INDEFINITE THETA FUNCTIONS ARISING IN GROMOV-WITTEN
THEORY OF ELLIPTIC ORBIFOLDS
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ABSTRACT. In this paper, we consider natural geometric objects coming from Lagrangian Floer
theory and mirror symmetry. Lau and Zhou showed that some of the explicit Gromov-Witten
potentials computed by Cho, Hong, Kim, and Lau are essentially classical modular forms. Recent
work by Zwegers and two of the authors determined modularity properties of several simpler pieces
of the last, and most mysterious, function by developing several identities between functions with
properties generalizing those of the mock modular forms in Zwegers’ thesis. Here, we complete the
analysis of all pieces of Cho, Hong, Kim, and Lau’s functions, inspired by recent work of Alexandrov,
Banerjee, Manschot, and Pioline on similar functions. Combined with the work of Lau and Zhou,
as well as the aforementioned work of Zwegers and two of the authors, this affords a complete
understanding of the modularity transformation properties of the open Gromov-Witten potentials
of elliptic orbifolds of the form ]P’,ll’bﬁc computed by Cho, Hong, Kim, and Lau. It is hoped that
this will provide a fuller picture of the mirror-symmetric properties of these orbifolds in subsequent
works.

1. INTORDUCTION AND STATEMENT OF RESULTS

Cho, Hong, and Lau [4] described open Gromov-Witten potentials for elliptic orbifolds (and
homological mirror symmetry). Explicit expressions for these were computed by Cho, Hong,
Kim, and Lau [3]. Recently, Lau and Zhou [I1] investigated the modularity properties of some
of these Gromov-Witten potentials. In the course of their work, they showed that several of them
are essentially modular forms, a fact which they show closely related to their mirror-symmetric
interpretation. More precisely, they considered the four elliptic P! orbifolds denoted by P! for
a€{(3,3,3),(2,4,4),(2,3,6),(2,2,2,2)}. For these choices of a, Cho, Hong, Kim, and Lau explic-
itly computed the open Gromov-Witten potentials W, (X, Y, Z) of P., which are polynomials in the
variables X,Y, Z. The reader is also referred to [3], 5] 6] for related results, as well as to Sections 2
and 3 of [11] for the definitions of the relevant geometric objects. These generating functions turn
out to have quite natural modularity properties, as Lau and Zhou proved in Theorem 1.1 of [I1].

Theorem (Lau, Zhou). For a € {(3,3,3),(2,4,4),(2,2,2,2)}, the coefficients of W,(X,Y, Z) are
essentially linear combinations of modular forms.

Such results are particularly useful as they allow one to extend the domain of these potentials
to global moduli spaces. In fact, this connection provides the geometric intuition for why modular
or at least near-modular, behavior may be expected (cf. [3]). In the last case a = (2,3,6), the
relevant functions fail to be combinations of ordinary modular forms. However, it is natural to ask
whether a suitably modified transformation still holds.

Question (Lau, Zhou). Can a simple description of the modular transformations of Wy(X,Y, Z)
be given for a = (2,3,6)?
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and Dynamics (CRC/TRR 191) of the German Research Foundation.
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The first steps towards addressing Lau and Zhou’s question were taken in [2], where new gen-
eralizations of mock modular forms were defined and utilized. However, several remaining pieces
remained out of reach due to lack of theoretical structure for such series. In the meantime, im-
portant new work of Alexandrov, Banerjee, Manschot, and Pioline [I] has further explained and
generalized the class of functions considered in [2], leading to a new theory of non-holomorphic
modular objects extending those considered in Zwegers’ seminal thesis [15]. The understanding
of the structure of these non-holomorphic modular forms was furthered by Kudla in [9], where
he showed that they can be viewed as integrals of Kudla-Millson theta series (cf. [10]). Further
extensions to a general, geometric setting were given by Westerholt-Raum in [I3]. The authors
have also been informed that forthcoming work of Zagier and Zwegers will further fill in details of
the general picture.

Here, we push things one step further by showing how to interpret the last pieces of Lau and
Zhou’s functions in terms of further classes of modular-type objects. As we shall see, these cannot
be accounted for by the means presented in [I] due to unique features naturally arising in these
functions which seem to deviate from the most basic higher type indefinite theta functions. In
particular, we solve this question by providing “simpler” completion terms which combine with
the coefficients of W, to yield modular objects. These are, in the language of Zagier and Zwegers,
known as higher depth mock modular forms, which are automorphic functions characterized and
inductively defined by the key property that their images under “lowering operators” essentially
lie in lower depth spaces (for example, in the case of classical “depth 1”7 mock modular forms, the
Maass lowering operator essentially yields a classical modular form).

Theorem 1.1. The function cz is a higher depth mock modular form.

Remark. The higher depth structure of ¢z may be deduced from its “shadow”, the computation of
which is discussed in the proof of Lemma (cf. the remark after Lemma the word “shadow” is
justified since it is essentially the image under the Brunier-Funke operator & for classical harmonic
Maass forms).

The answer to Lau and Zhou’s original question about the modularity of ¢z can be directly read
off of the transformation of the completed function in Theorem Although we do not explicitly
write it down here, the interested reader can see and the surrounding text for a discussion
of how to determine it. After using explicit representations due to Lau and Zhou, the key step
in the proof of Theorem is to understand how to complete a certain indefinite theta function
of signature (3,1) (see below). (Throughout, the second component denotes the number of
negative eigenvalues).

The paper is organized as follows. In Section 2, we recall general indefinite theta series due to
Vignéras and in particular give examples in signatures (1,n) and (2,n). In Section 3, we introduce
the generalized error integrals which are our building blocks and investigate some of their proper-
ties. In Section 4, we rewrite certain generating functions in Gromov-Witten theory and start the
investigation of their modularity properties. Section 5 is then devoted to modularity properties of
a certain indefinite theta function of signature (3,1).
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2. INDEFINITE THETA FUNCTIONS

2.1. Results of Vignéras. Let B(n,m) := n” Am be a symmetric non-degenerate bilinear form

on RY(N € N) which takes integral values on a lattice L C RY and set Q(n) := £B(n,n). Further
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let 4 € L'/L (where L' is the dual lattice of L), A € Z, and a function p : RY — C. Following
Vignéras, we define the following indefinite theta function (r=u+4+iveH 2 =x+iy e CV,
q:= 627”7')
Ourapa(57) = Ou(zim) =072 3 p(Vo(n+ L)) gin AneamiBlen), (2.1)
nep+L v
Vignéras [12] gave conditions under which the indefinite theta series are in fact modular.
Theorem 2.1 (Vignéras). Assuming the notation above, suppose that p satisfies the following
conditions:
(1) For any differential operator D of order 2 and only polynomial R of degree at most 2, D(w)(p(w)e™@®))
and R(w)p(w)e™@™) belong to € L*(RN) N L (RY).
(2) Defining the Euler and Laplace operators (w := (w1, ..., wn)T, Oy = (
E:=w'd, and A=A, :=0LA719,,
for some \ € Z the Vignéras differential equation holds:

1
(5— 47TA)p-)\p.

Then, assuming that ©, is absolutely locally convergent, we have the following modular transfor-
mations:

d & \T
Jor Fom) )

R WipiA
0, (Z;_1> _ (—ir)*" T B(ATI AT, AT AY) Z o 2miB(pw)+ 2 20, (2 1),
TT IL'/L] erL
Ou(z;7 + 1) = emiBatsA T A4 ) g (o),
where A* == (Aq1,. .., AN7N)T.

To simplify the calculations below, the following lemma allows us to restrict to specific diagonal
matrices. In particular, writing A = P~T DP~! with P € GLy(R) and D := diag(1,...,1,—1,...,—1)
(with uniquely determined signs), we easily obtain the following.

Lemma 2.2. Assume the notation above. If p(x) := p(Px) satisfies Vigneras’ differential equation
for D, then ©, 1, A p\ transforms like a vector-valued Jacobi form.

Remark. We frequently make use of the well-known fact that specializing the elliptic variable of
Jacobi forms to torsion points yields modular forms or related objects. (See [7] for the classical
one-dimensional case).

We next introduce a differential operator which, when applied to Vignéras’ theta functions, often
makes them simpler. Let

N

0

X_ = —2Z.’U2% — QZ'UZy]az,
7j=1

be the (multivariable) Maass lowering operator which decreases the weight of a (non-holomorphic)
Jacobi form by 2. A direct calculation gives.

Lemma 2.3. We have
X_ (@,Uf’L»A:P)\) = @,L"’L’A7PX7A
with

N
px(@) =Y x;0x; (p(x)).
j=1

3



Remark. We let ©,1 4, be the holomorphic part of © (whenever this is well-defined as we
comment on later) and call it higher depth Jacobi form with shadow ©, 1 4,y x- Specializing to
torsion points yields higher depth mock modular forms.

2.2. Examples of indefinite theta functions. Although Vignéras’ beautiful theorem has a sim-
ple statement, it is far from obvious how one can find appropriate functions p such that the corre-
sponding indefinite theta function converges and which has a fixed, desired “holomorphic part”. In
his celebrated thesis [15], Zwegers succeeded in doing this for quadratic forms of signature (n, 1).
In this case, the usual error function

w 2
E(w) := 2/ e ™ dt
0
plays a vital role. For comparison with functions we shall need later, note that, as w — 400,
E(w) ~ sgn(w). (2.2)

Moreover, we clearly find that
2

E'(w) = 2e7™".

Also note that £ may be written as
E(w) = / sgn(t)e_”(t_w)th.
R

To discuss Zwegers’ breakthrough, we now fix a quadratic form @ of signature (n,1). We must
first discuss a few preliminary geometric considerations to describe the full behavior. The set of
vectors ¢ € RV with Q(c) < 0 splits into two connected components. Two given vectors ¢; and co
lie in the same component if and only if B(cj,cy) < 0. We fix one of the components and denote
it Cg. Picking any vector ¢y € Cg, we then have

Co={ceR":Q(c) <0, Ble,cp) <0}.
Then the cusps are those vectors in the following set:
Sq = {c = (c1,¢2,...,¢N) € zN ged(ep, ea,...,en) =1, Q(c) =0, B(c, ) < ()}.

A compactification of Cg may be formed by taking the union C¢ := Cg U Sg. Defining for any

cE Z?Q
R() RN if ¢ € Cy,
c) =
{a €eRY : B(c,a) ¢ Z} ifce€ S,

we set

D(c) == {(2,7') cecV xH:Y e R(c)}.

v

Zwegers’ indefinite theta functions, which transform as modular forms and which are (almost

always) non-holomorphic, are defined as follows. For (z,7) € D(c1) N D(c2), we consider the theta
function

A Y. Q(n) L2miB(z,n)
O(z;7) = Z p (n + U,T) qve ) where (2.3)
nezZN
p(n;7) = pg ?(n;7) = p (s 7) — p2(n;7) with (2.4)




Here and throughout we use the usual convention that for x € R, sgn(0) := 0 and sgn(x) = z/|x|
for x € R\ {0}. Note that the cuspidal case, ¢ € Sg, may be viewed as a limiting case of the general

situation (for example by (2.2))).

Zwegers showed that (2.3]) indeed converges. This is far from obvious, since the indefiniteness of
Q implies that ¢2 is unbounded for n € ZV. In fact, as in our case, this is one of the more subtle
and substantive aspects of his proof of modularity. The main reason for the interest in this theta
function lies in the Jacobi transformation properties of 6, which are described using the following
auxiliary set:

D(c) :={(at +b,7): 7T €H,a,b € R",B(c,a), B(c,b) € Z} .

Theorem 2.4 (Zwegers). Assuming the notation above, the function 6 satisfies the following trans-
formations:

(1) For all X € ZV and p € A7'ZN | we have (e(z) := €>™®)
0(z+ A+ p;7) = ¢ OWNe(=B(z,1)0(z; 7).
(2) We have
0(z;7+1) =0 <z + %A‘lA*; T> .

(3) If (z,7) € D(c1) N D(c2), then

N
2

0 <i —i) = i% neAlZZ:N/ZN e <Q(z - m)> 0(z + nr; 7).

In a pathbreaking paper, Alexandrov, Banerjee, Manschot, and Pioline [I] then generalized
Zwegers’ construction to quadratic forms of signature (n,2). We do not state their beautiful results
as we do not require them for this paper. We only note in their setting F got replaced by (a € R)

Es(a; wi, ws) 2—/

sgn(t1) sgn(te + atg)e*”(wl*t1)2*”(w2*t2)2dt1dt2.
]RQ

We note for comparison that their notation slightly differs from ours. We have, as A\ — oo,

Es(a; Awy, Awg) ~ sgn(wy ) sgn(wg + aws). (2.5)
Moreover
(82, + 02, + 27 (1B, + w300,) ) Bz (a1, w0) = 0, (2.6)
2 _mlwgtaw)® / qqpy — w1>
Owoy B (v w1, we) = ——e 1+o? B ————— ), and 2.7
i B2 (051, 102) = Ty (s 27

2 _ m(wytawy)? _

—e 1+o¢2
V14 a? V14 a?

3. GENERALIZED ERROR INTEGRALS

In this section, we introduce higher-dimensional analogies of the error function, following ideas
of [1I [14].
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3.1. Definitions and basic properties. The authors of [I] proposed a 3-dimensional analogue
of E5, namely

E;(Ozl, Q, 33 W1, Wa, wg) = / sgn(t1 + ajasty + Oégtg) Sgn(tQ + asasts + Oégtl)
R

X Sgn(tg + Oég()éltl + Oéltg)6_77((1”1_t1)2+(w2_t2)2+(w3_t3)2)dtldtgdtg.

Here we define a modified version which is convenient for our explicit functions. After finishing
this article, Pioline pointed out to the authors that there is an explicit map from the suggested
higher dimensional F3 function of [I]; however, our function may also offer some advantages as it

seems easier to directly work with in at least some examples. We define a generalized error function
N(N-1)

En:R 2z xRN 5 Rby
En(a;w) (3.1)

= / sgn(t1) sgn(te + aity) sgn(ts + asty + agts) - - - sgn (tN + ... F+avw-1 tN,1> eiWHt*w”%dt,
RN 2

where ||a|]2 := Va”Ta denotes the Euclidian norm. Note that we use || - ||2 for different dimensions,
the meaning being clear from context. Higher-dimensional En collapse to lower-dimensional ones
if certain o are 0. For example,

E3(0470?O; w) = E2(a;wlaw2)E(w3)a (32)
E3(0, , 0;w) = E(w2) Ea(a; wr, ws3). (3.3)

From now on, we restrict to N = 3, however most of our statements hold for general N. The
following lemma, which generalizes (2.2)) and (2.5)), describes the asymptotic behavior of Ex, which
is crucial in the construction of the appropriate completions of Lau and Zhou’s functions.

Lemma 3.1. For any a = (a1, as, a3),w = (w1, wa, w3) € R, we have, as X — 0o,
En(a; Aw) ~ sgn (wy) sgn (wg + aywy) sgn (ws + agwy + azws) .
Remark. Throughout the paper, we write En(a;w) ~ * to mean that En(a; Aw) ~ % as A — oc.
Proof of Lemma [3.1t Changing variables yields
FEs (a; w1, Wy, w3) = / eiﬂtTMt sgn (tl + wl) sgn (tg + 1)2) sgn (t3 + 1)3) dt,
R3
where ¢ := (t1,t2,13)7,v9 1= wy + aywy, v3 1= w3 + asw; + azws, and

2 2
1+ (vas —az)* +af —oq —asz(aias —az) ooz —as
M :=| —a1 — az(agag — az) a?+1 —o3
Q103 — Q2 -3 1

Note that det(M) = 1 and that M is positive-definite.
Then consider the difference

Es(a; Awy, AMwg, Aws) — sgn (w1) sgn (we + aqwi ) sgn (w3 + asws + agwi)
= /3 e*”tTMt(sgn (t1 + Av1) sgn (2 + Ava) sgn (t3 + Avg) — sgn (v1) sgn (v2) sgn (vs) ) dt.
R

It is easily checked that the integrand vanishes whenever |t;| < Alv;| for all j. Denote the comple-
ment of the cube given by these three inequalities for ¢ by B(A). Outside of B(\) we bound the
sum by 2 and obtain the following as an upper bound of the absolute value:

2 / e~ Mt gy
B(\)
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Since M is positive-definite, this converges to 0 as A — oo whenever v; # 0, proving the statement
in this case. If (at least) one v; vanishes, the integral expression for E3 vanishes which may be seen
by changing t; — —t;. O
Certain sign-factors that occur throughout our investigation turn out to not quite have the
correct shape. For this, the following elementary lemma, whose proof we skip, is useful.
Lemma 3.2. For a,b,c € R\{0} and A\; > 0 (j = 1,2,3), € € {£1}, we have (unless (A1, A2) =
(0,0))
sgn(a)sgn(b) = —e + sgn(Aa + \aeb)(esgn(a) + sgn(b)) (3.4)
and (unless (A1, A2, A3) = (0,0,0))
sgn(a) sgn(b) sgn(c) + sgn(a) + sgn(b) + sgn(c)
=sgn(Aia + Xab + Azc)(sgn(a) sgn(b) + sgn(a) sgn(c) + sgn(b) sgn(c) + 1).
Remark. Applying Lemma to FEo(a;w) gives, for a # 0,
By wi, we) = B(wi)E(ws) — sgn(a) By (o' we, w1) + sgn(a).

(3.5)

In the “cuspidal case” considered below, we must allow certain values to be 0. To do so, the
following lemma turns out to be useful.

Lemma 3.3. For oy, as, ag, w1, wa, ws, ws € R with as, ajas — as # 0, we have

E3(a; w1, we, w3) 1= TIEI;OE?, (a1, Tag, Taz;wi, ws, Tws)

= sgn(az)E(w;) + dsgn(as)E (W> _5E (wg + agwy + a3w2>

\/a%#—l \/a%—kag

— sgn (agws) <1 + 0Es (a1; w1, wa) + Fo (052(13_1; wi, aglwg + w2)

oo + a3 wy + oqw a2 +1 ajag — o) (ajwy — w
6B 102 f a5 wy F gy ¢ <w3+(13 22)(12 1)> 7
—Qg + 1o a% +1 —oaz+ajag aj +1

where § := sgn(asg(ae — ajas)).
Proof: We directly compute that
E3 (a1, Taz, Taz; wy, wa, Tws)

Toge / e~ lItlI3 sgn(t1 + wy) sgn(te + arty + we + aywy) sgn(asty + aste + ws + asw; + agws)dt.
RB

The integral over t3 may now be computed to be 1.

To determine the remaining two-dimensional integral, we use Lemma with A\ = |ag —
011013|, Ay = |053|, A3 =1, a= 5(t1 — wl), b =ty 4+ aiti + v, and ¢ = sgn(—ag)a2t1 — ’O£3|t2 +
sgn(—ag)vs, where vy := wy + ajwi, v3 := w3 + aew; + agws, gives that the product of the signs
equals (outside the zero set given by abc = 0)

sgn(a3)5<sgn (0 (t1 + w1)) + sgn (t2 + aity + v2) + sgn (sgn(—ag)asts — |aslte + sgn(—as)vs) )
— sgn(agws) (1+ sgn (6 (b +wi)) sgn (2 + antr + v2)
+ sgn (0 (t1 + w1)) sgn (sgn(—as)asty — |ag|ts + sgn(—as)vs)

+ sgn (2 + aqty + v2) sgn (sgn(—ag)ast — |aslts + sgn(—ag)vg)).

7



We compute all like integrals separately. The terms — sgn(asws) and sgn(as) sgn(t; + wq) directly
give — sgn(wsas) and sgn(ag)E(w1), respectively.

To consider the contribution from sgn(ag)d sgn(te 4+ a1ty +v2), we define the orthonormal matrix
1

M= (ad4+1)72 (" all) Since M; is orthogonal, || Mit||2 = ||t||2. Thus, the contribution from
this term gives

2

1
5sgn(a3)/ et sgn (tl + (a% +1) 2 vg) dtidte = dsgn(as)E T
R2 Oél + 1

The contribution from —d sgn(agty + asty + v3) is treated in exactly the same way, giving

BB\
Va3 + a3
Next, we consider the product of two sgn-factors. The terms —d sgn(asws) sgn(t; + w) sgn(te +
a1ty + v9) and —d sgn(azws) sgn(ty + wy) sgn(agagltl + 1y + 043_11)3) yield the contributions

—d0sgn(asws) Eay(ar;wi, wy) and —o sgn(agwg)Ez(agag_l; w1, Ck3_11]3 — ozzozglwl), respectively.
Finally

sgn (w3) / e~ tlI3 sgn (to + agty + vg) sgn (aety + asgte + vs) dit
R2
= sgn (wg)/ e Itl3 sgn <(M1t)1 \JaZ2+1+ 1)2) sgn (aot1 + asty + v3) dt
RQ
_1
= sgn (wg)/ e~ mlItIZ sgn (tl + (oz% + 1) 2 v2> sgn (Oéz (]\47115)1 + as (]\47175)2 + vg) dt
RQ

— 5 sgn (agws) E aag+a3 a?+1 <U_a1oc2+agv>
ST —042+061043’\/a%+1’—042+041043 ¥ a?+1 2)

We next show that the function E3 satisfies a special differential equation.

Lemma 3.4. We have

(812[,]. + 2wj8wj> Es(a;w) = 0.
j=1

Proof: We write
Ez(o;w) = / sgn (t1) em(ti—w)?
RQ
X / sgn (t2) sgn (t3 + (2 — a1az) t1 + aste) e ((t2mwa—aaty)* +(ts—ws)”) gy
RQ

= / Sgn(tl)EQ (043; wg + aty, ws + (012 — 041043) tl) e_w(tl_w1)2dt1.
R
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Applying the operator on the left-hand-side gives
9 —m(t1—w1)?
Sgn(tl)aT ((—27Tt1)6 1= ) Ey (043; wg + aty, w3 + (Otg — alag) tl) dty
R 1

—I—/sgn(tl)(—27rt1)e_”(t1_“’1)2
R
(1,0)
X OzlEQ (ag; wo + a1y, w3 + (a2 — 041043) tl)

+ (a2 — aqa3) Eéo’l) (a3;wo + arty, ws + (2 — ara3) 751)) dty

0
= —27T/ Sgn(tl)aitl (tlefﬂ-(tl*wl)ZEQ (043; wo + a1y, w3 + (042 — Ozlag) tl)) dty =0,
R

by (2.6) and the chain rule. This gives the claim.

Lemma 3.5. We have

7r(1+a§) 9
owsE3(a;w) = : 2€—W(w3+a3w2+a2w1)
V1+ai
Qo3 — (1 (CM% + 1) (UJQ + Ozgwg) Qg — (1 + Clg) w1 3wz — w2
X E2 ; 3 3 ’ 5 )
V(1 +03) (1403 +0a3) V1+a3+oj Vi+a
7r(1+a§ 2
Ous By ) = —ol e Trerag (oo
N
< E agag — o (0F + 1) (w2 + azws) ag — (14 a3) wr azws —ws
2

J+a3) (1+a3+a) Vi+a3+a VAR

2 _ _ 2 Qo — (13 W1 — 1wy
+ & 71'(0:111)1 w2) E2 5 , W3 |,

V1+a? Vital J1+a?

_ )

8w1E3(O[, w) — 20{1 (1 + a2 a?)) e 1+a%+a§
v/ 1 —|—oz§

oz —ag (a3 +1) (w2 + azwz)az — (14 03) w1 azws — wo

Jrad (eagead’  Videdted Vv

2 a9 — 1Q3) _ 2 Q) — 13 W1 — Xpwy a2
+¥e o —w2)" ; w3 | + 2B (3w, w3) e "L

V1+a? Vital J1+ad’

Proof: In the proof of Lemma [3.4] we see that

(w3+azwat+aswr)?

XE2

Es(a;w) = / sgn (t1) e*“(tl’wl)QEg (as;wa + ajty, ws + (ag — ajas) ty) dty.
R
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We apply first (2.7) to get
81[}3 E3 (a; w)

— / sgn (tl) e*ﬂ(t17w1)2 Le, 1+7To¢:2; (w3+a2t1+a3w2)2E <a3 (w3 + (Ozg — 051043) tl) — (u}2 + a1t1)> dty
R

V14 a3 V1+ a3

(1+of)x 2 _ < e R 3 2 2
92 AT et + |/ 1+ad+aiti+ ((ws+azwa)as—(1+03)w: )
_ _e 1+a§+a§(w3 azwztazw) /sgn (t1)6 \/1+ad+a?
V1+az R
2
o0z — q1os — o) B + azws —w
B (23 103 1)1 3W3 2 dt,. (3.6)

14+ a%

Making the change of variables t1 +— % then gives the claim.
1+as+as

We next apply 0y,. By (2.8]), we get

Ow, E3(a;w) = /ngn(tl)e”(tlwl)2 (010, (B2 (a3 w2 + aqty, w3 + (a2 — aqag) 1))

+ 26_ﬂ(w2+altl)2E (’U)g + (062 - alag) tl) )dtl.
The first summand is computed as above. The second term gives the claimed contribution by

simplifying and making the change of variables ¢; — \/1'17 Finally we apply 0,, to give, using
1

integration by parts,

Ow, F3 (a; w)
0
= 2F5 (ag; wa, ws3) et 4 / sgn (1) e—“(tl—wl)Qala—wQ (BEs (o3 we + agty, w3 + (g — agas) ty))
R
+ (2 — qaz) Sws (B (a3 wo + arty, wy + (a2 — cag) t1)) dity.
From the above the result follows. OJ

3.2. The function F3 as a building block. The theta functions of interest in Gromov-Witten
theory are indefinite theta functions in which the summation conditions may be written in terms
of sgn-functions. The following proposition shows how to turn their sgn-factors into functions
satisfying Vignéras differential equation.

Proposition 3.6. For N € Ny, let A = P Tdiag(Iy,—I3)P~! € Maty,3(R) be a symmetric
matriz of signature (N, 3), P € GLyt3(R), and assume that a,b,c € RN*3 generate a 3-dimensional
space of signature (N4, N_) with respect to the bilinear form (-,-) given by A~'. Then there exist
d,e, f € RV*3 and oy, ap, a3 € R (determined explicitly in Lemma below) such that the following
are true.
(1) For (Ny,N_) = (0,3) the map X ~ E3(a1,a9,a3;d! PX,eT PX, fTPX satisfies Vignéras’
differential equation for diag(In,—1I3), and for all n € RN*3 we have
FEs (al, ag,az;d n,eln, an) ~ sgn (aTn) sgn (an) sgn (cTn) .
(2) For (Ny,N_) = (0,2) the map X — & (a1, a2,a3;d" PX,e" PX, fTPX) satisfies Vignéras’
differential equation for diag(Iy,—1I3) and for all n € RNT3, we have
& (al, as,as;d n,eln, an) ~ sgn (aTn) sgn (an) sgn (cTn) .

Before proving Proposition [3.6] we require an auxiliary lemma.
10



Lemma 3.7. Assume that a,b,c € RVNT3 generate a 3-dimensional space of signature (0,3) or
(0,2) with respect to a symmetric bilinear form {-,-) of signature (N,3) on RN*3. Then there erist
pairwise orthogonal vectors d, e, f € RNT3\{0} and scalars A\, u,v € R\{0}, a1, 2,03 € R

d= )a, e+ ard = ub, [+ asd+ agze =ve (3.7)

such that squares of the norms of d, e, f are (—2,—2,—2) for signature (0,3) and (-2, —2,0) for sig-
nature (0,2), respectively. Explicitly, they can be defined (after permuting a,b, ¢ such that span{a, b}
has signature (0,2)) as

N = T
> "\ TPl = (e

el a,e? 12<<b,c>_<a,b><a,c>){ V:{m% ifp #0,

4 al? 1 if p=0,

2 2|all? 4
1 b A2
al = — AR Qg = — {a, ) v, Q3 = — WV <<b, c) + W) .

2 2
Furthermore, p > 0 vanishes if and only if the signature is (0,2).

Proof: Since by assumption a and b generate a negative-definite two-dimensional space, we have
lal|?> < 0. The definition of A directly yields that ||d||*> = —2. Because the space spanned by a and
b is negative-definite, we in particular have ||a||?||b||> — (a,b)? > 0. Therefore, u is a well-defined
positive number. We then compute, using that ||d||> = —2 and the definition of u,

(d,e) = p{d, by + 2aq = Au{a,b) — {a,b)\pu = 0,
1
e = (b = andc) = b = canda) = 017 = v, 8) = (IBIP + 30,2 ) = -2
Then by the choices of ag and ag, we obtain that f, as defined in (3.7]), is orthogonal to d and e,

using (d, e) =
(d, f) = (d,vc — aad — aze) = v{d,c) + 2as = Av(a,c) — Av{a,c) =0,

a,b){a,c)\?
(e, f) = (e,vc — aad — aze) = v(e, c) + 2a3 = v{ub — a1 Aa, c) — pv <<b, c) + <7b><2’>)\)

a a,b){a,c)\?
= <éb>)\2/w<a, c) — ,uu7< .b) <2’ )2

The above then yields

=0.

lel* = v=2 (If1* — 203 — 203) .

Finally we rewrite

SN S B <a,b><a,c>>2
2 20al®  4llalPlbl* — (a,0)* \ M lal[?
-1
O e A 1 L el A S AN A REA
2 2fa* 4 2|l ’ lal[?
_ el a1 (a,b)(a, c)\*\ "
- 7 N (et 2
Using the definition of v then yields
1 {a,b){a,c)\? 2 0 ifp=0
2 _ 2 2< >)\2222<b ) ) 9,2, — ;
171 = vlel*+ byt ({0 + 100 P0=0  zo



This shows that p vanishes if and only if span{d, e, f} = span{a,b,c} has signature (0,2). Since
span{a, b, c} is negative semi-definite, ||f||?> < 0 and thus || f|* € {—2,0}. Therefore v = pf% >0
if p # 0 such that v agrees with the definition in the proposition. O

We are now ready to prove Proposition [3.6

Proof of Proposition [3.6; (1) We let d,e, f € RV™3 and a1,a9,a3 € R be as in Lemma
The definitions of a1, a9, as,d, e, f, together with Lemma |3.1] ensure that the asymptotics hold.
Lemma also implies that PTd, PTe, PT f are pairwise orthogonal with squared norm —2 each
(with respect to D! = D := diag(Iy, —1I3)). Combining this with Lemma and the chain rule
then gives the claimed satisfaction of Vignéras’ differential equation.

(2) Lemma [3.7 shows that v,w € {d, e, f} satisfy

20y (1= 854) = (v,w) = v A7 w =o' PD'PTw = (PTU)T DPTw.

Therefore (PTd, PTe, PT f) forms an orthogonal basis with norms squared (-2, —2, 0) with respect
to D~! = D. Note that there exists a subspace of signature (1, 3) with orthogonal basis (d, e, f1, f_)

such that f = fi + f_. Setting (note that || f_|| = || f+)
—— (1- )+ (1+e)f )
we 1= ———=((1 — &) f+ e)f-),
V2 fl2e
we compute ||w,||? = —2. Therefore (PTd, PTe, PTw.) is an orthogonal basis with norms squared

(—2,—2,—2) with respect to D. Just like the previous case, applying Lemma and the chain
rule shows that

X s Fj <a1, as;d'PX, e PX, wZP,X')

1 1
a2,
V2l f+Pe V21 f+ 1%

is a solution of Vigneras’ differential equation. The scalar factors for as and ag ensure that the

function has the right asymtotic behaviour.
0

4. LAU AND ZHOU’S EXPLICIT GROMOV-WITTEN POTENTIAL AND SIMPLIFICATIONS FOR THE
PROOF OF THEOREM [L.1]

In this section, we explicitly recall the functions arising in Gromov-Witten theory, which were
studied by Lau and Zhou in [I1], as well the explicit summation formulas for them by Cho, Hong,
Kim, and Lau [3], and we start the investigation of their modularity properties. We assume through-
out that a = (2, 3,6) and study the function W;(2,3,6) defined in [I1]. Namely, noting that in the
notation of [11] we have g = qﬁs, and writing the resulting coefficients as functions of 7, by (3.29)
of [T1], W4(2,3,6) can be expanded as

W,y(2,3,6) = 5 X2 — g XY Z + ey (1)Y3 + cz(1) 28 + ey o(1)Y2 2% + ey za(r)Y Z4, (4.1)
12



n(n+1)
ey () = qi6 3 (-1 20+ 1) 7 (4.2)
n>0
(n+2)(n+1) a(a+1)
cym(t)i=q B Y ((_1)"+a(6n —9q 4 8)gETH S (2n+4)q"+“”+1*az> o (43)
n>a>0
CYZ4(T) — q—% Z (_1)n+a+b(6n — 24— 2+ 7)q(n+1)2(n+2) _a(a;l)_b(b;»l), (4.4)
a,b>0
n>a+b
5 6n — 2a — 2b — 2c + 6)
_ 2 -1 n+a+b+c( A(n,a,b,c) 4.5
CZ(Q) q Z ( ) n(n7 a, b, C) q ) ( )
(n,a,b,c)eTIUTLUT3UTg
where

n—+ 2 a-+1 b+1 c+1
aman=("7)= (%)= (7) - (%)
Ts :={(3a,a,a,a) : a € Ny},
(3a + k,a,a,a) : a € No,k € N},
(a+b+c,a,b,c):a,b ceNysuch that a < min(b,c) or a = ¢ < b},
(a+b+c+k,a,b,c): k€N, a,b,c €Ny such that a < min(b,c) or a = ¢ < b},
n(n,a,b,c) = jif (n,a,b,c) € T;.

15 :
T :
T -

{
{
{

Note that the authors in [3] and [I1] have an extra condition “distinct” in 77. This turns out to
just be a typo.

In [2] modularity properties of ¢y, ¢y z2, and cy z4 were laid out and proven. We are thus left to
investigate the hardest piece cz. The following lemma decomposes cz into 3 simpler pieces.

Lemma 4.1. We have

Q%CZ(T) = Fi(1) — Fy(7) — %Fg(T), where

2
FI(T) — Z o Z (_1)k(3k_|_2a+2b_|_2C_|_3)q%-f—%-‘rab-‘rac+ak+bc+bkz+ck+a+b+c+1’

a,b,c>0 a,b§<0

a<xﬁi>n(gb,c) aZn’jaj{%b,c)
(4.6)

1
FQ(T) — 5 Z _ Z (60/ + 2b+ 3)q3a2+2ab+3a+b+27 (47)
a,b>0 a,b<0

F _3 _ _1)* (9 Eal 3a2+3ak+3a+§+%+1 4.8
s =7 D - D0 | (D Ratk+1)g . (4.8)

a,k>0  a,k<0
Proof: Let
fi(r) = 1 Z g(n,a,b,c;7), g(n,a,b,c;7) = (—1)"+a+b+c(6n —2a—2b—2c+ 6)qA("’a’b’c)
(n,a,b,c)€T}
and g(k,a,b,¢;7) :=g(a+ b+ c+ k,a,b,c;T) and split
fi(7) = fu(7) + fi2(7), f2(7) = fa1(7) + fa2(7)

13



with

fii(r) = Z g(k,a,b,c;7), fia(7) = Z g(k,a,b,c;7),

a,b,c>0,k>0 a,b,c>0,k>0
a<min(b,c) c=a<b
1 1
f21(7-) = 5 Z g(k:,a,b,c;T), f22(T) = 5 Z g(k:,a,b,c;T).
a,b,c>0,k=0 a,b,c>0,k=0
a<min(b,c) c=a<b

Note that
g(—n—-3,—a—1,-b—1,—c—1) =g (n,a,b,c),
g(=k,—a—1,-b—1,—c—1) =g(k,a,b,c),

which we use repeatedly. We now compute

5| X - X Jetwaben=g| >~ 3 Jgtkeben) a0,

a,b,c>0,k>0 a,b,c,k<0 a,b,c>0,k>0 a,b,c<0,k<0
a<min(b,c) a>max(b,c) a<min(b,c) a>max(b,c)

and similarly

fia(m) +2f(r) = Y glkaben)+ Y glkaber)= Y gkabcr)

a,b,c>0,k>0 a,b,c>0,k=0 a,b,c>0,k>0
c=a<b c=a<b c=a<b
1 1
=35 Z g(k%avb,C;T)_* Z g(k:,a,b,c;T)
2 a,b,c,k>0 2 a,b,c,k>0
a=min(b7,c) c=a=b
1 3 6
=—3 Z g(k,a,b,c;T) — 5]"3(7') — §f6(7').
a,b,c<0,k<0

a=max(b,c)

Therefore

FUT) + £o(5) + Foa(r) + 5 Fo(r) + 3o(r) = fua(r) + Fra(r) + for(r) + 2hoa(r) + 5 fo(r) + 3o(r)

:% Z — Z g(k:,a,b,c;T)—% Z g(k,a,b,c;7)

a,b,c>0,k>0 a,b,c<0,k<0 a,b,c<0,k<0
a<min(b,c) a>max(b,c) a=max(b,c)

= % Z - Z g(k,a,b,c;7) = Fi(7).

a,b,c>0,k>0 a,b,c<0,k<0
a<min(b,c) a>max(b,c)

For foo, we find that

faa(T) :% Z 9(0,a,b,¢;7) :i Z - Z 9(0,a,b,¢;7)

a,b,c>0 a,b,c>0 a,b,c<0
c=a<b c=a<b c=a>b

= Z _ Z 9(0,a,b,¢;7) — ;f6(7>-

a,b,c>0 a,b,c<0
c=a<b c=a>b

—_

14



Making the change of variables b — b+ a, we obtain that the first sum equals

1 1 , ,
i S =Y | 9(0,a,a+ba;7) = 1 ST =3 | (12 + 4b + 6)gPe b2 — (7).

a,b>0  a,b<0 a,b>0 a,b<0

Finally, we compute

3f3(7_)+3f6(7-): Z g(k:,a,b,c)—{—% Z g(k:,a,b,c;T)

a=b=c>0 a=b=c>0
k>0 k=0
1 1
:Q Z - Z g(kvaabvc;T)—i_i Z g(k,a,b,c;T)
a=b=c>0 a=b=c<0 a=b=c>0
k>0 k<0 k=0

1
=3 Z — Z g(k,a,b,c;T)

a=b=c>0 a=b=c<0
k>0 k<0

2
— 1 Z _ Z (_1)k(12a+ 6k + 6)q3a2+3ak+3a+%+%+1 — 4F3(7')
a,k>0  a,k<0

Combining completes the proof. ]
Lemma 4.2. The functions F» and F3 have modular completions.

Proof: We view F} as derivatives of indefinite theta series with additional Jacobi variables (where
gj = e27rzz]-)

Nl

PO D K IR

a,b>0  a,b<0

Fy(z1,20;7) :=(

Then
1
2 0 0
FQ(T) = qz |:<12C1 C +4C2 C ) FQ(Zl,ZQ, ):| =1’
C2=q
qu2
Define
N P )
Fy(z1,29;7) := Fa(21,29;7) + 3 Z@ﬁ (21 + k7;37)R(329 — 21 — kT;37),
k=0

where (with z = x + iy)

2

19(2;7‘) — Z e27rin(z+%)q% _ —iq%e_mz H (1 _ qn> (1 _ e?ﬂ'izqn—l) (1 _ e—27rizqn) ’

nel+z n>1
R(z;7) = Z (sgn(n) —F ((n + %) \/%)) (-1)”7%(]7%6727”‘”2.
nEL+Z

Setting

[N

F\Q(ﬂ = qz [(12C7 EZ +4C262 + 3) F\(ZI,ZQ;T)] a-t

Q’—’q2

15



we have ﬁ; = Fy. Using [14] we see that we have, for (‘é b) € SLo(Z) and ny,n2, mi, mg € Z,

ﬁic(—322 +22q 22) e

> = (CT+d)€ eT+d Fy (Zl,ZQ;T),

ﬁ Z1 z2 .aT+b
\ertd er+d er+d

o~ 3n2 o~
Py (21 L nyT My, 2e - naT mz) _ (_1)m+m1Cgmz—mgl—mq%fmnzFQ (Zl, 29 7.) )

From this one can then derive the transformation law of Fy(z1+ %, 22+ %; 7). Taking the appropriate
derivatives with respect to z; and zy then gives additional terms involving 1, 7,72 Which can be
removed with the help of 1/v-terms (or using powers of the weight 2 Elsensteln series). This
yields the modular completion. The shadow of F5(7) can be determined using and (| . for
Py (21, 2z2; 7) and then applying the appropriate Jacobi derivatives.

We next turn to F3 and define the Jacobi version of Fj

2, 02
F3(21,20;7) = Z — Z Cfcgqi’)a +4 +3ab.

a,b>0 a,b<0

Then 5
3q
Fs(r) = 1 [( Cl@{ +<23C )FS(ZhZQ;T)] a=it
Co=—q2
Writing
1 1 1 b 10(a
Fy(21,22,7) = 5 > (Sgn (a + 2) + sgn <b + 2)) ¢ochqz Q)

a,beZ
with Q(a,b) := 6a® + b? + 6ab, we obtain the completion

Fy(z1, 295 7) 1=% > (E (ﬁ <\/6a+;+y1>) —E<ﬁ <b+;+y2>>> CachgsQad),

a,beZ

The proof then follows as before. O

5. AN INDEFINITE THETA FUNCTION OF SIGNATURE (1, 3)

A key in understanding F3j is the following indefinite theta function
O(z;7) = @0,24,A,ﬁ,0(25 7),

11
where A = (%(1)
11

P0):=—E(t)—E (f%) Y E(ls — 1) By < 0y, (—ly — l3 + 254)>

V3’ \f
1 1 3 1 2
Jon (Y L A N YY) ,\fﬁ Iy,
3<\/§\@ 5 {3 2\/§(2 3+ 204) 3(2 3 4)>
+sgn (1 + lo + £3) (E (01) E (b3 — L) — Eo (1541, =1 — 203) + Ey (=1543 — o, + {3) + 1

N—— —

+sgn (01 + Uy + 4y) (E () E(ly —l) — By (1501, —01 — 20a) + Eo (—1; 04 — lo, lo + £4) + 1
Theorem 5.1. The function © transforms like a vector-valued Jacobi form.

There are two main steps that have to be made: convergence and showing that p satisfies
Vignéras’ differential equation.
16



Proposition 5.2. The theta series ©g 71 4 ,0(2;T), as well as its modular completion O za 4 5.0(2; 7')
converges absolutely and uniformly on compact subsets of {(z,7) € C" x C : B(cj, 7) &7 (j
{0,1,2,3})}. Here

p(f) := <sgn (co () + sgn (cl 0) ) (sgn (co ) + sgn (02 0) ) <sgn (cl () + sgn (c3 6) )
= (sgn (1) + sgn (€2)) (sgn (€2) + sgn (€3 — £2)) (sgn (£1) + sgn (by — £2))
with co := (0,1,0,0)7, ¢; := (1,0,0,0)T, o := (0, —1,1,0)" and c3 := (0,—1,0,1)7.

Proof: We begin by proving (absolute local uniform) convergence of the holomorphic theta series
©Op.74.4,p,0, S0 that it suffices to additionally prove the convergence of © 71 450 = ©p 74 45,0
O0z4 4,0 We also note that for (z,7) lying in the stated range, we have B(cj,n + %) # 0 for all
n € Z.

The proof of the convergence of the holomorphic theta function is a straightforward generalization
of the proof by Zwegers [15] and Alexandrov, Banerjee, Manschot, and Pioline [I]. We rewrite

(sgn (cfﬁ) + sgn (C?E) ) = (sgn ((Aflck)TAE) + sgn ((Ailcj)TAE) )

in p and observe that

’qQ(n)CAn = exp ( —qont An — 27TyTAn> = exp (—QWQ (\/5 (n i %))) exp (W) |
so that
el p (Vo (n+ 7)) a2 = 5 H@ZH p (V5 (n+ )| e20(va))

Therefore we need to investigate

> p(m)e=?mm)

meA

for A some lattice. Note that B(c;, m) = CJTAm = (Acj)T'm. Since the sgn(c;‘-rAm) do not vanish,
p(m) # 0 only if all sgn(c]TAm) are equal. Therefore we obtain B(c;, m)B(cy, m) > 0 for all
j,k € {0,1,2,3} whenever p(m) # 0. The matrix

B(m,m) B(cy,m) B(ci,m) B(ca,m) B(csz,m)
(Co, ) B(Co,CQ) B(Co,q) B(Co,CQ) B(Co,C3)
B(c1,m) B(co,c1) B(Clacl> B(01,C2) B(01,C3)
B(ca,m) Bf(co,c2) B(ci,c2) B(02762) B(02,C3)
B(cz,m) Bf(co,c3) B(ci,c3) B(ca,c3) B(cs,c3)

has determinant zero. We refer to the bottom right 4 x 4 block as G, which has negative deter-
minant. Both of these statements come from the fact that span{co, c1, c2, c3} has signature (1, 3).
Furthermore, a Laplace expansion along the first column and then another along the first row lets
us write the determinant as

3

0 > B(m,m) det(G ZB Cly M det((Gp,q)p,#k)
-2 Z D* B(c;,m)B(ck, m) det ((Gpg)pth.ass)-
0<5j<k<3

17



Now note that det((Gp,q)p,qk) < O since the space span{cp;p # k} has signature (0,3) or (0,2)

and the sgn (det ((Gpq)pthgzi)) = (—1)*7T1 by direct calculation. Therefore, whenever it is
B(cj,m)B(c,m) > 0 for all j,k € {0,1,2,3} we obtain

3
B(m,m) = det(G) ™" < > Blew,m)? det((Gpg)pare)
k=0

-2 Z B(cj,m)B(ck, m) |det ((Gp.a)pthai) ‘)

0<j<k<3

3
= |det(G) ’71 ( Z B(cy, m)2|det((Gp,q)p,q7ﬁk)‘
k=0

+2 Z |B(cj,m)B(ck,m) det ((prq)p¢k7q¢j)| > =: K(m) > 0.
0<j<k<3

If p(m) # 0, then at most two B(c;, m) vanish, such that some terms in the second sum do not
vanish and the inequality is strict. Therefore, with p(m) < 8, we obtain

Z p(m)efZﬂ'Q(m) <8 Z 6727rK(m)‘

meA meA

Now since none of the determinants in the second sum of K(m) vanishes and the B(c;,m) do not
vanish, we obtain for some constant ¢ > 0 that

K(m) > cmin(|B(¢;, m))),

which yields exponential decay of e 27%(™) as ||m|| — oo and thus the convergence (uniform on
compact sets with respect to translations of A) of

Z p(m)e—ZwQ(m) <8 Z e—27rK(m) < 0.
meA meA
Next we treat the difference between the holomorphic part and the modular completion. By
multiplying out p and coupling the terms of p and p appropriately, we get a sum of series over
terms which have either the shape

—E3(o; B(dy,m), B(da,m), B(dg,m))+  [[  sen(B(ej,m)) | q@Me2miBEm),
je{0,1,2,30\{¢}

where dy, do + aqdy, d3 + aady + azds are the ¢j appearing in the product or the same shape with
E5 replaced by &3 or

(sgn(B(ce,m)) — E(B(cg,m))) sgn(B(cg, m))?q@ e P Em

for some (k, ¢) € {(0,1),(0,3),(1,0),(1,2)}. In asimilar fashion as in the proof of Theroem 4.2 of [1],
one can decompose each of these terms into a sum of integrals decaying square-exponentially in some
directions {c;j,,...,cj.} (i.e., it grows like e~™ 2k Bleim)” i additionto the general factor e~ T2R(m)),
By combining the integrals of the same decay from different terms, one obtains cancellation of the
sign-terms whenever the integrals times do not decay. This gives convergence of the the theta
function. Further details can also be found in the second author’s doctoral thesis [8]. Therefore
the theta series @07247144,,@0 and @0724"4@0 converge. ]
We next turn to proving that Vignéras’ differential equation is satisfied in our situtaion.
18



Proposition 5.3. The function ¢ — p(P{) is a solution of Vignéras’ differential equation with
respect to D := diag(1,—1,—1,—1). It approximates p if £1,ls # 0.

Proof: Our approach is to split p(¢) into various terms, which we treat separately using Proposition
[3:6] and Lemma 2.2l Multiplying the product of signs out, we obtain, using that ¢, and ¢3 do not
vanish

sgn (£1) + sgn (L2) + sgn (ls — lo) + sgn (€4 — £2) + sgn (2) sgn (£3 — £3) sgn (L4 — lo)
+ sgn (1) sgn (¢2) sgn (€3 — £2) + sgn (£1) sgn (£2) sgn (£4 — £2) + sgn (£1) sgn (€3 — L) sgn (L4 — La) .
21 1 1
We first compute A~ = < % _01 _01 8 > .

1 0 0 —1
The single sign factors are treated as in Zwegers’ thesis [15] (see the description in Section [2.2]),

yielding the following function
E(l)+E (\@€2> + E (ly — ly) + E (€4 — l2) ~ sgn (¢1) + sgn (£2) + sgn (ls — l2) + sgn ({4 — La) ,

where each of the summands on the left satisfies Vignéras differential equation in (¢4, f2, (3, ¢4) with
respect to diag(1l, —I3) as can be verified directly. Thus we are left to consider 3 sign factors.
We start with sgn(¢;) sgn(¢3 — ¢2) sgn(f4 — f2) and set

v :=(1,0,0,007, vy :=(0,-1,1,0)T,  w3:=(0,-1,0,1)T.
Then, with (a,b) = a” A~1b, we obtain
lojll? = =2, (vi,02) = (vi,03) =0, (vz,03) = 1.

This easily gives that the corresponding signature is (0,3). We plug these into to obtain

2 1
OqZO, OQZO, as:ﬁ’

d=wv e = V9 f—72’l}3—71 w2
b ’ \/3 \/§ )
Lemma then ylelds ‘hat

E3 <O, \}g, 0; 51, 63 — 62, \}g(—gg - 63 + 264)) ~ Sgn(ﬁl) sgn(£3 — gg) sgn(€4 — 62)

and X — FE3(0, %, 0;vf P,ol X P, 3_%(21)3? — v3)P). The claim then follows using 1’
We next turn to the case sgn(f2) sgn(¢s — ) sgn(f4 — f2) and set

U1 = (07 _17 170>T7 Vg = (07 _1707 1)T7 U3 = (07 17070)T'

Then
lorl® = Jloall® = =2, Jlos)|* = (v, v2) = =1, (v1,v3) = (v2,03) = 1.
We plug these into Lemma [3.7] to obtain

1 3 1
>\:17 /L:%, V:\/67 alzﬁy a2__\/;7 a3:_ﬁa

and
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Thus we obtain the completion

1 3 1 1 2
Es| —, /=, ———=3¥3 — by, —(—¥y — ( 204),4/ = (£ V4 ¢
3(\/57 \/; Noihe 2\/5( 9 — U3+ 2ly) \/;(24- 3+ 4)>

~ sgn(l2)sgn(ls — lo) sgn(ly — £2).
We now turn to the case sgn(¢;)sgn(¢2) sgn(¢s — ¢3) and set
v1 = (1,0,0,0), we:=(0,-1,1,0)", ws3:=(0,1,0,0).
We compute
o1l = [foall? = =2, losl* = =1, (vi,02) =0, (v1,03) = (v2,03) = 1.
We plug these into the to obtain

1 1
)\:17 /1’:17 VZI? 041:(), 042:_5’ @3:_57

1
d=vi, e=uo, f:§(1,1,1,0)T.

We use the second part of Proposition to obtain the differential equation for £5 and then use
Lemma [3.3] to obtain explicitely

—E(l,)-E(l3—1{2)—E (\/552)
+ sgn (fl + 4o + 53) (E2 (0;51,43 — fg) — Fy (1;61, —l — 252) + FEo (—1;53 — U9, 4y + fg) + 1) .
In the same way, replacing {3 by ¢4 yields the completion for sgn(¢;),sgn(¢2), sgn(fy — ¢3)
_E(l)—E(ly—0y) — E (\/ieg)
+sgn(ly + bo + £4) (EQ (0; 1,04 — £3) — By (1301, —y — 205) + B (=13 05 — Lo, b3 + £g) + 1).

Combining all terms then gives the claim.
0

Corollary 5.4. The function Fy has a modular completion.
Proof: Define

F(Zla 22,5 Z35 245 T)

2
n .
R § : _ E : (_1)n1q%+n1n2+n1n3+n1n4+n2n3+n2n4+n3n4eQﬂzB(zm)
ng,n3,ng>0 ng,n3,ny <0
n1>0 n1<0
ng<min(ngz,ng) ng>max(ng,ny)

2miB(z,n) _ Cnl +n2+nz+ny Cnl +nz+ng Cnl +n2+ng Cnl +n2+n3
— 51 2 3 4

Noting e , we obtain

0
1= i [(8 5 (o e 5]

With z(w) := 7(—w?, 2w + w? + 1/2,2w + 1/2, 2w + 1/2) we write for w > 0 small enough

F(Z(’LU) T) . Z }p (n n Im(Z(w))) (_l)nlqé+n1n2+n1n3+n1n4+n2n3+n2n4+n3n4eZﬂ'iB(z(w),n)

nez
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since

1 1 1 T 8 ifn1>0,n220,n3>n2,n4>n2,
P n+<—w2,2w+w2+2,2w+2,2w+2> =4 —8 if n; <0,n2 <0,n3 < nog,ng < no,
0 otherwise.

Since p(x) = p(y/vz), we obtain
8F (z(w); 1) = Z P <n + Im(z(w))) (_1)n1q%nTAn€27riB(z,n)

nez4 v
Im(z(w)) inT An 27iB(2+A71(5,0,0,0).n) L T
:Zp n+————==)q2" "eMP\E 2500 = @ z(w)—|—§A (1,0,0,0)" ;7 | .
v
nezZ4

By Lemma and Proposition Oy = O 74,450 is the modular completion of ©g = O 74 4 5, 0-
Note that for w > 0 small enough, we have z(w) € {(2,7) € C" xC: B(c;, %) ¢ Z (j € {0,1,2,3})}
such that with Proposition [5.2] and Proposition [5.3

1 . 0 ~ 1.4 T.
gwhj{ﬁ [(3 + 2711'811}) O (z(w) + §A (1,0,0,0) ,T)]

is the modular completion of

o 9 Y I 0 1, T
Fi(r) = wl;lg1+ [(34— 27Ti3w> F(Z(w),T)] = 8whj8+ [(3-}— 27Ti(9w> O¢ <z(w) + 2A (1,0,0,0) ,T>:| ,

which proves the claim.

0
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