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ABSTRACT. In this paper, we investigate traces of cycle integrals of certain meromorphic
modular forms. By relating them to regularised theta lifts we provide explicit formulae for
them in terms of coefficients of harmonic Maass forms.

1. INTRODUCTION AND STATEMENT OF RESULTS

A classical result of Kohnen and Zagier [14] asserts that certain simple linear combinations
of geodesic cycle integrals of the weight 2k cusp forms®

k41

feale) = 5™ 0, (L)

where £ € Nss is even and A denotes an equivalence class of indefinite integral binary
quadratic forms of discriminant d > 0, are rational. If A is an equivalence class of positive
definite quadratic forms, i.e. d < 0, then the functions f; 4 are meromorphic modular forms
of weight 2k for I' := SLy(Z) which decay like cusp forms towards ico. Inspired by the results
of Kohnen and Zagier, three of the authors showed in [2] that certain linear combinations of
traces of cycle integrals of the meromorphic modular forms fj 4

trfk,A(D) = Z fk,A(Z)Q(Z> 1)k_1dz

QeQp/rv @

are rational. Here Op denotes the set of integral binary quadratic forms of non—square
discriminant D > 0, and ¢ = I'g\Cqg (I'g the stabiliser of @ in I') is the image in I'\H of
the geodesic Cg = {z =z +iy € H: a|z|* + bz + ¢ = 0} associated to Q = [a,b,c] € OQp.
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Kohnen and Zagier used a slightly different normalisation to the present paper.
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Note that the cycle integrals have to be defined using the Cauchy principal value as explained
in [2] if a pole of fi 4 lies on a geodesic cq for Q) € Qp.

In the present paper, we relate the traces of cycle integrals of the meromorphic modular
forms f; 4 to Fourier coefficients of so—called harmonic Maass forms. Below we state our
main results in terms of vector—valued harmonic Maass forms for the Weil representation
associated with an even lattice. In the introduction, we however restrict to the lattice of

signature (1, 2)
L= {X:(_b _C>:a,b,c€Z},
a b

equipped with the quadratic form ¢(X) = det(X). The significance of the lattice L lies in
the fact that its dual lattice L’ can be identified with the set of all integral binary quadratic
forms, with —4¢(X) corresponding to the discriminant. We let C[L'/L] be the group ring of
the discriminant form L’'/L, and we denote by D the Grassmannian of positive definite lines
in L ® R, which can be identified with the complex upper half-plane H by sending z € H to
the positive line generated by (:ff IQ;WQ :

Let A be a fixed class of positive definite integral binary quadratic forms of discriminant
d < 0. We let z4 € H denote the CM point associated to some quadratic form ) € A, which
means that z4 is the unique solution of Q(z4,1) = 0 in H. For simplicity, we denote the
corresponding positive line in D by the same symbol z4, and we let 2 denote its orthogonal
complement in L ® R. Since z4 is a CM point, the corresponding positive line in D and its
orthogonal complement are defined over Q, and we may define two sublattices of L by

P:=LNz, N = LN zy,

which are one—dimensional positive definite and two—dimensional negative definite sublat-
tices, respectively. Then P @& N has finite index in L. For simplicity, we assume that
L = P & N in the introduction.

The usual vector-valued theta function ©p associated to P is a holomorphic modular
form of weight % for the Weil representation of P. We denote by G} the holomorphic part
of a harmonic Maass form Gp of weight % for the dual Weil representation of P that maps
to ©p under 53, where &, = 22'11”(% with 7 = u + v € H. Furthermore, for k£ € 2N we
let (1) = Yo o Cr(n)e(nt) (with e(w) = e*™ for w € C) be a weakly holomorphic
modular form of weight % — k satisfying the Kohnen plus space condition ¢f(n) = 0 for
n = 1,2 (mod4). We also assume that c;(—D) = 0 if D > 0 is a square. The modular
form f corresponds to a vector—valued weakly holomorphic modular form of weight % —k
for the Weil representation of L, which we also denote by f (compare [12, Section 5]). The
following formula is the main result of this paper; the general result for arbitrary congruence
subgroups and both even and odd k can be found in Theorem 5.1.
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Theorem 1.1. Let k € 2N and assume that z4 does not lie on any of the geodesics cq for
Q€ Qp if cs/(—=D) #0. Then we have that

2k—3|d‘%

> ep(=D)try, (D) = ~Tr

D>0

T ({7, [G5(r). 0x- (1)]5_,))

o]

where T, is the stabiliser of z4 in T =T'/{£1}, CT denotes the constant term in a Fourier
expansion, (-,-) is the natural bilinear form on C[L'/L], [-,-]  denotes the n—th Rankin—Cohen
bracket, and © - is the holomorphic theta function associated to the positive definite lattice

N~ = (N,—q).

We remark that by [2, Theorem 1.1] the left-hand side of Theorem 1.1 is rational if
the coefficients of f are rational. By [10, Theorem 4.3|, one can choose Gp such that the
coefficients of its holomorphic part G5 lie in 7r|d|_%(@. In particular, combining Theorem 1.1
and [10, Theorem 4.3] we obtain a new proof for the rationality of the linear combinations
of cycle integrals of the meromorphic modular forms fj 4 in Theorem 1.1. Moreover, by
comparing [2, Theorem 1.2] with Theorem 1.1 above one can obtain interesting identities
between two finite sums involving coefficients of harmonic Maass forms.

Example 1.2. As an illustrating example of Theorem 1.1, we consider the class A of the
quadratic form [1,0, 1] of discriminant —4, with the associated CM point z4 = i. The
corresponding positive line in D is spanned by the vector (% §). The lattice P is also
spanned by this vector, and is therefore isomorphic to (Z,n?). The lattice N consists of
those X € L with a = —c¢, and hence is isomorphic to (Z?, —n* — m?).

Now we choose k = 2. In this case, for every discriminant D > 0 there exists a unique
weakly holomorphic modular form fp of weight —% satisfying the Kohnen plus space con-
dition and having a Fourier expansion of the form fp(7) = e(—D7) + O(1). Using the
Cohen—Eisenstein series of weight g, one can show that the constant term of fp is given by
—120Lp(—1), where Lp(s) denotes the usual L—function associated to a non-square discrim-
inant D > 0. The vector—valued theta function ©p can be identified with the Jacobi theta
function (1) == Y, , e(n®7) (by adding its components and replacing 7 by 47, compare
[12, Section 5]), and ©y- can essentially be identified with 62. Zagier [16] showed that the
generating function G5 (7) = —167 Y. -, H(n)e(nt) of Hurwitz class numbers H(n) (with
H(0) := —<) is the holomorphic part of a harmonic Maass form of weight 2 which maps to
6 under & 3.
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Now choosing f = fp and G}, as the generating function of Hurwitz class numbers as
above, Theorem 1.1 yields the formula

try, 0y (D) =—40Lp(-1) =4 Y H(D-n>—m’)
nme”L
n=D (mod?2)
for any non-square discriminant D > 0 if 7 does not lie on any of the geodesics cq for
Q € Qp. Similarly, by computing the Rankin—Cohen bracket, for £ = 4 we obtain

try, oy (D) = Z (4D — 10n* — 10m*) H (D — n® — m?)..
nme”Z
n=D (mod?2)

The proof of Theorem 1.1 consists of three main steps. For the first one, we use the fact
that try, ,(D) can be written as a special value of the iterated raising operator applied to
a locally harmonic Maass form Fj_j p, which was first introduced by Kane, Kohnen, and
one of the authors [4] and whose precise definition in the vector—valued setup is recalled in
Section 3. Namely, [15, Corollary 4.3] implies that

trs (D) = D3 RE"L (Fi_y.p)(24),

where R" := R, 9, 20 -0 R, with R? := id is an iterated version of the Maass raising
operator R, = 22’% + %, and the symbol = means equality up to a non-zero multiplicative
constant.

In the second step, we write the function R’;:;k (Fi-k.p) as aregularised theta lift, following
Borcherds [3]. Namely, in Theorem 3.2 we show that

> e (-DD R (F L)) = [ (RE(D). B

D>0 F

reg

where the integral is taken over the standard fundamental domain F of I" and has to be reg-
ularised as explained in Section 3, and O (7, z) denotes the Siegel theta function associated
to L.

Finally, in the third step, we use the fact that the evaluation of the Siegel theta function
OL(T,z4) at the CM point z4 essentially splits as a tensor product of the holomorphic theta
functions ©p and ©y- associated to the lattices P and N~. Then using Stokes” Theorem,
the regularised theta integral can be evaluated as

[ (e Em )y g = o (50, (65,05 (0], L))

f

see Theorem 4.1 below. Our strategy to prove the last formula closely follows methods from
recent work of Bruinier, Ehlen, and Yang [8]. Combining these three steps gives Theorem 1.1.
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The paper is organised as follows. We begin in Section 2 by recalling preliminaries which
are pertinent to the rest of the paper. Section 3 is dedicated to the study of the regularised
theta lift alluded to above. The evaluation of the theta lift at CM points is discussed in
Section 4. Finally, in Section 5 we give the proof of Theorem 1.1 and its generalisation to
higher level and arbitrary weight.
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2. PRELIMINARIES

2.1. The Weil representation. The metaplectic extension of SLy(7Z) is defined as

T == Mpy(Z) == {(7, o)y = (CCL 2) € SLy(Z), ¢: H — C holomorphic, ¢*(7) = c7 + d} .

We let 'y, denote the subgroup generated by 7 := ((§1),1).

Let L be an even lattice of signature (7, s) with quadratic form ¢ and associated bilinear
form (-,-). Let L’ denote its dual lattice, C[L'/L] be the group ring of L'/L with standard
basis elements ¢, for p € L'/L, and (-,-) be the natural bilinear form on C[L’/L] given by

(ey,¢,) = 6,,. The Weil representation pj, associated with L is the representation of I' on
C[L'/L] defined by

e (%(s — r))

T > e

vel!/L

pr(T)(en) = e(q(i))e,, pr(S)(e,) =

The Weil representation pr- associated to the lattice L= = (L, —¢q) is called the dual Weil
representation associated to L.

2.2. Harmonic Maass forms. Let x € %Z and define the slash—operator by

Fliewr (120)(7) == o(7) > pL (v, 0) f (y7),

for a function f: H — C[L//L] and (y,$) € . Following [9], we call a smooth function
f: H — C[L'/L] a harmonic Maass form of weight r with respect to py, if it is annihilated
by the weight k Laplace operator

A, = —v? 8_2+8_2 + 1KV 2—1—22
T o2 o2 ou v/’
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if it is invariant under the slash-operator |, ,,, and if there exists a C[L’/L]-valued Fourier
polynomial (the principal part of f)

P(1) = Z Zc;{(u,n)e(m')e#

neL’/L n<0

such that f(7) — Py(7) = O(e™*") as v — oo for some ¢ > 0. We denote the vector space
of harmonic Maass forms of weight x with respect to pr, by H, 1, and we let M,L ;, be the
subspace of weakly holomorphic modular forms. Every f € H, ; can be written as a sum
f = ft+ f~ of a holomorphic and a non—holomorphic part, having Fourier expansions of
the form

ffoy= 3 > cflwnene, ()= > > ¢~k drlnfv)e(nr)e,,
neEL'/L n>—00 weL’/L n<0
where I'(s, z) := fxoo t*"te7tdt denotes the incomplete Gamma function.

The antilinear differential operator &, = 22’@“% from the introduction maps a harmonic
Maass form f € H, 1 to a cusp form of weight 2 — x for p,—. We further require the lowering
and raising operators L, = —2@"028% and R, = 22’8% + 2, which lower and raise the weight

of a smooth function transforming like a modular form of weight x for p; by two.

2.3. Maass—Poincaré series. Let « € %Z with £ < 0, and denote by M, , the usual
M-Whittaker function (see [1, equation 13.1.32]). We define, for s € C and u € R\{0},

M&S(u) = ‘u|_%MSgn(u)%,s—%(‘u|>‘ (21)

Following [7], for p € L'/L and m € Z — q(p) with m > 0 we define the vector—valued
Maass—Poincaré series

1
Fmps(T) = Z (M, s(—4mmo)e(—mu)e,)
2I'(2s) ~

wor (7:0)(7).

The series converges absolutely for Re(s) > 1, and at the special point s = 1—%, the function
Fome(T) = Fm_m,m_%(T)

defines a harmonic Maass form in H, ; with principal part e(m7)(e, + ¢_,) + ¢ for some
constant ¢ € C[L’/L]. In particular, every harmonic Maass form f € H, ; can be written as
a linear combination

=5 3 S e —m) (), (2.2
peL! /L m>0

The following lemma follows inductively from [8, Proposition 3.4].
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Lemma 2.1. For n € Ny we have that

I'(s+n+%) )

=/ . N —m,K n,s T).
1—\ (S + g) Hy ) +2 ;

2.4. Operators on vector—valued modular forms. For an even lattice L we let A, 1,
be the space of C[L'/L]-valued smooth modular forms (i.e. modular forms which possess
derivatives of all orders) of weight x with respect to the representation py.

Let K C L be a sublattice of finite index. Since we have the inclusions K ¢ L C L' ¢ K’
we therefore have L/K C I'/K C K'/K, hence the natural map L'/K — L'/L, u — fi. For
pe K'/K and f € A, 1, and g € A, g, define

fa ifpe /K,
(fK)u = {0 lf[LgL//K, (gL)ﬂ: Z Jatps

a€L/K

Ry (Fuoms) (7) = (4mm)"

where p is a fixed preimage of i in L’'/K. For the proof of the following lemma we refer the
reader to [11, Section 3].

Lemma 2.2. There are two natural maps
resp i Awr — Avk, [+ fk, trp g Aex — Agrn, g+ 9",
such that for any f € A, and g € A, i, we have (f,g") = (fk, 7).

2.5. Rankin—Cohen brackets. Let K and L be even lattices. For n € Ny and functions
feA.kand g € Ay with k,0 € %Z we define the n—th Rankin—Cohen bracket

1 . I'(k+n)['(€ 4+ n)
(2mi)" Z>O (=1) T(s+ O)l(k+n—s)T(r+ )Tl +n—r)
r+s=n

[f7 g]n — f(r) ® g(S),

where the tensor product of two vector—valued functions f = Zu fuey € Agk and g =
S, gve, € Agp is defined by

f ® g = Z f,ugueu+l/ S An+€,K€BL~

[TR%
The proof of the following formula can be found in [8, Proposition 3.6].

Proposition 2.3. Let f € H,x and g € Hy 1, be harmonic Maass forms. For n € Ny we

have
(—Am) Lusssan ([f, gh) = —— 1)

I(n+ 1I(k)

I'(¢+n)

L) @ B (0) + (V"5 p

RR(f) @ Li(g).
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2.6. A quadratic space of signature (1,2). For M € N we consider the rational quadratic

space
_b _

V::{X:< 2M W):a,b,cé@}
a oM

along with the quadratic form ¢(X) := M det(X) and the corresponding bilinear form
(X,Y) = —Mtr(XY) for X,Y € V; it has signature (1,2). Furthermore, its elements
can be identified with rational quadratic forms Qx = [aM, b, ¢|, where the discriminant of
Qx corresponds to —4Mq(X). The group SLy(Q) acts as isometries on V via gX = gXg~ L.
Let D be the Grassmannian of lines in V ® R on which ¢ is positive definite. We may identify

D with the upper half-plane H by associating to z € H the positive line generated by
1 —r 2%+ y2>
Xi(2) = — .
&= g, (—1 x

Then SLy(R) acts on H by fractional linear transformations, and the identification is SLy(R)—
invariant, i.e. ¢X1(z) = X;(gz). Furthermore, define

1 r —z?+ y2) 1 (Z/ —2$Zl>
Xo(2) = —— , X3(2) = .
)= o, (1 2 )= o, 0 —y
Along with X (z), these form an orthogonal basis of V®@R. For X € V and z € H we define
the quantities

px(2) = —V2M(X, X,(2)) = i (aM |z + ba +c),

Qx(2) = V2My(X, Xo(2) + iX3(2)) = aM 2> + bz + c.

We let X, and X,. denote the orthogonal projections of X to the line RX;(z) and its
orthogonal complement, respectively. We have the useful formulas

00X) = yppxl 0¥ =~ Qx (P (2.3

AM

2.7. Theta functions. For a positive definite lattice (K, q) of rank n we define the vector—

valued theta function
Ox(r) = > > e(qX)r)e,

HEK' /K XEK +pu
The function O is a holomorphic modular form of weight 7 for the Weil representation py.
For the rest of this section we let L be an even lattice in the rational quadratic space V'
of signature (1,2) defined in Section 2.6. For 7,z € H we define the Siegel theta function

Or(r.z)=v Y > e(q(X)T+q(X.0)T)e,. (2.4)

uweL'/L XeL+p
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By [3, Theorem 4.1], the Siegel theta function ©;, transforms like a modular form of weight
—% for the Weil representation py in 7. Similarly, we define the Millson theta function

@LTZZ—UZ ZPX X1+ q(X.1)T)ey,

pweL' /L XeEL+p

Again using [3, Theorem 4.1], we see that the Millson theta function ©F transforms like a
modular form of weight % for pr, in 7. Note that both theta functions can be rewritten using
(2.3). Both theta functions are invariant in z under the subgroup I';, of the orthogonal group
O(L) which fixes the classes of L'/L.

If K C L is a sublattice of finite index, then Lemma 2.2 implies that

Or=(0x)", O =(0x)" (2.5)

Now fix some Xy € L' with ¢(Xg) > 0, let A =T X be its I',—class and let z4 = RX, € D
be the positive line spanned by X,. Recall that we can also view z4 as a point in H,
which we call a CM point by a slight abuse of notation. Furthermore, let P = L N z4 and
N = LN zj be the corresponding positive definite one-dimensional and negative definite
two—dimensional sublattices of L. A direct computation shows that the evaluation of the
Siegel and the Millson theta functions at z4 split as

Opan(T,24) = Op(T) @ VON-(T), Open(T, 24) = Op(T) @ VON-(T), (2.6)

where
> D pxlza)e(@X)m)e,

wEP' /P XEP+p

is a holomorphic unary theta series of weight % for pp.

3. LOCALLY HARMONIC MAASS FORMS AND THETA LIFTS

In this section we compute the action of the iterated raising operator on a certain locally
harmonic Maass form and show that the resulting function can be written as the image of
a suitable regularised theta lift. From now on, L denotes an even lattice of full rank in the
quadratic space V' of signature (1,2) defined in Section 2.6, and I'y, is the subgroup of O(L)
which fixes the classes of L'/L. Furthermore, throughout we let k& € N>.

Let p € L'/L and m € Z — q(u) with m > 0 such that Mm is not a square. Following [5]
(where a scalar—valued version was used) we define the function

k m 1k m k—1
Fikpum(z) = L) (4Mm) Z Sgn(pX(Z))QX(Z)k_l (4M ) )

(e)m(2k = 1) XeLtp Qx(2)?

9(X)=-m
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1 1 1 4Mmy? )
X oF) | = k — kz—l—
’ 1(2 2 1Qx (=)

The Euler integral representation of the hypergeometric function (see [1, equation 15.3.1])
yields

—1)k(4Mm)z* . [ 4AMm
Frotpn(e) = LGS ST o) @x( 0 ().
(k—l)ﬂ- XeL+tp
a(X)=—m
where ¢(v) = 2,6(1) k-3, ;) is a special value of the incomplete S—function f(w;s,r) =

Jo 7' (1 = t)""'dt. In particular, by the same arguments as in [4] the function Fi_m.,
converges absolutely and defines a locally harmonic Maass form of weight 2 — 2k for I',. We
recover the function F;_j p from [4] if we choose M = 1, D = 4m, and the lattice L from
the introduction. We have the following series representation of R’;:%k (F1—kpm)-

Proposition 3.1. Assume that px(z) # 0 for every X € L+ p with ¢(X) = —m. Then
Ry g, (Firum) (2)

_ (DR - Dy ol () o (B kL AMmy
=y o s (G gk g )
a(X)=—m

Proof. 1t suffices to show that

. L ( AMmy k=3 1 1 1 4Mmy
RS%’“<Q‘X(2)k (rcm )!2) F<5k R CRET: >!2)>

= (k = DNAMm)* 2 sgn(px ()" 19¥|Qx (2) %2 (]; l; k+; \g\iﬁ\?)'

Let w = éM’(”y'Q Using the Euler transformation

oFi(a,b;c;Z) = (1 — Z)c_a_b2F1(C —a,c—bc;7)
and the identity (see [1, equation 15.2.3])
07(Z%F(a,b;¢c; Z)) = aZ Y2 Fi(a+1,b;¢; Z)
it may be shown by induction that for j € Ny

, k k 1
R} <w§2F1 (5 5 k+2 >)
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k+j- Dt -4 (Qx()Y s o (k=§ k4, L
- (k—1)! (404m)”= sgn(px(2))’ Y2 w2 oI T,T,k+§,w .

In particular, for j = k — 1 this becomes

(o (K E L
Ry <U122F1(2,27/€+2aw>>

Furthermore, it is possible to show that wngl(g, g; k + %, w) is an eigenfunction under the

Laplace operator A, with eigenvalue k(1 — k). Now [6, Lemma 2.1] states that for j € Ny
and ¢ : H — C satisfying Ay(g) = Ag we have

k—1

R (v 2R (9)) (2) = TT(-X = et = 1) (2.

Thus we find that (3.1) is equal to

(k- 1)! LS| 2%—2 pk—1 k k k. iy
(2k—2)!(4Mm) By (v Ho \wbi( 5 53kt 5w
k k 1

= (k= D)I(AMm)*2 sgn(px (2))" " Qx (2) F2 Py ( 5k + —;w> )

29’ 2

where we are using Hf;ll(k‘(l —k)—4(—1)) = (2k — 2)! and are inserting the definition of
w. U

For a harmonic Maass form f € H 8 _p, We consider the regularised theta lift

/feg <R§:;(f)(7'), O (T, z)> v_%du(T), if k is even,

Ares (f7 Z) = ]:reg L 1
[ (R0, 85 ) vhdutr), itk s odd
F 2
where du(r) = d’;jgl” denotes the invariant measure on H, and the regularised integral is

defined by | ;_eg = limy o0 [ £, Where Fr denotes the standard fundamental domain for
[ truncated at height T. By the results of [7, Section 2.3] for the Siegel theta function
(corresponding to k even) and by [8, Section 7.3] for the Millson theta function (corresponding
to k odd), the integral converges for every z € H.
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We now compute the lift of the Maass Poincaré series by unfolding against it. Thereby
we obtain the following representation of R2 Qk(}] kum) as a regularised theta lift.

Theorem 3.2. Assume that px(z) # 0 for every X € L+ p with ¢(X) = —m. Ifk € N is
even, then

1 k-1
k—1 o (k B 1)'2(4Mm>§ 2 re .
R2—2k («Flfk’,u,m) (Z) - 22k7T2F (g) AT® (Fﬂrfmvgfkn Z) ’

If k € N s odd, then

(k — 1)'2(4Mm)’_’“M’_1A]reg (

22k7r P} ]_—‘ (k+1) F}L,—m,%_ky Z) .

Ry ok (Fiokpm) (2) = =

Proof. A similar result was proved in [7, Theorem 2.14] and [8, Theorem 7.9]. Here we give
a sketch of the proof for k& even for the convenience of the reader; the case k odd follows
similarly. We consider the regularised theta lift of the Maass Poincaré series FH’_m’% ks
Applying Lemma 2.1 we obtain

re k_ r (5 - l) res -~ _1
A g( , ms ks? >:(47rm)2 IF<S+—%i§)/}_ <Fu,—m,—%,s (T)a@L(Taz)>U Qd:u(T)'

By the usual unfolding argument the above expression can be written as

2(47rm)5_1r(2s) 88:____ / //\/l (—dmmuv)e(— mu)@L,#(T,z)v_%dudv,

where Oy, , denotes the p~th component of ©;. Inserting the Fourier expansion of ©, given
n (2.4) and the definition of M_1  given in (2.1), and evaluating the integral over u, this

becomes
r (s }L
)T (s +

N—

2(4mm) kgl

/ My, 1 L (drmo)v~ §e2m(a(X)=a(X.1)) gy,

4+ 3 E)
4 2} XeL+u
9(X)=—m

The integral is an inverse Laplace transform and can be computed using equation (11) on
page 215 of [13]. We obtain

s it =g %, () (e i k)

XeL+p
q(X)=-m
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Plugging in the formula ¢(X,.) = —W’Qx(Z)P (see (2.3)) and the special value s = &+
we arrive at

1
4

N

2(dmm) 5 2 (o ) (05 o)

a(X)=-m

_|_ N7

Using the Legendre duplication formula w2['(2k) = 225 'T(k)T'(k + 1) and comparing the
above expression with Proposition 3.1, we obtain the stated result. U]

4. EVALUATION OF THE THETA LIFT AT CM POINTS

We now evaluate the theta integral at CM points. As in the previous section we let L
denote an even lattice of full rank in the signature (1,2) quadratic space V' from Section 2.6,
and we let I'y, be the subgroup of O(L) which fixes the classes of L'/L. Moreover, we fix
some Xy € L' with ¢(Xy) > 0, and we set A = '} Xy and z4 = RXy € D = H. Then we
have the sublattices P =LNz4 and N = LN zj.

Recall that Gp denotes a harmonic Maass form of weight % for pp that maps to ©p under
& 3. Similarly, we let G} be a harmonic Maass form of weight % for pp that maps to ©} under
19 1. For simplicity, we now assume that the input f for the regularised theta lift is weakly
holomorphic. We have the following theorem, which is inspired by a similar recent result of
Bruinier, Ehlen, and Yang (compare [8, Theorem 5.4]).

Theorem 4.1. Let f € M!;_kL. For k even we have
wir ()

AT (f, 20) = 2(4@1_5;(%) CT ((fran(). [G5(). On- (T)]s_,)) -

For k odd we have

i (ks
A (2 = o LE)

2

MCT <<fP®N(T)> [ ;ﬁ(T)’@N‘(T)}%» '

Proof. We give the details of the proof for k£ even, since the proof for k odd is very similar.
Note that Lemma 2.2 and (2.5) imply that

(f.01) = (f,(Oran)") = (fren, Oran).

Thus we may assume that L = P @ N if we replace f by fpay. For simplicity, we write just
f instead of fpgn throughout the proof.
First, using the self-adjointness of the raising operator (see [7, Lemma 4.2]) we obtain

[ (B @), 8G ) v tdutn) -0 [ RE (v 2 ) duto)

F F
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Note that the apparent boundary term appearing disappears in the same way as in the proof
of [7, Lemma 4.4]. Using the splitting (2.6) of the Siegel theta function and the formula

Re (v9(7) @ h(7)) = v"9() @ Re(h)(7)

which holds for every holomorphic function g, every smooth function h, and k,¢ € R, we
obtain

R

[SIENTES

(v 8pan(r,20)) = Ly(Gr)(7) @ R (Ox-)(7).
Since L1(Oy-) = 0, Proposition 2.3 implies that

W%P (g)

L3(Gr) (1) i (O)(7) = g ey (+4m) 8 Ly (0000 O3 (7] ).

Hence we have that
reg X
/ <R§,k(f> (T)a @L(Ta Z_A)> ’U7§d,u(7')

F
o /reg <f(7-)> L/H‘% ([QP(T)7 On- (T)]§_1>> dﬂ(T)'

f

|

Now a standard application of Stokes” Theorem as in the proof of [9, Proposition 3.5] gives
the stated formula. O

5. STATEMENT OF THE MAIN RESULTS AND THE PROOF OF THEOREM 1.1

We are now ready to state and prove our main result, which is a more general version of
Theorem 1.1 for arbitrary congruence subgroups and both even and odd k£ € N>,.

As before we let L denote an even lattice of signature (1,2) in the quadratic space V
from Section 2.6, and we let 'y be the subgroup of O(L) which fixes the classes of L'/L.
We can view I'f, as a subgroup of SLy(RR), the action on D corresponding to fractional linear
transformations on H. Moreover, we fix some Xy € L' with ¢(X,) > 0, and we set A = '; X,
and 24 = RX, € D = H. We have the corresponding sublattices P = LNz4 and N = LNz7%.

Generalising (1.1) we define the meromorphic modular form

foaz) = ALY S o)

XeA
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of weight 2k for I';. Furthermore, for p € L'/L and m € Z — q(p) with Mm > 0 not being
a square, we define the trace of cycle integrals

try, . (1, m) = Z / froa(2)Qx (2, 1) dz,

XeTL\Ly,—m

where L, _,, denotes the set of all X € L+ p with ¢(X) = —m, and cx = (I'y) x \Cx with
the geodesic Cx = {z € H: px(2) =0} = {z € H: aM|z|? + bx + ¢ = 0}.

We let Gp be a harmonic Maass form of weight % for pp that maps to ©p under ¢ 3.
Similarly, we let G5 be a harmonic Maass form of weight % for pp that maps to ©% under § 1.
Finally, we let f € M '% kL be a weakly holomorphic modular form with Fourier coefficients

cr(p, m) and we assume that c¢p(p, —m) = 0 if Mm > 0 is a square.

Theorem 5.1. Assume that z4 does not lie on any of the geodesics cx for X € L, _p, if
ce(p, —m) # 0. For k even we have

SN eplp —m) trg, (1, —m)

uweL'/L m>0
_ 2V 84Mg(A)|2
().

1 ({frent). [95(7). 05 ()], ))

For k odd we have

Z Z Cf(luv m) Wy (1, m)

weL'/L m>0

::_iéjtyéiiTQCT<<ﬁ@N@?{93W7%@N-“ﬂﬂ;>>'

Remark. For M = 1 and the lattice L from the introduction, with I';, = SLy(Z), L, =
Qum, and d = —4Mq(.A), we recover Theorem 1.1. We remark that by combining the results
of this paper and the methods from [8, Section 7] one can also derive similar formulas for
twisted traces of cycle integrals of fj 4.

Proof of Theorem 5.1. First, by [15, Corollary 4.3] we have that

k1AM g(A)|z (AMm)F—3
by (uym) = MRS oy (2 ),
(k- 1!|(T0),,]
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Note that we are using a different normalisation of f; 4, and that the results of [15] are
formulated in a more classical language. However, the exact same arguments as in the proof
of [15, Corollary 4.3] work in the general case that we need.

Next, recall that we can write f as a linear combination of Maass Poincaré series as in
(2.2). Hence, we obtain from Theorem 3.2 the formula

S S e m)(AMm) RS (Frp) () = B M2 g

- k 2
2%k—1-5T (k
p€EL' /L m>0 2 7T2F(2)

Finally, by Theorem 4.1 we have the evaluation
T (5)

A8 (f7 ZA) = 2(47T)1_§F <%)

CT (<fP®N(T)v [g;(T)’ On- (7—)} E*1>> '

2

If we put all the constants together and use the Legendre duplication formula 72I'(k)

2F1T(5)D(£EL), we obtain the stated formula. O
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