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Abstract. In this paper, we investigate traces of cycle integrals of certain meromorphic
modular forms. By relating them to regularised theta lifts we provide explicit formulae for
them in terms of coefficients of harmonic Maass forms.

1. Introduction and statement of results

A classical result of Kohnen and Zagier [14] asserts that certain simple linear combinations
of geodesic cycle integrals of the weight 2k cusp forms1

fk,A(z) :=
|d| k+1

2

π

∑
Q∈A

Q(z, 1)−k, (1.1)

where k ∈ N≥2 is even and A denotes an equivalence class of indefinite integral binary
quadratic forms of discriminant d > 0, are rational. If A is an equivalence class of positive
definite quadratic forms, i.e. d < 0, then the functions fk,A are meromorphic modular forms
of weight 2k for Γ := SL2(Z) which decay like cusp forms towards i∞. Inspired by the results
of Kohnen and Zagier, three of the authors showed in [2] that certain linear combinations of
traces of cycle integrals of the meromorphic modular forms fk,A

trfk,A(D) :=
∑

Q∈QD/Γ

∫
cQ

fk,A(z)Q(z, 1)k−1dz

are rational. Here QD denotes the set of integral binary quadratic forms of non–square
discriminant D > 0, and cQ := ΓQ\CQ (ΓQ the stabiliser of Q in Γ) is the image in Γ\H of
the geodesic CQ := {z = x+ iy ∈ H : a|z|2 + bx+ c = 0} associated to Q = [a, b, c] ∈ QD.

The research of the first author is supported by a scholarship of the Daimler and Benz Foundation and
the Klaus Tschira Boost Fund. The research of the second author is supported by the Alfried Krupp Prize
for Young University Teachers of the Krupp foundation and by the SFB-TRR 191 “Symplectic Structures
in Geometry, Algebra and Dynamics”, funded by the DFG. The fourth author is supported by SNF project
200021 185014.

1Kohnen and Zagier used a slightly different normalisation to the present paper.
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Note that the cycle integrals have to be defined using the Cauchy principal value as explained
in [2] if a pole of fk,A lies on a geodesic cQ for Q ∈ QD.

In the present paper, we relate the traces of cycle integrals of the meromorphic modular
forms fk,A to Fourier coefficients of so–called harmonic Maass forms. Below we state our
main results in terms of vector–valued harmonic Maass forms for the Weil representation
associated with an even lattice. In the introduction, we however restrict to the lattice of
signature (1, 2)

L :=

{
X =

(
−b −c
a b

)
: a, b, c ∈ Z

}
,

equipped with the quadratic form q(X) := det(X). The significance of the lattice L lies in
the fact that its dual lattice L′ can be identified with the set of all integral binary quadratic
forms, with −4q(X) corresponding to the discriminant. We let C[L′/L] be the group ring of
the discriminant form L′/L, and we denote by D the Grassmannian of positive definite lines
in L⊗R, which can be identified with the complex upper half–plane H by sending z ∈ H to
the positive line generated by

( −x x2+y2

−1 x

)
.

Let A be a fixed class of positive definite integral binary quadratic forms of discriminant
d < 0. We let zA ∈ H denote the CM point associated to some quadratic form Q ∈ A, which
means that zA is the unique solution of Q(zA, 1) = 0 in H. For simplicity, we denote the
corresponding positive line in D by the same symbol zA, and we let z⊥A denote its orthogonal
complement in L⊗ R. Since zA is a CM point, the corresponding positive line in D and its
orthogonal complement are defined over Q, and we may define two sublattices of L by

P := L ∩ zA, N := L ∩ z⊥A,

which are one–dimensional positive definite and two–dimensional negative definite sublat-
tices, respectively. Then P ⊕ N has finite index in L. For simplicity, we assume that
L = P ⊕N in the introduction.

The usual vector–valued theta function ΘP associated to P is a holomorphic modular
form of weight 1

2
for the Weil representation of P . We denote by G+

P the holomorphic part

of a harmonic Maass form GP of weight 3
2

for the dual Weil representation of P that maps

to ΘP under ξ 3
2
, where ξκ := 2ivκ ∂

∂τ
with τ = u + iv ∈ H. Furthermore, for k ∈ 2N we

let f(τ) =
∑

n�−∞ cf (n)e(nτ) (with e(w) := e2πiw for w ∈ C) be a weakly holomorphic

modular form of weight 3
2
− k satisfying the Kohnen plus space condition cf (n) = 0 for

n ≡ 1, 2 (mod 4). We also assume that cf (−D) = 0 if D > 0 is a square. The modular
form f corresponds to a vector–valued weakly holomorphic modular form of weight 3

2
− k

for the Weil representation of L, which we also denote by f (compare [12, Section 5]). The
following formula is the main result of this paper; the general result for arbitrary congruence
subgroups and both even and odd k can be found in Theorem 5.1.
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Theorem 1.1. Let k ∈ 2N and assume that zA does not lie on any of the geodesics cQ for
Q ∈ QD if cf (−D) 6= 0. Then we have that

∑
D>0

cf (−D) trfk,A(D) =
2k−3|d| 12
π
∣∣ΓzA∣∣ CT

(〈
f(τ),

[
G+
P (τ),ΘN−(τ)

]
k
2
−1

〉)
,

where ΓzA is the stabiliser of zA in Γ = Γ/{±1}, CT denotes the constant term in a Fourier
expansion, 〈·, ·〉 is the natural bilinear form on C[L′/L], [·, ·]n denotes the n–th Rankin–Cohen
bracket, and ΘN− is the holomorphic theta function associated to the positive definite lattice
N− := (N,−q).

We remark that by [2, Theorem 1.1] the left–hand side of Theorem 1.1 is rational if
the coefficients of f are rational. By [10, Theorem 4.3], one can choose GP such that the

coefficients of its holomorphic part G+
P lie in π|d|− 1

2Q. In particular, combining Theorem 1.1
and [10, Theorem 4.3] we obtain a new proof for the rationality of the linear combinations
of cycle integrals of the meromorphic modular forms fk,A in Theorem 1.1. Moreover, by
comparing [2, Theorem 1.2] with Theorem 1.1 above one can obtain interesting identities
between two finite sums involving coefficients of harmonic Maass forms.

Example 1.2. As an illustrating example of Theorem 1.1, we consider the class A of the
quadratic form [1, 0, 1] of discriminant −4, with the associated CM point zA = i. The
corresponding positive line in D is spanned by the vector ( 0 1

−1 0 ). The lattice P is also
spanned by this vector, and is therefore isomorphic to (Z, n2). The lattice N consists of
those X ∈ L with a = −c, and hence is isomorphic to (Z2,−n2 −m2).

Now we choose k = 2. In this case, for every discriminant D > 0 there exists a unique
weakly holomorphic modular form fD of weight −1

2
satisfying the Kohnen plus space con-

dition and having a Fourier expansion of the form fD(τ) = e(−Dτ) + O(1). Using the
Cohen–Eisenstein series of weight 5

2
, one can show that the constant term of fD is given by

−120LD(−1), where LD(s) denotes the usual L–function associated to a non–square discrim-
inant D > 0. The vector–valued theta function ΘP can be identified with the Jacobi theta
function θ(τ) :=

∑
n∈Z e(n

2τ) (by adding its components and replacing τ by 4τ , compare
[12, Section 5]), and ΘN− can essentially be identified with θ2. Zagier [16] showed that the
generating function G+

P (τ) := −16π
∑

n≥0H(n)e(nτ) of Hurwitz class numbers H(n) (with

H(0) := − 1
12

) is the holomorphic part of a harmonic Maass form of weight 3
2

which maps to
θ under ξ 3

2
.
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Now choosing f = fD and G+
P as the generating function of Hurwitz class numbers as

above, Theorem 1.1 yields the formula

trf2,[1,0,1](D) = −40LD(−1)− 4
∑
n,m∈Z

n≡D (mod 2)

H
(
D − n2 −m2

)
for any non–square discriminant D > 0 if i does not lie on any of the geodesics cQ for
Q ∈ QD. Similarly, by computing the Rankin–Cohen bracket, for k = 4 we obtain

trf4,[1,0,1](D) =
∑
n,m∈Z

n≡D (mod 2)

(
4D − 10n2 − 10m2

)
H
(
D − n2 −m2

)
.

The proof of Theorem 1.1 consists of three main steps. For the first one, we use the fact
that trfk,A(D) can be written as a special value of the iterated raising operator applied to
a locally harmonic Maass form F1−k,D, which was first introduced by Kane, Kohnen, and
one of the authors [4] and whose precise definition in the vector–valued setup is recalled in
Section 3. Namely, [15, Corollary 4.3] implies that

trfk,A(D)
.
= Dk− 1

2Rk−1
2−2k(F1−k,D)(zA),

where Rn
κ := Rκ+2n−2 ◦ · · · ◦ Rκ with R0

κ := id is an iterated version of the Maass raising
operator Rκ := 2i ∂

∂τx
+ κ

v
, and the symbol

.
= means equality up to a non–zero multiplicative

constant.
In the second step, we write the function Rk−1

2−2k(F1−k,D) as a regularised theta lift, following
Borcherds [3]. Namely, in Theorem 3.2 we show that∑

D>0

cf (−D)Dk− 1
2Rk−1

2−2k(F1−k,D)(z)
.
=

∫ reg

F

〈
R

k
2
−1

3
2
−k(f)(τ),ΘL(τ, z)

〉
v−

1
2
dudv

v2
,

where the integral is taken over the standard fundamental domain F of Γ and has to be reg-
ularised as explained in Section 3, and ΘL(τ, z) denotes the Siegel theta function associated
to L.

Finally, in the third step, we use the fact that the evaluation of the Siegel theta function
ΘL(τ, zA) at the CM point zA essentially splits as a tensor product of the holomorphic theta
functions ΘP and ΘN− associated to the lattices P and N−. Then using Stokes’ Theorem,
the regularised theta integral can be evaluated as∫ reg

F

〈
R

k
2
−1

3
2
−k(f)(τ),ΘL(τ, zA)

〉
v−

1
2
dudv

v2

.
= CT

(〈
f(τ),

[
G+
P (τ),ΘN−(τ)

]
k
2
−1

〉)
,

see Theorem 4.1 below. Our strategy to prove the last formula closely follows methods from
recent work of Bruinier, Ehlen, and Yang [8]. Combining these three steps gives Theorem 1.1.
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The paper is organised as follows. We begin in Section 2 by recalling preliminaries which
are pertinent to the rest of the paper. Section 3 is dedicated to the study of the regularised
theta lift alluded to above. The evaluation of the theta lift at CM points is discussed in
Section 4. Finally, in Section 5 we give the proof of Theorem 1.1 and its generalisation to
higher level and arbitrary weight.

Acknowledgments

The authors thank Jan Bruinier and Stephan Ehlen for useful discussions.

2. Preliminaries

2.1. The Weil representation. The metaplectic extension of SL2(Z) is defined as

Γ̃ := Mp2(Z) :=

{
(γ, φ) : γ =

(
a b
c d

)
∈ SL2(Z), φ : H→ C holomorphic, φ2(τ) = cτ + d

}
.

We let Γ̃∞ denote the subgroup generated by T̃ := (( 1 1
0 1 ) , 1) .

Let L be an even lattice of signature (r, s) with quadratic form q and associated bilinear
form (·, ·). Let L′ denote its dual lattice, C[L′/L] be the group ring of L′/L with standard
basis elements eµ for µ ∈ L′/L, and 〈·, ·〉 be the natural bilinear form on C[L′/L] given by

〈eµ, eν〉 = δµ,ν . The Weil representation ρL associated with L is the representation of Γ̃ on
C[L′/L] defined by

ρL(T )(eµ) := e(q(µ))eµ, ρL(S)(eµ) :=
e
(

1
8
(s− r)

)√
|L′/L|

∑
ν∈L′/L

e(−(ν, µ))eν .

The Weil representation ρL− associated to the lattice L− = (L,−q) is called the dual Weil
representation associated to L.

2.2. Harmonic Maass forms. Let κ ∈ 1
2
Z and define the slash–operator by

f |κ,ρL (γ, φ)(τ) := φ(τ)−2κρ−1
L (γ, φ)f(γτ),

for a function f : H → C[L′/L] and (γ, φ) ∈ Γ̃. Following [9], we call a smooth function
f : H → C[L′/L] a harmonic Maass form of weight κ with respect to ρL if it is annihilated
by the weight κ Laplace operator

∆κ := −v2

(
∂2

∂u2
+

∂2

∂v2

)
+ iκv

(
∂

∂u
+ i

∂

∂v

)
,
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if it is invariant under the slash–operator |κ,ρL , and if there exists a C[L′/L]–valued Fourier
polynomial (the principal part of f)

Pf (τ) :=
∑

µ∈L′/L

∑
n≤0

c+
f (µ, n)e(nτ)eµ

such that f(τ) − Pf (τ) = O(e−εv) as v → ∞ for some ε > 0. We denote the vector space
of harmonic Maass forms of weight κ with respect to ρL by Hκ,L, and we let M !

κ,L be the
subspace of weakly holomorphic modular forms. Every f ∈ Hκ,L can be written as a sum
f = f+ + f− of a holomorphic and a non–holomorphic part, having Fourier expansions of
the form

f+(τ) =
∑

µ∈L′/L

∑
n�−∞

c+
f (µ, n)e(nτ)eµ, f−(τ) =

∑
µ∈L′/L

∑
n<0

c−f (µ, n)Γ(1− κ, 4π|n|v)e(nτ)eµ,

where Γ(s, x) :=
∫∞
x
ts−1e−tdt denotes the incomplete Gamma function.

The antilinear differential operator ξκ = 2ivκ ∂
∂τ

from the introduction maps a harmonic
Maass form f ∈ Hκ,L to a cusp form of weight 2−κ for ρL− . We further require the lowering
and raising operators Lκ := −2iv2 ∂

∂τ
and Rκ = 2i ∂

∂τ
+ κ

v
, which lower and raise the weight

of a smooth function transforming like a modular form of weight κ for ρL by two.

2.3. Maass–Poincaré series. Let κ ∈ 1
2
Z with κ < 0, and denote by Mµ,ν the usual

M–Whittaker function (see [1, equation 13.1.32]). We define, for s ∈ C and u ∈ R\{0},

Mκ,s(u) := |u|−
κ
2Msgn(u)κ

2
,s− 1

2
(|u|). (2.1)

Following [7], for µ ∈ L′/L and m ∈ Z − q(µ) with m > 0 we define the vector–valued
Maass–Poincaré series

Fµ,−m,κ,s(τ) :=
1

2Γ(2s)

∑
(γ,φ)∈Γ̃∞\Γ̃

(Mκ,s(−4πmv)e(−mu)eµ) |κ,ρL (γ, φ)(τ).

The series converges absolutely for Re(s) > 1, and at the special point s = 1− κ
2
, the function

Fµ,−m,κ(τ) := Fµ,−m,κ,1−κ
2
(τ)

defines a harmonic Maass form in Hκ,L with principal part e(mτ)(eµ + e−µ) + c for some
constant c ∈ C[L′/L]. In particular, every harmonic Maass form f ∈ Hκ,L can be written as
a linear combination

f(τ) =
1

2

∑
µ∈L′/L

∑
m>0

c+
f (µ,−m)Fµ,−m,κ(τ). (2.2)

The following lemma follows inductively from [8, Proposition 3.4].
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Lemma 2.1. For n ∈ N0 we have that

Rn
κ (Fµ,−m,κ,s) (τ) = (4πm)n

Γ
(
s+ n+ κ

2

)
Γ
(
s+ κ

2

) Fµ,−m,κ+2n,s(τ).

2.4. Operators on vector–valued modular forms. For an even lattice L we let Aκ,L
be the space of C[L′/L]–valued smooth modular forms (i.e. modular forms which possess
derivatives of all orders) of weight κ with respect to the representation ρL.

Let K ⊂ L be a sublattice of finite index. Since we have the inclusions K ⊂ L ⊂ L′ ⊂ K ′

we therefore have L/K ⊂ L′/K ⊂ K ′/K, hence the natural map L′/K → L′/L, µ 7→ µ̄. For
µ ∈ K ′/K and f ∈ Aκ,L, and g ∈ Aκ,K , define

(fK)µ :=

{
fµ̄ if µ ∈ L′/K,
0 if µ 6∈ L′/K,

(
gL
)
µ̄

=
∑

α∈L/K

gα+µ,

where µ is a fixed preimage of µ̄ in L′/K. For the proof of the following lemma we refer the
reader to [11, Section 3].

Lemma 2.2. There are two natural maps

resL/K : Aκ,L → Aκ,K , f 7→ fK , trL/K : Aκ,K → Aκ,L, g 7→ gL,

such that for any f ∈ Aκ,L and g ∈ Aκ,K, we have 〈f, gL〉 = 〈fK , g〉.

2.5. Rankin–Cohen brackets. Let K and L be even lattices. For n ∈ N0 and functions
f ∈ Aκ,K and g ∈ A`,L with κ, ` ∈ 1

2
Z we define the n–th Rankin–Cohen bracket

[f, g]n :=
1

(2πi)n

∑
r,s≥0
r+s=n

(−1)r
Γ(κ+ n)Γ(`+ n)

Γ(s+ 1)Γ(κ+ n− s)Γ(r + 1)Γ(`+ n− r)
f (r) ⊗ g(s),

where the tensor product of two vector–valued functions f =
∑

µ fµeµ ∈ Aκ,K and g =∑
ν gνeν ∈ A`,L is defined by

f ⊗ g :=
∑
µ,ν

fµgνeµ+ν ∈ Aκ+`,K⊕L.

The proof of the following formula can be found in [8, Proposition 3.6].

Proposition 2.3. Let f ∈ Hκ,K and g ∈ H`,L be harmonic Maass forms. For n ∈ N0 we
have

(−4π)nLκ+`+2n ([f, g]n) =
Γ(κ+ n)

Γ(n+ 1)Γ(κ)
Lκ(f)⊗Rn

` (g) + (−1)n
Γ(`+ n)

Γ(n+ 1)Γ(`)
Rn
κ(f)⊗ L`(g).
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2.6. A quadratic space of signature (1, 2). For M ∈ N we consider the rational quadratic
space

V :=

{
X =

(
− b

2M
− c
M

a b
2M

)
: a, b, c ∈ Q

}
along with the quadratic form q(X) := M det(X) and the corresponding bilinear form
(X, Y ) := −M tr(XY ) for X, Y ∈ V ; it has signature (1, 2). Furthermore, its elements
can be identified with rational quadratic forms QX = [aM, b, c], where the discriminant of
QX corresponds to −4Mq(X). The group SL2(Q) acts as isometries on V via gX := gXg−1.
Let D be the Grassmannian of lines in V ⊗R on which q is positive definite. We may identify
D with the upper half–plane H by associating to z ∈ H the positive line generated by

X1(z) :=
1√

2My

(
−x x2 + y2

−1 x

)
.

Then SL2(R) acts on H by fractional linear transformations, and the identification is SL2(R)–
invariant, i.e. gX1(z) = X1(gz). Furthermore, define

X2(z) :=
1√

2My

(
x −x2 + y2

1 −x

)
, X3(z) :=

1√
2My

(
y −2xy
0 −y

)
.

Along with X1(z), these form an orthogonal basis of V ⊗R. For X ∈ V and z ∈ H we define
the quantities

pX(z) := −
√

2M(X,X1(z)) =
1

y

(
aM |z|2 + bx+ c

)
,

QX(z) :=
√

2My(X,X2(z) + iX3(z)) = aMz2 + bz + c.

We let Xz and Xz⊥ denote the orthogonal projections of X to the line RX1(z) and its
orthogonal complement, respectively. We have the useful formulas

q(Xz) =
1

4M
pX(z)2, q(Xz⊥) = − 1

4My2
|QX(z)|2. (2.3)

2.7. Theta functions. For a positive definite lattice (K, q) of rank n we define the vector–
valued theta function

ΘK(τ) :=
∑

µ∈K′/K

∑
X∈K+µ

e(q(X)τ)eµ.

The function ΘK is a holomorphic modular form of weight n
2

for the Weil representation ρK .
For the rest of this section we let L be an even lattice in the rational quadratic space V

of signature (1, 2) defined in Section 2.6. For τ, z ∈ H we define the Siegel theta function

ΘL(τ, z) := v
∑

µ∈L′/L

∑
X∈L+µ

e(q(Xz)τ + q(Xz⊥)τ)eµ. (2.4)
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By [3, Theorem 4.1], the Siegel theta function ΘL transforms like a modular form of weight
−1

2
for the Weil representation ρL in τ . Similarly, we define the Millson theta function

Θ∗L(τ, z) := v
∑

µ∈L′/L

∑
X∈L+µ

pX(z)e(q(Xz)τ + q(Xz⊥)τ)eµ.

Again using [3, Theorem 4.1], we see that the Millson theta function Θ∗L transforms like a
modular form of weight 1

2
for ρL in τ . Note that both theta functions can be rewritten using

(2.3). Both theta functions are invariant in z under the subgroup ΓL of the orthogonal group
O(L) which fixes the classes of L′/L.

If K ⊂ L is a sublattice of finite index, then Lemma 2.2 implies that

ΘL = (ΘK)L, Θ∗L = (Θ∗K)L. (2.5)

Now fix some X0 ∈ L′ with q(X0) > 0, let A = ΓLX0 be its ΓL–class and let zA = RX0 ∈ D
be the positive line spanned by X0. Recall that we can also view zA as a point in H,
which we call a CM point by a slight abuse of notation. Furthermore, let P = L ∩ zA and
N = L ∩ z⊥A be the corresponding positive definite one–dimensional and negative definite
two–dimensional sublattices of L. A direct computation shows that the evaluation of the
Siegel and the Millson theta functions at zA split as

ΘP⊕N(τ, zA) = ΘP (τ)⊗ vΘN−(τ), Θ∗P⊕N(τ, zA) = Θ∗P (τ)⊗ vΘN−(τ), (2.6)

where

Θ∗P (τ) :=
∑

µ∈P ′/P

∑
X∈P+µ

pX(zA)e(q(X)τ)eµ

is a holomorphic unary theta series of weight 3
2

for ρP .

3. Locally harmonic Maass forms and theta lifts

In this section we compute the action of the iterated raising operator on a certain locally
harmonic Maass form and show that the resulting function can be written as the image of
a suitable regularised theta lift. From now on, L denotes an even lattice of full rank in the
quadratic space V of signature (1, 2) defined in Section 2.6, and ΓL is the subgroup of O(L)
which fixes the classes of L′/L. Furthermore, throughout we let k ∈ N≥2.

Let µ ∈ L′/L and m ∈ Z− q(µ) with m > 0 such that Mm is not a square. Following [5]
(where a scalar–valued version was used) we define the function

F1−k,µ,m(z) :=
(−1)k(4Mm)

1
2
−k(

2k−2
k−1

)
π(2k − 1)

∑
X∈L+µ
q(X)=−m

sgn(pX(z))QX(z)k−1

(
4Mmy2

|QX(z)|2

)k− 1
2
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× 2F1

(
1

2
, k − 1

2
; k +

1

2
;

4Mmy2

|QX(z)|2

)
.

The Euler integral representation of the hypergeometric function (see [1, equation 15.3.1])
yields

F1−k,µ,m(z) =
(−1)k(4Mm)

1
2
−k(

2k−2
k−1

)
π

∑
X∈L+µ
q(X)=−m

sgn(pX(z))QX(z)k−1ψ

(
4Mmy2

|QX(z)|2

)
,

where ψ(v) := 1
2
β(v; k − 1

2
, 1

2
) is a special value of the incomplete β–function β(w; s, r) :=∫ w

0
ts−1(1 − t)r−1dt. In particular, by the same arguments as in [4] the function F1−k,m,µ

converges absolutely and defines a locally harmonic Maass form of weight 2− 2k for ΓL. We
recover the function F1−k,D from [4] if we choose M = 1, D = 4m, and the lattice L from
the introduction. We have the following series representation of Rk−1

2−2k(F1−k,µ,m).

Proposition 3.1. Assume that pX(z) 6= 0 for every X ∈ L+ µ with q(X) = −m. Then

Rk−1
2−2k (F1−k,µ,m) (z)

=
(−1)k(k − 1)!yk(

2k−2
k−1

)
π(2k − 1)

∑
X∈L+µ
q(X)=−m

sgn(pX(z))k|QX(z)|−k2F1

(
k

2
,
k

2
; k +

1

2
;

4Mmy2

|QX(z)|2

)
.

Proof. It suffices to show that

Rk−1
2−2k

(
QX(z)k−1

(
4Mmy2

|QX(z)|2

)k− 1
2

2F1

(
1

2
; k − 1

2
; k +

1

2
;

4Mmy2

|QX(z)|2

))

= (k − 1)!(4Mm)k−
1
2 sgn(pX(z))k−1yk|QX(z)|−k2F1

(
k

2
,
k

2
; k +

1

2
;

4Mmy2

|QX(z)|2

)
.

Let w := 4Mmy2

|QX(z)|2 . Using the Euler transformation

2F1(a, b; c;Z) = (1− Z)c−a−b2F1(c− a, c− b; c;Z)

and the identity (see [1, equation 15.2.3])

∂Z(Za
2F1(a, b; c;Z)) = aZa−1

2F1(a+ 1, b; c;Z)

it may be shown by induction that for j ∈ N0

Rj
0

(
w

k
2 2F1

(
k

2
,
k

2
; k +

1

2
;w

))
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=
(k + j − 1)!

(k − 1)!
(4Mm)−

j
2 sgn(pX(z))j

(
QX(z̄)

y2

)j
w

k+j
2 2F1

(
k − j

2
,
k + j

2
; k +

1

2
;w

)
.

In particular, for j = k − 1 this becomes

Rk−1
0

(
w

k
2 2F1

(
k

2
,
k

2
; k +

1

2
;w

))
=

(2k − 2)!

(k − 1)!
(4Mm)−

k−1
2 sgn(pX(z))k−1

(
QX(z̄)

y2

)k−1

wk−
1
2 2F1

(
1

2
, k − 1

2
; k +

1

2
;w

)
. (3.1)

Furthermore, it is possible to show that w
k
2 2F1(k

2
, k

2
; k + 1

2
, w) is an eigenfunction under the

Laplace operator ∆0 with eigenvalue k(1 − k). Now [6, Lemma 2.1] states that for j ∈ N0

and g : H→ C satisfying ∆0(g) = λg we have

Rk−1
2−2k

(
y2k−2Rk−1

0 (g)
)

(z) =
k−1∏
`=1

(
−λ− `(`− 1)

)
g(z).

Thus we find that (3.1) is equal to

(k − 1)!

(2k − 2)!
(4Mm)

k−1
2 Rk−1

2−2k

(
y2k−2Rk−1

0

(
w

k
2 2F1

(
k

2
,
k

2
; k +

1

2
;w

)))

= (k − 1)!(4Mm)k−
1
2 sgn(pX(z))k−1yk|QX(z)|−k2F1

(
k

2
,
k

2
; k +

1

2
;w

)
,

where we are using
∏k−1

`=1 (k(1− k)− `(`− 1)) = (2k − 2)! and are inserting the definition of
w. �

For a harmonic Maass form f ∈ H 3
2
−k,L we consider the regularised theta lift

Λreg (f, z) :=


∫ reg

F

〈
R

k
2
−1

3
2
−k(f)(τ),ΘL(τ, z)

〉
v−

1
2dµ(τ), if k is even,∫ reg

F

〈
R

k−1
2

3
2
−k(f)(τ),Θ∗L(τ, z)

〉
v

1
2dµ(τ), if k is odd,

where dµ(τ) := dudv
v2

denotes the invariant measure on H, and the regularised integral is

defined by
∫ reg

F := limT→∞
∫
FT

, where FT denotes the standard fundamental domain for

Γ truncated at height T . By the results of [7, Section 2.3] for the Siegel theta function
(corresponding to k even) and by [8, Section 7.3] for the Millson theta function (corresponding
to k odd), the integral converges for every z ∈ H.
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We now compute the lift of the Maass Poincaré series by unfolding against it. Thereby
we obtain the following representation of Rk−1

2−2k(F1−k,µ,m) as a regularised theta lift.

Theorem 3.2. Assume that pX(z) 6= 0 for every X ∈ L + µ with q(X) = −m. If k ∈ N is
even, then

Rk−1
2−2k (F1−k,µ,m) (z) =

(k − 1)!2(4Mm)
1
2
−kM

k−1
2

22kπ
k
2 Γ
(
k
2

)2 Λreg
(
Fµ,−m, 3

2
−k, z

)
.

If k ∈ N is odd, then

Rk−1
2−2k(F1−k,µ,m) (z) = −(k − 1)!2(4Mm)

1
2
−kM

k
2
−1

22kπ
k−3
2 Γ

(
k+1

2

)2 Λreg
(
Fµ,−m, 3

2
−k, z

)
.

Proof. A similar result was proved in [7, Theorem 2.14] and [8, Theorem 7.9]. Here we give
a sketch of the proof for k even for the convenience of the reader; the case k odd follows
similarly. We consider the regularised theta lift of the Maass Poincaré series Fµ,−m, 3

2
−k,s.

Applying Lemma 2.1 we obtain

Λreg
(
Fµ,−m, 3

2
−k,s, z

)
= (4πm)

k
2
−1 Γ

(
s− 1

4

)
Γ
(
s+ 3

4
− k

2

) ∫ reg

F

〈
Fµ,−m,− 1

2
,s (τ) ,ΘL(τ, z)

〉
v−

1
2dµ(τ).

By the usual unfolding argument the above expression can be written as

2(4πm)
k
2
−1 Γ

(
s− 1

4

)
Γ(2s)Γ

(
s+ 3

4
− k

2

) ∫ ∞
0

∫ 1

0

M− 1
2
,s(−4πmv)e(−mu)ΘL,µ(τ, z)v−

5
2dudv,

where ΘL,µ denotes the µ–th component of ΘL. Inserting the Fourier expansion of ΘL given
in (2.4) and the definition of M− 1

2
,s given in (2.1), and evaluating the integral over u, this

becomes

2(4πm)
k−1
2

Γ
(
s− 1

4

)
Γ(2s)Γ

(
s+ 3

4
− k

2

) ∑
X∈L+µ
q(X)=−m

∫ ∞
0

M 1
4
,s− 1

2
(4πmv)v−

5
4 e−2πv(q(Xz)−q(Xz⊥))dv.

The integral is an inverse Laplace transform and can be computed using equation (11) on
page 215 of [13]. We obtain

2(4πm)
k−1
2

Γ
(
s− 1

4

)2

Γ(2s)Γ
(
s+ 3

4
− k

2

) ∑
X∈L+µ
q(X)=−m

(
m

|q(Xz⊥)|

)s− 1
4

2F1

(
s− 1

4
, s− 1

4
; 2s;

m

|q(Xz⊥)|

)
.
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Plugging in the formula q(Xz⊥) = − 1
4Mmy2

|QX(z)|2 (see (2.3)) and the special value s = k
2
+ 1

4
,

we arrive at

2(4πm)
k−1
2

Γ
(
k
2

)2

Γ
(
k + 1

2

) ∑
X∈L+µ
q(X)=−m

(
4Mmy2

|QX(z)|2

) k
2

2F1

(
k

2
,
k

2
; k +

1

2
;

4Mmy2

|QX(z)|2

)
.

Using the Legendre duplication formula π
1
2 Γ(2k) = 22k−1Γ(k)Γ(k + 1

2
) and comparing the

above expression with Proposition 3.1, we obtain the stated result. �

4. Evaluation of the theta lift at CM points

We now evaluate the theta integral at CM points. As in the previous section we let L
denote an even lattice of full rank in the signature (1, 2) quadratic space V from Section 2.6,
and we let ΓL be the subgroup of O(L) which fixes the classes of L′/L. Moreover, we fix
some X0 ∈ L′ with q(X0) > 0, and we set A = ΓLX0 and zA = RX0 ∈ D ∼= H. Then we
have the sublattices P = L ∩ zA and N = L ∩ z⊥A.

Recall that GP denotes a harmonic Maass form of weight 3
2

for ρP that maps to ΘP under

ξ 3
2
. Similarly, we let G∗P be a harmonic Maass form of weight 1

2
for ρP that maps to Θ∗P under

ξ 1
2
. For simplicity, we now assume that the input f for the regularised theta lift is weakly

holomorphic. We have the following theorem, which is inspired by a similar recent result of
Bruinier, Ehlen, and Yang (compare [8, Theorem 5.4]).

Theorem 4.1. Let f ∈M !
3
2
−k,L. For k even we have

Λreg (f, zA) =
π

1
2 Γ
(
k
2

)
2(4π)1− k

2 Γ
(
k+1

2

)CT
(〈
fP⊕N(τ),

[
G+
P (τ),ΘN−(τ)

]
k
2
−1

〉)
.

For k odd we have

Λreg (f, zA) =
π

1
2 Γ
(
k+1

2

)
(4π)

1−k
2 Γ

(
k
2

)CT
(〈
fP⊕N(τ),

[
G∗,+P (τ),ΘN−(τ)

]
k−1
2

〉)
.

Proof. We give the details of the proof for k even, since the proof for k odd is very similar.
Note that Lemma 2.2 and (2.5) imply that

〈f,ΘL〉 =
〈
f, (ΘP⊕N)L

〉
= 〈fP⊕N ,ΘP⊕N〉.

Thus we may assume that L = P ⊕N if we replace f by fP⊕N . For simplicity, we write just
f instead of fP⊕N throughout the proof.

First, using the self–adjointness of the raising operator (see [7, Lemma 4.2]) we obtain∫ reg

F

〈
R

k
2
−1

3
2
−k(f)(τ),Θ(τ, zA)

〉
v−

1
2dµ(τ) =(−1)

k
2
−1

∫ reg

F

〈
f(τ), R

k
2
−1

1
2

(
v−

1
2 ΘL(τ, zA)

)〉
dµ(τ).
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Note that the apparent boundary term appearing disappears in the same way as in the proof
of [7, Lemma 4.4]. Using the splitting (2.6) of the Siegel theta function and the formula

R`−κ

(
vκg(τ)⊗ h(τ)

)
= vκg(τ)⊗R`(h)(τ)

which holds for every holomorphic function g, every smooth function h, and κ, ` ∈ R, we
obtain

R
k
2
−1

1
2

(
v−

1
2 ΘP⊕N(τ, zA)

)
= L 3

2
(GP )(τ)⊗R

k
2
−1

1 (ΘN−)(τ).

Since L1(ΘN−) = 0, Proposition 2.3 implies that

L 3
2
(GP )(τ)⊗R

k
2
−1

1 (ΘN−)(τ) =
π

1
2 Γ
(
k
2

)
2Γ
(
k+1

2

)(−4π)
k
2
−1Lk+ 1

2

(
[GP (τ),ΘN−(τ)] k

2
−1

)
.

Hence we have that∫ reg

F

〈
R

k
2
−1

3
2
−k(f)(τ),ΘL(τ, zA)

〉
v−

1
2dµ(τ)

=
π

1
2 Γ
(
k
2

)
2Γ
(
k+1

2

)(4π)
k
2
−1

∫ reg

F

〈
f(τ), Lk+ 1

2

(
[GP (τ),ΘN−(τ)] k

2
−1

)〉
dµ(τ).

Now a standard application of Stokes’ Theorem as in the proof of [9, Proposition 3.5] gives
the stated formula. �

5. Statement of the main results and the proof of Theorem 1.1

We are now ready to state and prove our main result, which is a more general version of
Theorem 1.1 for arbitrary congruence subgroups and both even and odd k ∈ N≥2.

As before we let L denote an even lattice of signature (1, 2) in the quadratic space V
from Section 2.6, and we let ΓL be the subgroup of O(L) which fixes the classes of L′/L.
We can view ΓL as a subgroup of SL2(R), the action on D corresponding to fractional linear
transformations on H. Moreover, we fix some X0 ∈ L′ with q(X0) > 0, and we set A = ΓLX0

and zA = RX0 ∈ D ∼= H. We have the corresponding sublattices P = L∩zA and N = L∩z⊥A.
Generalising (1.1) we define the meromorphic modular form

fk,A(z) :=
|4Mq(A)| k+1

2

π

∑
X∈A

QX(z, 1)−k
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of weight 2k for ΓL. Furthermore, for µ ∈ L′/L and m ∈ Z− q(µ) with Mm > 0 not being
a square, we define the trace of cycle integrals

trfk,A(µ,m) :=
∑

X∈ΓL\Lµ,−m

∫
cX

fk,A(z)QX(z, 1)k−1dz,

where Lµ,−m denotes the set of all X ∈ L + µ with q(X) = −m, and cX := (ΓL)X\CX with
the geodesic CX := {z ∈ H : pX(z) = 0} = {z ∈ H : aM |z|2 + bx+ c = 0}.

We let GP be a harmonic Maass form of weight 3
2

for ρP that maps to ΘP under ξ 3
2
.

Similarly, we let G∗P be a harmonic Maass form of weight 1
2

for ρP that maps to Θ∗P under ξ 1
2
.

Finally, we let f ∈ M !
3
2
−k,L be a weakly holomorphic modular form with Fourier coefficients

cf (µ,m) and we assume that cf (µ,−m) = 0 if Mm > 0 is a square.

Theorem 5.1. Assume that zA does not lie on any of the geodesics cX for X ∈ Lµ,−m if
cf (µ,−m) 6= 0. For k even we have∑

µ∈L′/L

∑
m>0

cf (µ,−m) trfk,A(µ,−m)

=
2k−3|4Mq(A)| 12

πM
1−k
2

∣∣∣(ΓL)zA∣∣∣CT
(〈
fP⊕N(τ),

[
G+
P (τ),ΘN−(τ)

]
k
2
−1

〉)
.

For k odd we have∑
µ∈L′/L

∑
m>0

cf (µ,m) trfk,A(µ,m)

= −2k−1π|4Mq(A)| 12

M1− k
2

∣∣∣(ΓL)zA∣∣∣ CT
(〈
fP⊕N(τ),

[
G∗,+P (τ),ΘN−(τ)

]
k−1
2

〉)
.

Remark. For M = 1 and the lattice L from the introduction, with ΓL ∼= SL2(Z), Lµ,−m =
Q4m, and d = −4Mq(A), we recover Theorem 1.1. We remark that by combining the results
of this paper and the methods from [8, Section 7] one can also derive similar formulas for
twisted traces of cycle integrals of fk,A.

Proof of Theorem 5.1. First, by [15, Corollary 4.3] we have that

trfk,A(µ,m) =
2k|4Mq(A)| 12 (4Mm)k−

1
2

(k − 1)!
∣∣∣(ΓL)zA∣∣∣ Rk−1

2−2k(F1−k,µ,m)(zA).
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Note that we are using a different normalisation of fk,A, and that the results of [15] are
formulated in a more classical language. However, the exact same arguments as in the proof
of [15, Corollary 4.3] work in the general case that we need.

Next, recall that we can write f as a linear combination of Maass Poincaré series as in
(2.2). Hence, we obtain from Theorem 3.2 the formula∑

µ∈L′/L

∑
m>0

cf (µ,m)(4Mm)k−
1
2Rk−1

2−2k(F1−k,µ,m)(zA) =
(k − 1)!2M

k−1
2

22k−1π
k
2 Γ
(
k
2

)2 Λreg (f, zA) .

Finally, by Theorem 4.1 we have the evaluation

Λreg (f, zA) =
π

1
2 Γ
(
k
2

)
2(4π)1− k

2 Γ
(
k+1

2

)CT
(〈
fP⊕N(τ),

[
G+
P (τ),ΘN−(τ)

]
k
2
−1

〉)
.

If we put all the constants together and use the Legendre duplication formula π
1
2 Γ(k) =

2k−1Γ(k
2
)Γ(k+1

2
), we obtain the stated formula. �
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