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1. Introduction and statement of results

The interplay between (multi) ¢-hypergeometric series and modular forms has been
studied extensively over the years. In theoretical physics and representation theory, ¢-
hypergeometric series famously appeared in connection with so-called fermionic formulas
of characters of rational conformal field theories. If their summands involve a positive
definite quadratic form they are sometimes called Nahm sums [38]. Important examples
of this type emerged much earlier as “sum sides” of several classical g-series identities (e.g.
Andrews—Gordon identities). More recently, Nahm sums have appeared in several areas
including vertex algebras [26,33,37,40], DAHA [18], wall-crossing phenomena and quivers
[17,28,34], in connection to colored HOMFLY-PT polynomials [29], and in formulas for
the “tail” of colored Jones polynomials [9,22,27].

To define a Nahm sum we choose a positive definite quadratic form @ : Z" — Q and
consider

qQ(n)+b-n+c

2 o 1)

neNg

where n = (n1,...,n.), (a;¢)n = (a), = H;L:_Ol(l —ag’), b € Q", c € Q, and Ny :=
N U {0} with N := {n € Z : n > 0}. One important aspect in the study of these
series is to investigate their modularity by considering a suitable constant term in the
asymptotic expansion (see [14]). Another interesting question is how to express (1.1)
using more familiar g-series, which may or may not be modular. Prominent examples
of Nahm sums come from Cartan matrices of classical type and their inverses, as they
are all expected to be modular for specific choices of b and ¢ (see [42] for some recent
results).

In this paper, we study closely related but different g-hypergeometric series that have
origin in algebra and representation theory. Unlike many previous works that link char-
acters of representations of affine Lie algebras with ¢-series, here we focus on certain
g-series coming from commutative algebras and graphs. Our aim is to investigate graph
series defined as

@@ (1.2)

where Cr is the (symmetric) adjacency matrix of a graph I'. For many graphs, including
all simple graphs, this series is not a Nahm sum (the adjacency matrix is not positive
definite!). Another issue is that the matrix Cr is often singular, so it is important that we
include the linear term in the exponent. The main motivation for studying graph series
comes from two sources. As explained in Section 2, for a given graph I'; there is a graded
commutative algebra J (R), the ring of functions of the infinite jet scheme X, where
X = Spec(R), whose Hilbert series is given by (1.2). This infinitely-generated algebra
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is closely related to a certain principal subspace vertex algebra constructed from the
adjacency matrix of I' [26,33,37,40], in the sense that its character is the Hilbert series
of Juo(R).

In this paper we make the first steps in addressing modularity properties of graph
series. We focus on examples coming from Dynkin diagrams of finite type, as well as
several affine Dynkin diagrams. We show that in many examples their modular properties
can be quite interesting in spite of the simplicity of the graph. Since the form of (1.2)
does not give any clues about modularity, we first must obtain suitable combinatorial
formulas in terms of functions whose modular properties are transparent. For graph
series of type A (paths), studied in [25], our first result is two new representations for
graph series of type A7 and Ag (i.e., paths with seven and eight nodes, respectively).

Theorem 1.1. We have

-1

Ha.(q) = &W (=1 + (9)oD(q) + G(q) + (9))
Hay(q) = (f]; (—1 ¢ (g + 3D(q) — 2G<q>),

where D(q) = 3,5, % and G(q) == 3_,50((@)n — (@)oo)-

Following Zagier [45], quantum modular forms are functions f : @ — C (Q C Q)
whose obstruction to modularity

f(sc)—(cm+d)_kf<Z§j__2)7 (Z g>eSL2(Z)

is “nice” (see Subsection 2.2 for more details). Combined with known g-series represen-
tations for Hy,(q), 1 < j <6, given in [25, Section 7], we obtain the following result.

Corollary 1.2. For every j, 1 < j <8, Ha,(q) € (C[l%wq_l,ﬁ,D(q),G(q)]. More
precisely, q(q)% Ha,(q) is a holomorphic quantum modular form of weight one, while

q(¢9)%. Ha;(q) and q(1 — q)(q)2. Ha,(q) are quantum modular forms of weight 3.

This indicates the possibility of accommodating all A-type graph series inside a finitely
generated ring. We also investigate asymptotic properties of these graph series as t — 07,
where ¢ = e™! (see Proposition 3.1). Such analysis is important from the geometric
viewpoint as we would like to understand the growth of coefficients of the Hilbert series
of J(R).

Graph with cycles are more complicated to analyze. However, for several examples
related to 5-cycles we obtain elegant formulas.
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Theorem 1.3. Let Cs be a 5-cycle graph and T's the graph in Fig. 1 (see Section /). Then

HCs = 2 Z nq (13)

oo n>1

Hry(q) = NEs Z

0 n>1

1_q (1.4)

For several examples of graphs of D and E-type, due to a trivalent node, we get graph
series with somewhat different combinatorial and modular properties. For this recall that
mized mock modular forms are linear combinations of modular forms multiplied by mock
modular forms (holomorphic parts of certain non-holomorphic automorphic objects).
Here is our main result in this direction.

Theorem 1.4. We have

1

TL2 ’7712 n m
ST (=) 20+ 1)gE T (1.5)

Hp, (Q) = 4
(@)% 520

1 n n®13n nm-4-3m2+4m
HDs (Q) = (q)5 Z - Z (_1) +1(TL + 1)2q 3 tanmAdmidd ) (16)
© \n,m>0 n,m<0

Hp,( (1.7)

6 - 3 1_ n "
oo n>1 q

All three series are mized mock modular forms.

Although g¢-series associated to graphs with multiple edges do not directly relate
to Hilbert series of jet algebras, they can be viewed as characters of certain principal
subspaces (see Section 2). We obtain several g-series identities for graph series of type
Bs and Bj (ignoring the orientation) and related “coset” series (see Proposition 7.1). For
several cases we obtain mixed quantum modular forms (linear combinations of modular
forms multiplied by quantum modular forms). This indicates a possible connection with
quantum invariants of 3-manifolds and knots where similar series appear [24,30,43]. We
also investigate several examples of graph series associated to affine Dynkin diagrams
whose modular properties seem more intricate (see Section 8).

The paper is organized as follows. In Section 2 we present the main concepts and
definitions, along with preliminary results. In particular, we define the notion of the
jet scheme of an affine scheme X, discuss principal subspaces associated to lattices and
graphs, and present a few results on mock modular forms. In Section 3, we give two new
results on the graph series of type A7 and Ag (see Theorem 1.1) and study modular
properties and the asymptotic behavior of graph series of type A,, 1 < n < 8 (see
Proposition 3.1). In Section 4 we analyze certain graph series coming from 5-cycles.
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Section 5 is concerned with the Dy graph series. The main result here is a new ¢-
representation of the graph series in terms of an indefinite theta function of signature
(1,1) (see (1.5)). Moreover, we show that this graph series is a mixed mock modular
form. In Section 6, we do a similar analysis for the Ds graph, but this time we use
(mixed) mock modular forms to obtain an indefinite theta function representation (see
Theorem 6.2). Section 7 deals with a few examples of graphs with multiple edges of
Dynkin type Bs and Bs. Finally, in Section 8, we investigate graph series from the Fjg
D%fr;kin diagram, 3-cycles (affine type A(Ql)), and affine Dynkin graphs of type Dél) and
ESY.
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2. Preliminaries

In this part we introduce the main objects of study and present some preliminary
results.

2.1. Graph schemes and graph series

This subsection outlines a construction of the arc space. We define the arc space and
the arc algebra (or algebra of infinite jets) of a finitely generated commutative ring R.
As usual, let C[zq,22,...,2¢] denote the polynomial algebra in z; (1 < j < ¢), let
f1, fo,. .., fn be a set of polynomials, and define the quotient algebra

R Clondo, o m]
(f17f27" 7fn)
We now introduce new variables x; _i_y) for k € {0,...,m}. We define a derivation T
on
Claj(—1-k):0<k<m, 1<5 <4,
by letting

(=1 —Fk)zj(—g—g) fork<m-—1,
T (2j(-1-) = { ’

0 for k =m.
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We also identify x; with x; _1). Set

Clrj(—1-k):0<kE<m, 1 <5 </

RmZ: - . )
(Tifx:1<k<mn,j>0)

the algebra of m-jets of R. The arc algebra of R is defined as the direct limit

Cloj -1k :0<Ek, 1 <5 <]

Joo(R) :=1lim R,,, = : -
() := lim (Tify:k=1,...n, j >0)

m

The scheme X, = lim X,, (another notation is Jo (X)), where X,, = Spec(R,,), is
—

called the infinite jet scheme of X = Spec(R). By construction, the arc algebra Jo.(R)
is a differential commutative algebra. If R is graded, then J.,(R) is also graded, and we
can define its Hilbert—(Poincare) series as:

HS,(J(R) =Y dim (JOO (R)(m)> .

meZ

We introduce a grading on R by letting deg(x; (—1—x)) := k + 1.

Let V be a vertex algebra. Provided that V is strongly finitely generated, we obtain
a surjective map from Jo(Ry) to gr(V), the associated graded algebra of V', where
Ry is Zhu’s commutative algebra of a vertex algebra V. A vertex algebra for which
this map is injective is said to be classically free [6,7,33-35]. Although this notion is
relatively new, non-trivial examples of vertex algebras with this property appeared earlier
in the framework of principal subspaces [15,16,20] and Virasoro minimal models [19]. The
following theorem was announced in [25, Section 9], it was motivated by [37] and full
details were provided in [32,33].

Theorem 2.1. Let T be any simple graph with r nodes and without multiple edges. Con-
sider the scheme Xr defined by the quadratic equation xpx; =0, if k and j are adjacent
i.e., (k,j) € E(T'), and denote by Jo(Xr) the infinite jet algebra of Xr. Then the Hilbert
series of Joo(X), with deg(x;) =1, is given by

J)EE(T) nEnjtni+--+n,

(@Dns - (D,

Another important result in this context is the following theorem (see [33] and also
[37,40)).

Theorem 2.2. For any T’ (not necessarily simple), the q-series Hr(q) computes the charac-
ter of the principal subspace Wr [33, Subsection 5.3] of a lattice vertex algebra associated
to the adjacency matriz of ', equipped with a certain grading.
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We also note that the previous theorem can be used, with slight modifications, for
graphs with loops. In that case we need to adjust the linear term of the g-exponent of
Hr(q) (see [34] for some examples). We now give some modular examples.

Examples.
(1) (Affine space A*) For R = C[xy, ..., 2], we have

JOO(R) =C [‘%17(_1), oy L1 (=n)y o Ll (=1)9 s L (—n)» ] .

Since deg(z,,(—;)) = j, we immediately get

(2) (Union of two lines) Let R = C[x,y]/(xy). Then by [7,12,25] we have

ninz+ni+nsz 1

— q -
HSy(J(R) = ) (@ (@D (1= ) (Do

ni,m2>0

(3) (“Fat” point) Let R = C[z]/(2?). Then by [8,12,15,20] we have

HS,(Jn(R) = 3 7 _ ! ,

n>0 (q)n (q’qS)OO(q4vq5)oo

where the last equality is the first Rogers—Ramanujan identity.
2.2. Modularity results

In this subsection we record some modularity results required for this paper. We start
with the transformation laws of the Dedekind n-function n(7) := q27 (q)oo:

ar+ ) =cEn(r), o (-7) = V=),

We define the weight two Eisenstein series (q := >™i7)

By(r):=1-24) "> "dq". (2.1)

n>1 d|n

This function is not quite a modular form, but transforms with an additional term under
inversion. To be more precise, we have

F, (—%) = 12Ey(7) + % (2.2)
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We also require the following representation of Ey as a Lerch-type sum. Although the
next result is probably known, we include a proof for the sake of completeness.

Lemma 2.3. We have

n(n+1)
2

1 - Es() ¥ _a >y (=)™ (1+¢")q
(

7n2: _ 4n)2
24 (1-qY) (1—q")

n>1

Proof. The first equality is just rewriting (2.1). Using L’Hopital’s rule twice the second
equality follows from taking the limit ¢ — 1 of the following identity (valid for 0 < || <
gl < 1):

_ ¢ C(q)io B (_1)n+1(1 n q")qn(nzﬂ)
(1-¢)? i (1= (ool¢ @)oo =~ 1—Cq(1— () (2.3)

Note that (2.3) is implied by the well-known formula (see for instance [31])
n(n+1)
(@)% 3 (-1)"q =

O Qoo 1—(qn

nezZ

We also require modularity properties of

F(r) = Z

2
neZ\{0} (1—4q")

(—1)rrg s

For this define (7 = u + iv) the completion of F as

Fr) = 7o) - g+ P80 - FE S i (-5 6nne) o

neZ—3

where the incomplete gamma function is defined as I'(a, x) := f;o e~ ttoldt for r € Rt
and o € R. We then have the following modularity result.

Proposition 2.4. We have for (’z Z) € SLy (Z2),

]_A_<a7+b

cT + d) = (7 + °F (7).

Proof. Set
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1 w?
(1) == 5 {a% <§_1q€R(3z +T;37)67E2(T)z2)] :
z=0

Here z :=x +1¢ = e2™% and
b b

R(z;7) := Z (1) = (sgn(n) _E ((n+ %) \/2_)) qféef%rinz’

n€Z+%

with E(z) := 2 [ e~™ dt. By using [11] we obtain that for (¢") eSLy (2),

7 (Z:i;) r (Z:i;) = (er + d)2n(7)r(r). (2.4)
We compute
r(r)
e E e 2 (s (@) o
“ 0 G (-5 (o 2) @) )]

We now use the identities

to obtain that

2 (oo £ (o) ) )

This gives that

3 1 n?
r(1)=——#= Z (—1)”+%\n|F (—5,67m211> .

1
= 3/mi|n|l (—5,67m2v> .

z=0

Thus we have that F(7) = n(r)r(r). The claim then follows from (2.4). 0O

We also require certain indefinite theta functions, considered by Zwegers in his thesis
[47]. We let A be a symmetric » x r matrix with integral coefficients that is non-
degenerate, Q(x) := %:ETA:IZ the corresponding quadratic form, and B(z,y) := x” Ay
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the associated bilinear form. We assume that @ has signature (r —1,1). Fix ¢p € R" and
let

Cg:={ceR":Q(c) <0,B(e,co) <0}.

For ¢1,c2 € Cg, set

o(n) = o5 (ni7) = I (B an ﬁ) —E (B e ﬁ) .
Then define

I )
04 (Z; 7_) _ 921,02 (Z;T) — Z 0 (n n HllEZ)> eZm,B(n,z)qQ(n).
nezr

We have the following properties (see Proposition 2.7 of [47]).

Proposition 2.5.

(1) We have
z 1 7 T 2mi
O4 <—;——) = ———(—ir)2 e 7 QEHNQ (2 + ;7).
T T 7det(A) leA—lzzr/Zr
(2) We have

Ou(—2z;7) = —0O4(z;7).
(3) Form € Z? m € A~'Z2, we have
Ou(z 4+ n7 4+ m;7) = e 2mBM2) (=RMMQ (2 7).
We finish this subsection by defining quantum modular forms, following Zagier [45].

Definition. A function f: @ — C (here @ C Q) is a quantum modular form of weight
k € %Z and multiplier x for a subgroup I' of SLy(Z) and quantum set Q, if for M =
(Z Z) € T the function

F(7) = x(M)~ (e + )" f(Mr) (2.7)
can be extended to an open subset of R and is real-analytic there.

Remark. Zagier [46] recently also defined holomorphic quantum modular forms. These
are holomorphic functions f : H — C, such that (2.7) is holomorphic in a larger domain
than H.
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An example of a holomorphic quantum modular form is the generating function for
the number of divisors. We have the following by [10, Theorem 1] (see also [39]).

Lemma 2.6. The function

D(g):=)

1

M=t
d|n I=q"

n>1

2qn .
is a holo-

is a holomorphic quantum modular form of weight one. Moreover, Y -, ?77

morphic quantum modular form of weight 3.
2.8. q-series results

We finish this section by recalling several g-series identities needed in the paper. We
often use Euler’s identity

1 n
0= Z% 29

We also require Bailey’s pairs [1, Chapter 3]. Recall that a pair of sequences (a,, r)
is called a Bailey pair relative to (a,q) if

= 2 o

Bailey’s Lemma is as follows.

Lemma 2.7. [1, Theorem 8.4] If (an, Br) is a Bailey pair relative to (a,q), then (assuming
convergence conditions) we have

aq aq ag n
aq " (9_) (Q_) (Ql)n(QQ)n (—>
Z(@l)n(QQ)n ( ) 577, = 1/ oo a: 0 Z - a5192
" ne (o) (325) = (31), (8),
Recall an identity by Andrews and Freitas [5, Corollary 4.3]:

1 n _ _ q
m ZC (@)n — (@)e0) = Z 1= Cq) (@)n (2.9)

n>0 n>1

and another identity [23, formula (5.1)]

Z Cn ((q)n - (Q)oo) = Z qn (1 + C +--+ Cn_l) (Q)n—l- (210)

n>0 n>1
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If ¢ = 1, this recovers Zagier’s identity [43, formula (16)], and for ¢ = 0 we get

Eanrl(q)n =1- (q)oo (211)

n>0
We also require an identity of Andrews, Garvan, and Liang [4, Theorem 3.5]

Do (@) 1)—2(1_@”)@”. (2.12)

n>0 n>1

Finally, we require two of Fine’s identities [21, equations (12.42),(12.45)]

(_1)n+1qn2;»n

20, P (2.13)
1 1 1
n%% ((q)oo B (Q)n) =P (2.14)

3. A-series and the proof of Theorem 1.1

We start our investigation of mock and quantum modular properties of graph series
by focusing on the path graphs (i.e., Dynkin diagrams of type A) denoted by Ax, k> 1
(as usual A; is just a single node):

1-2-3—---—k

The corresponding graph series are given by

qnln2+"'+nk_1nk+n1+...+nk

Ha,(q) = Z (@ny = (D,

neNg

Using (2.8) on the sums for nj, na, nk13, and ng4 and relabeling, it is easy to see that
for k > 3,

1

HAk+4(Q) = (q)Q HAk (Q)7 (31)

where for k > 2

RN IS K

Ha, (Q) = Z

neNg (q)"1+1(q)n2 e (q)nk—l (q)nk+1 .

Further applications of Euler’s formula (2.8) give
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Halo)=a7 ((qioo - (q)nlk_z)

ni,...,nk—2>0
< 1 1 ) qn1n2+...+nk_3nk—2+n2+---+nk—3
X — .
(Q)OO (q)nl (Q)n2 e (q)nk—S

The following identities are taken from [25]:

Ha,(q) = ﬁ, Ha,(q) = m
Ha,(q) = ‘W Ha,(q) = (2)2 D(g).
1 1 o .
Has(q) = (ZT D (D0 = (@e0), Hagla) = ?5)3 D(q) — (‘;)3 + (f;)Q _
© n>0 00 50 50

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. For the first identity, we compute

1 1 2 (11 _
Ha,(q) = @HAs(Q) = (q)gonzz;)q ((q)oo (q)n> ((q)n (q)oo>-

To analyze the last sum, we introduce a new parameter ¢ and consider

Rl = Y (=) (@0 -0 ) = X (@) + - 2).

n>0 n>0

Adding (2.12) and (2.9) results in cancellation of the term n = 1, so we have

N ()T g
B0 =2 4,
Letting ¢ = ¢~! (which is now allowed) gives
_ w1 B N e
o= S0 () (00 0-) - S

n>2

Next we split the right-hand side into two sums. For the first sum we recall (2.13) and
also observe

1 (CDmHgE 2 (<)
> >

l—g4% (- @n (-9 Z0-" (0



14 K. Bringmann et al. / Journal of Combinatorial Theory, Series A 197 (2023) 105749

which follows from the “finite” identity (here k > 2)

AL Lyt 2in 4y pr k (_1)nq"22+" q§+§+1
(1 o et 1 ¢ (@n (- q)2> - <,; (1—qg*1) (Q)n> - (=g’

after letting k¥ — co. Combined this implies that

M

n(nt1)

—1)" n
Z((l_)nq—l;() :13 13 n° (3.2)
n>2 q q)n q n>2 q
For the second sum we reintroduce the parameter ¢ and use that
D e DR e e perent
2T @, 20— @ 00

Employing (2.10) and

q n—1Y) n
Tt~ e

n>1

we get

qn = n n—1 1 _
S g, = S (e (1) 69)

n>2 n n>1 (qn)oo

We let ¢ = ¢~ ! in (3.3) to obtain

> =
1=q"=)(D)n

n>2
. -1 —n+1 1 — 1
=S g ) (G ) = 15 0= (s 1)
n>1 n=t
=LY () + Y (1)
n>1 nz1

The first sum evaluates as

_qa _ 4 n _ __ q _q_ q°
Zq ((q"“) 1)‘ <1fq><q)qu (@)n=(@)o) =~ 7 @= Tt

n>0 n>0

where we use (2.9) with ¢ = ¢ and (2.8). Thus

q" . q q ¢ q I
ga—qn—l)(q)n‘ (1—q><q>w*1—q+<1—q>2+1—qn21<<qn>w 1)'
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Combined with (3.2), the previous relation gives

(-1)"g™ T + g
nzz:z (1=q""1) ()n
:qzq”_q+q+q2+qz<l_1)
l—gim1-¢" (1-9@e 1-¢ (1-9¢° 1-9¢5\(¢")
_ 4 b b
—1_q<D(Q) (q)oo+1+(q)ooG(q)).

Finally, after we multiply by (ZT we get the claimed formula.

For Ha,(q), using (3.1), we first get

Haslo) = 57 > (o wo) @z @)™

ning q’nl’ﬂz q’ﬂl’nz q’ﬂl’nz >

N N q — —
WL > <<q>zo D@ @@ | @ (@

n1,m22>0

We would like to separate this into four sums but there is a convergence issue. For this
reason, we first evaluate the terms with nyny = 0. For n; = ny = 0 we have

(Z;?i ((6520 - (fjoo " 1) '

For ny > 1, n1 =0 and ny > 1, ng = 0 (due to symmetry) we get the contribution

o 2 1+ a=) (@ @)

n

We are left with

g B g B gz g
2 <<q>%o @ (@) <q>n2<q>oo+<q>m<q>m>

ni,na2>1

ninz
q

_D(q)_ 2 1 B
BRCIE <q>wz<<qn+l>w 1)* 2 e

e n=0 ny,nz>1

For the final sum we use an identity from [25, Section 7.3] (which is essentially (2.14)):

qn1n2 :14_2%_#

2 (@D (@Dna (Do (@)oo

ni,n2>1

Combining with the above, and using (2.13), yields the claim. 0O
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Remark. As discussed in [25], Theorem 1.1 implies the formula

-1

HA7(Q):(I74 Z( D"(=3n+1)q

(1 - 9@ n>1 n<— 1

+n

3n+2)

Note however that the conjecture for H4,(¢q) given in [25] does not hold.

The following result describes the asymptotic behaviors and quantum modular prop-
erties of these graph series.

Proposition 3.1. Ast — 0", we have:

(1) (e7)ocHa,(e7") = +0(1),

(2) (e7)3Has(e™") =1+ 0(1),

(3) (e7H)2 Ha,(e™t) = V_l(;g(t) + O(1), where v is the Euler—Mascheroni constant
(1) (=) Har(e™t) = 14 0(0)

(5) (e Has(e™) = 22052 1 0(1),

(6) (e7)sHa (™) =1+0(1),

(7) (7% Hay(e7") = 2= - 0(1)

Moreover, q(q)%.Ha,(q) is a holomorphic quantum modular form of weight one, while
a(q)2. Ha;(q) and q(1 — q)(q)2Ha,(q) + 1 are quantum modular forms of weight 3.

Proof. (1) and (2) are immediate. The asymptotic behavior in (3) is well-known and
can easily be concluded using the Euler-Maclaurin summation formula [44]. Quantum
modular properties of q(q)% Ha,(¢) = D(q) are given in Lemma 2.6. For (4), we rewrite
(see Theorem 2 of [43]):

6) = ~5H@) + (@ (5~ D@ (3.4)

where

n>0 n>1

Since H(q) is a quantum modular of weight % and (¢)s vanishes at all roots of unity
it follows that q(¢)% Ha,(q) = G(q) is also a quantum modular of weight 2. The series
H(q) satisfies the asymptotic behavior [43, Theorem 3]

H(e")=-2-2t+0 (),

and thus
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()% Hay (¢7) = =5 H (7)) (1L+ 0(6) = 1+ 0(0).

o

To see (5), we use part (3). For (6) we recall an identity from [25, Subsection 7.4]

3n2+n n 3n2+n
S (=3n+1)(-D)" 7+ D Bn+2)(-1)"¢ 2 =-1+(q)eD(q) + G(q) + (¢)oo-
n>1 n<—1
Using (3.4) we get
—1+G(e") =t+0 ().
Since . = 1 + O(t), the asymptotics in (6) follow. To see quantum modularity of

q(1 —q)(¢)% Ha,(q) + 1, we recall the first formula in Theorem 1.1:

a1 — q)(Q)aHa,(q) = =1+ (@)oo D(q) + G(q) + (¢)oo- (3.5)

This formula implies that q(1 — q)(q)4 Ha,(q¢) + 1 and G(q) agree at all roots unity
and it is argued above that G(gq) is quantum modular. For (7) we use exactly the same

argument as in (5). O
Based on Proposition 3.1, we conjecture that the following is true.
Conjecture 3.2. For n > 1, there exist a,, by, c, € RY such that

an + ¢, log(t) i

(eit):o Ha,, (e7) ~ p ; (eit)zo Ha,,_, (e7") ~ by, ast— 0%,

4. 5-cycles, sums of divisors, and the proof of (1.3) and (1.4)

In this part we are concerned with series coming from certain graphs obtained by
glueing 5-cycles. Generally, graph series associated to graphs with cycles are more com-
plicated to analyze. We start from an auxiliary result that, quite surprisingly, allows us
to perform computations for several interesting examples of graphs. The next lemma can
be viewed as a generalization of the As-identity discussed in the previous section.

Lemma 4.1. For a,b € Ny, we have

1 qn1n2+(a+1)n1+(b+1)n2 1 1
a,b):= = = .
@iz > . @Dy @)~ @ s @)

n1,n2>0

Proof. The second equality follows due to the symmetry A(a,b) = A(b,a). To show the
first, we recall a well-known formula (see [21, equation (6.2)])



18 K. Bringmann et al. / Journal of Combinatorial Theory, Series A 197 (2023) 105749

(5¢)n n __ (51q) 0
2 = 1)

n>0
We compute
(b4+1)n2 1 a+1 (b+1)n 1
Afa,b) = Z n fa+1 = Tatl Z (q )nq = (ja+1 b1 )
= @ttt (e (6T 5 (@)n (@)oo (@)1

where the last equality follows from (4.1), letting s = ¢! and t = ¢**1. O

Equipped with this result we can now give elegant representations of several (shifted)
graph series associated to Cs (5-cycle)

5/1\2
\

)

4 —3
in particular proving (1.3).
Proposition 4.2. We have
qn1nz+n1n5+nzn3+n3n4+n4n5+m+n2+n3+n4+n5 q*l nq”
Hcs (q) = = 2 Z 1 n’
neNg (q)’ﬂl (Q)n2 (Q)ng (Q)TM <Q)n5 (q)oo n>1 q
qn1n2+n1ns+n2n3+n3n4+n4n5+2n1+n2+n3+n4+n5 1
neNg (@Dny (@nz (D g (O (@)ns C (1-9*9%’
qmnz+n1n5+n2n3+n3n4+n4ns+n1+2nz+n3+n4+2n5 _ q—2 Z nq"
neNg (q)’ru (Q)nz (Q)nz (Q)n4 (q>n5 (q)go n>2 1- qn
Proof. Let
nq" 1 q? nq"
Bi(q) = s Bag) = 5y Bslg) =
; 1—qgn (1=9)*(@)% ()3 ; 1—qn

Note that Ba(q) + ¢Bs(q) = B1(q). It is easy to see that the same relation holds for the
left-hand sides. Thus it suffices to prove the first two identities. We start with the second
identity. Euler’s identity (2.8) gives

Zq

neNg

ning+nins+nenz+nznst+nins+2n1+na+nz+nst+ns

(@1 (D2 (@)ns (Dns (@)
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qn2n3 +nznat+nans+nz+ng+na+ns

R SN e e o e e

n2,n3,n4,n5>0

qn2n3+n3n4 +nans+nz+ng+nstns (q)

_ 1 Z na+ns+1
@ i Zin0 (@@ @ (@),
Z qn2+n5 n2+n5+1 Z qn3n4+(n2+1)n3+(n5+1)
oo na,ns >0 n2 ng,ngs>0 ( s (q)n4
Using this equals
1 qn2+n5 (Q)n2+7ls+1 1 _ 1 Z qn2+n5

(Do, 5= @na(@ns (@) (@@ )00 (@)%

ng,n520
B 1
(1—q)%(q)%’

For the first identity we use a similar argument. We get

Zq

neN§

ninz+nins+neng+ngng+nans+nit+nz+ng+nst+ns

Q)Tu (Q)ng (q)ns (q)n4 (q)ns

qnzna +ngnat+nans+ne+nz+nat+ns

= Z (g2 tnatl)

n2,n3,nq,n5>0

o (Q)nz (Q)n3 (q)m (Q)ns

qn2+n5

1
:(— Z 1—q"2+n5+1_ 2 Z n—qn7

q)oo n2,n52>0 Oo n21

as claimed. O
Next we consider the graph series associated to the graph
1
\8 ;

{ //

4 —-3

Fig. 1. Graph I's.
We need a result for the sum of squares of divisors.

Lemma 4.3. We have

ni+nz+nz+1

q —
n%g (1 — qn1+n2+1)(1 — qn1+n2+n3+1) =
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Proof. We can write the left-hand side as

Z (€+ 1)qk+1
oS (1 _ qZJrl)(l _ qk+1)
k>0

B éqk B qu' (qé +1-— qé)
2 TA-P 2, O

l—q

1<e< 1<e<
K>1 R>1

lghrt 1 k(k+1
Z (1_21)(1_ )+§Z (1_ :
1<t<k q 9 k>1 q
k>1
1 min(k, £)g"+* 1 1 k(k +1)g"

7§Z> (1—g*k)(1—¢q% 5; l—q 5; 1—gk

Finally plugging in [2, equations (5.4) and (6.5)]

min(k, 0)g"* n(n—1)¢" ng?
PO Iy I Vi P O

_ _ 27
n>1 1 q n>1 1 qn)

gives the claim. O

Remark. Recall Bell’s identity for the sum of squares of divisors [2, equation (2.3)]

q" 1 1 1 _ n2q”
Z(1*tz")2 (1q+1c12Jr +1(1")_;:

n>1 >1 1=qr
Curiously, in Lemma 4.3 we prove a slightly different identity

n 1 2 n n2q"
4 n( + 2+'”+ n>_2 qn'
IL=g¢"\1-¢q¢ 1-g¢ L—q l-q

n>1

Now we are ready to prove (1.4).

Proof of (1.4). We enumerate the vertices of I's as on Fig. 1. We use (2.8) for ny to
obtain

qn1n2 +ninst+ninetnang+nanztngnstngnegtnans+tnegnstnrng+nit+natng+natns+net+nz+ns

neNg (Q)m (Q)nz (Q)na (Q)m (Q)ns (Q)ns (Q)vw (Q>ng
Z qnzn3+n2n7+n3n4+n3n6+n4ns+nens+n7ns+n2+n3+n4+n5+ns+n7+ns
B | (qr2 st 6t ) (@D (D ns (D na (D s (Dne (D (@) ns

nanr+neng+nrng+na+ns+ne+nr+nsg

_ Z (Q)n2+n5+n6q

(@)oo N s g 17 s >0 (Q)ng (Q)ns (Q)ne (Q)n7 (Q)ns
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Z q

n3,ng>0

ngna+(na+ne+1)nz+(ns+1)ny

(Dns (@) ns
(q)n nsin qnzn7+nsns+n7ns+n2+n5+ne+n7+ns
2 5 6

1
- (@ 2 (q"5H oo (@27 ) 41 (@) nz (@)ns (@) (D) s (D) s

n2,n5,n6,n7,n8>0

nanr+negng+nrng+nz+ns+net+nz+ns

_ L Z (q)n2+n5+n6q

(qn2+n6+1)n5+1 (q)’ﬂz (q)ne (Q)m (q)ns

° ng,ns,ne,n7,n8>0
using Lemma 4.1 in the penultimate step. Using (2.8), we then rewrite this as

na+ns+ne

1 Z (q)n2+n5+n6q

(@)% (@n> (Dns (472 ) s 1 (72 oo (¢ H )y 41

— 1 Z (q)n2+n5+n6q

n2,ns5,n62>0

n2+ns+ne

(Q)go no,ns,ne>0 (q>n5 (qn2+n6+1)ﬂ5+1 (qn6+1)n2+1
1 no+ns+ne+1
_ 4 q n’q"
- (q)go Z (1 _ qn2+n6+1)(1 _ qn2+n5+n6+1 - 3 Z _ n’

na,ns,ne >0 n>1

where the last equality is due to Lemma 4.3. O

Remark. Lemma 2.6 implies that ¢(q)3, Hr,(q) is a weight 3 holomorphic quantum mod-
ular form.

5. D, graph series and the proof of (1.5)

In this part we investigate graph series associated to the graph of type Dy:

ninz+ning+ning+ni+nz+nz+ng

T O @n@n @,

We first obtain a representation for Hp, (¢) using Appell-Lerch sums. Using this result
we then rewrite it as an indefinite theta function of signature (1,1). We also discuss
mock modular properties and the asymptotic behavior as ¢ — 17. To view modularity
properties of Hp,, we use

(1) s

_1\n 11’L
Il(q) = Z 3 ) 12((]) = Z ( 1) 1+_ g

n n
nezZ\{0} (1—=g) nezZ\{0} 4

n(n+1)
2

which are mock modular. Moreover, we require the generating function for so-called
ranks of strongly unimodal sequences, explicitly given by U(—(;q), where

)= a" (e (CTa),, -

n>0
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Proposition 5.1. We have

—1

HD4 ((]) =

(5@ + 5,0~ B+ 1)) = iUt

(@)%
Proof. We use Euler’s identity (2.8) three times (for ng,ns, and ny) to write
g

HD4(q> = Z (q)n(Zn+1 Oo - 3 Zq )

n>0 )% n>0

U(1;q).

oo

To see the first identity, we use an identity of Andrews [3, equation (1.2)], giving

n ny  nBnt1)
U(l;q) = Z (-1) +1(1 +q")g 2
’ (@)oo \ 21 (1—q)?
n+1 n(n2+1)
— 2
S ey
n>1 n>1

1— Ez(

Rewriting the first and the third sum and using that >, -, (17‘1;”)2 = yields the

claim. 0O

We next prove the indefinite theta function representation of Hp, as stated in (1.5).
We note that similar formulas already exist in the literature; see for instance [13, Theorem
1.5,

Proof of (1.5). We have

n(3n+1)
2

(@)acU(1:q) = Z (=)™ (1 +¢")q B Z q" ) o Z (—1)"*+1ng

_ 2 _ 2 —
n>1 (1 q”) n>1 <1 q” n>1 1 q"

n(n+1)
2

We first apply Lemma 2.3 to combine the first and second sum in F'(¢q) to obtain

(_1)n+1 (1 + qn) q”("2+1) 1_ qn2
(@eU(L3q) == (ErE ( ) +2)°

n>1

Next we use the identity:

14+¢) (1=¢ n-1
_( +211)_(qn)2q >: Z(2m+ —2"Zq

m=0 m>n

which follows from expanding the left-hand side as a geometric series. Plugging this in,
we have
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n—1
n M nm nm
(@U(Li0) =D (-D)"q 2 [ > (2m+1)¢" +2n ) g
n>1 m=0 m>n
n+1 nndd) 4 nm
+2 D (-1 Hang
n>1m>0
(nt1y 22
= Z(—l)"q B Z (2m 41— 2n)g"™.

n>1 m=0

The claim now follows by changing n — n + m + 1 and using Proposition 5.1. O

Remark. Quantum modular and mock modular properties of U(1; ¢) are well-understood
and therefore follow for Hp,(q). In particular, this gives (as t — 0T)

—\3 _%H —t\ _ Tn —t n
(e7")e PAC )—Zm 51 )

n>0

where T}, are Glaisher’s numbers [13, Theorem 1]. Moreover, by [41], (¢)3.q2 Hp, (q) is
a mixed mock modular form.

Remark (¢-star graphs). It is worth noting that for every f-star graph X, £ > 3, we can

write

Hx,(q) = oL Zq (5.1)

OO>0

For ¢ = 2 we obtain the As-graph function discussed in Section 3, via (2.11). However
for ¢ > 3, we are not aware of any Appell-Lerch type series representation for the sum
n (5.1). It would be interesting to determine their quantum modular properties.

6. D5 graph series and the proof of (1.6)

In this section we consider the graph series of type Ds:

qnl na+ning+nins+nsns+ni+nz+ng+ns+ns

(Q)nl (Q)ng (Q)n3 (Q)n4 (q)ns

neNg

Our first result is the following Lerch-type sum representation.

Proposition 6.1. We have

Hosla) = 32 (lfqn)2
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Proof. To begin we use (6.1), and apply (2.8) three times to write

nin. n n q
I{D5 = Z q™ atni+ 4 7L1 = 3 Z — n+1 (6_2)

oo ny,ng>0 oo n>0

Using [36, Theorem 8|, with a = ¢, d = b*> — 0, and ¢ = ¢ and a direct calculation
yields that the following are a Bailey pair relative to (¢2, q),

n n(n+1) n n2 n
(—1)"q (1—|—q +1) (l—q +2 +1) )

Qn 1= ; ﬁn =
1—¢q2 (

Inserting this Bailey pair into Lemma 2.7, with g1 = 0o = ¢, yields

1 2)2 n()2a,
> Y a2 - @) 5@

= 9= -9 (@ 55 (62,

TL2 n
(-1 (14 1) g5 (1 g enn)

et (1 _ qn+1)2
n(n+1) 2
I G DI U DK A (1 —q" )
= —q 5 .
n>1 (1—q")

Plugging into (6.2) gives the claim. O

We next give an indefinite theta function representation for the series of interest,
proving (1.6).

Theorem 6.2. We have

> (1" 1+ ™5 (1-¢7")
n>1 (1 _qn)2

S o DO o IS

(Q)oo n,m>0 n,m<0

Proof. Let us first give a sketch of proof. The idea is to view this as an identity between
modular forms in trivial spaces. For this, denote the left-hand side by £(7) and the right-
hand side by R(7 ) Then define the completion Z( ) and ﬁ( ) (see (6.3) and (6.4)). We
then show that £ and £ as well as R and R differ - by the same function (see (6.5)). We
finish the proof by showing modulation of £ and R (see (6.9) and (6.13)).
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To find £ we write, using Lemma 2.3,

n(nt1)
3 (-)"(1+¢")q" %" _ Ey(r) -1
n>1 (1 qn)2 24
oy +q7) g 5 O
n 2 n 2 o !
n>1 (1—g") neZ\{0} (1—4q")

changing n — —n for the contribution from the term +¢™. Thus

L(T) =F(r) + M - (.7:(7') _ i + E2(7)> _ EQ(T).

24 24 8 12
Define
A = Es(7)
L(r) = F(r) - (6.3)
12
To find 7@, we write
1 1 1 n243n
5 2 (Sg“ (“ * 5) el (m * 5)) (=1)"(n + 1)2g™ 3" H3nmtsm? iam
n,meZ
q_l 1 1 "% ni 2
T2 > (Sgn (m - 2) + sgn (nz + 2)) (—1)"njg= Tz FImmnatinatn:
nez?
-1 82 1 1 4 )
= g? [@ (Sgn (m — 5) + sgn (n2 + 5)) 62m(n1(%+z+5)+n27—)qQ(n) ,
nez? o

2
where Q(n) := & 4 3niny + 3n3. Setting z := (22,5 + § + 2), 1 := (=2,1), ¢z =
(-1, %), and choosing y > 0 sufficiently small, we may write, using the notation from
Section 2,

Z (Sgn (m - %) + sgn (m + %)) 2mi(n (324 5)+n27) (Q(n)

nezZ?

B (o)) o)
nez?

Define

qiz 2 .
P(z;7):= O (27), G(r):= {—@(z;r)} , R(T):=— . (6.4)
(56) _

We next show that
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L () := L(7) — L() = R(r) = R(r) = R~ (7). (6.5)
For this, we rewrite the right-hand side of this identity. We start by computing

& " )
[@‘I’(Z?”] = 3 (g S

2=0 nez?

A e R e o R

For the first summand, write

2

n n
1 1
— 4+ —

n1\ 2 n n?

2 2
make the change of variables ny; — 2ny+4, § € {0,1}, ny € Z, and then let ny — no—n;.
Using the second identity in (2.5), the contribution to R~ is

1 ni\2 ni ni
- Z (—1)"1f(n1)q3("2+7) +na+5h) -5
ﬁ neZ?

S (1P Y @y a)g AT N Bt ) ety

56{0,1} ni1€Z no€Z

100 = | (s (n=2) e (o (- 2) )] |

By changing n; — —n; — § one sees that the sum on n; vanishes (since f is an odd

1
Nz

where

function).
For the second term in (6.6), write

1 3n3
(m +3n2)2+ — (n1 +3n2) _one @

n%+n1
2 2 2

5 5 +3n1n2+3n%—|—n2:

N | =

Then we shift n1 — n1 — 3ny to obtain that the contribution of the second term to R~
is

L ottt

ﬁ nez?

'”.2 L
_ _ﬁ Z (_1)n1+nzg(nl _ 3n2,n2)q71+7_7_77 (6.7)
nez?

where
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82 1 Y 1 1 Y 2 2mwing z
g(n) = [@ <sgn(n2+6+;)l‘(5,677(712—&—64—;) v]e _0.

Making the change of variables ny — —n; — 1, we see that

1 ni(n

ni€ZL

for any even function h. Thus we obtain that (6.7) equals
. n 1 ny(ny+1)
— 4y/i Z (-1)™ (m + 5) q—l 3

ni1€Z
X Z (=1)"2sgn | n —i—l s
g 2T 5 q

no€Z

0 1 1 Yy 2 —6mi(na+3)z
X[% <1"<§,67r<n2+6+;> v)e 70.

The sum on n; is

q

0of=

S (1) 20 4+ 1)gs Dt = (),
n120

The sum on ny is

L no—1 _335 0 1 Y\ 2 —6mingz
q Z (—1)"* " ssgn(na2)q {& (F (5,677 (ng + ;) v> e >] . (6.8)

n2€Z+é

We then compute, using (2.6),

0 1 2 —6mingz . 1
[82 (F (2,677 (ng + %) v> e~ bminz )L_O = 3minoI’ (2,6777130) .

Thus (6.8) equals (upon changing ng — —ng)

1 3n3
3mig2 Z (—1)"2_é\n2|F (—5,67m§v) e

n2€Z+é

1 3n3
= 3mig? Z (—1)"2+5|ny|T (—5,67711%11) ¢z
no€Z—%

From this we obtain (6.5).
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We next determine the transformation laws of £ and of R. By Proposition 2.4 and
(2.2),

Fir+1) = £(r), E<—1> — 27 () + % (6.9)

We show that R satisfies the same transformation laws as L. By Proposition 2.5 we
obtain

- 2 Q(—2z,— A4 F 42+ 1) ((_ LT é—T) ; )
— e 6176 30 13 22, + +z+ T -
V3 Z (3 6) 6 6 3

£ (mod 3)

Changing z — —z and using Proposition 2.5 (2), we compute

e (e Sy (g e 3) ))]
— e HTsTeTETE)O —2z,— _|_ +z 4+
[822 (zlaz) 6 2=0
s
6

82 2mi T 1 T
— |2 (225 -F+2—F) 2y = — — - .
o= ( o (( i) 7))L

1 L eE
g( T) 0 8/3x2
82 2mi 1_ T or 1 T 67—
= Q(-2z5-5+2— %) 9y = L T .
UPIREEIC oun ((2=a-5-5)7)],

Now we choose ¢ € {0,—1,—2}. Using Proposition 2.5 (2) and (3), we see that the
contribution for £ = —2 is an odd function evaluated at zero, and as such vanishes.

Using Proposition 2.5 again to relate the remaining theta functions we obtain

1 ’iTB 1 82 2miz? 1 T
[ [ s v R I ) 9, — 4 . . 1
5(=3) =it [gm (e (545 +2) 7)), om0

Now

(o (a5 0e) 7))
— e 7 O/n: 22, =+ -+ 2|7
|:822 (;é) 6 6 z=0

2 1 T 4mi 1 T
{a 29(19) ((2276%“)” L_O‘T@@,z) ((‘*6*6)”)'

The first summand contributes
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—iT3G(T). (6.11)

We next claim that

ouy ((h5+5) ) w2 o2

For this, we make the same changes of variables as in the proof of (6.5) to obtain that

°uy ((4575)7)

- Z (=™ (Sgn(nl) +sgn <n2 + %)) q§+%+3mn2+3ng+"2~

nez?

One can now show (as above) that both sides of (6.12) satisfy the same transformation
law and lie in a one-dimensional space. Computing one coefficient then gives that they
are equal.

Using (6.9), (6.10), and (6.11), we obtain that

R(r+1)=R(r), R (—1> — 2R+ T (6.13)

T o

This shows that R(7) — £(7) is a weakly holomorphic modular form of weight two for
SL2(Z). Since one can prove that it does not grow it has to be zero. O

Remark. Propositions 6.1 and 6.2 give that Hp, is a mixed mock modular form, as
claimed in Theorem 1.4.

7. Graphs with multiple edges: Kontsevich-Zagier type series

In this part we contemplate graph series with multiple edges. Series of this type do
not connect directly with the geometry of jet schemes, but they do naturally appear in
vertex algebras (see Theorem 2.2). Here we focus on the two simplest examples coming
from the graph

of type Bs, and from the graph
o — 0 =20
of type Bs. In the setup of principal subspaces, we consider additional g¢-series arising

from cosets in the dual lattices (these compute characters of modules). Thus for By we
obtain three g-series
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2ninatnitng 2nin2+n1+2n2
g q
PP SR iR Y il
711%2:20 (Q)n1 (Q)nz ) a0 (Q)nl (Q)nz
q2n1n2+2n1 +2n9
F(q) := —_—
”17"220 (q)nl (Q)ng

Let us now recall two remarkable false theta functions used to compute unified WRT
invariants of the Poincaré 3-sphere [30]. For this we let

(=1)ls) if n2 =1 (mod 120),
X+(n) = .
0 otherwise,

(=1)ls6)  if n? =49 (mod 120),
x-(n) = ,
0 otherwise.

Then the two g-series

ZX+ q7120 , ZX 7497

n>1 n>1

combine into a vector-valued quantum modular form of weight % [30, Section 4]. The
following proposition relates the functions Fy, F5, and F3 to these false theta functions.

Proposition 7.1. We have

q! (é+(Q) - 1)

Fi(q) = , Iyq) = . F3(q) =
Proof. Using (2.8), we obtain
qn1+(2n1+2)n2 M 1 1
Fy(q) = N N~ = q" (¢" .
me @i (@), MXZ:O (@n, () (D)oo ,;) (@ s

The sum is known to be ¢~ (0, (q) — 1) by (3.14) of [24]. For the first identity, we write

Z q Z 2n1+1 Z ¢" (")

n1,m2>0 Jns (q n1>0 oo n>0

ni+(2n1+1)n

and use (3.13) of [24]. Easy manipulations then yield

F3(q) = ¢ *Fi(q) — ¢ ' Fa(q) —

which implies the formula for F5(¢). O
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For a graph I' of type Bs we record similar identities. We first consider a slightly
shifted version of Hr(q) given by

q2n1 na+nanzg+ni+2n2+ns
H o
1(g) = >

neNg (D1 (D (@Dng
As before, using Euler’s identity (2.8) gives

-1 ni+1 -1 n+1

q q q q

(9)oo MEZ:O (1 =¢**2) (Dn, (@)oo ;Z:O (1+¢"") (@t
-1 n

q q
(@)oo nz;l (1+¢") (@)n

We can rewrite the right-hand side using a sum of tails identity [5, Theorem 4.1] as
= WL Z — (@)oo) -
oo n>1

By (2.10) with ¢ = —1, we have

STED (@n — @oe) =Y 6" (@)2n—2-

n>0 n>1

This can be further expressed, using (2.11), as

% _|_1_|_Z nn+1

n>0

The last sum, o(q) = 14+ Y_,,50(—1)"¢" " (¢)n, is a quantum modular of weight zero
(see the examples in [45]).
For the graph series

q2n1n2 +nenz+ni+n2+ns

H2(Q) = ’
neNg (Dny (D)ns (@)ng
we first deduce that
1 q™ _ 1
0 =50 2 T, - (- 00- o 24" (@)zn ~ (@)),

by [5, Theorem 4.1] and [43, Theorem 2]. Recall formula (2.10):
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D @Dn— (@) =D " (1 +C+ -+ (@nor
n>0 n>1

We extract all even powers of ¢ on both sides of this equation:

> (@)2n — (@)0)

n>0

=3 (14 H ) P Qa2+ Y (1) ¢ ()2n1

n>1 n>1

Letting ¢ = q?, the right-hand side can be written as

%q (1 =" (@)2n—2 + (1 = ¢")* (9)2n-1) -
n>1

Next we use (2.11) to get

Z (@ (D22 + ¢*"(Q)2n1) anH =1—(q)so-

n>1 n>0

We rewrite the remaining sum

S (=" D2n-2 — " (D2n-1) = = D" (@2 — D> " (@)2nt1-

n>1 n>0 n>0

Hence we have

Hy(q) = ! 1— Z (q3”+2(q)2n + q3n+3(Q)2n+1)

(1-a) ()3 =
8. Further examples and the proof of (1.7)

Here we consider a few more complicated graphs.
8.1. 3-cycle

As shown in [25], for the three cycle graph T' we have

qn1n2 +ninz+nanz+ni+nat+ns

2 D@, Z )
where the sum on the right-hand side is x1(gq), a fifth order mock theta function of
Ramanujan. Such mock theta functions were introduced in Ramanujan’s last letter to

Hardy.
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011

Since det(Cr) = 2 for Cr = (1 01 |, it is natural to consider an additional g-series
110

coming from the nontrivial coset. We obtain a related identity for another fifth order

mock theta function xg

qn1nz+nqns+n2n3+2n1+nz+n3 1 n -1

_ q _q 3
neNg (Q)nl (Q)n2 (q)ns - (Q)oo = (qn+2)n+1 - (q)oo (XO(Q) 1))

%

Interestingly, xo(g) and x1(¢) combine into a vector-valued quantum modular form [24].
8.2. Graph series of Fg

Now I' is

and the graph series is

qnl nz2+ning+ningt+nans+nznet+ni+nz+ns+ng+ns+ne

(D1 (D (Dng (D na (D s (@)

HEG (Q) =
neN§

We next prove (1.7).
Proof of (1.7). We compute

n1(na+nz+ng)+nons+nzne+ni+nz+ns+ns+ns+ne

(D1 (Do (Dng (D (@ ns (Dng

Hp(q)= Y 2

e (n2e+ns+ng)+ni+ns+nz+ng

(@Dn1 (@ ns

1
:(2 Z

n1,n2,n3,m4>0

— 1 Z qnl(n2+n3)+n1+n2+n3

ni,n2,n3>0

SZ_n+1_BZ 2_ San'D

n>0 n>1 X n>1

We finish with two examples coming from affine Dynkin diagrams.
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8.3. H-graph (or Dgl))

Here we consider I" to be an H graph as in the picture:

e—— 0o — —o
This graph series is given by
qn1n2+n1n3+n1n4+n4ns+n4ns+7L1+n2+n3+n4+ns+n6

Hr(q) = Z
neN§

(D1 (@D na (Dns (D s (Dns (@ne

From this we easily find that

Hr(q

Z qmn+m+n (@Dm(@Dn-

)OO n,m>0

It would be interesting to explore modular properties of this double series. We believe
that it is a (higher depth) quantum modular form.

8.4. Ty-graph (or Eél))

The next example is obtained by adding an extra node to an Eg graph.

oe—— 90— —0— —0— — 0
Here we get

Hr,(q) = Y

qm ne+nang+nans+nanegt+ngng+nsns+ni+nz+ns+ng+ns+ngt+nr

(@D (D2 (D ns (D s (Dns (@ ng (@) nr

neNJ
1 ni+nz+ng 1 2 n
4 Z q (q)n1+n2+n3 YV Z (n +3n+ 2) q (Q)n
(q)oo j >0 (q)oo >0
ni,mz,N3 -~ n=

The last sum can be expressed as a sum of tails by differentiating (2.10) with respect to
¢ and then letting ¢ = 1. This immediately gives

HT2 - 4 Z n+1 (Q)oo)
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Since Y, ~0((@)n — (¢)) is & quantum modular form, it would be interesting to inves-
tigate modular properties of the sum

Z n((@n = (@)oo) -

n>0

9. Conclusion and open questions

We hope that this paper generates interest in graph series and their modular proper-
ties. However, unlike Nahm sums, they seem not to give rise to usual modular forms even
for very simple graphs. Instead we obtain interesting combinations of mixed quantum
and mock modular forms. This raises two natural questions:

Is there a simple graph T', not totally disconnected, and a € Q, such that ¢ Hr(q) is a
modular form? Can we characterize which graphs have which types of modular properties?

We point out that for many examples we are not aware of any modular properties.
This is the case for the following graphs:

q ! 1 el
> (A1) (@n — (@) s (5t >4

14
0 =5 (@)% =5
1 1 qnm
) n,m>0 q) n,m>1 q)n+m—1

corresponding to Ty, f-star graphs Xy, ¢ > 4, H, and 4-cycle graphs, respectively. We
hope to return to these examples in future work.

Data availability
No data was used for the research described in the article.
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