W-ALGEBRAS, HIGHER RANK FALSE THETA FUNCTIONS, AND
QUANTUM DIMENSIONS

KATHRIN BRINGMANN AND ANTUN MILAS

ABSTRACT. Motivated by appearances of Roger’s false theta functions in the representation theory
of the singlet vertex operator algebra, for each finite-dimensional simple Lie algebra of ADE type,
we introduce higher rank false theta functions as characters of atypical modules of certain W-
algebras and compute asymptotics of irreducible characters which allows us to determine quantum
dimensions of the corresponding modules. In the sfz-case, we recover many results from [10].

1. INTRODUCTION

It is well known (due to Frenkel-Kac and Segal) that any simply-laced affine Lie algebra g admits
a homogeneous realization in terms of vertex operators acting on a direct sum of infinitely many
Fock spaces. More precisely, for every coset A + Q € Q°/Q (Q the root and Q" the weight lattice)
there is an irreducible highest weight g-module V4. This construction can be reformulated (due
to Borcherds [8]; see also [23]) in the language of vertex operator algebras. From this point of view,
the module Vi has a vertex operator algebra structure (lattice vertex algebra) while Vg is an
irreducible Vg-module [29]. Under the standard grading, characters of these modules are known
and given by
Ll

Ea€Q+/\q 2
ch[Voal(r) = W,

where ||a||? := (o, @) and n(7) = ¢ [1,,51(1—¢") is Dedekind’s n-function (q := €*™" throughout),
a modular form of weight 1/2. Modular forms have appeared in abundance in the representation
theory of rational vertex operator algebras [29], especially in the theory surrounding the moonshine
phenomena [23].

In the last ten years, a lot of research has been devoted to understanding the so called logarithmic
conformal field theories and related irrational vertex algebras [2, 4, 18, 19, 20, 24, 30, 32], etc.
In these theories, modularity either holds with some modifications, as seen in Ca-cofinite vertex
operator algebras (VOAs), or is completely absent as is the case of non Cy-cofinite VOAs. An
interesting feature of irrational Cy-cofinite vertex algebras is the lack of an affine Lie algebra action.
One reason for this comes from the fact that all known examples of such vertex algebras appear as
proper subalgebras of vertex algebras associated to dilated root lattices |/pQ, with p € N>y (here
p is not necessarily prime!). Although these rootless lattices rarely appear in Lie theory, they do
have relevance in vertex algebra theory.

In many ways this paper is a continuation of [10] (see also [11, 14, 30]) where the authors
thoroughly studied properties of certain false theta functions coming from characters of modules
of the singlet vertex operator algebra. The starting point in this line of work was an observation
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[10, 11] that the classical Roger’s false function

i\2 00 5\2 00 i)\ 2
ngn(n)qp("m) = ZQP(M@) - qu(mﬁ) (1.1)
neL n=0 n=0

and other related false theta functions show up as “numerators” of characters of the (1, p)-singlet
W-algebra (see [1]).

In the theory of modular forms, false theta series have occurred in many important works,
including [6, 28, 34, 36]. These are not modular but when passing to the lower half-plane radially
one obtains mock modular forms which are holomorphic parts of so-called harmonic Maass forms
(non-holomorphic modular forms annihilated by the Laplace operator). In particular, this yields
an analytic function in the upper half-plane which drips into the lower half-plane.

It is already known that the (1, p)-singlet algebra is related in a non-trivial way to the Lie algebra
sla, so this raises the question of whether functions like (1.1) can be defined for other root systems
such that they also give rise to characters of modules. As we previously announced in [30], with
full details given here, this is indeed possible, at least in the simply-laced case.

To explain our construction, we first consider a sequence of embeddings of vertex algebras:

We,(8) = WO (p)g = W(p)g = Vo
where g is the corresponding simple Lie algebra, W, (g) is the affine W-algebra associated to g
[7, 15], and WO(p)g and W (p)q are certain vertex algebras defined below. In the special case of
g = s, we recover a more familiar embedding of vertex algebras studied for examples in [2, 10, 11]:
L(cp1,0) = W(2,2p—1) = W(p) — Vo
where W (2,2p — 1) is the (1, p)-singlet vertex algebra [1].

It turns out that the most interesting g-series come from considerations of characters of W0 (p)-
modules. The vertex algebra W0(p)g is not Ca-cofinite and as such admits characters of modules
with peculiar properties. In a special case of the vertex algebra VVO(p)Q7 we get the following
character formula

q%IIx/:Ew(OHrp)—ﬁpll2

> dim(V(@o) 3 (~) g (12)

ae@QNP+ weWw

with V(a)o the zero weight space of the irreducible highest weight g-module V' («), W is the Weyl
group, £(w) is the length of w, and P denotes the set of dominant integral weights. The expression
(1.2), after eliminating the n-factor, should be viewed as a higher rank generalization of the classical
false theta functions. Indeed, the sign factor in (1.1) can be understood as (—1)“*), where w is the
non-unit Weyl group element of sl. As far as we know, g-series like (1.2) have not been studied
in the literature apart from the rank one case. We believe that they are closely related to certain
limits of colored Jones polynomials of alternating knots colored by representations of g, studied
in [25]. Connection between the (1,p) singlet characters and certain torus knots colored by sly
representations was already established in [10]. Another, more conceptual, contact between this
line of work and quantum knot (and link) invariants is expected to be obtained by establishing
equivalences of categories of Wo(p)Q—modules and modules for "unrolled” quantum groups at root
of unity. For the (1,p) singlet algebra, this equivalence was recently studied in [13].

The aim of this paper is to study properties of characters of W (p)q initiated in [18] and especially
characters of W9(p)g-modules such as (1.2). We briefly outline the paper and indicate the main
results. We introduce vertex operator algebras W (p)g and W9(p)¢ in Section 2, following mostly [4,
18, 30], although similar constructions with screening operators can be traced to affine W-algebras
[22]. In Section 3, we recall modular transformation properties of higher rank theta functions
coming from lattices, while, in Section 4, we discuss characters of certain W (p)o-modules following

2



closely the proposal in [18]. Our main result is Theorem 4.1 below, proving finite-dimensionality
of the SLy(Z)-closure of the space of W (p)g-characters. We also work out in full detail modular
transformation properties of ch[W(p) 4,](7) (see Section 4.3). Section 5 is primarily concerned with
characters of W9(p)g-modules and an explicit computation for ch[W°(p) 4,](7). The key aspect of
this paper is in Section 6, where we study asymptotic expansions of characters of Wo(p)Q-modules.
The main result here is Theorem 6.2, which can be restated as follows.

Theorem 1.1. For B € L°, ast — 01,

n(it) @ eh[WO(p, B)g](it) ~ a (‘;gzr/ﬁ)\)) +0 (\/Z) '

where X (depending on ) is defined in Section 5.1.

Although our method for computing asymptotic expansion of W9(p) is very general, for brevity
in Section 7 we only compute the full expansion of ch[W?(p)4,](7). We obtain

Theorem 1.2. Asymptotically, as t — 0T, we have with p € N>o,

n(it)>ch[WO(p) a,(it) ~ Y a(N)(—=2mpt)™,
N>0

where a(N) is defined in (7.6) below.

Remark 1. For Q = Ay, in [10], the authors obtained an asymptotic expansion of characters. This
asymptotic expansion was then related to Eichler integrals which have a nice (mock transformation)
behavior. We plan to investigate in future research whether the formulas in Theorem 1.2 can be
used to find companions of the characters in the lower half-plane which is (mock) modular.

For regular vertex operator algebras (or more generally, modular tensor categories) a quantum
dimension defines a homomorphism from the Grothendick ring of the category of modules to C. If
we denote by M;, 0 < j < k, all inequivalent irreducible V-modules, where we pick V' = My, the
quantum dimension of Mj; is given by

qdlm(M]) = @,
50,0
where S are the entries of the S-matrix. It is expected that this quantity plays an important
role for irrational vertex algebras as well. Thus, in Section 8, based on results of Section 6, we
compute analytic quantum dimensions of certain W9(p)g-modules. This quantum dimension is
defined purely analytically as the limit

. .. ch[M](it)
qdim(M) := t1—1>%1+ DVI(i)

We stress that for regular vertex operator algebra these two definitions agree, at least if lowest
conformal weights of M;, j # 0, are positive. By using the last definition, we show in Section 8
that

Corollary 1.3. For 3 € L°, whose coset representative in L°/L is A, we have
qdim (WO(p, B)q) = dimcV (—/pA),
where X is defined in (4.1).
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2. VERTEX OPERATOR ALGEBRAS, W (p)g AND W0(p)g

Let (Q, (-,-)) be a rank n root lattice of ADE type, and Q° = P its dual (weight) lattice. We
are primarily concerned with dilated root lattices L = /pQ and their duals LY, where p € N>o.
Let a;j, 1 < j < n, denote the simple roots of @, and AL and A_ the set of positive and negative
roots, respectively. We have ||a;||? = (aj, j) = 2 for all j.

We equip V, with a vertex algebra structure by choosing an appropriate 2-cocycle as in the case
of Vg [4, 29, 31]. For the conformal vector we choose [2, 18, 30, 31]

p—1
W= wy + a(—2 ]—7
2\/]3 QGZA:+ ( )

where w( denotes the canonical (quadratic) Virasoro generator [29]. Then V7, is a conformal vertex
algebra of central charge

rank(Q) + 12(p, p) (2 e 1) ,

p
_o
where p denotes the half-sum of positive roots. Next, we consider screening operators e(}/ﬁ * € VP
(1 <4,k < n) acting among V;, and certain Vz-modules. It is known that for every j and k the

Q5 —Q
operators e(‘)/ﬁ 7 and e, k/VP

algebra [4, 18, 31].

The connection to affine W-algebras is achieved via screening operators. Recall that there are
two methods for defining universal affine W-algebras. The affine W-algebra associated to g at level
k # —hY, denoted by Wy(g), is usually defined as the cohomology group obtained via a quantized
BRST complex for the Drinfeld-Sokolov hamiltonian reduction [22]. Cohomology of this complex
is nontrivial only in degree zero [22]. Moreover, it is known that Wg(g) is freely generated by
primary fields as a vertex algebra (thus the name W-algebra), in the sense that it is strongly freely
generated by rank(g) primary fields, not counting the conformal vector. On the other hand, an
important result by B. Feigin and E. Frenkel [22] says that for k generic and g simply-laced, there
is an alternative description of Wi(g) in terms of free fields. We use Fj to denote the rank n
vacuum Fock space, which is also a vertex algebra, and by F) Fock modules parametrized by b.
Let v = k+ hY, where k is generic and consider the following operators [22]:

commute with each other, and they both commute with the Virasoro

Then



Moreover, we also have the following important duality
n
W.(g) = ﬂ Kerp, (eaﬁa'j) .
j=1

For non-generic values, screening operators can still be used to define vertex algebras which we now
describe. For instance, p = k + h" € N>y is known to be non-generic. So we let

Sk

n
Wo(p)g := ﬂ Kerpey V¥,
j=1
a vertex operator algebra containing W,(g) as a proper subalgebra [4, 12, 18]. In particular, for
Q = Ay, W(p)q is precisely the (1, p)-singlet algebra discussed in [10, 14]. Because of the integrality
condition, the previous algebra can be maximally extended within the lattice vertex algebra leading
to [2, 12, 18, 32]

Sk

n
W(p)g = ﬂ Kery, e, .
j=1
Again, if we let Q = Aj, this is the well-known triplet vertex operator algebra W (p). Similarly, we
can construct irreducible W (p)g-modules. The following conjecture was mentioned in [4, 18].

Conjecture 1. The vertex operator algebra W (p)q is Co-cofinite.

Remark 2. Due to the complicated embedding structure of higher Feigin-Fuchs modules, there are
essentially no results on the representation theory of W°(p)g and of W (p)g, for rank(Q) > 2. Still,
n [18], the authors proposed an interesting geometric method for studying W (p)g-modules and
their characters. In particular, it is expected that all irreducible representations of W (p)g can be
understood as subquotients of V 5p-modules [4, 18, 30]. Since we are only interested in properties
of characters of modules, from now on, we assume that the modules in [18] provide a complete list
of irreducible W (p)o-modules and characters (this is yet to be proven by using methods of vertex
algebras as in [2]). We also conjecture that all atypical irreducible representations of W9(p)q
appear in the decomposition of irreducible W (p)g-modules. Typical representations are modules
isomorphic to higher rank Fock spaces.

3. THETA FUNCTIONS ASSOCIATED TO LATTICES

This short section deals with higher rank theta functions. All results presented here are already
contained in the literature, but we recall them for the reader’s convenience.
For 7 € H, M € Pos(n;R) (positive definite matrices with real entries) and a,b € C™, we define

@ab(T.M) — Z eTriT(’r-l—a)TM(r+a)+27ri(r+a)Tb‘
rezn
Then

O_tq (—1;M1> = (—iT)? det(M)eiZﬂ.aTb@a’b(T;M). (3.1)
T

We also present essentially the same result using different notation. Let (L, (, )) be a positive
definite integral lattice and L° denotes its dual. For ¢ € Q ® L, define

19L g(u’ 7') = Z eﬂi7||a+g||2+2ﬂi(a+g,u),
a€l
where u € C® L = C(©) and ||y||? := (v, 7). Denoting by A the Gram matrix of L, we have

Ogu(T; A) = V1 g(u; ),
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where n := rank(L). The next result is well-known (see e.g. [26]).

Theorem 3.1. For [g] =g+ L € L°/L, we have

ARG
Ipglu;—=| = det (A 19qur TU;T),

k=
where m := o([g]) (order of [g] in L°/L), r satisfies (7', g) =
7}, an intermediate lattice of L and L°.

(mod 1) and Ly :={a € L: (o,9) €

4. CHARACTERS OF W (p)g-MODULES

4.1. The Weyl character formula. As in Section 2, let L = ,/pQ, where @) is an ADE root
lattice and p is the half-sum of positive roots. Also, denote by W the Weyl group. Set

A= H (1 —e%),
aEA_

the (formal) Weyl denominator. We can also view A as a complex valued function. We in-

troduce complex variables z; and let z% = z§w1’a) : ~z,(f"’a), where n = rank(Q). We also let
zj = e2miv; u;j € C. Then, for z = (21, ..., 2,), we define

Alz) = [ 1—2z%.

acEA_

This function should not to be confused with the modular discriminant!
Let w € W act on C[h*], where h* is the dual of the Cartan subalgebra, according to w-e¥ = ()
and similarly for w acting on z”7. Then we have the well known formula

wl| J[ @-e) | =) I 1-ev).

aEA_ aEA_

For A € P* (dominant integral weight) we denote by x the character of the highest weight module.
Recall also the Weyl Character Formula:

Zw()\-i-p)—p

2= ST (L))

weW

4.2. Characters of W( )Q—modules. Next, we discuss W (p)g-modules (see also Remark 1). As
in [18], we choose \; \f’ j =1,...,n, to be a basis of L” and we also fix representative of Q°/Q to
be 0,w1, ...,wy, for type A,, where w; are the fundamental weights. For D,,, we take 0, w1, wp—1,wn;
for Eg we choose 0, wy; and ws; for F7 we take 0 and ws, and for Eg we choose only 0.

Again, following [18], each coset L/L has a unique representative A of the form

n
A= VPA+ Y (1=, (4.1)
j=1
where A is the representative of Q°/Q fixed earlier, and A = > j=1(1 — sj)A; such that s; €

{1,2,...,p}. From now on, elements A € L?/L are identified with a unique representative of cosets

fixed above.
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Example 1. For Q = As, there are 3p? cosets of L°/L. For each = {0,w1,ws} there are p?
choices of X\, namely:

Y= (1 —s) 2L )2
A= (1 1)\/234-(1 2)\/57

To each coset representative A € L°/L as above, we now associate an irreducible W (p)g-module
denoted by W (p, A)g; there are p"|Q°/Q| such modules in total. As mentioned in the introduction,
we omit detailed discussion about modules here. Instead we only focus on their characters (also
known as graded dimensions) and refer the reader to [18]. As it is customary in vertex algebra
theory, the character of a module M is defined as

S1,82 € {1, ...,p}.

ch[M](7) := trpqg“ 021,

where c is the central charge. But for W (p)g-modules, it is also convenient to have on disposal
complex variables z; (and u;). These extra variable should come from yet to be constructed action
of the simple Lie algebra g on W(p)g (for sfy this action was constructed in [5]). The resulting
expression is called a full character. Then we have the following formulas for full characters of
atypical irreducible W (p)g-modules proposed in [18]:

2||\/150c+>\+ (ﬁ—%)PHQZw(Oﬁ-X)
Ch[W(p7 )\)Q] (T’ Z) rank Z Z w(A(\;)

wEW acQ
! sllvp(atptd)+3=Fll® ( oy 2T
e 2 D). (42)
n()rank(@) acQ ot Az)

Observe that the expression in the parentheses of (4.2) does not necessarily equal the Weyl character
unless o + \ € PT; rather it can be expressed as the Weyl character of different highest weight,
up to a sign. As we shall see momentarily, this formula is very useful for determining modular
properties of ch[W (p, A)g](T, z) after z — 1 (i.e., u — 0).

Next, we rewrite (4.2) by adjusting the Weyl sum (cf. [18]). Observe that we get a non-zero
contribution in the sum only if o+ p + ) is in the interior of a Weyl chamber. For such o+ p + )\
there is w € W such that w(a+p+ )\) is inside the fundamental Weyl chamber. Thus we can replace

the summation over the root lattice as a summation over the Q N P* and an extra summation over
the Weyl group. We use this and (4.2) to get

VPt R) =5l ju(atpR) -

B[V (p. N)ol(7.2) = - mk@) > Yyt A(2)

weW aeQ

5 llvBw! (atp+X)+3= J5pl1? jww! (atp+X)—p

= rank(Q) Z Z Z A (Z)

weW acQNPt w'eWw

sllvBw (atptN)+X=J5pl1? t(atp+R)—p

r"mk(Q) Z Z Z Z(t e : A(Z)

aEQNP+ w EW teEW

_ Llvpw(atp+N)+x— Lol
= rank(Q) Z Z gz P X340 (2)
ozEQﬁPJr weWw

llvpw(atp+)+A—Z5oll?
_ 1y 4
Z X)\Jra(z) <Z ( 1) 77<7—)rank(Q) ) '

aeQNP+t weW
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The sum in the parenthesis is also the character of an affine W-algebra module [15, 18]. After we
take the limit z — 1, we get

q%||\/p7w(a+p+>\)+A——pll2

AW (pNol(r) = 3 dm3<V(X—ka>> 3 (—1)i) ETIG) , (43)

ace@NP+ weW

where V() denote the finite-dimensional g-module of highest weight v. The previous formula is
perhaps useful for representation theoretic consideration while equation (4.2) is more suitable for
studying modular properties If A =0, the sum over the Weyl group can be further simplified as

Ch[W(p, )\)Q] (T) - rank Z dim ( ()\ * a)) QTlpHp(a+p+X)_pH2 H <1 - q(%aﬂﬁx)) )
aEQNPt vEA,

after an application of the Weyl denominator formula.

Remark 3. Observe that, by Weyl’s dimension formula, dim V() depends polynomially on the
labels m; of the highest weight v = mjw;i + - - - + mywy,. The degree of this polynomial is |A4|.

Next, we are interested in modular transformation properties of W (p)g-characters. Let us first
consider the A; case. Here Q = Za and P = Zw. Two representatives of Q°/Q are 0 and w. Then

\ is either 0 or w, and the corresponding 2p representatives of L/L are given by

A= iw,
VP
where j = —(p — 1),...,0, and j = 1,...,p, respectively. Clearly, PT N Q = Na = 2Nw and

dim(V(2nw)) = 2n + 1, dim(V((2n — 1)w)) = 2n, p = w, and W = {£1}. There are two series of
characters: For —(p — 1) < j <0 (A =0), we have

dlbv<@ig>Al(ﬂ::né)gian+1)Qf@*pilf-qf@*mi“f>, (4.4)

while for 1 < j < p (A = w), we have

W(p,@/h] S (e )

These formulas are well known character formulas for the triplet vertex algebra modules [19] (see
also [2] and references therein).
It is not hard to see that both families of characters can be written as linear combinations of

P05 and ‘20 where 1
)2
) = Z q@@pnﬂ)
nez

are Jacobi theta functions and 0, (1) 1= >, 7 (2pn+j )q(2P+9)?/(4P) denote their Jacobi derivatives:
see [2, 19] for more details. Consequently, the modular closure of the characters given in (4.4) and
(4.5) is finite-dimensional with a basis given by

0/ . 9/
%ln) g cpep 20 1y, a0
n(7) n(7) n(7)

Although we do not have a similar explicit description of the modular closure of W (p)g-characters,
we are able to prove a modularity result for all root lattices @), except possibly Eg. For this purpose,
we use results from [33]. Let A € Pos(n;Z) be even and P € C[vy, ..., v,] be a harmonic polynomial

8

ch
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with respect to A~! (as defined in Appendix A, Definition 1) of homogenous degree d. We define
a theta-like function associated to A, P, and A € A~'Z" by

1.7
9A7p,>\(7') = Z P(T)qf Ar.
TENHL™

Then the transformations from [33, Section 2] can be summarized as

04 pa(r+1) =N Mg, b0 (1), (4.6)
1 (—i)d(—ir)s*d omi(AT A

04,p <—> =" ) A, p (7). (4.7)
T V det(A) ueA—lZn/Zn

Theorem 4.1. Let QQ be an ADE type root lattice, except possibly Eg (in which case we only
have numerical evidence). Then each character ch[W (p, X)g|(T) is a sum of modular forms of
non-negative integral weight. Moreover, the modular closure of ch[W (p,\)g|(1), A € L°/L, is
finite-dimensional.

Proof: We first note that 04 p,(7) transforms the same way as 64,1,,(7), except for the additional
multiplicative factor (—i7)¢ appearing in (4.7). But 641 ,(7) is an ordinary theta function which
is known to be modular (of a certain level and multiplier), and therefore 04 p,(7) is also modular.

It suffices to show that each irreducible character can be expressed as a linear combination

£ 04,p,u(T)
n(r)"

harmonic polynomials. Indeed, provided that this holds, by using relations (4.6) and (4.7) we

easily infer that the closure of the given set of characters is contained inside the SLy(Z)-invariant

space spanned by 77 GAJT’*)‘,(LT), where 0 < j < deg(P), p € A~'Z"/Z", and P vary through the
same finite set. This vector space is clearly finite-dimensional. Now we analyze ch[W (p, \)g](T).
By Lemma 6.1, combined with (4.2), we see that with A = pB € Pos(n;Z), where B is the Gram
matrix of @, the expression n(7)"ch[W(p, A)g|(7) can be written as a linear combination of 64 p,
pu € A71Z" /7", and where P are certain polynomials. Next we show that all P that appears in
these linear combinations are harmonic with respect to A~!. For this, it is sufficient to prove that
HaEA+<x1a1 + oo+ T + i, ) € Clry, ..., 2] is harmonic with respect to A~! for any ”shift”
. This is immediate from Lemma A.3, Theorem A.4, Theorem A.6 and Remark 10 (thus we have
to exclude Fg). It remains to show that 64 p,, where P is harmonic with respect to A7l can
be written as a linear combination of 64 p,, where P is homogeneous. Clearly, every harmonic
polynomial P can be written as a sum of homogeneous harmonic polynomials and this proves the
previous claim and the theorem.

, where the matrix A is fixed and where P belongs to a finite set of homogeneous

O

For Q = Ay, it was shown in [3] that the relation (L(0) — Lgs(0))? = 0 holds on any logarithmic
W (p) a,-module, where L4s(0) denotes the semisimple part of the Virasoro operator L(0). Existence
of a non-trivial L(0) Jordan block is closely tied to the fact that 0}, ;(7)/n(7), modular form of weight
one, appears in the modular closure of irreducible characters. Observe that the proof of Theorem
4.1 implies that all irreducible characters contain 64 px(7)/n(7)" where deg(P) := |A4|, where Ay
is the set of positive roots (cf. Remark 3). Based on this observation we make the following

Conjecture 2. We have (L(0) — Lgs(0))2++1 = 0 on any logarithmic W (p)g-module. In other
words, L(0) admits Jordan blocks of size at most |A4|+ 1.

4.3. Example: modular transformations for the character of W (p)4,. Here we examine

the Q) = Ay case, that is g = s¢(3). Let {a1, a2} be simple roots of Ay. The entries of the Cartan

matrix are given by: (a1,a1) = (a2, @) = 2 and (a1, ag) = (g, 1) = —1. For simplicity, we only
9



consider the case A = A = 0. We have
(m1 4+ 1)(ma + 1)(m1 + ma + 2)
2 b

dim(V (miw1 + maws)) =
and by the Weyl character formula
dim(V(mlwl + ’ITLQO.)Q)()) = min{ml, mg} + 1.

For a = mya1 + moae , with my, my € Z, we have

3 (-1 20O\ (2my —my + 1)(2ma — my + 1) (ma + ma + 2)
A(z) N 2

lim
z—1
wES3

We now present two formulas for ch[W (p)4,](7). Formula (4.2), after z — 1, yields, after shifting
mj — mj — 1

(CHREHREDIE)

W) a(r) = D (2ma—ma) 2ma—ma) (my +ma) L ;

( . 2n(7)

mi,mo)EZ
Similarly, relation (4.3), easily gives another expression for ch[W(p) 4,]:

i (M mes) (1 gy (1 gy (1= gt
mimeo(my + ma) 5 . where
mq,mo=0 277(7—)
m1=mg (mod 3)
tp(m1,ma) == g (m? + m3 +mims). (4.8)

Because we are interested modular properties of ch[IW(p) 4,](7) we shall focus on the first formula.
If we let

P(ml, mz) = (2m1 — mg)(2m2 — ml)(ml + ’ITLQ),
then

ch [W(p)a,](7) := 2n(7)ch[W (p) 4,)(7) = OB, p, A, (T) with
(2 -1 o 1 1 ! -
B, .-p(_l 9 > , P,(m1,mga) .—P<m1—|—p,m2—|—p> , Ap = —];(1,1) .
Then we have

2"7(7')2 Z (2m1 — m2) (2m2 _ ml) (ml + mz) qp((m1—%) +(m2—%) —<m1—%) <m2—%))

(m1,m2)€EZ?
9 1 1 2 p(n2+n3—nins)
:2'0(’7') Z 2n1—n2+;) 2n2—n1—|—1—? n1—|-n2_|-;) gP\"1m"2
(n1no)e(~3,~1)+22
1nTByn 2 1.TB n
- 277(7—) Z (2”1 - n2) (2n2 - nl) (nl + 712) qz2 Pr 4+ Zﬁ Z q2 P
n—(nl,n2)€<—%,—%>+z2 TLG(—%,—%)-FZ?
3 1 3 1
_;O Z (n% —4ning + ng) q2”TBp” + ? Z (nl + nz) anTBpn
nE(*%,f%)+ZQ n€<,%’,%)+zz
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Now each polynomial above is homogeneous and harmonic with respect to B, 1 (use Example 3
and Remark 8) so our character is a linear combination of 6p B, and thus formula (4.7) can be
applied.

Remark 4. Alternatively, one can use (3) to obtain modular transformation formulas of W (p)4,-
characters.

5. CHARACTERS OF WY(p)o-MODULES

5.1. Characters as constant terms. Next we discuss irreducible W°(p)g-modules. In parallel to
[10, 11], we are primarily interested in atypical irreducibles. Typical irreducibles are isomorphic to
Fock spaces so their structure and character formulas are well-known (see Section 8). Because the
vertex operator algebra TW° (p)q is a subalgebra of the Fock space, it automatically admits infinitely
many irreducible modules. In particular, infinitely many modules are obtained by restriction from
W (p)g-modules - those are realized inside the lattice vertex algebra module. This way we obtain
WO(p)g-modules parametrized by 8 € LY which we denote by WO(p, 8)g. Again, motivated by
the singlet case, we assume that all such W%(p)g-modules are irreducible (i.e., we conjecture that
W (p, \)q is completely reducible as W°(p)g-module) and that all atypical modules arise this way
(cf. Remark 1). With these assumptions, we can easily compute characters of all atypical by
using the full character ch[W (p, A)g](7,2) as follows. Let 8 € LY and B + A under the natural
map LY — L°/L, where )\ is one of the representatives fixed earlier. Observe that z-powers in
ch[W(p, A)g|(T, z) are contained in the set X+ Q C P. Moreover, because 8 = A + /P, where

v € @, we extract the coefficient of 27 B = + v, expressed as a constant term:
ch[W°(p, B))(r) = CT, {27 bW (p, Ngl (7, 2) } (5.1)

The most prominent case here is § = 0, where A = A= 0, which gives the character of the vertex
algebra W%(p)g (also discussed in the introduction)

Lllvpuwlatp)— Ll l?
h{WO(p)g](r) = CToe[W(po)(r2)} = 3 dim<v<a>o><2<—1>“w>“’ e )

acQnp+ weEW

where V' (a)o denotes the zero weight subspace of V(«). Unfortunately, not much is known about
the dimension of V(a)g for general g and « (let alone any explicit formulas!).

Example 2. (Q = A;). We illustrate how this setup recovers characters studied in our earlier
work [10]. Following the previous notation adopted for A, for —(p—1) <57 <0, A\=0, k € Z, we

get
ch [wo (022 4 kvi) AJ (r) = 77(17)2 <qp<”“2’%1)2 - qp<”+”5%fl>2) ,

~

while for 1 < j < p, A = w, k € Z, we obtain

¢h [Wo (p, f/‘:,) + k\/13a> AJ (r) = n(lﬂg <qp(”+2pzf%l)2 - qp("+2p§i“)2> .

In particular, we have



Remark 5. Observe that the numerator of ch[W?(p) 4,](7), studied extensively in [10, 11], is closely
related to Roger’s false theta function. Therefore it seems interesting to consider

Fgp(1) = (1)@ ch W (p)] (7).

From the Lie theoretic point of view, this can be regarded as a “higher rank” generalization of the
classical false theta function. It would be especially interesting to understand these objects from
number theoretic perspective.

5.2. Explicit example: the character of W°(p)4,. Now we consider the character of W(p)4,.
Observe from the definition

n(m)2ch[W (p)a](r,2) = Y

oty (=) (-2 (1-2"%")

qp(m+1)2+p(n+1>2fp(m+1)(n+1>fmfnf2+§

m . n —m~+n—1_n m _—n+m—1 —n—2_—n+m—1 —m—+n—1_—m—2 —n—2_—m—2
X (zl Zy — 21 29 — 21 29 + 2 29 + 2 29 -2 29 )
2 2
()00 (1) ()
P P P P
o q
- -1 —1 —-1_-1
m,neZ (1 - Zl ) (1 - 22 ) (1 - Zl Z2 )
m—1_n—1 —m+n—1_n—1 m—1_-—n+m—1 —-n—1_-—n+m—1 —m+n—1_-—m-—1 —-n—1_-m-—1
X (z1 Zy T — 2 Zy T — 2z 7z + 2 29 + 2 29 — 2z Zo ) .

To obtain a formula for ch[IW(p) 4,], we have to extract the constant term. After a straightforward
computation, we get

Proposition 5.1. We have

o0

Ch[WO(p)Az}(T) = "7(71—)2 Z min(m, m2)qtp(m1_%’m2_%> (I—¢m)(1—¢g™) (1 —_ qm1+m2) ’

mi,mo=1
mi=mso (mod 3)

where t,(m1,ma) is defined in (4.8).
6. ASYMPTOTIC EXPANSIONS

In this part, we derive asymptotic expansions of characters ch[W°(p, 8)](7).
Lemma 6.1. Let A € PT. Then

o(352)5

i BN LR I Atpo) 1

G 2 () A(z) pla+] 11 (p, ) p‘m'dlm(vo\))'
weW aEAT

Proof: Since the proof is analogous to the proof of Weyl’s dimension formula, we omit it here. [J

Theorem 6.2. Let 3 € L°, whose coset representative in L°/L is X. Then, as t — 07, we have

nwwmwumw%nMdaw~dm*Z§3@”)+Oﬁﬁ)

where \ = >l = sj)% as in Section 4.2. In particular,

(i) R ch[WO (p) o] (it) ~ pi+| +0 (\/Z) , where

M Q= A,

Ay = 36 if Q = Es,
63 if Q = Fr,
120 if Q = Fs.

12



Proof: First we choose A to be a representative in L°/L, as fixed above. Next we rewrite

n(T)3 @) ch[IW (p, A =3 3 (-1 @)galivpsteQtac)l? LB+w(Xp)—p
BEQ weW

= Z Z ||5||2+ [IA+pao |12 +/B(8,w(A+pao)) B-l—w(i-&-p)—p

BEQ weW
= 37 (—1)fwghlpacl® 5 rirsllBlP2mi(a BruOisan)+w su(Re) =

weW BEQR
= 3P0l 37 (1000, ot gy (P Ag)2 )

weW
1 ool » 1 1 )

_ gilx+panll u;v(l)e( ) det(AQ)(—pz'T)%@‘\/f’m(“mo)‘“’o (W;AQO) ()0 (6.1)

where u = (u1,...,un), @0 = /P — ﬁ, and Ag denotes the determinant of the Gram matrix of

Q. In the last formula we have to exercise caution. As all vectors involved are in C", the vector
w(A + pap) has to be written appropriately depending on whether the summation is over @ or
Q°. For this purpose we use || - ||o if the summation is over Q°. Recall (5. 1) where we define
ch[WO(p, \)g](7) as the constant term of the full characters ch[W (p, A)g](7, 2)2—*. This expression
involves integral powers of z, so we can write

()T @h WO (p, N)g](7) = n(r) i@ /[ ch[W (p, \)gl(r, 2)2Adu.

_11
272

In each sum @_\/ﬁTw(/\eraO)_u,o(—ﬁ; Q"), the zeroth term dominates so we have

g2 Heaol () dim@ ek 1170 (p, X)) (7)

(Xer),p,)\

~ Y e—m7|)\+pao||(2)/ o ZEll/Brwpac) +ull3 2 Ju
e 44" Ak
. w /)\\—&— —p—A
_ Y el / = oy priwOvanaHulE) 2 ) i (6.2)
e [-3.4]" Al2)

We next turn the integral in (6.2) into an integral over R™ and show that this only introduces
an exponentially small error. More generally, we prove that for o; € R (j € N,j < n) and
M € Pos(n;R)

/ [ ] j€27ri2?:1 a]-u]-—%M[u}du (63)
(Loo) x[=3,3]""

is exponentially small. For this, we use the well-known fact that there exist o, 3 € R* such that
al, < M < BI,, where A > B for A, B € Pos(n;R) means there A — B € Pos(n;R). Thus (6.3)
may be bounded against

< / e m® 21 du.
(Loo)ix[=5.5]"

__a 2
The claim follows since for a € RY, [p°e ™" du is exponentially small.
13



Returning to (6.2), we can now write

: i willull2 ,w(A+p)—p=2
q%||)\+pa0QH(T)dlm(Q)Ch[WO(p,)\)Q](T)N/ e—%(w(k-&-aop)m)—?oz du
n A(Z)
millull2  wda < i ul|3
_ [ g gy [ oG L,
n A(Z) n A(Z)

Substituting 7 = it and summing the above expression over the Weyl group W, we obtain

pt du.

2PA(z)

w) W —i+£
F(it)::/ Q_MZwEW(_l)E( )Z ( VP p)

Observe that (by Lemma 6.1), as u — 0,

e ()@= dim (v ()

2PA(2) plA+

Next, we consider the u-expansion

AP
-1 é’(w)z’”(‘ﬁﬁ)—A - i
> (-1) e = Z a(my, ..,mp)ul™ - ul™, (6.4)

(m17~--,mn)€N”

with a(0,...,0) = %fm. Substituting v; = w4 /%—; and using (6.4), we get

i 1\ k=
. 1vllg
F(it) ~ Z /n (\/ ;) a(my,...,my)v™ - optdv

(mh 7mn)€N"

_dm(V(-ym) [ ([B)"
- plA+ det(Q0) <\/;>
n+3 g Mk
+ Z /n 4 (@) a(mi, ..., mp)vy™ - optdv,

(ml N 7mn

where we used the generalized Gaussian integral formula

I 27 )n
3 2j=1 2k=1 CikVi% o0 .. du. — (
/n ¢ ! v1 n det(C)’

where C' is any symmetric positive definite matrix. Taking into account that the prefactor

ot A+ aopl|2Ftl[A+aopl 3

does not contribute to the leading asymptotics, along with the formula (6.1), we get

(i)™ e[V (p, N) o) (it)

dim (V' (—/pN) " e 1 dim (V (—ypN))
L) () s o () = L o ()

as desired. Observe that for general A € L?, the leading asymptotic only depends on its coset
representative, so the proof follows. O
14



Remark 6. In general, the coefficients a(my, ..., m,) are difficult to compute explicitly for all A.

However for A\ = 0 the numerator in the Weyl character formula admits a product form so it is
possible to get a more explicit asymptotic expansion. We do this in the next section for QQ = As.

7. EXPLICIT EXAMPLE: THE FULL ASYMPTOTIC EXPANSION OF 7(7)%ch[W?(p) 4,](7)

Observe that our method in Section 6 can in theory be used to compute a full asymptotic
expansion. In this section we prove Theorem 1.2 from the introduction.

Proof of Theorem 1.2: As in the general case we may write

f(T) = 77(7-)2CTZCh[WO(p)A2](Ta Z) = 77(7-)2/ 5 Ch[WO(p)Az](Tv Z)duldUZ

11
[~3:3]
with z; := 2™ - Define

g (U, v; 7_) — Z qp(m2+n2—mn) —m—n62ﬂ'i(mu+m))'

m,neL
Then
f(T):/[ . 1]Q(Q(UhU%T)—g(—ul,ulJruz;T)—g(ul+U2,—UQ;T)Jrg(uz,—m—U2;T)
—203
zflzglq%
+G (—u1 —u2,u1;7) — G (—ug, —u; — = ————duqdus. (7.1
(—ur = ug, u;7) — G (—ug 1T))(1_211)(1_221)(1_211221) 1duz. (7.1)

An application of (3.1) yields
1 -3 1 1 4/1 3
g u, v; :e u—r (2 7( 2)> - @ T—u <_ o ( 2))
( 7_) 0,(,07_,.) pT —% 1 \/gp (—ZT) (va)’o 2pT 3 % 1
Now

1 4/1 3 — 2miT 2 : — 2mi ((n—u)2+(m—v)2+(n—u)(m—v)) — 2 (p—u)+m—v)
—_—, = 2 = T
6(::5),0 ( 2p7’ 3 <% 1)) €’ e ¢ )

n,mez

We get exponentially small terms unless n = u, m = v. In particular in all cases that occur only
the n = m = 0 term contributes. Thus we may approximate the integrand in (7.1) by

B 2122 o g;; (uf-ku%-i—uwz)
(1 — 21) (1 — 22) (1 — 2122)
m(ulJru2) 2 g 2mi gy, —2mig, R *m(u1+u2) 1 (72)
><<eP —er —ePr ~+e P “+4+e P " —e P >7
V3p(—ir)

Moreover, as before we introduce an exponentially small error if in (7.1) we integrate over R?. To
compute the remaining integral, we set

. - (utvtw) _ 2miu _ 2miv _ 2miw
eTrz(u—i—v—i—w)-‘rm " (1 e ) (1 e p ) (1 —e 9 )

(1 _ e?m'u) (1 _ e?m'v) (1 _ e?m'w)

f(u7 v, w) ==
Note that f has only removable singularities in all variables and we may hence write

flu,v,w) =: Z a(ny,ne,nz) u" o™ w". (7.3)
n1,n2,n32>0
15



Note that in particular «(0,0,0) = 1/p3. We then obtain, inserting (7.2) and (7.3) in (7.1),

1
f(it) ~ —— f(ur, ug,uy +ug)e” 3o (u1+u2+u1u2)du1du2
\/gpt R2
1
= Japt Z o (nl,n27n3)/R utub? (ug + uz)"™ e 3ot <u1+"2+“1“2)du1du2
ni,n2,n3>0
1 37 ni+nz+nz+2
= — Z o (nl’ na, n3) opt e—(u%-‘ru%-ﬁ-muz)u?luém (Ul 4 u2)n3 duldu27
Vapt = 21 22

where in the last equation we made the change of variables u; — u; %. To finish the proof we

are left to compute «(ny,ng,ng) and the remaining integral.
To determine «(nq,ns9,ng), recall that

67TZu+ Tiu (1 _ 67 27;zu) 1 1 1 1 (27riu)nil
1 — e2miu - Z <B" <2 N ) — Bn <2 + )) IR (7.4)

>0 2p 2p

with B, (x) the n-th Bernoulli polynomial. Since the left hand side is an even function, it follows
that n in the sum is odd. Moreover, noting that B, (1 — z) = (—1)"B,,(z), gives that (7.4) equals

2n

- 1-%),

(2n+1)! 2miu)

n>0

Thus a(ni,n2,n3) = 0 unless ny, ng, and ng are even in which case we obtain

Bon,y 41 (l - i) Bany+1 (l - i) Bong+1 (l - Qi)
o (2711,2712,2713) __g 1 2 2p 2 2 2p 3 2 P (

2 2TL1+21’L2+27L3
(2n1 + 1)! (2ns + 1) G )
To finish the proof, define
B (n1,n2,n3) = / u§"1u§"2 (uy + ug)?™ ef(“%"%“lw)dulduz. (7.5)
R2
We can evaluate (7.5) as follows: we set u; = t1 + \t} —t1 + f and

2 2n3+1 t2 2ny t2 2na ) 9 o
= () (0= 35) <“‘¢§) e s

92n3+1 2n1 2ng o1\ (2n2) ., A
- - +J T+ 1\jg2nit2ne+2n3—r— ] —t —2
=3 X (M) () [ ave batydty

3§+n1 +nz2+ng =0 =0 r ]
1 n1+n2 2k
2%t ( 2n1 >(2n2>(_1)j3k/ (2hZmnat2ne=2k 13 gy gy,
32+n1+n2+n3 0 = 2k — R2
22”3+1 2 2K on N (209 . 1 1
—1)3*r (k+= )T —k+=
z(% )5 (k) (mrematma - 5),

16



where we used the substitution r + j = 2k to eliminate summation indices for which the Gaussian
integral is vanishing. This gives

: 2n3+1 T (é B %> Bang 1 (é - ﬁ) Bang+1 (é - ﬁ)
it) ~ —— 92n3 —ompt)tnetns
f(it) - Z (—2mpt) (2ng + 1)! (2ng + 1)! (2ns + 1)

ni,n2,n3>0

e o 2n2 ok 1 1
x>y ok~ j (Z13' T (k45 )T (i +natng—k+ ).

k=0 5=0

The claim follows, setting

1 1 1 1 1 1
Oé(N) = _é Z 22n3+1 B2n1+1 <§ - %) BQnngl (§ - %> B2n3+1 (5 — %)

ni,n9,n3>0
N=nj+ng+ng

x "f i < 2 ) (%) (—1)Y3*T (k + ;) r (m tngng—k+ ;) . (7.6)

k=0 7=0 J
O
Remark 7. Alternatively one could use a 2-dimensional version of the Euler-McLaurin summation
formula as, for example, stated in [35]. However, this requires splitting the function of interest into

many summands to which one may apply Euler-McLaurin which makes the calculation much more
complicated than the use of Jacobi transformation properties.

8. (ANALYTIC) QUANTUM DIMENSIONS OF W9(p)o-MODULES

As we previously noted (cf. Remark 1), presently there is no complete classification of irreducible
WO(p)g-modules for rank(Q) > 2. Nevertheless, there are strong indications that irreducible
W0(p)g-modules fall into two categories: typical and atypical.

(i) Typical modules are just rank n Fock spaces Fy, which are irreducible as W0(p)g-modules.
Typical characters are therefore given by

[IA—agpl[?
2

ch[F)\|(1) = RO

where \ ¢ L (see [12]).
(i) Atypical modules, discussed above, form a discrete family parametrized by 8 € L, and
their characters are

ch[W°(p, B)Ql (7).
Next we consider asymptotic (or quantum) dimensions of irreducible modules

Theorem 8.1. (i) For [ as in Theorem 6.2, we have
qdim (Wo(p7 B)Q) = dim¢cV (—\/f)X) .
(ii) For any typical module Fy, we have
qdim(Fy) = pA+!.

Proof: It follows directly from Theorem 6.2 and the definition of analytic ¢g-dimension

. . ch[M](it)
dim[M] = lim ————=
adim{M] =l A G
where M is a module for the vertex operator algebra V. ([l

17



Observe that dime(V((p — 1)p) = p/2+|. On the other hand, because of —X = (s1 — 1)w; + - -~ +
(sn — 1)wp, where s; € {1, ..., p}, we always have

dimcV (—/pA) < p°+.
Therefore we conclude that typical modules have the largest quantum dimension among irreducible
modules (see also [10]).

Remark 8. Certain regularized characters of 19 (p)g-modules including their regularized quantum
dimensions are studied in a recent paper [12] (see also [11]).

APPENDIX A. HARMONICITY OF CERTAIN POLYNOMIALS

In this part we prove harmonicity of certain polynomials needed for the proof of modularity of
characters in Theorem 4.1.

A.1l. Some harmonic polynomials of type A. Consider the rank n root lattice of type A,
Q = ®}_,Zay, whose Cartan matrix A, = ({a;, ax))},—; is given by

2 -1 0 .. 0 0
-1 2 -1 .. 0 0

Ay= 0 -1 2 .. 0 o0 |[. (A.1)
e e 241
0 0 0 .. -1 2

Then A, ! is the Cartan matrix of the dual (or weight) lattice P = ®}_1Zw; such that (wj, ag) = dj .
Clearly, A;; 1 := (a/%), where a/* := (wj, wy).

Denote by V? the standard (diagonal) Laplacian on R” and let V% be the Laplace-Beltrami
operator for B € Mat(n,R), that is

) G s iz
Va=(=— ) B—= bip05; 05 1= ———.
B <3:1:> oz Z kT3kr Tk Oz ;0xy,
Jik=1
Definition 1. We say that polynomial f(x1, ..., xy,) is harmonic with respect to B (resp. harmonic)

if VE(f) =0 (resp. V2(f) =0).

Remark 9. Note that f is harmonic with respect to B if and only if it is harmonic with respect to
AB for some A € R*.

The following result follows easily, using basic facts from Calculus and Linear Algebra.

Lemma A.1. Consider the linear change of variable x = By, where B is an invertible matriz,
C € Mat(n,R), z = (z1,..., %), and y = (y1, ..., yn). Then VE(f(z)) = V? (f*(y)), where

(B-1)TB-1C
1*(9) = F(B()). In particular, V*(f(2)) = V25 11051 (F*(1)):
The next result is well-known (see [27, Theorem 5.1.8]).
Proposition A.2. The discriminant §(21, ..., xn) = [[; o4 (zj — k) is harmonic.
Lemma A.3. Suppose thatt € R and let f(x1,...,2,) be harmonic with respect to B. Then
flx1+ait,,...,xj +ajt, ..., xp + ant)

is also harmonic with respect to B for all aj € R. In particular,

[ — @k +tG — k)

i<k
s harmonic.

18



Proof: By using Taylor’s Theorem, we see that
n
exp Ztajazj fx1,.xn) = f(zr +art, ...,z + ajt, ..., xn + ant).
j=1

The proof now follows by observing that any pair of partial differential operators with constant
coefficients commute with each other, in particular

n n
exp (Z tajam].) oV2=V?2o0 exp Ztaj&rj
i=1

=1

Recall the set of positive roots of Q:
n
AT ={aj,j=1,.,n}U{aj+ - +a:1<j<k<n} and p:ij.
7j=1

Next we introduce several families of polynomial with respect to two bases of R™. For \ =
i + -+ Tpoy, we let

So(@1,mmn) = [ M+pa),  dgl@r,.am) = [] (\a)
aEAT acA+

Similarly, for p = z1wy + - - Tpwy, We set

0p (X1, .y Tp) := H (1 + p, ), 0p (X1, .y Tp) := H (1, ).

acAt acAt
The subscript @ (resp. P) indicates that we use the a-basis (resp. w-basis) in the paramatrization
of A (resp. p).
Example 3. With (Q = As, we have

0g(z1,22) = (221 — 22 +1)(222 — 21 + 1) (21 + 22 + 2),

Q(z1,22) = (221 — 22) (222 — 21)(21 + 22),
p(z1,22) = (z1 + 1) (22 + 1)(21 + 22 + 2),
)

S o

dp(x1,x2) = z1x2(x1 + 22).

From p = xyw; + -+ - 4+ xpwy,, we have

op(x1, @ an) = [[on [ (@i+- 0.

k=1 1<j<t<n

Similarly,

n
k=1 1<j<l<n

with A, asin (A.1), we have
Theorem A.4. The functions gp and dp are harmonic with respect to A,,. The functions gQ and

8g are harmonic with respect to A,
19



Proof: We apply Proposition A.2 for the discriminant with n + 1 variables:

n+1
V2 (0 (21, ng1)) = Y 036(21, oy 2ng1) = 0.

j=1

We then make a change of variables:
Y1 =1 — T2y - vy Yn = Tp — Tn+1l, Yn+1 ‘= Tpn+1-
With respect to new variables, § does not depend on y,,+1 and
n ~
6 (Y15 ey Ynt1) = HW H (yj + -+ yr) = 0p(Y1, s Yn)-
j=1 1<j<k<n

The transition between the y and z variables is controlled by the (n + 1) x (n + 1) matrix

1 0 O 0
-1 1 0 0
A= 0 -1 1 0
0 0 -1 1
Note that we have
2 -1 0 0
-1 2 -1 0

ATA=10 -1 2

Moreover observe that the principal n x n minor of AT A is precisely the Cartan matrix of type A,.
By using Lemma A.1, with B~! = A, we get

0=V2(5(x)) = Vir, (6*(¥))

Although AT A matrix is of size n + 1, 6*(y) does not involve the y,y; variable, thus only the
summation over the principal minor of A, is relevant for the laplacian. Consequently,

Vi, (SP(Y)) =0

as desired. The A,-harmonicity of §p now easily follows from Lemma A.3 N
Next we consider dg(x) and dg(x). Observe that they are related to ép(x) and dp(x), respec-
tively, under a change of basis. More precisely, if we let y = A, x then

6p(x) = do(y).

Clearly, A, = AL so (A;1)T = A;;'. Another application of Lemma A.1 results in

n

0=94, (0p) = V31,01, (50) = V21 (%)
as desired.
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A.2. Some harmonic polynomials of D-type. To parametrize the roots of D,,, it is convenient
to use the orthogonal basis €, j = 1,...,n. In this basis positive roots are given by

At ={e;—ep:1<j<k<n}U{ej+er:j<k}

Simple roots are aj = €5 —€j41, j = 1,...,n—1 and o, = £,_1 +¢&,. With this ordering the Cartan
matrix is

2 -1 0 0 0 0
-1 2 -1 0 0 0
0 -1 2 0 0 0
Dp=1| .. o .
0 0 0 .. 2 -1 -1
0 0 0 .. -1 2 0
0 0 0 -1 0 2

The next result is taken from [27, Section 5.1.3].

Proposition A.5. The function

I (&5 —<7)
j<k

18 harmonic with respect to D,,.

As before we consider

SQ = H A\ a), dg = H (A+p, )

acAt acAt

Similarly, we define Sp and &p.

Example 4. Let Q = Dy, then

5@ = (2:61 — $2)(2£L’2 — I — T3 — x4)(2x3 — xg)(2x4 — xg)(xl + 20 —x3 — x4)(x2 +x3 — x4 — xl)
X (x1 + x3 — x4)w2(11 + 23 + 4 — 22) (21 + 4 — 3) (T3 + T4 — 1) (T2 + T4 — T — T3).
Our next result is analogous to Theorem A.4, now for the D-type.

Theorem A.6. The function SQ is harmonic with respect to D,;! and gp is harmonic with respect
to D,,.

Proof: For the proof, we use Proposition A.5 and the change-of-variables matrix

1 o o0 .. O
-1 1 0 0
D 0 -1 1 0
0 O -1 1
0 O 1 1
We then easily see that
DTD = D,,.

Together with Lemma A.1 this yields that op is harmonic with respect to Dy,. Another change of

variables (as in Theorem A.4) easily implies that dg is harmonic with respect to D, 1. O
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A.3. Towards harmonic polynomials of type F.

Remark 10. For Q = Eg, E7 and Eg, we have to consider,

pﬁ(.%'l, ...,.%'6> = Végl%(wl, ...,a;6),
p7($1, ...,$7) = VzE;léQ(xl, ....,$7),

pg(aj‘l, ...,3:‘8) = V%8,15Q(.7}1, ....,1‘8).

By using MAPLE, we computed p;, for j = 6,7,8. We were able to show that pg = p; = 0. But
we could not simplify these polynomials to the standard form due to a very high degree for Ej.
Even so, we were able to evaluate pg for many randomly chosen x;-values and all these calculations
returned zero. Thus, we can conclude with a high certainty that pg is indeed zero.
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