k+2q3k +2k w 3k+1q3k +k w 3k+1q3kz +4k+1 w 3k+2q3kz k
+ 9(22) Z 1 — w3g3k T 1— w3k Z 1 — wdgktl 1 — wigdk-1
keZ keZ keZ keZ
6
n°9(2)
¥(22)29(3z)

Remark. We note that taking into account the 7 variable, one can also determine the modu-
larity properties of the difference of the first two terms of Theorem 1.1 using the p-function
of Zwegers [22].

Our second identity is similar to the first, but differs in that the various terms are divided
by cubic theta functions bs (z) and Jacobi theta functions.

Theorem 1.2. We have

—k1—2ko+3 kI +k3+kiko—1 —k1—2ko+1 k3 +E3+k1ko+2k1 +2ka+1
1 w q 3 1 w q

b = Z 1 — w2g2ki+k2—1)(1 — 2gk2—F1 - b P Z 1 — w2g2kitke+1Y)(1 — w2gk2—F1

3.0( by o€ ( q ) q ) 31(2) Ky € ( q ) q )
. _ 2_1 _ 2 2
. in? w33 k=5 . w3k BBk
9(22)b3 (2 Z 1 — w3g3k—1 Z 1 — wi3g3k+l

(22)bs0(2) \ i q = q

in3 w3kt 3k2+4k+1 w—3k+2 3k2—k
- . Z qs e Z 3q3k71 =0.
¥(22)b31(2) 1 —w3q 1 —w3q

keZ keZ

Our third identity is similar to the previous first two identities.

Theorem 1.3. We have

1 wk1—2k2 qkf+k§+k1 ko 1 wk 72k271qsz+k§+k:1 ko+k1+ka+ 3
b3,0(2 k1k2262 (1 _ w2q2k1+k2)<1 _ w2qk2—k1) - ng(Z) kl%:ez (1 _ w2q2k1+k2+1)(1 _ w2qk‘2—k‘1>
. 2im? w3k gk - i’ w—3k+1q3k2—2k+% N w73k71q3k2+2k+%

V(22)bs0(2) 11— w3g3  9(22)bs 1(2) ~ 1- w3g3k—1 ~ 1- w3g3k+1

n° 0 (z)
-~ 9(22)29(32) bao(z)”

The paper is organized as follows. In Section 2, we review the definitions and a few
properties of the Dedekind eta function and the theta functions which occur in the statement
of the main results. We give the proofs of these results in Section 3.

ACKNOWLEDGMENTS

The authors thank the referee for insightful comments which improved the exposition of
the paper. The authors are also grateful to Sander Zwegers for useful discussions on related
topics.

4



2. PRELIMINARIES

This section defines the eta and theta functions which appear in the theorems and the
proofs, and recalls the elliptic transformations of the theta functions. The Dedekind eta and
Jacobi theta functions are defined by

(2.1) n=n(r) =g [[1-q")

@l ) (W) =i 3 (~1) FuTg

TG%+Z

N|=

(2.2) Hz) =z 1) = —iw™

Here (a), = (a;q), := H;:é (1 —aq?), and the last equality is the content of the famous
Jacobi triple product identity. The Dedekind eta function is well-known to be a modular
form of weight 1/2, whereas the Jacobi theta function is a Jacobi form of weight and index
both 1/2.

In particular, we need the elliptic transformations of ¥ (n € Z):

n2
(2.3) Yz +nt)=(—1)"¢ 2w "I(z).
Moreover, it is easily verified using the infinite product expression for 9 in (2.2) that
(2.4) 9 (0) = —2m°.

We next define the theta functions b, which appeared in equation (1.3). They sum over
the A,_; root lattices and are defined by
(2.5) byi(2) = bpg(2;7) == Z g Zi<e g3 Tjce(@—ae),

r —
Zj:l a;=0

k
aj€q+L

We are mainly interested in the case » = 3, the cubic theta functions, in which the theta
functions are explicitly given by

o m24+n2+mn_ m+2n
b3,0(2) = E q w )

m,ne’
o m2JrnzernerJrnJrl m+2n+1
bs1(z) = E q 3W )
m,ne’

These satisfy the following transformation formula
(2.6) bsi(z +7) = q tw by ().

These “cubic” theta functions have been of great interest in the literature, starting with
their introduction by Borwein and Borwein [2]. In particular, the general theory of theta
functions of shapes such as those in b3 ;, in a general context analogous to the usual Jacobian
elliptic functions has been worked out in great detail by Schultz [16].

3. PROOFS OF THEOREMS

Proof of Theorem 1.1: The first key step is to show that the difference of the left- and

right-hand sides satisfies the elliptic transformation law of a Jacobi form of negative index.
5



By a function ¢ satisfying this elliptic transformation law of index m, we mean a function
which transforms as

(3.1) Oz 4+ AT+ puT) = e_%im(AQT“’\Z)go(z; ) for all A\, u € Z.

For a meromorphic function ¢ satisfying this equation, the number of zeros minus the number
of poles is equal to 2m (cf. Theorem 1.2 of [6]). Thus, if m < 0, as in our case, there must
either be poles in z or the function is identically zero. In the second step of our proof,
we compare the location of poles (all of which happen to be simple) and residues at these
poles for the two sides of our identity and show that they all match. Thus, the difference is
holomorphic and transforms with negative index, and is hence zero.

For the first step, we begin by denoting the right-hand and the left-hand sides of the
claimed equation by r and ¢, respectively. Then by (2.3), we find that

r(z + 1) = ¢*w''r(2).

We now aim to show that ¢ satisfies the same transformation law. Write ¢ = ¢ + {5 with ¢;
the first and /5 the second line of the equation defining ¢.

We first consider ¢;. We call the first summand (resp. negative of the second) summand
in ‘€17 611 (resp. 612). We get

w—k1—2k2+6 kT +kS+kka—2k1—5ka+8

q
(1 _ w2q2k1+k2) (1 _ w?qk&*kl)

l(z+7)— q8w16€11(z) = Z

k1,ko€Z

(1 _ w12q3k21+6k‘2) ,

where for the first summand, we shift ks — ks — 2. We then substitute the identity
(3.2) 1 — w20k — (1 — y2gh2 M) (1 4wtk 4 qSg2hitike)
+ (1 . w2q2k‘1+k2) (w2qk2—k1 + w6q3k2 + wloqk1+5k‘2) ]

The contribution from the first term, which we call G, gives

w—3k1—2k2+6q3kf+k§+3k1k2—8k1—5k2+8 4 3ok I
_ 1+2k2 1+4k2
Gl(’z)— E: 2 k (1+wq +wq )7
1 — w?g~
ki1,ko€Z

where we let kg — ko — 2k; and then by — —k;. Similarly the contribution from the second
term in (3.2), denoted Go, is

w—3k1—2k2+8 ([ 3kT +k3 +3k1 ko —Thy —4ka+8

_ q 4 3k1+2k 8 6k +dk
JEED> ]
k1,koCZ
where we sent ko — ko + k.
Next
—k1—2ko+5 k2 +k2+k1ko—k1—4ko+6
w qriTh2
bl 7) = () = Y ]

b, (1 _ w2q2k1+k2+1) (1 _ qukQ*kl)
1,R2

where in the first term, we shift ky — ko — 2. Similarly as before, we decompose
L —w™q —wq q
+ (1 - w2q2k1+k2+1> (w2qk2—k1 + w6q3k2—|—1 + wloqk1+5k2+2) .

6
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We call the contribution from the first term G3. After changing variables to ko +— ko —2k; —1
and then ky — —k; — 1, we get

(33) Gs(z)= >

k1,k2€Z

—3ky—2kp+4  3k?+k3+3k1 ko—4ky —3ko+4

w q

1 — w2gke

(1 + w4q3k1+2k2+2 + w8q6k‘1+4k‘2+4)

The contribution of the second summand Gy is, shifting ko — ko + k1,

(34) Ga(z2) = Z

k1,k2€Z

—3k1—2ko+7 ,3k?+k3+3k1ko—5k1 —3ka+6

w q

1 — w2gke

(1 + w4q3k1+2k2+1 + w8q6k1+4k2+2)

Substituting the expressions for G;, we find that

—3k1—2ka ,3k?+k2+3k1ko+8

w q

1 — w?gh2

Gl(Z) + GQ(Z) — G3(z) — G4(Z) — Z

k1,ko€Z
10 ,—5k1—3k 14 —2k1—k 8 —Tki1—4k 12 —4k1—2k 16 —k 4 —4k1—3ko—4
+ w q 1 2 _'_ W q 1 2 _'_ W q 1 2 _'_ W q 1 2 + w q 1 _ W q 1 2

(wﬁq—8k1—5k2

—k1—k2—2 12 2kq+ko 7 —5k1—3k2—2 11 —2ki1—ko—1 15 ki+ko

—w¥q wq —w'q wq —w’q >
We label the twelve terms in the brackets by 7 =1,2,...,12. For j = 1,2,4 and 10, we shift
ki — k1 + 1 and for 7 = 9 we shift k; — k; — 1. This gives

w—3k1—2ks (3kT+k3+3k1ka+8

q
1 — w2gk2

3 —2k1—2ko—5 7 ki1—2 14 —2k1—ko 5 —ki—ko—4
k1,k2€7Z

oqpl2g ke | 16—k g d—dki=3ka—d _ 8 —ki—ka=2 _ 15, —4ki—=2ks+1
_ gt gkl w15qk1+k2>.

We denote the terms in the brackets of the last expression by D;. Substituting now

—2k) —2ko— 2 k 2 k 14 _—ki—ks (, 2 k
Dy = wig 22k 5(1—wq2+w 2), Dg=w"qg ™ 2(wq2—1—|—1),
4 —dk)—3ko—4 2 k 2 k 13 ki (2 k
Dy = —w*q 70" (1—wq2—l—w 2), Dis = —w ql(wq2—1+1)
and dividing out in these terms 1 — w?¢*?, we obtain
(3.5)
w2k KT Fakk 8 %k —k T k12 14 —2k—k ey —ky—4
Z w5q— 1_2_5+'LU(]1_ +w'q 1—2+w5q—1—2—
1 — w2gh2
ki,k2€Z
w2tk g 14—k g 6 —A=2he—d 8~k —kn—2
B B B w13qk1>

1 Z 32 BRE R+ Bk k48 (w3q72k172k275 _pMgRihe gt dke—t 13 k1>

k1,ko€Z

The last line is a sum of four theta functions 7; (j = 1,...,4), which we show vanishes. To
this end, substitute in 7} and 715, k1 — —ky and then ky — ko + 3k;. Next replacing in 77,

ki k141, and ko — kg — 2 shows that 77 + T3 = 0, and replacing in 75, k; — k1 + 1 and
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ko +— ko — 1, shows that T + Ty = 0. Grouping the terms of the other lines of (3.5) gives
our final expression for

O(z+7) — w0 (2) = G1(2) + Go(2) — G3(2) — Gu(2),

namely
(3.6)
—3k1—2ka ,3k2+k2+3k1ko+8
3 2 9 4 w g 5 —ki—ky—4 4 ki—4
(1—wq—|—wq)z 1~ wiqh (wq 1mha=d gk )
k1,ko€Z
—3k1—2ky 3k +k3+3k1k2+8
6 4 9.5 w gt 5 —2k1—ky—5 6 —dky—2ky—4
+(1—wq+wQ)Z —m wlq TR g Stk
k1,k2€Z
Next we consider the second line, /5, and set
—19(22
Ao(z) := #52(2).

3
Using (2.3) we thus aim to compute the combination
(3.7) Lo(2) = X2+ 7) — ¢Pw'? Xy (2).

We do this termwise and only carry out the details for the first term. This yields the following
contribution to (3.7)

_ 2_ _ 2 _ 2
w 3k+2q3k k+2 B w 3k+14q3k +2k+6 B w 3k+5q3k Tk+6 (1 _wgq%)
gez: 1— w3q3k+3 ~ 1— quSk ~ 1— w3q3k ’
—3k+2 3k%2—k+2 —3k+8 3k2—4k+6 —3k+11 _3k%—k+6
= DT S e
keZ keZ kEZ

where we shift £ — k — 1 in the first summand on the first line. To obtain the second line
we use

(1 _ wgqgk) _ (1 _ w3q3k) (1 + w4+ quGk) ’
and map k — k41 in the first summand. Treating the other terms similarly, we obtain that

(3.8) La(z) = (1 B w9q4) Z <w—3k+2q3k2—k+2 _ w—3k+4q3k2—5k+4>
kEZ

4 (1 — gt 4 w9q5) Z (w73k+1q3k272k+1 _ w73k+2q3k274k+2) .

kez
Summarizing, we have to show the following identity:
in?
¥(22)

Since both ¢1(z + 7) — ¢®w'®¢;(z) (see (3.6)) and Ly (see (3.8)) contain a term with (1 —
w3g® + w?q*) and (1 — wlq* + w?¢), the identity in particular holds if the following two
8
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identities hold:

—3k1—2ka+4 3k +k3+3k1ka+4

w q —k1—k k
(3.9) Z 1— w2gh (wg™" 7" —¢*)
k1,ko€Z
3
_ —3k+8 3k2—5k+6 _ . —3k+6 3kZ—k+4
—9(22) Z <w 1 v 1 ) ’
k€L
—3k1—2ko+5 ,3k2+k3+3k1ko+3
w TRy
(3.10) Z : _ququ (g2 — g tha—2kat1)
k1,k2€Z

. 3
m ( —3k+6 3k2—4k+4 —3k+5 3k2—2k+3)
g w —w .
0(22) Z q q

kEZ

Denote the left-hand side of (3.9) by £; and the right-hand side by R4, and similarly define
Ly and R, for (3.10). We again use elliptic transformations and residue computations to
prove these identities. We obtain for the shift z — z + 7 of the R;’s, using (2.3) and the
shift £ — k£ 4+ 1 in the first summand,

(3.11) Ri(z +7) +w®Ra(2) = 0, Ro(z +7) +wg*Ri(z) = 0.

Thus, we want to prove the following identities, which show the desired elliptic transfor-
mation properties of the left and right hand sides:

(3.12) Li(z+7)+w'q®Lo(2) =0, Lo(z+7) +wg'Ly(2) =0,

In £1(z+7) we change ki — ki + 1 and ky = ky — 2. After adding w¢®Ls(2), we can divide
out by 1 — w?¢*2, to obtain

Li(z+71) +wqLy(2)

_ _ 2 2 _ — _ _
— § w 3k1 2k2+1q3k1+k2+3k1/€2+5 (w5q 4k —4ko+7 (1 + w2q/€2) . w4q 2k1—3ko+6 (1 + w2qk2)) ]

k1,k2€Z

This is a sum of four theta functions S;. A direct calculation shows that S; = —S3 and
Sy = —S4, which proves the first identity of (3.12). The second identity in (3.12) is proven
similarly.

One may verify from the quasi-periodicity (3.11) of R;, that w™"R;(2z) and w ¥R4(22)
satisfy the elliptic transformation law (3.1) with index m = —5. Since we have thus negative
index Jacobi forms, we finish the proofs of (3.9) and (3.10) by showing that both sides have
the same poles and the same residues.

We start with R which has at most simple poles for z € %ZT + %Z. Given the elliptic
transformations (3.12) we only need to match residues modulo Z7 + Z. Firstly consider the
pole at z = 0. We compute the residue to be

7; 2 2

3k*—5k+6 3k —k+4
47

kEZ

where we shift in the first summand k£ — —k + 1 to find that the residue vanishes and also
use (2.4). At z = 1/2, using again (2.4) and the equation ¥(z+ 1) = —(z) (as follows easily
9



from the first identity in (2.2)), we obtain the residue

_z_ ((__1)kq3k2_5k+ﬁ __(__1)kq3k2—k+4> _ ___z_ (__1)kq3k2_k+4’
4m 2m
keZ kEZ

where we let k — —k + 1 in the first summand. At z = 7/2, the residue is

.1 .
Lqz —3k 14 3K2-5k+6 _ 343 3k2-k44) _ L 3k24E47 _ 3k2-3k415
q q —q q = q —q )
47 47
kEZ ke

shifting again k — —k 4 1 in the first summand. Moreover, we use (2.3) to compute that
0
V(1) = —q 25 [ 0(2)] g = —q =0 (0)

since ¥ is odd as a function of z. Finally at z = 7/2 + 1/2, our residue becomes

1
_ Z]; Z((_l)kq73k+4q3k2 Sk+6 _ (_ 1)kq7%+3q3kz k+4)
keZ

? 2.k 2_5k 15
- = ((_1>kq3k HEHT 4 (Z1)kg 2+2>’
ke,

making again the shift kK — —k + 1 in the first summand.
We next turn to £,. We see that we again have at most simple poles at %Z + T%Z. For
z =0 a pole can only come from the term k; = 0 yielding the contribution

LX) =
k1€Z

by changing ki — —k; in the second term. At z = 1/2 again the pole comes from ky = 0

yielding
o Z k‘l 3/€ -|—4 q—kl o - _ Z 3k —k1+4

kleZ kJ1EZ
which matches the residue of R;. At z = 7/2, the pole comes from ky = —1 yielding

1 9k 7 k 5k
= g (q*m% - qkl) - (Z T3 qu%O;#;) ,
T 47
ki1€Z k1€Z

ki1€Z

where for the first summand we change k; — k1+1, and in the second summand k; — —k;+1.
Finally at z = 7/2 + 1/2 the pole comes from ky = —1 yielding

_ L (_l)qu%f—%w <q—k1+g X qk1>

47
ki1EZ
_ L k 3k2+ +7 3k2 5’€1+§
- (v D),
ki1€Z k1€Z
where for the first summand we shift again k£ — k; + 1, and in the second summand
ki — —k; + 1. So we see that all residues of £; and R; match. The calculation of the

residues of £, and R, is similar to those £; and R, so we omit the calculation.
10



At this point, we have proven that the left and right hand sides of Theorem 1.1 transform
identically under the elliptic transformation z — 2z + 7. It is straightforward to check that
they also transform the same under z — 2+ 1. To finish the proof, one needs again to verify

that the poles and residues of both sides match. To this end, we multiply both sides by
19(22

. We see that both sides still satisfy the elliptic transformation law of negative index
Jacobl forms with simple poles at 7 + %, with (m,n) = (0,1), (0,2), (1,0), (1,1), (1,2),
(2,0), (2,1) and (2,2). Note that at (0, O) we have a removable singularity. We omit the
details of the calculations and only list the residues For (m n) = (0, 1), the residue equals

9(3 g29(7H)
67r773’ for (m,n) = (0, 2) 67r 3, for (m,n) = (1,0), Gﬂ ) for (m,n) = (1,1), ——g—; for
_ g20(752) 4 19( _ I3 |
(m,n) = (1,2), =3 for (m,n) = (2,0), - ; for (m,n) = (2,1), =53 and for

2.9 M)
(m,n) = (2,2), —%

O

Proof of Theorem 1.2: We follow the same strategy as in the proof for Theorem 1.1. Since
many steps are almost identical to those in the proof of Theorem 1.1, we only give the main
intermediate results. We denote the first line of Theorem 1.2 by ¢;(z). First we consider the
periodicity of the generalized Appell functions in ¢;(z) under z — z + 7 without the b3 . We
define (3, as bz times the first summand in ¢;. Sending w — wq in ¢}; and adding —¢5w®
times the original function, we have

w1 —2k2 T kT HkS s ka—3k1 —6ka+ 3

q _ w123k t6ka—3
(3.13) k%:ez (1 — w2qkr+ke=1)(1 — w2gh2—k1) (1 g )
1,R2

Similar to the proof of Theorem 1.1, we substitute the equality

1 w12q3k1+6k)2 3 (1 w2ql€2 kl) (1+w4qk1+2k2 l+w8q2k1+4]€2 2)

(314) + (1 w2q2k1+k2 1) <w2qk2 k1 _l_quSkz 1+w10qk1+5k2 2)’

and write (3.13) as G} + G5, where G and G} come from the two terms in (3.14). They are
given by

w—3k1—2ka+5 3k k3 +3k1 ka2 —6k1 —4ka+ 1

q
Gi(z) = E . — (1 + wq Bki+2kat1 4 8 6k1+4k2+2)7
—w
k1,k2€Z q
w—3k1—2k2+6q3k%+k%+3k1k2—3k1—2]{;24—13*4 B C oetis
G;(Z’): E 1_w2qk2 (1+wq 1+2k2+ + wiq 1+ 2+)’

k1,k2€Z

where for G} we shifted ky — ko — 2k; 4+ 1 followed by k; — —k;, and for G5 we shifted

ko +— ko + Ky followed by ki — ki + 1. After a few more elementary manipulations, we see
11



that we can write G} + G as

(1+w6q4+w9q5) Z w
k1,ko€Z

—3ky—2ky+4 3k +kZ+3k1ko+ 3

q
1 — w?gk2

—3k1—2ko+8 3k? +k3+3k1ka—3k1 —ka+ L}

q
1 — w2gk2

w
(3.15) + (14 w’¢® + w'q") Z
k1,ko€Z
—l—wqg (1 +wiq® + w6q4) bs.0(2).

We define /7], as —bz ; times the second summand in ¢;. Comparing with Theorem 1.1, we
see that £}, is identical to f15. Therefore, £1,(z + 7) — ¢®w!®l;y(2) equals Gz + G4 with G3
and G4 given respectively in (3.3) and (3.4). With a few manipulations, we bring G3 + G4
in the following form:

o 4 w73k172k2+9q3kf+k§+3k1k275k172k2+6
(1 +w’q ) g
1 — w2gh2
k1,k2€Z
o 5 w—3k1—2k2+6q3k§+k§+3k1k2—4k1—2k2+4
(3.16)  +(1+w®) ) [~k
—w
k1,k2€Z q
—3k1—2k2+5 [ 3kT +k3 +3k1 ko —2k1 —ka+3
6, 4 q
+w’q 5
1 —w*g™
k1,k2€Z
- w—3k1—2k2+7q3k%+k§+3k1k2—k1+4 s 3 9 6 4
+ w’q E o +wq§(1+wq +wq)b3,1(z),
1 —w2g*
k1,ko€Z

where we pull out the factors wq* and w3q¢? for later convenience.
We continue with the second line of Theorem 1.2, which we denote by ¢3. Defining

% —i9(2z 5370 Z) o«
A5(2) = ( 2, ( )62(2’)’
Ui
we determine for the shift z — z + 7 that
A5 (2 +7) — w5 (2)
(3.17) _ (1 e + w9q4) Zw73k+3q3k2,3k+§ i (1 bt + w9q5) Zw73kq3k2+%'
keZ keZ

Similarly, we denote the third line by ¢§ and define A\}(z) := Wﬁg(z) We obtain

N(z+7) —wPNj(z) = (1+w¢) Z w IR PR R g6 Z 3R R 2k
kEZ keZ
(3.18) +(1+w) Z w2 PR AR 32 Z w2 PR kA2,
kEZ kEZ

Combining these results, we can again find identities which imply that the required peri-
odicity holds as in Theorem 1.1. To determine the identities, first note that the last terms

of (3.15) and (3.16) cancel each other in the computation of ¢;(z + 7) — ¢"w'™¢;(z) (note
12



that we use (2.6)). The first identity then follows by combining the sums ¥y, p,cz in (3.15),
(3.16), (3.17), and (3.18) which are multiplied (1 + w%*) on the left:
1

—3k1 —2ka+8 3k +k3+3k1 ko —3k1 —ko+ 3

Z - ql — w2gk2

6370(2) k1,k2€Z
1 o~ 3k1—2k2+9 3kT +k3 +3k1 ka—5k1 —2k2+6
(3.19) - 3 a
bs1(2) ko k2 €7 1 —wig*
Fwlte? in’ 1 Zw73k+3q3k273k+§ 1 Zw73k+1q3k2+k+2 —0
9(22) \ bso(2) & bs1(2) £
The second identity follows by combining the sums %y, 1,z multiplied by (1 + w®¢®)
1 w—3k1—2k2+4q3k$+k§+3k1k2+§
bs.0(2) klkZQGZ 1 — w2gh2
1 Z w73k172k2+6q3k§+k§+3k1k274k172k2+4
bs1(2) k1 ko €Z 1 —wqh
in’® 1 3k 3k2+2 1 —3k+2_3k?—4k+2
+w4q2 w q 3 — w q = 0.
9(22) \ buo(2) Z bs.(2) Z
The third identity follows by combining the sums Y, ,ez multiplied by w®q*
1 w—gkl—2k2+4q3k§+k§+3k1k2+§
EIP VR S
1 w—3k;1—2k2+5q3k§+k§+3k1k2—2k1—k2+3
bs1(2) ko k2 €7 1 —wig®
rate? in’ 1 waqu:sk%r% 1 Zw73k+1q3k272k+1 —0
9(22) \ bso(2) & bs(z) £
The fourth identity follows by combining the sums Y, j,cz multiplied by w®¢?
1 w—3k1—2k2+8 q3k§+k§+3k1k2—3k1—k2+1—;
bs0(2) ke k2 €7 1 —wig*
1,R2
1 w73k172k2+7q3kf+k§+3k1k27k1+4
_53,1(2) by a7 1 — w?gh
i’ —3k+3, 3k2—3k+5 1 —3k+2 3k2—k+2
+wiq? w — w = 0.
5 (s 2 IR R

We prove the first identity (3.19) and leave the proofs of the other identities as an exercise
for the reader. First we argue as in the proof of Theorem 1.1 that (a power of w times) the

function satisfies the elliptic transformation law of a negative index Jacobi form. To this
13



end, consider the change of variables z +— z 4 27. For the third term of the left-hand side of
(3.19) we get after letting z +— 2 + 27 and using (2.3) and (2.6) that
. 3 16,22

wiqt? in s 3k2_opi 28 koktl W'OGH an? —3k 3k?—3k+3
w 3 fy w 3’
bso(z + 27) V(22 + 471) Z 1 bso(z) ¥(22) keZZ !

kEZ

which is w?¢* times the original third term. One can show similarly that the first term plus
the second term, and the fourth term, are multiplied by w?¢? under z — z + 27. It is also
easy to check that the two sides have the same behavior under z — z+1. Therefore, the left-
hand side satisfies the elliptic transformation law of a Jacobi form of negative index. If we
multiply (3.19) by b3 bs 1, we still have a function which satisfies the elliptic transformation
law of a Jacobi form of negative index, since b3 (2 4+ 27) = w*q *b31(2) (by (2.6)). Under
the transformation z +— 2 + 7, (3.19) becomes the third identity multiplied by ¢°. Thus, we
can work as before with a vector-valued identity, and consider the periodicity z — z + 7.
Since the index is negative, what remains is to show that the residues within the paral-
lelogram spanned by 1 and 7 of the left-hand side of (3.19) vanish. This is a tedious, but
straightforward proof, which we omit. The proof of the Identities 2, 3, 4, and, consequently,

Theorem 1.2 follow similarly. 0

Proof of Theorem 1.3: The proof of Theorem 1.3 is almost identical to the proof of The-

orem 1.2, and so we omit the details. O
REFERENCES

[1] M. P. Appell, Sur les fonctions doublement périodique de troisiéme espéce, Annales scientifiques de
IPE.N.S. (3) 1 (1886), 9-42.

[2] J. Borwein and P. Borwein, A cubic counterpart of Jacobi’s identity and the AGM, Trans. Amer. Math.
Soc. 323 (1991) no. 2, 691-701.

[3] K. Bringmann and J. Manschot, From sheaves on P? to a generalization of the Rademacher expansion,
A. J. of Math. 135 (2013), 1039-1065.

[4] K. Bringmann, L. Rolen, and S. Zwegers, On the modularity of certain functions from the
Gromov-Witten theory of elliptic orbifolds, Royal Society Open Science (2015), pages 150310.

[5] J. Conway and N. Sloane, Sphere packings, lattices, and groups, Springer-Verlag, 1999.

[6] M. Eichler and D. Zagier, The Theory of Jacobi Forms. Birkhduser, 1985.

[7] L. Gottsche, The Betti numbers of the Hilbert scheme of points on a smooth projective surface, Math.
Ann. 286 (1990), 193-207.

[8] L. Gottsche, Theta functions and Hodge numbers of moduli spaces of sheaves on rational surfaces,
Comm. Math. Physics 206 (1999), 105-136.

[9] M. Ismail and R. Zhang, ¢-Bessel functions and Rogers-Ramanujan type identities, arXiv:1508.06861
[math.CA].

[10] V. G. Kac and M. Wakimoto, Integrable highest weight modules over affine superalgebras and Appell’s
function, Commun. Math. Phys. 215 (2001), 631-682.

[11] V. G. Kac and M. Wakimoto, Representations of affine superalgebras and mock theta functions,
arXiv:1308.1261 [math.RT].

[12] W.-P. Li and Z. Qin, On blowup formulae for the S-duality conjecture of Vafa and Witten, Invent.
Math. 136 (1999), 451-482.

[13] J. Manschot, BPS invariants of semi-stable sheaves on rational surfaces, Lett. Math. Phys. 103
(2013), no. 8, 895-918.

[14] J. Manschot, Sheaves on P? and generalized Appell functions, arXiv:1407.7785 [math.AG].

[15] M. Raum, H-harmonic Maaf-Jacobi forms of degree 1, Res. Math. Sci. 2 (2015), no. 12.

[16] D. Schultz, Cubic theta functions, Adv. Math. 248 (2013), 618-697.

14



[17] A. M. Semikhatov, A. Taormina, and I. Y. Tipunin, Higher level Appell functions, modular
transformations, and characters, Commun. Math. Phys. 255 (2005), 469-512.

[18] C. Vafa and E. Witten, A strong coupling test of S duality, Nucl. Phys. B 431 (1994), no. 1-2, 3-77.

[19] K. Yoshioka, The Betti numbers of the moduli space of stable sheaves of rank 2 on P2, J. reine. angew.
Math. 453 (1994), 193-220.

[20] K. Yoshioka, The chamber structure of polarizations and the moduli of stable sheaves on a ruled
surface, Int. J. of Math. 7 (1996), 411-431.

[21] S. P. Zwegers, “Mock Theta Functions,” Dissertation, University of Utrecht (2002)

[22] S. P. Zwegers, “Multivariable Appell functions,” preprint (2010).

I MATHEMATICAL INSTITUTE, UNIVERSITY OF COLOGNE, WEYERTAL 86-90, 50931 COLOGNE, GER-
MANY
E-mail address: kbringma@math.uni-koeln.de

2 ScnooL oF MATHEMATICS, TRINITY COLLEGE DUBLIN, DUBLIN 2, IRELAND
E-mail address: manschot@maths.tcd.ie

3 DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK, PA
16802
E-mail address: larryrolen@psu.edu

15



	1. Introduction
	Statement of results

	Acknowledgments
	2. Preliminaries
	3. Proofs of theorems
	References

