ON DYSON’S CRANK CONJECTURE AND THE UNIFORM
ASYMPTOTIC BEHAVIOR OF CERTAIN INVERSE THETA
FUNCTIONS

KATHRIN BRINGMANN AND JEHANNE DOUSSE

ABSTRACT. In this paper we prove a longstanding conjecture by Freeman Dyson
concerning the limiting shape of the crank generating function. We fit this function
in a more general family of inverse theta functions which play a key role in physics.

1. INTRODUCTION AND STATEMENT OF RESULTS

Dyson’s crank was introduced to explain Ramanujan’s famous partition congru-
ences with modulus 5, 7, and 11. Denoting for n € N by p(n) the number of integer
partitions of n, Ramanujan [22] proved that for n > 0

p(Bn+4)=0 (mod 5),
p(Tn+5)=0 (mod7),
p(lln+6)=0 (mod 11).

A key ingredient of his proof is the modularity of the partition generating function

e8] 1 qi
P(q) =) p(n)q" = = :
@)= 2 r" = o = 0
where for j € Ny U {00} we set (a); = (a;q); = [[i=o(1 — aq’), ¢ := €*™7, and

n(r) == g2 [1>2,(1 — ¢") is Dedekind’s n-function, a modular form of weight 3.
Ramanujan’s proof however gives little combinatorial insight into why the above
congruences hold. In order to provide such an explanation, Dyson [8] famously intro-
duced the rank of a partition, which is defined as its largest part minus the number
of its parts. He conjectured that the partitions of 5n + 4 (resp. 7n + 5) form 5
(resp. 7) groups of equal size when sorted by their ranks modulo 5 (resp. 7). This
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conjecture was proven by Atkin and Swinnerton-Dyer [4]. Ono and the first author
[7] showed that partitions with given rank satisfy also Ramanujan-type congruences.
Dyson further postulated the existence of another statistic which he called the “crank”
and which should explain all Ramanujan congruences. The crank was later found by
Andrews and Garvan [1, 12]. If for a partition A, o(A) denotes the number of ones in
A, and p(\) is the number of parts strictly larger than o()), then the crank of A is
defined as
' largest part of A if o(\) =0,

crank(A) := { HO) —o(\) if OE)\; > 0.

Denote by M (m,n) the number of partitions of n with crank m. Mahlburg [19] then
proved that partitions with fixed crank also satisfy Ramanujan-type congruences. In
this paper, we solve a longstanding conjecture by Dyson [9] concerning the limiting
shape of the crank generating function.

Conjecture 1.1 (Dyson). As n — co we have

1 1
M (m,n) ~ Zﬁsech2 (éﬁm) p(n)
with (= \/%.
Dyson then asked the question about the precise range of m in which this asymp-
totic holds and about the error term. In this paper, we answer all of these questions.

Theorem 1.2. The Dyson-Conjecture is true. To be more precise, if |m| < #é\/ﬁlog n,
we have as n — 00

M(m,n) = gsech2 <57m> p(n) (1 +0 (ﬂ%|m|%>> : (1.1)

Remarks.

1. For fixed m one can directly obtain asymptotic formulas since the generating
function is the convolution of a modular form and a partial theta function
[6]. However, Dyson’s conjecture is a bivariate asymptotic. Indeed, this fact
is the source of the difficulty of this problem.

2. We note that Theorem 1.2 is of a very different nature than known asymp-
totics in the literature. For example, the partition function can be approxi-
mated as

p(n) = M(n)+ O (n_a) ,
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where M (n) is the main term which is a sum of varying length of Kloosterman

sums and Bessel functions and o > 0. Rademacher [20] obtained o = %,
Lehmer improved this to § — ¢ and Folsom and Masri [11] in their recent
work obtained an impressive error of n° for some absolute § > % Our

result has a very different flavor due to the nonmodularity of the generating
function and the bivariate asymptotics.
3. In fact we could replace the error by O(82ma?(m)) for any a(m) such that

lzg%" = o(a(m)) for all |m| < #éﬁlogn and fma(m) — 0 as n — oo.

Here we chose a(m) = |m|™3 to avoid complicated expressions in the proof.
A straightforward calculation shows

Corollary 1.3. Almost all partitions satisfy Dyson’s conjecture. To be more precise

NG
i {)\ F n|crank(A)| < 7T\/élogn} ~ p(n). (1.2)

Remarks.
1. We thank Karl Mahlburg for pointing out Corollary 1.3 to us.
2. We can improve (1.2) and give the size of the error term.

Dyson’s conjecture follows from a more general result concerning the coefficients
Mj.(m,n) defined for k € N by

— (9)%*

CelGa) =D D Mi(m.m) (g = (g s

n=0 m=—o0
Note that M(m,n) = M;(m,n). Denoting by px(n) the number of partitions of n
allowing £ colors, we have.

Theorem 1.4. For k fized and |m| < ﬁlog n, we have as n — oo

Mutm,m) = % s (25 gt (140 () ).

4 2
with ﬂk = 71'\/%.

Remarks.
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1. We note that for £ > 3, the functions Cy((; q) are well-known to be generating
functions of Betti numbers of moduli spaces of Hilbert schemes on (k —
3)—point blow-ups of the projective plane [13]| (see also [6] and references
therein). The results of this paper immediately gives the limiting profile
of the Betti numbers for large second Chern class of the sheaves. Recently,
Hausel and Rodriguez-Villegas [16] also determined profiles of Betti numbers
for other moduli spaces.

2. Note that our method of proof would allow determining further terms in the
asymptotic expansion of My(m,n).

1
3. Again we could replace the error by O(82maji(m)) for any ax(m) such that

_(IIL)S)E = o (ag(m)) for all |m| < ﬁ logn and Bymag(m) — 0 as n — oo.

4. The function Cj can also be represented as a so-called Lerch sum. To be
more precise, we have [1]

n(n+1)

m.n __ 1 - C (_1)nq 2
%M(m,n){ . ; g (1.3)
n>0

This representation, which was a key representation in [6], is not used in this

paper.

The special case k = 2 yields the birank of partitions [14].

6. We expect that our methods also apply to show an analogue of (1.1) for the
rank. The case of fixed m is considered in upcoming work by Byungchan
Kim, Eunmi Kim, and Jeehyeon Seo [17].

1

This paper is organized as follows. In Section 2, we recall basic facts on modular
and Jacobi forms which are the base components of C;, and collect properties on Euler
polynomials. In Section 3, we determine the asymptotic behavior of C. In Section 4,
we use Wright’s version of the Circle Method to finish the proof of Theorem 1.4. In
Section 5, we illustrate Theorem 1.2 numerically.
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2. PRELIMINARIES

2.1. Modularity of the generating functions. A key ingredient of our asymptotic
results is to employ the modularity of the functions Cy. To be more precise, we write
(throughout ¢ := €?™7, ( := €*™™ with 7 € H,w € C)

i(¢F =) afint ()

Cr(Ciq) = 9 (wi ) ;

(2.1)

where

00
%LH 1—q

1
9 (wir) =iC2qs [T (1—¢") (1—¢q™) (1—¢ g Y.
n=1
The function 7 is a modular from, whereas ¥ is a Jacobi form. To be more precise,
we have the following transformation laws (see e.g. [20]).

Lemma 2.1. We have

o(-7) = V=),
9 (E;—l) — iV Zime™ 0 (wiT).

2.2. Euler polynomials. Recall that the Euler polynomials may be defined by their
generating function

2et o tr
= E E.(x)—. 2.2
et + 1 — (‘T)r| ( )

The following lemma may easily be concluded by differentiating the generating func-
tion (2.2). For the readers convenience we give a proof.
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Lemma 2.2. We have

1, [t - t2r
—isech (5) :ZEQTJrl(O)w.

r=0
Proof. We have
o0 t2r d 0 t2r+1
Eoi1(0)m— = — Eoi1(0)——.
; a4 )(2r)! dt; 107, y;

Now

et +1 ~
2 = (=t)"
= E.(0
3ot

Taking the difference gives the claim of the lemma since
d 1 1 1 t
— - = ——sech® | = ).
dt \et+1 et+1 2 2
We also require an integral representation of Euler polynomials. To be more precise,

setting for j € Ny
0 o 20+
Ei = —d 2.3
! /0 sinh(7w) w (23)

O

we obtain

Lemma 2.3. We have

(—1)7" Ey;141(0)
5 .

Proof. We make the change of variables w — w—i—% and then use the Residue Theorem
to shift the path of integration back to the real line. Using the Binomial Theorem,
we may thus write

5,:_1/(w+%)2j+1dw:_12]§ 2j+ 1\ (i 2j“‘z/ o
! 2 Jg cosh(mw) 2 4 2 g cosh(mw)

=0

£ =
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The last integral is known to equal (—2i)~“Ey, where E, := 2°E;(3) denotes the (th
Euler number (see page 41 of [10]). The claim now follows using the well-known
identity (see page 41 of [10])

so0-5() (1)

3. ASYMPTOTIC BEHAVIOR OF THE FUNCTION Cj.

~
I

Since Mg(—m,n) = Mg(m,n) we from now on assume that m > 0. The goal of this
section is to study the asymptotic behavior of the generating function of Mjy(m,n).
We define

1
ZMk m, TL q _/ Ck: (627riw;q) e—2m’mwdw
1

qﬂ 2
=2 g (w; 7) cos(2mmw)dw,
*(7) /0

where
i (¢ =¢¥) ni(r)
U (w; ) '

Here we used that g(—w;7) = g(w; 7). In this section we determine the asymptotic
behavior of C,,x(¢), when ¢ is near an essential singularity on the unit circle. It
turns out that the dominant pole lies at ¢ = 1. Throughout the rest of the paper let

g (w;T) =

Trmg

= £ 2= +izm” 3) with 2 € R satisfying |z| <

3.1. Bounds near the dominant pole. In this section we consider the range |z| <
1. We start by determining the asymptotic main term of g. Lemma 2.1 and the
definition of ¢ and 1 immediately imply.

Lemma 3.1. For 0 < w <1 we have for |z| <1 asn — oo

(i) = 2D (14 0 (0o )),

"o zsinh (27;7“”)
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In view of Lemma 3.1 it is therefore natural to define

A /é sin(mw)  2x2w?
0

mi(z) = — e = cos(2mrmw)dw,
G (2) smh(%zw) ( )

z
2 12 2w sin(mw)  2x%w?
Oma(z) = 2/ (w; —) - = cos(2mmuw)dw.
2(2) ; (9 o zsmh(Qﬂ w) ( )

Thus
Conte (1) = = (G () + Gmal2)) (3.1)

The dominant contribution comes from G,, ;.

Lemma 3.2. Assume that |x| <1 and m < ﬁlogn. Then we have as n — 0o

Gm,1(2) = isech2 <B'€2m> +0 <ﬁkm3 sech? <ﬁkzm)> .

Proof. Inserting the Taylor expansion of sin, exp, and cos, we get

. 271'21112 (_1)‘7+V
sin(rw)e” =~ cos(2mmw) = Z CESIC

Jvr20

. 272 .
T2+ (2m) 2 < w2t
z

This yields that

Am (=1 2j+1 o (277
m, 2 i Z; v+r
Gm1(2) = z ];0 (25 + 1)!(21/)!7“!7T (2mm) z A

where for ¢ € Ny we define

1 20+1
Ty = / w—dw
o sinh (27r “’)
We next relate Z, to & defined in (2.3). For this, we note that

00 w2€+1
!
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with

& w%*l > 2 1
I, = / ——dw <K / w2 wRe () gy
1 1

sinh (Z2)
< (Re (%))2“ r (26 + 2; m°Re G)) .

Here I'(a; ) := f;o e~ Yw* tdw denotes the incomplete gamma function and through-
out g(z) < f(z) means that g(x) = O (f(x)). Using that as x — oo

[(4z) ~atte™ (3.3)

-1
7 < (Re G)) —roRe() _ re(2).

In the first summand in (3.2) we make the change of variables w — % and then shift
the path of integration back to the real line by the Residue Theorem "Thus we obtain

that ' ¢
/°° w? +12 e — <i)2ﬂ+2 g — <i>%+2 (—1) +1E2£+1(0)’
o sinh (¥Z2) 2m 2 2

where for the last equality we used Lemma 2.3. Thus

(—p 2w 2j+2u+r+1
gm71(2) : - m2 > J+2v4+r+
j,;zo 224125 + 1)!(2v) !

2

thus yields that

j —7m2Re( 1
X (E2j+2y+2r+1(0) + 0 (’Z|72J72V72r*26 R (J))

i 2]/ ( ~F2,11(0) + O (|2|2)> = ZseChQ (W;Z> +0 (|z| cosh(mz))

where for the last equality we used Lemma 2.2. To finish the proof we have to

approximate sech” (%) and cosh(mz). We have

cosh(mz) = cosh (ﬁkm + zﬂkm%x>
= cosh(Bxm) cos (ﬂkm§x> + i sinh(fxm) sin (ﬂkm§x>
= cosh(fBym) ( +0 <Bkm§>>
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This implies that
mZ) B 1 1
2/ cosh(

sech (

w3
~—
o
@)
2]
=
A
\_/
A
+
S
~ N
Q
w\w
N—
N——

yielding

sech? (%) = sech? (ngTm) (1 + 0 <6km%>> .

Thus we obtain

Gma(z) = Zsech2 (&Tm> (1 + O (ﬂmn%)) + O (5,3 (1 + %) Cosh(ﬂwn))

= Zsech2 (5};711) + 0 <6km3 sech? (5]«2771)) +0 (ﬂz cosh(ﬁkm)) )

We may now easily finish the proof distinguishing the cases on whether gym is
bounded or goes to oco.

O

We next turn to bounding G, ».

Lemma 3.3. Assume that |x| < 1. Then we have as n — o0

52

1
Gm.2(q) <E€ By,

Proof. By Lemma 3.1 we obtain that

G / SIN(TW) | 2r2Re(L) (w?+u-2) gy,
" IZ\ | _ gt '
It is not hard to see that
sin(mw)
— o | <L
1—e" "=

Moreover,

|z] = B\ 1+ m-iz? > By,
1 1
Re
( ) = 28
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The claim now follows, using that the maximum of w? +w — 2 on [0, 3] is obtained

forw:%. O

Combining the above yields.
Proposition 3.4. Assume that |x| < 1. Then we have as n — oo
Crnie (q) = - - sech? (ﬁk ) ek6z +0 (ﬁk *m3 sech® (&_m) e”ﬁ> :
A(2m)% 2 2
Proof. Recall from (3.1) that

Crni(q) =

Lemma 2.1 easily gives that

NI

k
o~ ()
i L (o)
nk ( 7_) o ( (6 k ))

The functions G,, ; and G,, » are now approximated using Lemma 3.2 and Lemma 3.3,
respectively. It is not hard to see that the main error term arises from approximation
Gm.,1. We thus obtain

>> .

23t 2 Bem Bem'\ =2
Coni(q) = —€ 62 sech2< >+O<Z Bm?’SGChQ( ¢ "5 Re(
)= s x 21565 .

N =

The claim follows now using that

|Z|<<5k,
1 1 Voén
re(3) <5 -2k
O

3.2. Bounds away from the dominant pole. We next investigate the behavior of
Con. i aWaYy from the dominant cusp ¢ = 1. To be more precise, we consider the range

1<z< ”ﬁm‘?’ Let us start with the following lemma, which proof uses the same idea

as in [23].
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Lemma 3.5. Assume that 7 =u+ v € H with Mv < |u| < 1 for u >0 and v — 0,

we have that
1/n 1 1
P =1 - —= )
|(Q)|<<\/56Xp[v (12 27r( 1+M2))]

Proof. We rewrite

Therefore we may estimate
gl 4] gl N~ ld™
[ log(P(q))] < < - +
;mll—qml 1—ql 1—]qf mz::lm(l—ICJIm)
1 1
= log(P(|q])) — |q ( — )
Pl =l (=77 ~ 7=

We now split  into 2 ranges. If Mv < |u| < 1, then we have cos(2mu) < cos(2rMv).
Therefore

11 —q)* =1—2e 2™ cos(2mu) + e ™ > 1 — 2e~ 2™ cos(2n Mv) + e *™.
Taylor expanding around v = 0 we find that
11— gq| >2m0vV1+ M2+ 0 (v?). (3.4)
For 1 < |u| < 5 we have cos(2mu) < 0. Therefore
I1—¢q| > 1> 2m0V1+ M2

Hence, for all Mv < |u| < 3,

11— q| > 2m0V1+ M2+ O (v%). (3.5)
Furthermore we have
1—|gl=1—e"=2m0+0 (v*). (3.6)
By Lemma 2.1, we have
67227741; =
P(lq]) = = Vver (1+0(v)).

n(iv)
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Thus
log(P(lal)) = ~= + + log(v) + O(v)
og q)) = 15, + 5 los(v v).
Combining (3.5), (3.6), and (3.7), we obtain

2mv

_ % (1% - % (1 - ﬁ)) + %log(v) +0(1).

Exponentiating yields the desired result.

o8 P@)] < 15 + 3 loute) + 0(0) — 5 (1-

We are now able to bound |C,, x(¢)| away from ¢ = 1.

1
Proposition 3.6. Assume that 1 < |x| < ™2%. Then we have, as n — oo,

B

7 k 6kn >

Consla)] < 0T exp ( o Q_”mg) |
™

Proof. We have by definition

[N

Crmi(q) = 2P’“(q)/0 g(w; ) cos(2mrmw)dw.

Note that by (1.3)

(=1 (—1)g"
- q 2 1 — q 2
gw;T)=14+1-0> ~—~——+(1-¢ L
i) =1+ (=00 o + =) 2 5
We thus may bound
o 1 DR
n -3 3
gwn < S o« S < B <t
Sl-ldn 1=l =

Thus
Con k()] < | P*(g)| 1.

13

(3.7)
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1

1
Using Lemma 3.5 with v = 25 ¢ = 8m 22 and M = m~3, yields for 1 < |z| <

N 2 2T
™3
Br ?
Plo)] < nt o L, 1
n-exp — |1l - — .
B 12 o V1tm2
Therefore

- ok (7 1 1
Coi(@)] < 0T exp | on | == — (1 - ——
[Comi(a)] ERCEEL 1+ m—2

3—k kn 6kn 1
Ln 1 exp |m\ — — 1-— >
6 Q 1+m™3

3—k
<K n 1 exp <7r — —

4. THE CIRCLE METHOD

In this section we use Wright’s variant of the Circle Method and complete the proof
of Theorem 1.4 and thus the proof of Dyson’s conjecture. We start by using Cauchy’s
Theorem to express M, as an integral of its generating function C,, x:

1 Cm
Mimon) =5 | ) (4.1)

271

where the contour is the counterclockwise transversal of the circle C' := {q € C; |q| =
e Pr}. Recall that z = Bi(1 + ixm_%). Changing variables we may write

My(m,n) = - / Con(e7%)e™dx.
2mms

|<7rmf§

We split this integral into two pieces

Mi(m,n) =M+ E
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with

M = Gl / Con (e_z) e"dx,
|z|<1

= T
2mms3

E = B - / y Conk (e‘z) edx.
2mrm3 Ji<|z|<mm3

In the following we show that M contributes to the asymptotic main term whereas
E is part of the error term.

4.1. Approximating the main term. The goal of this section is to determine the
asymptotic behavior of M. We show

Proposition 4.1. We have

M = @seChQ (ﬁk—m) pr(n) (1 +0 <m13>> :
4 2 na

A key step for proving this proposition is the investigation of

1
1+im™3
1 kn 1
Py = — v ™V 8 () gy
211
1
1—im 3

for s > 0. These integrals may be related to Bessel functions. Denoting by I, the
usual 7-Bessel function of order s, we have.

Lemma 4.2. Asn — oo

2 1
P.=1,1|~n ﬁ +O|exp| ™ k_n (1 + —2> .
7 3 6 1+m™3

Proof. We use the following loop integral representation for the I-Bessel function [4]
(x > 0)
1 1
L(2z) = — [ L)y 4.2
20) = 5 [ e D (42)

where the contour I' starts in the lower half plane at —oo, surrounds the origin
counterclockwise and then returns to —oo in the upper half-plane. We choose for I'
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the piecewise linear path that consists of the line segments

1 1 1 1 7
| —o0o — ,—1 — , N
i 2m% Qm% s
; )
Yo | —1

Y
19

Qm% m
7 7 1
71— T, M 1-—
m3 m3

|
|
‘@.

Wl

_17]-+

ms m§> ’
which are then followed by the corresponding mirror images 4, v4, and ;. Note that

P = fw' Thus, to finish the proof, we have to bound the integrals along 74, 73, and
~vo— the corresponding mirror images follow in the same way.
First

/ / ! [kn im-
< exp | m\/ — | {—

oo 6
Y4

L1
n 1 t_zm 3
2
.o 1]|s
n m” 3
<</e_"\/kﬁtt—i— dt
1

0 n s k 1 n
< [rer R gt ( s m,/g) wnteVE,
1
using (3.3).
Next

1

1 kn 1 .1
<m 3 [exp|—m\/— |1+ ——— ‘1+zm 3¢
6 14+ m™5¢2
73
1
/ / kn
< exp

pp ‘t i~
T —_— —_— —mm

6 5

Y2 -1

S

dt

N|=

Finally

dt < e"r\/%.

s

dt
t2+m

<o (@ (1 ;)) |

1+ m=3
where we used that t + 2%
rm 3

proof.

obtains its maximum at ¢ = 1. This finishes the

O
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We now turn to the proof of Proposition 4.1
Proof of Proposition 4.1. Using Proposition 3.4 and making a change of variables, we

obtain by Lemma 4.2
(ﬁkm) Py +0 (@C *m sech? (6,;71) v Qk")

42
M = 5 sech?
4(2m)2
542
ﬁk—ksech2 (Bk_m) 1_5_2 T 2/<:_n
4(2m)z 2 2 3
/B]Cm . 2kn
2

yields
5+2 1/ 2kn ”\/E
M = k A SeCh2 (ﬁkm) ¢ ° 1 + O ¢ 3 -
AV TC TR
kn bes 1 oo (Bem o /rE
+O|exp|m\/— |1+ 5 +O | B m3sech”™ | —— | "™V '3 ).
6 1+m™s 2
It is not hard to see that the last error term is the dominant one. Thus
k
e B (57) 2 (10w
b 2kn\ 1
12m)} w3 ()}
Using that [15, 21|
1+k 1
e (o ()

now easily gives the claim
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4.2. The error arc. We finally bound F and show that it is exponentially smaller
than M. The following proposition then immediately implies Theorem 1.4.

Proposition 4.3. Asn — oo

- /2 V
E<n’T exp <7T % — gknm_ ) .
s

Proof. Using Proposition 3.6, we may bound

_ k v 6k 2
EF< B—kl/ \ T exp <7T kn_ V0 nm3> e’ de
1 6 87T

-k [2kn  V6kn _
<Kn 1T exp|m\ — — m .
3 8T

5. NUMERICAL DATA

Wl

winN

We illustrate our results in 2 tables.

T M(0,n)
n M (0,n) M (0,n) T om)
20 41 ~ 45 ~ 0.912
20 8626 ~ 9261 ~ 0.931

500 | 3.228743492 - 10" | ~ 3.298285542 - 10 | ~ 0.979
1000 | 2.403603986 - 10% | ~ 2.439699707 - 10% | ~ 0.985

M(1,n)
n M (1,n) M (1,n) )
20 38 ~ 44 ~ 0.863
50 8541 ~ 9185 ~ 0.930

500 | 3.226300403 - 10" | ~ 3.295574297 - 10 | ~ 0.979
1000 | 2.402671309 - 10% | ~ 2.438696696 - 10% | ~ 0.985

where we set M(m, n) = Zsech2(57m)p(n).
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