ON THE EXPLICIT CONSTRUCTION OF HIGHER DEFORMATIONS OF
PARTITION STATISTICS

KATHRIN BRINGMANN

ABSTRACT. The modularity of the partition generating function has many important consequences,
for example asymptotics and congruences for p(n). In a series of papers the author and Ono [12, 13]
connected the rank, a partition statistic introduced by Dyson, to weak Maass forms, a new class of
functions which are related to modular forms and which were first considered in [11]. Here we do a
further step towards understanding how weak Maass forms arise from interesting partition statistics by
placing certain 2-marked Durfee symbols introduced by Andrews [1] into the framework of weak Maass
forms. To do this we construct a new class of functions which we call quasiweak Maass forms because
they have quasimodular forms as components. As an application we prove two conjectures of Andrews.
It seems that this new class of functions will play an important role in better understanding weak
Maass forms of higher weight themselves, and also their derivatives. As a side product we introduce
a new method which enables us to prove transformation laws for generating functions over incomplete
lattices.

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of a nonnegative integer n is a non-increasing sequence of positive integers whose sum
is n. Let p(n) denote the number of partitions of n. We have the generating function

1
n(24z)’

(1.1) P(q) = P(z) := Zp(”) Pl =
n=0

where ¢ := €2™* and n(z) := g2 I1,2,(1 — ¢") is Dedekind’s n-function. Of the many consequences
of the modularity of P(g), two of the most striking are Rademacher’s exact formula for p(n), and
Ramanujan type congruences. In order to state the exact formula, let I5(x) be the usual I-Bessel
function of order s. Furthermore, if k& and n are positive integers, then define the Kloosterman sum

Ak(n) = Z wh,k e %ihn 5

h  (mod k)*
where the sum only runs over those A modulo k£ that are coprime to k, and where

wh, = exp (mis(h, k)),

R O]

© (mod k)
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If n is a positive integer, then Rademacher showed that

(1.2) p(n) = — 2T iA’f(”) I, <7W24”—1>

) = I
(24n—1)1 = k2 6k

In particular, (1.2) implies that
p(n)wzml\/g-eﬂm as n — 0o.
The partition function also has nice congruence properties. For example, by Ramanujan we have
that
p(bn+4) =0 (mod 5),
p(Tn +5)=0 (mod 7),
p(1ln+6) =0 (mod 11),
for every n > 0 and Ono [21] showed that for any prime ¢ > 5 there exist infinitely many non-nested
arithmetic progressions of the form An + B such that
p(An+ B)=0 (mod ?).

In this paper we also consider asymptotics and congruences for certain partition statistics.

To explain the Ramanujan congruences with modulus 5 and 7, Dyson [18] introduced the rank of a
partition, which is defined to be its largest part minus the number of its parts. Dyson conjectured that
the partitions of 5n+4 (resp. 7n+5) form 5 (resp. 7) groups of equal size when sorted by their ranks
modulo 5 (resp. 7), and this conjecture was proven by Atkin and Swinnerton-Dyer [7]. If N(m,n)

denotes the number of partitions of n with rank equal to m, then we have the generating function
(1.3)

S > n? _ 1y, 2 (3n+1)
R(wiq) =1+ Y > N(mnjuw™q" =1+ q _a w)z( 1)"g2 0t ’

= = wEOn(w G e (G0 g 1w

where (a;q), 1= H;‘;& (1 — aqj) and (a;q)eo := limy,—,00(a; q)pn. In particular,

R(1;9) = P(g),

n2

n=1
The function f(q) is one of the so-called mock theta functions. Ramanujan listed 17 such functions
in his last letter to Hardy and gave two more in his “Lost Notebook” [22], while Watson [25] de-
fined three further functions. Surprisingly, much remained unknown about these series until recently.
For example there was even debate concerning the rigorous definition of such a function. Despite
these issues, Ramanujan’s mock theta functions have been shown to possess many striking proper-
ties, and they have been the subject of an astonishing number of important works (for example, see
[1, 2, 5, 15, 16, 17, 19, 26]). Much of this activity was foreshadowed by Dyson:

“The mock theta-functions give us tantalizing hints of a grand synthesis still to be discovered. Some-
how 1t should be possible to build them into a coherent group-theoretical structure, analogous to the
structure of modular forms which Hecke built around the old theta-functions of Jacobi. This remains
a challenge for the future.”

Freeman Dyson, 1987
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Ramanujan Centenary Conference

Recently much light has been shed on the nature of Ramanujan’s mock theta functions. Building
on important work of Zwegers [26] the author and Ono ([12, 13]) solved Dyson’s “challenge for the
future” by placing the rank generating functions, and thus the mock theta function f(q), in the context
of weak Maass forms (see Section 6). Loosely speaking it turns out that for each root of unity w # 1,
the function R(w;q) is the holomorphic part of a weight % weak Maass form. Since the case w = 1
yields a weight —% modular form, one can also view the infinite family R(w;q) as a deformation of
P(q).

Viewing the rank generating functions in the framework of weak Maass forms has found many
applications, including an exact formula for the coefficients of f(q) [12], asymptotics for N(m,n) [8],
and identities for rank differences [14]. Moreover we obtain congruences for N (s,¢;n) [13], the number
of partitions of n with rank congruent to s modulo ¢, which give a combinatorial decomposition of
congruences for p(n).

Naturally it is of wide interest to find other explicit examples of Maass forms. Here we construct
a new infinite family of such forms, arising in a more complicated way from an interesting partition
statistic introduced by Andrews [3]. Define the symmetrized second moment function

won = 3 (1) N,

m=—0oQ

Andrews showed that this function enumerates the 2-marked Durfee symbols (see Section 2). We have
the generating function

30 (n 1)

L — n)a" — # _ n+1L
(1.4) Ralq) := ;772( )q" = (4 90) oo n%:{o}( D (1—qgm)*

One of the main goals of this paper is to place this function into the framework of weak Maass forms
and introduce a new class of functions, which we call quasiweak Maass forms, which seem to play an
important role in better understanding weak Maass forms themselves, and also their derivatives. It
will turn out that the function (1.4) is part of a weight % weak Maass forms and occurs from deforming
the weight % rank generating function by applying a certain differential operator which is responsible
for the higher weight. The proof of the modularity of the usual rank generating function (1.3) heavily
relies on the fact that the sum runs through the full lattice Z which allows Poisson summation. In
contrast, the sum of the generating function in (1.4) runs only through the incomplete lattice Z \ {0}.
To our knowledge so far known examples which use Poisson summation to prove modularity come
from sums over full lattices. The first guess to deal with missing terms in Poisson summation seems
to be to add extra summands during the computations, and remove them at the end. However, this
does not work in the present case due to the double pole in the n = 0 term.

We overcome those problems by introducing a new method which enables us to handle incomplete
sums like (1.4). For this purpose, we embed (1.4) into a bigger family which includes Rs(q) as a limiting
case of a certain differential operator. It seems very likely that this new method will be helpful in
other settings as well, and may lead to a better understanding of functions like R(w;q)/(1 — w)
(a modified version of Dyson’s rank generating function that removes the “artificial” zero). In our
situation a very careful analysis of introduced poles is required since they give rise to additional terms
in the transformation law, which we managed to identify as quasimodular components. Recall that
a meromorphic function f : H — C is called a quasimodular form if it can be written as linear
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combination of derivatives of modular forms. Note that some authors do not include meromorphic
functions in this definition and only allow forms that lie in the algebra generated by FEs, F4, and Ej.
To state our result define

R(2) := Ry(24z)e™ 2™

) i o p(247) .
(L5) NG): 42 / (-i(¢+z))%d’
and

(1.6) M(2) = R(2) — N (2) L F5(242)

 24n(24z) * 8n(24z)’

where as usual -
Ey(z):=1- 24201(71) q"
n=1

with o1(n) := >_4),, d. The function F5(z) is “nearly modular”, and in particular satisfies Ep(z +1) =
Es(z) and

(1.7) Es <—1> = 22Fs(2) + bz

Theorem 1.1. The function M(z) is a harmonic weak Maass form of weight % on T'o(576) with
Nebentypus character x12(+) := (Q)

Two remarks.
1) Since R(z) is, up to quasimodular forms, the holomorphic part of a weak Maass form, we refer to
R2(q) as a quasimock theta function.
2) The function Ry(q) is also crucial for understanding k-marked Durfee symbols for £ > 2 (see [3] for
the definition). In upcoming work Mahlburg and the author show [10] that modularity properties of
the generating functions Ry (q) can be concluded from modularity properties of R(q) and Ra(q), and
that these functions give rise to a new class of functions which we call quasiweak Maass forms. It
seems that this new class of functions will play an important role in better understanding weak Maass
forms of higher weight themselves, and also their derivatives.

The fact that M(z) is a weak Maass form has some nice applications. Here we address two of them:
congruences and asymptotics. These were formulated by Andrews as open problems (problems 11 and
13 page 39 of [3]).

Theorem 1.2. We have

V7l .
— 3 T m(24n — 1)1
o) = 3t (e () 2

s = T . (E = 14e
Iy (Zvaan—1)+ YR AL (o-v2in 1)) +0 (nt).

In particular the k£ = 1 term gives the main term in the asymptotics expansion.

Corollary 1.3. Asn — o

1 ZV/24n—1
n)~ ——=¢e>6 .
w17
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Remark. In particular Corollary 1.3 implies that as n — oo
n2(n) ~ np(n).

We next turn to congruences. As in the case of partitions one can associate certain ranks to 2-
marked Durfee symbols, which we will describe in Section 2. Let NFy(r,t;n) denote the number of
2-marked Durfee symbols with (full) rank congruent to » modulo ¢.

Theorem 1.4. Let t > 3 be an integer, j € N, and Q t 6t a prime. Then there exist infinitely many
arithmetic progressions An + B such that for every 0 < r < t, we have

NFy(r,t;An+ B) =0 (mod Q7).
Remark. With similar methods as in [9], one could also obtain congruences for ¢t = Q° with £ € N.

Theorem 1.4 can be viewed as yielding congruences for n2(n) as well as a combinatorial decompo-
sition of these congruences.

Corollary 1.5. Let j be a positive integer and Q > 3 a prime. Then there exist infinitely many
arithmetic progressions An + B such that

n2(An+ B) =0 (mod Qj).

From Theorem 1.2 and Corollary 1.5 one can obtain congruences and asymptotics for an interesting
new statistic introduced by Andrews [4]. Let spt(n) be the total number of appearances of smallest
parts in each integer partition of n. Andrews showed that

spt(n) = np(n) — n2(n).
Since congruences and asymptotics are known for p(n), we should also be able to obtain similar results

for spt(n). However, we do not further address this topic here.
We next consider odd moments

i) = 3 ("3 ) wetmm,

where N°(m,n) is the number of partitions related to an odd Durfee symbol with odd rank m (for
the definition of odd ranks and odd Durfee symbols see Section 2). We have

3n2+5n+2

1
Z’?z Z(l)n(f_q%ﬂ)g

(4% ¢*)oo 2,

Defining the sum of Kloosterman type

ik 3mihk  wih (9 _
Af(n) :=e2 E wopre 2 ek (1=4n)

h  (mod k)*

we find the following asymptotic expansion for n3(n).

Theorem 1.6. We have

n3(n Z A?(n ( 2(3n—1)}11_é (1\/3717—1)

k odd

LTB =T <wm>) + O,
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Corollary 1.7. Asn — oo,

o 3 ZV3n—
() ~ 23V

The proof of Theorem 1.6 heavily relies on a transformation law for R9(g) which is more complicated
than the transformation law for Rs(q) arising from higher order poles of the generating function. For
this reason no usual weak Maass forms arise. It would be very interesting to analyze the class of
functions R$(q) belong to.

The paper is organized as follows. In Section 2 we recall the connection between higher moments
and marked Durfee symbols. In Section 3 we prove a transformation law for Ra(q). To overcome the
above mentioned problems, we introduce a new family of functions Ry(w;¢q) which have Ry(q) as a
limiting case of a certain differential operator L. We first prove a transformation law for Ro(wj;q), and
then apply L. Here a careful analysis is required since we introduce summands which have poles when
w = 1, and it is because of these terms that quasimodular forms show up. In Section 4 we realize the
error integral that arises as an integral of theta functions and prove Theorem 1.2. As an application
we then prove asymptotics in Section 5 and congruences in Section 6. In Sections 7 and 8 we consider
odd rank generating functions.

ACKNOWLEDGEMENTS

The author thanks Frank Garvan, Ben Kane, Karl Mahlburg, David Penniston, Rob Rhoades, and
the referee for helpful comments.

2. SOME COMBINATORIAL RESULTS ON 2-MARKED DURFEE SYMBOLS

Here we recall some results on 2-marked Durfee symbols and their connection to rank moments [3].
Recall that the largest square of nodes in the Ferrers graph of a partition is called the Durfee square.
The Durfee symbol consists of 2 rows and a subscript, where the top row consists of the columns to
the right of the Durfee square, the bottom row consists of the rows below the Durfee square, and the
subscript denotes the side length of the Durfee square. The number being partitioned is equal to the
sum of the rows of the symbol plus the number of nodes in the Durfee square. For example the Durfee

symbol
(2 )
3.1/,

represents a partition of 2 + 3 4+ 1 + 42 = 22. To define 2-marked Durfee symbols one requires two
copies of the positive integers denoted by {11,21,---} and {12,29,---}. We form Durfee symbols as
before and use the two copies of the positive integers for parts in both rows. We additionally demand
that the following conditions are met:

(1) The sequence of parts and the sequence of subscripts in each row are non-increasing.

(2) The subscript 1 occurs at least once in the top row.

(3) If M; is the largest part with subscript 1 in the top row, then all parts in the bottom row with
subscript 1 lie in [1, M;] and with subscript 2 lie in [M7, S], where S is the side of the Durfee
symbol.

We denote by Dz(n) the number of 2-marked Durfee symbols arising from partitions of n. In [3] it is
shown that

Dy(n) = n2(n).
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As in the case of partitions one can associate ranks to 2-marked Durfee symbols [3]. For a 2-marked
Durfee symbol § we define the full rank FR(J) by

FR(5) := p1(0) + 2p2(9),

where

e ) mi(6) = pBi(0) =1 fori=1,
pi(0) = { 7:(8) — B;(6) for i = 2.
Here 7;(6) (resp. (;(d)) denotes the number of entries in the top (resp. bottom) row of 6 with subscript
i. We let NFy(m,n) denote the number of 2-marked Durfee symbols related to n with full rank m
and N Fy(r,t;n) the number of 2-marked Durfee symbols related to n with full rank congruent to r
modulo ¢. Let

[e.9]

(2.1) Ro(w;q) := Z Z NFEy(m,n)w™q".

n=1meZ

In particular we have

Ra(1;q) = Ra(q).

Moreover if w? # 1, then

w2

RQ(qu) - (1 . UJ)(U}S . 1)

(R(w; q) — R(w?;q)) -

Therefore in this case properties of R, like congruences or asymptotics, can be concluded from prop-
erties of the usual rank generating function R using work of the author and Ono.
We next consider odd Durfee symbols. A partition into pairs of consecutive integers (excepting one

instance of the largest part) has associated to it the odd Durfee symbol (le Z; . Z; )n with the a’s and

b's being odd numbers < 2n+1, and the number being partitioned is 2n2+2n+1+2%:1 am—i—ZfC:l by
The odd rank of an odd Durfee symbol is defined as the number of entries in the top minus the number
of entries in the bottom row. We denote by N°(m,n) the number of partitions related to an odd Durfee
symbol with odd rank m. We have the generating function

o0 1 q3n2+3n+1
of, ... o 0 m.n __ n
R (U), Q) C Z Z N (mvn)w q = (qg, q2) Z(_l) 1— wq2n+1 ’
n=1mez 7 /00 ez

The definition of an odd 2-marked Durfee symbol is almost the same as for a 2-marked Durfee symbol.
The only changes are:

(1) All entries in the symbol are odd numbers.
(2) The subscribing rules are the same but instead of adding n? to the sum when the Durfee
symbol is of side n we now add 2n? + 2n + 1.

If Dg(n) denotes the number of odd 2-marked Durfee symbols of n, then [3]

D3(n) = n3(n).
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3. A TRANSFORMATION LAW FOR R3(q)

Due to problems mentioned in the introduction we cannot show a transformation law for Ra(q)
directly but we introduce a function of an additional variable w that is related to Ra(g). For this
purpose, define for w € C with Re(w) sufficiently small

n(3n+1)

1 (-1)"g >
3.1 Ro(w; q) = Ro(w;7) 1= — E e
( ) 2(w7Q> Q(va) (q; Q)oo 1 — e2miw qn ’

neZ\{0}

where ¢ := ™7

0,

. Defining the operator L for a function ¢ that is differentiable in a neighborhood of

Ho(w) = 5 50|

- 21

we can connect the function Ra(q;w) to Ra(q)

Ra(q) = L(Ra(w; q)).

We prove a transformation law for Ra(w;¢) from which we conclude a transformation law for Ra(q)
by applying L. For this let

X
Hw($) = 1 — e2miw g2z
Then

Hy(x +mi) = —Hy(x).

Moreover for an integer v and z € C with Re(z) > 0, define

‘rrzzQ ) )
By i= [ (£ (T 5T

Theorem 3.1. For coprime integers h and k with k > 0, let q := T (h+i2) gng q = e%(h/%)
where for k odd we let h' be an even solution of hh/ = —1 (mod k), and for even k we let h' be defined

by hh/ = —1 (mod 2k). Then

1 7 (-1 . Bwkw? . ww

RQ(w-q) _ wpg 2% el (Z Z) 1 _ie = W=
) - y »

(Ch; q1)oo 1— e27mw ~ (1 _ e_27;w)

L1 o (,—1_ 3nkw? . qw W
+iz QWh,kem’“(Z 2) R = R <Z;CJ1>

1
z2 T2 mih! 2
— Iz v —3ve4v) £ .
— g Whke 1 E (=1) e " ( )I,W(z,w).
v (mod k)
+

Proof. We first observe that the difference of both sides of the transformation law is a holomorphic
function of w in some neighborhood of 0. Indeed this follows immediately if w # 0 is sufficiently small.
Moreover it follows from (3.7) that the point w = 0 is a removable singularity. Therefore it is by the
identity theorem of holomorphic functions enough to prove the theorem for w € C with Re(w) # 0
sufficiently small and z > 0 real. For those w, the function

n(3n+1)

Ry(w;q) ==Y S

1— eQm’w qn
ne”
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is a holomorphic function of z. Writing n = v + km with m € Z and v running modulo k, we obtain

~ mihy? Tz )
(32)  Ro(wsq)=— Y (~1)7e7F Y (~1)me 0 g, <”k”h . %Z(H km)) .
v (mod k) mezZ

Poisson summation gives that the inner sum equals

Z/ 6_3%(V+kx)2Hw (WZVh . E(l/ + kl’)) eﬂ'i(Qﬂ—l—l)CE dr
R

nez k F
1 / _ 3maa? <7ri1/h wzx) i (9n41) (2—v)

= 72 ek Hy| —— — —— | er ") gy,
k nez /R k K

where for the last equality we made the change of variables x — v + kz. Inserting this into (3.2), and
changing in the sum over n < -1, n+— —n —1, x — —z, and v — —v, gives

= 1 Uy V2 szz ) h T
Ry (w;q) = -7 Z (—1) o Z/Re3 =2 <:t (mI: B 77}?”)) e @ntl)(@—v) g,

v (mod k) n>0
+

. —miw
o, (:i: (muh_wzx)) _ +e . .
k k 2sinh (% — e F m'w)

Using that the function

Next write

(3.3) Sqf(m) — Sl'Ilh(II:t kﬂ'.zw)
sinh (E + mw)

is an entire function, we see that the only possible poles of the integrand lie in points

m

(3.4) zt = é (m + kw).

Moreover for a fixed m this leads at most to a pole if hv = m (mod k), and we may choose
(3.5) Vm = —h'm.

Thus poles may at most occur for z,, and v, as in (3.4) and (3.5). Using the Residue Theorem we
shift the path of integration through
(2n+1)i

6z
For this we have to take those x;, into account for which n > 3m > %(1 F1). We denote the associated
residues of each summand by )\im. Then

Ry(w; q) = Z +Z>
1 2

Wy =

where
DREEEEL B S SV I D v §
1 m>0n>3m m>0n>3m

yo= _% Sy oS Z/ T (i (”ik”h — ?)) et (@-v) g
R+wn

2 v (mod k) n>0
+
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We first consider ) ;. We have

_ 37z 1%

e k

+
2 cosh (mx’” — M T mw) Tz

) 2
+%(2n+1)(xﬁifum)+%77riw

AT:L‘:,’H’L - ik(_l)ym

)

which yields

it
)‘riz+1 m = e%(xmiymui
Therefore
fe’e) )\i
Z )\:l: 3m,m
n,m - + .
= 1—exp (27” (xim — I/m))

Using this one can prove that

i 3rkw? W o~ Zw
—7TZ'LU—7 .
E =—_-€ = Ry q1; .
z z

1

We next turn to ) ,. With the same argument as before, we change the sum over n € Ny back into a
sum over all n € Z. Substituting x — x + w,, and writing n = 3p+J with p € Z and § € {0, £1} gives

a2 2 .
Z 1 Z ) o 2Ziprs  mOp BN 2 (6p+20+1)v

Vp?
H, — — dx.
/Re * ( k k 6k ) o

Changing v into —h/(v + p), a lengthy calculation gives

Z _72 u+pemkh (—3U2+ (204 1)v) — 1 (204+1)2

v,0,p
B (3p+26+1) 7371'2;62H TV s 1) TZT d
K /Re (T - ) - ) an

Now the integral is independent of p and the sum over p equals

L (3p+20+1
(3.6) (1 gf .
PEZL
If 6 = 1, then (3.6) vanishes since the pth and the —(p + 1)th term cancel. If 6 = 0 or § = —1, then
(3.6) equals (q1;¢1)0o- Changing for § = —1, x — —z and v — —v gives
Z: (Q1,q1)ooefm Z (_l)ue’”h( 3v2 +V)I:|: (zw).
k
2 v (mod k)
+

From this the theorem follows using

1 7r(71

(q15q1) 00 = Wi 22 €F 7 (g ) o0

From Theorem 3.1 we conclude the desired transformation law for Ra(q).
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Corollary 3.2. For coprime integers h and k with k > 0, let q := e T (+iz) gng q = e (h'+2 ),
where for k odd we let h' be an even solution of hh/ = —1 (mod k), and for even k we let h' be defined
by hh/ = —1 (mod 2k). Then

_ . ) 1 _ 3k 1 i _i
R2(Q) Wh,k Z2 €12k ((q1§q1)oo < A7z + 24 2 + 24 z2R2(QI)

1

22 L v Trzh V24
- %whke 2k Z (—1) e (=3v7+ )I;W(z),

where

Ik‘,[/(Z) = e k - h2 T mi  me dﬂf
R sinh? (T — I 2 )

Proof. One can show that

1 iegﬁsz_mw_% 3k 1 1
3.7 L — — = 2 4 - 4=
(3.7) Lo () anz T2 T
I 637rkw —miw—T% N i(l ‘f‘Q{n)
1—q1 1—q1) 22(1 — q1")*’
Ty T T2T 7TZI/ 4 T cosh (T — ZL _ m22)
L(Hy|(———+—— ) +Hu |- bk -
( <k: 6k  k ) < k- )) zsth(W,g”—%—L,?)
Moreover
-1 mq%(3m+1) 1+ q™ 5 (Bm+1)+m
> =1 o § )~ Z 1 3 = —2(¢; ¢)oo R2(q),
mez\{0} (1—qm) mez\{0} —q")
-1 o (3m—+1)
I
meZ\{0} 1
since the mth and —mth term cancel. Now the corollary follows from Theorem 3.1. g

4. PROOF OF THEOREM 1.1

In this section we prove that M(z) is a weak Maass form. If k € %Z \Z, z=x + iy with z,y € R,
then the weight k hyperbolic Laplacian is given by

0?2 0?2 0 0
4.1 Ay = — —_— 4 — ] — +i— .
(4.1) k Y <82+62>+Zky<6ac+zay>

If v is odd, then define €, by

(4.2)

1 ifv=1 (mod 4),
€ 1=
i ifv=3 (mod 4).

Moreover we let x be a Dirichlet character. A (harmonic) weak Maass form of weight k with Nebentypus
X on a subgroup I' C T'y(4) is any smooth function g : H — C satisfying the following:
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(1) Forall A= (2%) €I and all z € H, we have

c 2k
o42) = (5) @@ e+ @ g(2)

(2) We have that Agg = 0.
(3) The function g(z) has at most linear exponential growth at all the cusps of T

Theorem 3.1 implies

Corollary 4.1. We have

R 1 i 1 6—37riw22—7riw+7riwz
—_— 12z — —
2 P yw | e . 1— eQﬂ'iw < 1— e27riwz
(—iz)2 -n(2)

(i) e T IR Ry (5 w2) — (—i2) 3 <ffo < “’) 1 ( “’>) |
’ z ’ z

IS -

Now let

_ 3miz? + TiT

i e z z
Ji(Z;w) =ets / il T 2Eiz dx
R 1 — 2miwET I

We show that L (J*(z;w) + J (z;w)) can be written as a certain Mordell type integral.

Lemma 4.2. We have

22 00 iU
L(J+(z;w)+J(2;w)):\/2§7r /0 (—i(?l(‘+)z)) "

3
2

Proof. Via analytic continuation it is enough to show the claim for z = it. The substitution z — —%
gives

9 ei%i$7rm

(4.3) JE(it;w) = t/ e dmte —
R 1— 627rzwi?:|:27rx
We rewrite the integrand using the Mittag-Leffler theory of partial fraction decompositions.
+ Ty —Tiw
e~ 6 e 1

4.4 . = —1Hm :
44) zi:l—e%i‘”i?ﬂm Ton mZG:Z( ) Zi::n—i(m+é:|:w)

To see this identity, we first observe that both sides of the identity are meromorphic functions of x
and it is not hard to see that they have the same poles and residues. Moreover we will need later
that the right-hand side is absolutely convergent. Thus in the following we are allowed to interchange
summation, integration, and differentiation. Here it is important to consider the terms coming from
the + terms combined. Since both sides as a function of x have period iZ, it can be easily seen that
the difference of both sides is bounded on C and thus constant. Letting for fixed imaginary part the
real part of x go to infinity gives that this constant must be 0. This gives

n e—Trz'w e—37rtx2
JT (it w) = t -1 m/ dx.
( )=F 27 ;( ) Ra:—i(m—i—%j:w)

It is not hard to see that

I e—wiw e—m'w 1
iw—l—x—i(m—l—%) a —iw—i—a:—i(m—i—%) __W(Jr—i(m+l))2'
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Thus

_ 2
e 3rtx

(4.5) L (¥ (it0) + T (it0)) = 55 S (-1 / da.

m w (z—i(m+g))’

For s # 0 we have the identity

6—27rta:2 00 e—27ru52
/ ——dr = —\/iﬂ't/ —du.
R ( o (

T — is) u+t)2
Thus ,
\/g(z‘t)Q ) e—37ru(m+%)
L (JT(it;w) + J (it w)) = ———— (—l)m/ ——du,
( ) )) 2m zm: 0 (u+ t)%
which gives the claim of the lemma. O

Combining Corollary 4.1 with Lemma 4.2 gives, as in the proof of Corollary, 3.2
Corollary 4.3.

1\ 26 [ (—iz): | (—iz)2 1 (i) 2
R<_z>_n(z/24)< 3or | 243 +24(—¢z)é> 48\/6R<576>
(ziz)? [~ n(iu/24)
+16\/§7T/0 (—i(z’u+z))%d'

We next study the transformation law of the non-holomorphic part of M(z) and show that under
inversion it introduces the same error integral as R(z).

Lemma 4.4. We have
N(E+1) = N(2),

Sy _i(—iz)% oo p(r/24) . (fiz)% ) 7)(%)
N( z> 1637 /Z (—Z’(T+z))%d +16\/§W/0 it s o) dt.

Proof. The first claim follows directly since 7(247) is translation-invariant. Moreover

N <_i> B _élx/iiw ﬁm (i (77_(2;1)7))3dr

z

Making the change of variables 7 — —% and using the transformation law of the n-function, gives

3

LN iz R (r/24) i)t (R0 it/24)
N( z> 16v/3m /_5 (_¢(7+z))%d i 16\/§7T/0 (—i(z +it))? .

as claimed. OJ

Combining Corollary 4.3, Lemma 4.4, equation (1.7), and the transformation law of the n—function
gives that M(z) transforms correctly under I'g(576) with Nebentypus character yi2. To see that M(z)

is annihilated by A3z, we write Az = —4y%%y%%. Clearly
2 2

) 1 B (242)
oz (R(z) T 24y 8;(24z)>
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Moreover

0 in(—24%

9\ = M(=242)

0z 16my2

Thus y%%j\/ (z) is antiholomorphic, which implies that Az (N (z)) = 0. The claim about the expo-
2

nential growth in all cusps follows as in [13]

5. PROOF OF THEOREM 1.2

Here we use the circle method and prove Theorem 1.2. First we estimate Ij,(z) and certain
Kloosterman sums.

Lemma 5.1. Assume that n € NJv € Z, and z := fL — k&1, —m P < k:(k:Jlrkz)’ where
% < % < Z—; are adjacent Farey fractions in the Farey sequence of order N, with N := Ln%j Then
1
1 n4
22 I, (2) € {z L}z’
k 6k

where for x € R we let {x} =2 — |z].

Proof. We proceed similarly as in [1] and [8]. We write 72 = Ce'!. Then |A| < %
Making the substitution 7 = %% gives

k 2 COSh miv — o — T
27 Iy (2) = /e 3kt (-5 1) d
s

since Re(z) > 0.

1

: . T

TZ2 sinh2 (% — % — 7’)
where 7 runs on the ray through 0 of elements with argument +A. One can easily see that for
0<t<A

_ 3kR2e%t cosh (L,i” - —g,i + Reit)
e Tz 5 : :
: TV T it

sinh ( T or T Re )

— 0 as R — oo.

Moreover the integrand only has poles at points ir with » € R\ {0}. Shifting the path of integration
to the real line gives

k 2 cosh (Tiv — T _
23 A y(2) = /6_31;2 . (Tf i — 1) dt.
R k-

7’['2% sinh2 ( W % — )
We have
2
e 317:2 — efifRe(%)tQ,
miv T
h(————t]|<é
cos < A 6k ) €,
h<7TiV i t> 2>>{ et ift>1,
sinh | — — —
v 112 .
k 6k {¢¥ -4} ift<l.
Thus
k
Z% : Ik‘ﬂ/(z) < T, 1.2 L / ei%tzRe(%)dt.
e MR
1
Making the change of variables t' = 3kRe(;)

_1
—=/ ¢ and using that Re ()72 - ’Z’_% < ni-k~2 gives the
([l

claim of the lemma.
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We next give estimates for certain sums of Kloosterman type [1, §8].

Lemma 5.2. Letn,m € Z, 0 <01 <09 <k, and D € Z with (D,k) = 1. Then we have

(5.1) ST wpge BN ed(24n 4+ 1,k)E - k2t
h (mod k)*
01<Dh'<og

Proof of Theorem 1.2. Using Lemma 5.1, Lemma 5.2, and Corollary 3.2, we now prove Theorem 1.2
using the Hardy-Ramanujan method. By Cauchy’s Theorem we have for n > 0

1 Ro(q)
= — d
n2(n) 2mi /C gt e

where C' is an arbitrary path inside the unit circle surrounding 0 counterclockwise. Choosing for C
27

the circle with radius e~ and as a parametrization ¢ = e~ » 72" with 0 < t < 1, gives

1
) :/ Ry (e—%’ﬂm‘t) L 2m—2mint gy
0

Define

o 1 noo._ 1

MR k(e + )T k(R + E)
where % < % < Z—; are adjacent Farey fractions in the Farey sequence of order N := Lnl/ QJ. From
the theory of Farey fractions it is known that

1 1

5.2 < i =1,2).
(52) Fk SNyl VUTLY

We decompose the path of integration in paths along the Farey arcs — ﬁl p S @< 19%7 io» Where @ := t—%.
This gives

9y )
ok R2 (6%(}1-‘%’2’)) X 62‘”% d(I),

2nihn
min) = e
h.k

’
_19h,k:

where z := % — k®i. Corollary 3.2 gives

19//
2wihn h,k 2mnz s —1 1 1 3]{; 1 1
— - anz T (z7l-z) = IO =
() = e k wh,k/ e k el2k z2 < <_ + + )
el th: 0k (415 q1) o0 Arz 2422 24

)

1"

1 mihn N ﬁh,k r(n—1/24)z
’ h.k v (mod k) 9k

and we denote the two summands by >, and ) ,. We first treat )}, and start with the contribution

coming from
1 1 (1
— = — | =+ a(r)qi | -
2422 (15 q1) oo 22 (24 r>20 (r) 1)

We consider the constant term and the term arising from r > 1 separately since they contribute to
the main term and to the error term, respectively. We denote the associated sums by S; and S,
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respectively and ﬁrst estimate S3. Throughout we need the easily verified facts that Re(z) = %,
Re( ) > 2, |2 > , and 19’ +ﬁ2k§m. Since k1, ko < N, we can write

1 1
h,k k(N k) T k(N+k) k(ko+k)
(5.3) / / ' / o +/ -

k(N+k) AGEED) E(NTR)

and we denote the associated sums by So1, Soo, and Sa3, respectively. We first consider So;. Lemma
9.2 gives

1
S21 < Z Zthk e 27r]1€hn+27r';:h /k(N+k) z_% ) e_%(T_i)J’_ZLkZ(n_i) d@
r=1 ~RNTD
<Y a(r)le™n Y (24n — 1,k)7 k72 < n.
k

Since S22 and Sog are estimated similarly we only consider Soo. Writing

1
/_k(N+k) Nik-1 k(l+1)
DY
k(k+k1) l=k1+k
we see
(5.4)
0 Nk k(H—l) 3 2 1 2 1 2mihn | 2mirh/
v Tz mwihn mwrh
S < | alr Z 3 / e B EPEC g Y e T
1
r=1 I=N+1""® h

N<k+kq1<l
It follows from the theory of Farey fractions that
ki =—h" (mod k), ke=h" (mod k),
N—-k<k <N, N-k<ky<N.
Thus (5.4) can be estimated similarly as S2; using Lemma 5.2.
In the same way we decompose the terms in —

3k 1 Ra(q1)
Trelgra e g e’ and —~. One can show that

the term with a positive exponent in the Fourier expansions also introduces an error of O (n1+5). Thus

mwihn 19;;,6 27r(n— ; )z i 3k 1 l
S=S e [ (- e g ) o6,
Y —, Amz2 2422 24

h.k

We next write the path of integration in a symmetrized way

[l
S T b Ty
and denote the associated sums by Si1, Si2, and Si3, respectively. The sums Si2 and Si3 contribute
to the error term. Since they have a similar shape, we only consider S12. We again only estimate the
error arising from the second summand since it can be shown the other terms lead to an error of at
most that size. Writing

k+k1—

k(kwm (=
[ % /

kN
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gives
L
3 s 27z _ 1 _ 27mihn
(55) Sio < E E / 2 heTaRz Tk (n 24)d§) E Whk - € .
1
k =N Tkl h

I<k+k]—1<N+k—1

Using that Re(z) = %, Re (1) < k, and |2 > Z—z, (5.5) can by Lemma 5.2 be estimated as before
against O (n'"¢). Thus

1 1
kN 3]{3 ]_ z2 2z (1 T €
(56) Z = Zk:Ak(n) / o <_ + + 24> €2k ( 214)+12k2 d®+ 0O (n1+ ) .

1 3
1 — N drz2 24z

To finish the estimation of )", we consider integrals of the form

i
where r € {—3, —1 1}, Substituting z = £ — ik® gives
1 %J’_% 27 1 1
(5.7) Iy = kl/c i o e (F(na) o) 4

We denote the circle through % + ](, and tangent to the imaginary axis at 0 by I. If z = = + iy,
then I' is given by 22 + y? = ax, with a = % + w35+ Using the fact that 2 > o > %, Re(z) < %,

and Re (%) < k on the smaller arc we can show that the integral along the smaller arc is in O (n_i>

Moreover the path of integration in (5.7) can be changed by Cauchy’s Theorem into the larger arc of
I". Thus

1/ZT . e%"(z(n—i)-i—ﬁ) dz + O (nfi) X
r

BT ki
Making the substitution ¢ = 15— gives
20 o\ 1 vHico a 1
Iy = — (—) / 2T et dt+ O (n_1> ,
"k \12k 27 Jy—ioo

where v € RT and a := i (24n —1). Now

T24k2
1 y+ioco N i
o [T e et = o 1 (o).
271 y—ico
Thus
2 - 24n — 1
Loy = (240 —1)""% L4y m2in -1\ (n_%ﬂ) _
Tk 6k
Plugging this into (5.6) gives
1
3 24n — 1)1
> => An) | ————1 (im) n m(24n —1)3
1 k 2(24n — 1)1 2 \6k 12k

Ly (Evaan—1)+ ———— 1, (Zv2an—1) | + 0 (n'*).
: 12k(24n — 1)1 2
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We next consider ) ,. Using Lemmas 5.1 and 5.2, we obtain

k
1 1
SownTiY ke n -1,k Y <y katey 3 < nate,
2 k v (mod k) (k{i_i ) k v=1
Combining the estimates for ) 3, and ), gives Theorem 1.2. O

Corollary 1.3 can be concluded using that for z — oo

1
Iy(x) ~ e’.

\V2rx

6. PROOF OF THEOREM 1.4

Here we prove Theorem 1.4. First we need to know on which arithmetic progressions the non-
holomorphic part of M(z) is supported. Similarly as in [13] one can show.

Lemma 6.1. We have

= e e

1
F6k +1)T (—2; A (6k + 1)2y> q*(6k+1)27
keZ

where I'(a; x) := fmoo e tto~1dt is the incomplete Gamma-function.

We next recall results from [13]. For this let 0 < a < ¢ and define

D(%) = o5 (%) ratir(ca).
S
sin () £2 [ 0 (44
S(g;z) = _zsmf/%) B ’L'((T—FZ))dT’

where £, := lem(2c?,24), (. := e%, and © (%, 7') is a certain weight % cuspidal theta function (for the
definition see [13]). It turns out (see Theorems 1.1 and 1.2 of [13]) that D (%;z) is a harmonic weak

Maass form of weight %
Next we observe, using orthogonality of roots of unity, that

ZNF2 v tin) fRQ th Ry (ra).

. et 1 bz iz 1 B (4,2)
2 NBx{rtim)d ™ = ((50) + (55) * 30 * iy

8 Gy () (9 ()5 ()

J=1

Now fix a prime p > 3, and let S, := {n € 7Z; (W) = —(%)}. From [13], one can conclude that the

restriction of D (%, z) (s € {1,2}) to those coefficients lying in S, is a weakly holomorphic modular

form of weight § on I'1(6f7¢;p?). In a similar way we see that the restriction of M (Zt'z) to those
coefficients in S, is a weakly holomorphic modular form of Welght on I'y (576€tp ) Moreover the

restriction of to those coefficients in S, is a weakly holomorphic modular form of weigh —%

1
24n (4t z)
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on I'y(244;p*). Moreover by work of Serre it is known that Fs(z) is a p-adic modular form, e.g. we
have

Es(2) = Ep+1(2)  (mod p).

Ea(4:2)
, n(fez)
modular form on I';(24¢,p*) modulo Q7. Now the result can be concluded as in [13].

From this one can conclude that the restriction of to S, is congruent to a weakly holomorphic

7. A TRANSFORMATION LAW FOR R$(q)

Throughout we assume the notation of Section 3. Define for w € C with Re(w) sufficiently small

of or . ‘ 1 (_1)n q3n2+n
R ((L w) =R (27 ’LU) = (q2; q2)oo 1% 1— e27riwq2n+l
and for a function g that is differentiable in a neighborhood of 0, let
1 0 o O
L° P —2miw Y .
(9(w)) - [ D awg] -

Then
L? (R%(q;w)) = R°(q).

We show a transformation law for R°(q;w) and then conclude a transformation law for R°(q) by
applying L°. This transformation law turns out to be more complicated than the transformation law
for R(q;w). We distinguish the cases k£ odd and k even. Let

1

H? (x) .= .
w(@) 2 sinh (—m’w — %)
Clearly
H? (z +2mi) = —Hy (x).
Let
1 Z q%(3m2+m)
he(z;w) = h(q;w) = ——— (-
(q7 Q)oo = 1+ emiwgm
ID,:E(Z,LU> — / e_37'r22k12+37rkz HO :|:27TZV _ 2772.%‘ :F ﬂ dx
SO w k ko 3k)
Theorem 7.1. Assume that k is odd and that 4|h’'. Then we have
1 1 s 27z | mwih i . 3rkw? _ ww 1 Z’LU
RO(2:w) = ———=2"Zwop, xeZihz ~ 3k T2k ¢ '3 KH1H3hK) 2miwt+ =52 — 52 o ( 2. >
( ) \/§ 2h,k qq e

1 ) 1 . wih _ 27 s 2
— ﬁkegk(shﬂ) w%’kzge_mweﬁ_ﬁ Z +ek (W (—3v2+v)F6rLl) I,j’f(z;w).
v (mod k)

£

Proof. We proceed as in the proof of Theorem 3.1. Via analytic continuation it is enough to show the
claim for w € C with Re(w) # 0 sufficiently small and z > 0 real. Define

(_1)n q3n2+n

R (zw) := Z 1 e2riwg2n+1-
nez
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Then
- ) mi(htiz)n2 211
(7.1) Ro(zw) =™ q 3 Y (=)™ HY, <;”(h +iz)(2n + 1)> .
ne”L
We write n = v + km with v running modulo k£ and m € Z. This gives that

~ : T 1/2 sz (v m 2
(72) Ro(z;w) — o Tiw qié z : (_1)1, 646 : z:(_l)me,f) ( ;:k )
v (mod k) meZ

He <27Zh(2u+ 1) — 2”72 2 (v + km) + 1)) .

Applying Poisson summation to the inner sum and making the change of variables x — v + kx gives
that the inner sum equals

]. 7rzm2 2 h 2 i
% T;Z/Re% Hlou (TZ(QV + 1) — %(21- + 1)) 67(2n+1)(x7y)d$‘

In (7.2), we change for n < —1, n+— —n — 1, x — —z, and v — —v. This gives
Do . _ —miw —% 1 v 6mihi? _ 6mza?
(7.3) R(zw)=e 7y Z (—1)"e & Z /Re k
v (nzltOd k) n€eNg

_ 2”72(1% + 1)> o5 Cnt1)(@—v)

.
He ( 7;2h(12v+ 1)

Making the change of variables x — 2z + 1 and v — %(y F 1), a lengthy calculation gives

EO(Z;M) — oW qii Z o~ 5 WFD) 25 (P F )+ 5 (k4 143kh) (1-12)

v (mod k)
+

Z(_l)n(y—l-l)/6—327“;(m2$2x)e§£(2n+1)(w—z/)Ho

w
neNy R

2mihy  2mzx
(:I: 2 F 3 >dz.

We use the residue theorem to shift the path of integration through
o
" 6z

Using again the function S defined in (3.3), one sees that poles of the integrand can only come from
poles of sinh(mzzx F wikw), thus lie in

W, (2n+1).

m

(7.4) zt = 2(m + kw).

Moreover for fixed m, there is at most for one v modulo k£ a non-trivial residue and this v can be
chosen as

(7.5) Vm = —h'm.

Thus poles may at most occur for z,, and vy, as in (7.4) and (7.5). If we now shift the path of

integration through wy,, we have to take those z;- into account for which n > 3m > 0, and for z;, we
consider additionally m = 0. Denoting by )\im the residue of the integrand we get

R(zw) =Y +>,
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S =g (S ALY Y A |

1 m>0n>3m m>0n>3m

Z . W qii Z o~ 5 (FD+ 5 (2 F2w) + 5 (k+143kh) (1-12)
2

2k
v (mod k)
+
Z (_1)n(l/+1)/ 6—327’—;(m2$2x)62k (2n+1)(z— V)_H,Z) (:l: 2mihy - 27sz> du
neNy R+wn k k

We first consider ). Since h' is even, we have

T 3z 2 T
o o5 (R LE8RR) B (v L5 (12, F20m) — 35 <(xitn) ¢2x$)+ﬁ(2n+1)(x$—um)

Nom = £(-1)"

. +
Tihv TZX
— 4 )

27z cosh(Fmiw z

From this we see that

Aiim = e%(szymui
Thus
1 )\;,r Az
—mw qi 'm,m + 3.m,rin

A lengthy calculation calculation gives that this equals

- 3 w2 _mw 1 Zw
_p2miw 2Tt q4 e% (k+1+3hk)2 (Qi/Q;qiﬂ) e (Qiﬂ; ) _
z [e%¢) z

We next turn to ) 5. As before we can see that

| Ve 67rzh1/ 67rzz
s S M C e O I

2 v (mod k) nez +wn
211 2 i
HY < W;h@y +1) - %Z(Qm + 1)) e® GnAl)@=v) gg.
Substituting = +— = + % and writing n = 3p + ¢ with p € Z and ¢ € {0, £1} gives
y 1 7\'74 V
Z — oW q—%% Z —1)e bmihy” Ze L (6p+20+1)v— 52— (6p+20+1)2
2 v (mod k)
WZT 2 h 2
/6—6 e (2T 9 1) = T 1) = Tep 26+ 1) ) da
. k k 3k

T

We next change v into 1+k (=W (v+p)—1) and z — Z71. A lengthy calculation gives

Z _ _e—mquii ik (143h) Z 1)+ 48 (69425412 52 (2541)~6v)
2k

D,0,V

k k 3k

eﬂ-zh ( 302 +y(26+1) (26+1)2) / 6_371'22]:2 37-rkzz Hg} <27TZV o M o l(25+ )) d .
R

21
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Now the integral is independent of p. Moreover for § = 1 the sum over p vanishes since the pth and
the —(p + 1)th term cancel. For § = 0, —1 it equals 7 (% (h’ + Z)) Changing for § = —1, v — —v

; z
gives

Z _ e—wiwqi167;k(3h+1)—7;i&l77(7z (h’+2>> Z ie%(h'(‘31’2+'/)¢6vil)lgf(z;w).

z

2 v (mod k)
Using that
1 (2 >l eﬁ (i_QZ)
Ty = Wank(42)2
2. 2 ; 1/2. 1/2
(0% %) (ql/ g/ )
oo
now gives the claim of the theorem. O

We next consider the case that k is even. Define

I°(z;w) = ! Z

(71)m q3m2+5m

2. 2 _ p2miw2m+1’
(0% ¢%)o0 S, 1 — 2m00g?m
and
N _3mz(x2_9 2mi 2rzx 2w
‘]l(c),u (z3w) == /Re 2 (¢ x)HSJ <k(2y+ 1) - 2 + 3k) dx.
Theorem 7.2. Assume that k is even and hh' = —1 (mod 4k). Then we have

s 1 2wz 10w | mi ’ ; 3nw?k _ 2mw w
Ro(zjw) =i "z 2e 3¢ "3 ta (htTh") 2miwt 2732 s wy kel <Q1; )
)2 z

_ 27z

1 s 1 s
(—1)5(’7"""1) e Tiw Wy, k 3 eﬁ(h—iih'—ﬁ) 3L
2

L _ 2 _
Z (_1)1/6%(}1( 12v—1202+4v+2)—12042) J,‘;’f(z;w).

v (mod k/2)
+

_I_

x| =

Proof. Via analytic continuation, we may assume that w € C with Re(w) # 0 sufficiently small and
z > 0 is real. We use the notation from above and write in (7.1) n = v + gm, with v running modulo
% and m € Z. This gives that

D 3 mihy? Tz m
(16) B(zw) =g h 3 ()T Y (e B
v (mod k/2) meZ

2rz

2mih
H{;( m (21/+1)—k(21/+km+1)).

k

We apply Poisson summation on the inner sum and get, changing = into 2v + kx,

u w _ 3mza
Z (=1)Ye & Z/Re 2k

v (mod k/2) neZ

211 2 i
HY, < Mh(Qy +1) - T+ 1)) e® GnAl)@=2v) gy

2

(S

| =

RO(z;w) = e ™% ¢~

k k
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In the part of the sum on n with n < 0, we make the change of variables n — —n —1, z — —zx,
v+— —v, and then x — x £ 1 to get

EO(Z;w) = e_mw_?ngz q_%% Z 1) 6’”’“’ Z/ 37rz<w ¢2z

v (mod k/2) TL>0

g, (2?]1(12” +1)F 2sz$> e CrD@F1-20) g

We next shift the path of integration though

(2n+1)
3z

Using the function S () defined in (3.3), we see that poles of the integrand can only lie in points

Wy, 1=

m

(7.7) zt = é (m + wk).

Moreover we see that a non-trivial residue can only occur if m is odd, and for fixed odd m, there is at
most for one ¥ modulo k/2 a nontrivial residue. This can be chosen as

1
(7.8) vE = 5(—h/m F1).

Thus poles may at most occur for xm and v, as in (7.7) and (7.8). Shifting the path of integration
through w,,, we have to take those x> into account with m > 0, m odd, and n > 3mi1 . Denoting by
)\im the residue of each summand, we get

R(zw) =) +)
1 2
where

IR D DI DR
1

mzlj,c odd nZ%(?)m:l:l)

Z _ e_Wiw_Sngz q_%l Z . I/ 67rzhu Z 37rz {E :FQ:E)
2 k R

v (mod k/2) neNo +wn

HY, (27Zh(ﬂ:2u +1)F 27;”) T ) @F1I-20) gy

We first consider ) ;. We have
67Tih(u7:%)2 3

+2_, + i + +
e (a F20i) +3L @2n+1) (i F1-2035)

+ (=
)‘n m * - mih + ezl
2mz cosh ( Friw — 5 (2, £ 1) + 5=

From this one sees that

+ _ mipE ooty (4
)‘n—l—l,m =eck An,
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A lengthy calculation gives

%mQ—i-%(l:l:l)m —M(lﬂ:l)

So=cemmtRg | Y (-

:':27'rw
1 leiodd I—qi"e

-

In the sum for the —-sign we change m — —m to obtain a sum over all m € Z. Then changing
m— 2m + 1 gives

R 5 - .
1 3rwk : 2w 1 L 1w
_ ST 2 L 2w — = 2. 2
> =— e = = qiq) (41347)00 - 1° <cn, )
1

We next consider » . In the same way as before we see that

2

Z _ %efﬂiw qié Z (—1)’/6%

2 v (mod k/2)

Z/ _omze? He (27rzh(2y+ - 21z (22 + 1)) o @+ 1) (@) g
R-i-“’" k k
2

ne”

Substituting z +— x + “* and writing n = 3p + ¢ with p € Z and ¢ € {0, £1} gives
2 _riw 7% Z ( 1)1/ W Z fﬂ(ﬁp-g#*%(ﬁp+26+l)l/
=—e —1)7e e z
k; q

7|'Z$2 )
[ m (27” (h (20 +1) - 2p) - ZEEED) 25 )> dz.
. k 3

Changing v +— 3(—h/(2v 4+ 2p + 1) — 1) and 2 +— 2z + 1 gives after a lengthy calculation

S o emp Lo S

2 v (mid k/2)

i _ 6p+20+1)2
oSih (—12v—1202+4v42) 5 (— 12ui2)2(_1)pq11 5 (6p+20+1) sz(z;w)'

The sum over p vanishes for § = 1. If § = 0, —1, then it equals 7 (47”(h’ Z)) Using

1 L(Zfl_z)
w 22 e6k
1 h,%

(@) ()

now easily gives the claim. O
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We next conclude from Theorems 7.1 and 7.2 a transformation law for R9(q). For this let

1 2
1 q§(3m +m)
gO q = -1 " ’
@ (4 ¢)oo mgz( Ty
n) LS s
q = . - 3 )
(¢ D)oo 2=, (1+4¢™)
_37rz12 TZT
9% (2) = / c = — dx,
kv ( ) R sinh3 (:Fﬂ']zl/ + 7TZ$ + %)
“(9) LS
m°(q) = ——— — -
(4% 6*)o0 2, 1 — g?m+l

2
3mzx TZT
o T

JoE (2 ::/ c — dz.
e (%) R sinh® (=5 (20 + 1) + Z£ + T)

Corollary 7.3. (1) If k is odd, then

1 s 27z s s’ 3]{; 1 1 1
R3(q) = ——=wop €2z 3k + 5+ 5 (k+1+3hk) ( =q° <q ) — ——h° (q2>>
2 V2 87Tz2 ! 1623 !

1 s 27z ,
~gvar e w2 seB ()b ok ()
v (mod k)

+

(2) If k is even, then

! _2mz_10m | mi ' 3k 1 _
5(q) =1 Me~ sk ~ars o (HHTH) Wy, k < sm’(q1) — 54 2R5(Q1))

2 8mz2 z2
_%;L(_D%u+w>whkzgexolshﬁ e
8k
Z (_1)11 e%(—ﬁu—Gu%ﬁ:?uil) 2Tr“’:l: 3% J ( )
v (mod k/2)
+
Proof. We have
Mﬁmw_w . m m 2m
7o e 2z 22 B i(1—q™) B 3k _1—6(] +4q
14 e % gm 82(1+qm)?  8mz(l+qm) 322%(1+qm)%

Moreover

%(3m2+m) (1 - qm)

m4 —
D ()" g =0

meZ

since the mth and —mth term cancel, and
1+ qm)3

q%(3m2+m) (1 — 6™ + q2m

Z(_l)m (14 qm)? =2 Z
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Furthermore

ew

(7.9) L (e7™ HY(x)) = Somh? (1)
2

Now (i) follows easily using Theorem 7.1.
To see (ii), we observe that

3rkw? Fomiw— 2mw . 2m+1
o€ 2z z _ 1 B 3k - 1+¢q
1 — e =% g2mtl 22(1 — g?m+1)2 Brz(l —¢?mtl)  222(1 — ¢?mth)3’

use again (7.9), and

(_1)m 3m24+5m

Z 1 q2m+1 7 =0
o (L=g?mrh)
since the mth and —(m + 1)th term cancel. Then (ii) follows from Theorem 7.2. O

8. PROOF OF THEOREM 1.6

Here we show asymptotics for n9(n). As in Section 3, we estimate the Mordell type integrals
occurring in the transformation law of R°(q) and Kloosterman sums. We assume the notation from
above.

Lemma 8.1. (1) If k is odd, then

1
z2IZf(z) < — n41 3
{k — o)
(2) If k is even, then
1
22 J0E(2) e

Lemma 8.2. Letl,n € 7Z.
(1) If k is odd, and hh/ = —1 (mod k) with h' even, then

(81) Z Wah,k eswghke%(h(l""‘ln)‘*‘mh/) &< (3n + 17 k‘)%+6 ]{5%4_6.

h (mod k)*
01<Dh'<o2

(2) If k is even and hh' = —1 (mod 4k), then

(8.2) S i w, xR HIWETHON) « (96 4 25, k)2 k3,
h (mod k)*
algD(i)L’SaQ

(8:3) S i, ped (MM < (967 425, k)2 k2.
h  (mod k)*

01<Dh/<o2
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Proof. (i) Using that A’ is even, one can see that the left-hand side of (8.1) is well-defined. We only
show the estimate for the full modulus k, the restriction to o1 < Dh' < o9 can be concluded as in [20].
We change h into 2h and A’ into 2h/. This leads to the sum

(8.4) Z Whh o i (2nt ;3R> +1)2) htin')
h  (mod k)*

By [1], (8.4) can be estimated against
1
2
(24 <2n+ (3k% + 1) ) +1 k) k3= (3n+ 1,k)7 k2t

(ii) We only show (8.2), since (8.3) can be proven similarly. We first observe that (8.2) is well-defined
since changing h +— h + k implies that h' +— h' +rk with r = k+1 (mod 4). We then change the sum
into a sum (mod 4k). This gives

Y wy e et MUEDHUSTRR) (96 4 95 )3kt
72
h  (mod 4k)*

1
4
by [1] as claimed . O

Proof of Theorem 1.6. We use the circle method and proceed as in the proof of Theorem 1.2. This
gives

=y [ () e
19/

Corollary 7.3 gives

1"

U

TLnmn s e h7k Tz s 3 k l
ny(n) = \f Z o~ TR G (k43RE) hk/ e (n—3)+ 8 <_ T q° (qf)

k odd i
h

1 W -2 g , Dk o ) .
5h? ( >>d(1>+ D Al k<h+7h)wh7§/ mh o (yol)_ 10 (_ 3 o(a)

1622 k even _19;%;@ 8mz2

1 771 n 7T’L TFZ i ’
—— a1 "R (1) ) Yo Lk o H RO 4B (W (~8v2v) £ Fw)
22 8[ k dd

k
v (mod k)
+

"

9 . . .
/ by I35 (2)d® + i > ()24 Bk (h3r) =5 o= 2t > D
72

_ﬂz,k k even v (mod k/2)
h +

Wl

1

J
i 2 27i i hk 1 2 1
¢ 5 (W (—6y—6r22u1)) 25 5 / 25 (n5) 0% () .
Ok

We denote the occurring sums by > 1, 5, > 4, and >_,. As in the proof of Theorem 1.2 we obtain,
using Lemma 8.2,

1
Z+Z: Z A% (n / " 6222(”_§)+Jm< Sk —_ 1 >d(I>+O(n2+E).
1 2

V2 = 1622 6422

>
z\“
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We consider integrals of the form

1
Ly = / N H -5+ ) go

1
N
with r € {—3,—3}. As in the proof of Theorem 1.2 this equals
Ikr—/z elc )+48z>dz+0( %)

Making the substitution ¢ = 57— gives

2w 4 m \1+r 1 Yoo a 3
Iy = — (—) / 27T T dt + O (n1> ,
"k \24k 270 ) —ioo

where v € R and o = 36k2 (3n 1). Now the integrals can be computed as before and lead to Bessel
functions of order —5 and — 5. More precisely, we obtain that ), + >, equals
3n2(3n — 1)1 w m(3n —1)1 )
v o A S o — S\ — +e€
Z Ak 4 Iy <3k 3 1) AT (3/<: sn ) + 0T,
k odd
>3 and >, can be estimated against O (n2+€) as in the proof of Theorem 1.2 using Lemma 8.2 and
Lemma 8.1. O
REFERENCES

[1] G. E. Andrews, On the theorems of Watson and Dragonette for Ramanugjan’s mock theta functions, Amer. J. Math.
8 (1966), pages 454-490.
[2] G. E. Andrews, Mock theta functions, Theta functions - Bowdoin 1987, Part 2 (Brunswick, ME., 1987), pages
283-297, Proc. Sympos. Pure Math. 49, Part 2, Amer. Math. Soc., Providence, RI., 1989.
[3] G. E. Andrews, Partitions, Durfee symbols, and the Atkin-Garvan moments of ranks, Invent. Math., accepted for
publication.
[4] G. Andrews, The number of smallest parts in the partitions of n, preprint.
[5] G. E. Andrews, F. Dyson, and D. Hickerson, Partitions and indefinite quadratic forms, Invent. Math. 91 (1988),
pages 391-407.
[6] A.O.L. Atkin and F. Garvan, Relations between the ranks and the cranks of partitions, Ramanujan Journal 7 (2003),
pages 243-366.
[7] A. O. L. Atkin and H. P. F. Swinnerton-Dyer, Some properties of partitions, Proc. London Math. Soc. 4 (1954),
pages 84-106.
8] K. Bringmann, Asymptotics for rank partition functions, Transaction of the AMS, accepted for publication.
9] K. Bringmann, On certain congruences for Dyson’s ranks, submitted for publication.
0] K. Bringmann, F. Garvan, and K. Mahlburg, Higher rank moments, in preparation.
1] J. H. Bruinier and J. Funke, On two geometric theta lifts, Duke Math. J. 125 (2004), pages 45-90.
2] K. Bringmann and K. Ono, The f(q) mock theta function conjecture and partition ranks, Invent. Math. 165 (2006),
pages 243-266.
[13] K. Bringmann and K. Ono, Dysons ranks and Maass forms, Ann. Math., accepted for publication.
[14] K. Bringmann, K. Ono, and R. Rhoades, Eulerian series as modular form, Journal of the American Mathematical
Society, accepted for publication.
[15] Y.-S. Choi, Tenth order mock theta functions in Ramanujan’s lost notebook, Invent. Math. 136 (1999), pages 497-569.
[16] H. Cohen, g-identities for Maass waveforms, Invent. Math. 91 (1988), pages 409-422.
[17] L. Dragonette, Some asymptotic formulae for the mock theta series of Ramanujan, Trans. Amer. Math. Soc. 72
(1952), pages 474-500.

[18] F. Dyson, Some guesses in the theory of partitions, Eureka (Cambridge) 8 (1944), pages 10-15.

[19] D. Hickerson, On the seventh order mock theta functions, Invent. Math. 94 (1988), pages 661-677.

[20] J. Lehner, A partition function connected with the modulus five. Duke Math. J. 8 (1941), pages 631-655.
[21] K. Ono, Distribution of the partition function modulo m, Ann. of Math. 151 (2000), pages 293-307.



ON THE EXPLICIT CONSTRUCTION OF HIGHER DEFORMATIONS OF PARTITION STATISTICS 29

[22] S. Ramanujan, The lost notebook and other unpublished papers, Narosa, New Delhi, 1988.

[23] G. Shimura, On modular forms of half integral weight, Ann. Math. 97 (1973), pages 440-481.

[24] S. Treneer, Congruences for the coefficients of weakly holomorphic modular forms, Proc. London Math. Soc. 93
(2006), pages 304-324.

[25] G. N. Watson, The final problem: An account of the mock theta functions, J. London Math. Soc. 2 (2) (1936), pages
55-80.

[26] S. P. Zwegers, Mock theta-functions and real analytic modular forms, g-series with applications to combinatorics,
number theory, and physics (Urbana, IL, 2000), 269-277, Contemp. Math., 291, Amer. Math. Soc., Providence, RI,
2001.

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN 55455, U.S.A.
E-mail address: bringman@math.umn.edu



