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ABSTRACT. We introduce and study higher depth quantum modular forms. We construct two
families of examples coming from rank two false theta functions, whose “companions” in the lower
half-plane can be also realized both as double Eichler integrals and as non-holomorphic theta series
having values of “double error” functions as coefficients. In particular, we prove that the false theta
functions of sl3, appearing in the character of the vertex algebra W°(p)a,, can be written as the
sum of two depth two quantum modular forms of positive integral weight.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we study higher depth quantum modular forms which occur as rank two false theta
functions coming from characters of the vertex algebra W0(p), for p > 2. Via asymptotic expan-
sions we relate these to double Eichler integrals which may be viewed as purely non-holomorphic
parts of indefinite theta functions.

Let us first recall the classical rank one case. Note that the derivative of a modular form is typi-
cally not a modular form (only a so-called quasi-modular form). However, thanks to Bol’s identity,
differentiating a weight 2 — kK € —N modular form k — 1 times returns a modular form of weight
k. Thus it is natural to consider holomorphic Eichler integrals. That is, if f(7) = >, <, cp(m)g™

(q := e*™7 with 7 € H throughout) is a cusp form of weight k, then set

firy = 30 ) e (1)

m>1

It easily follows, by Bol’s identity and the modularity of f, that the following function is annihilated
by differentiating & — 1 times

N ~/ 1

Ry(r) := f(r) = 7"2f <—> : (1.2)
T

This yields that Ry is a polynomial of degree k —2 (R is the so called period polynomial of f). So

in particular Ry is much simpler than the starting function j? Note that fvmay also be written as
an integral, namely, up to constants it equals
100
(w)(w — 1) 2dw. (1.3)

-
Similarly Ry has an integral representation, namely up to constants it equals
100
(w)(w — ) 2dw.

1

0
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A similar construction works for weakly holomorphic modular forms, i.e., those meromorphic mod-
ular forms that only have poles at the cusp ico and not in H. In this situation, (1.3) needs to be
regularized since the integral does not converge. Moreover, there is a “companion integral” (again
regularized)

/ - g(w)(w + 7)*2dw, (1.4)

—T
where ¢ is a certain weakly holomorphic modular form related to f in the sense that the corre-
sponding period polynomial, defined analogously to (1.2), basically agrees with Ry.
In contrast, for half-integral weight modular forms there is no half-derivative and thus Bol’s
identity does not apply. However, one can formally define the analogue of (1.1) for theta functions.
This was first investigated by Zagier [26, 27] in connection to Kontsevich’s “strange” function

K(q) =Y (4:)m,

m>0

where for m € No U {0}, (a;¢)m := H;n:_ol(l — aq’) denotes the usual g-Pochhammer symbol. The
function K (q) does not converge on any open subset of C, but converges as a finite sum for ¢ a
root of unity. Zagier’s study of K depends on the identity

> ()~ 0% (@:0),,) =)D () + i(r), (15)

2
m>0

. 1 m72 m ~ m72
with 7(7) 1= ¢21(¢; @)oo = Zm21(%)q 2, D(7) = _%+Zm21 ;[EW and 7)(7) = Zm21 (%) mq 24,

where (7) denotes the extended Jacobi symbol. The key observation of Zagier is that in (1.5), the
functions n(7) and n(7)D(7) vanish of infinite order as 7 — % € Q. So at a root of unity ¢, K(¢) is
essentially the limiting value of the Eichler integral of i, which Zagier showed has quantum modular

properties. Roughly speaking, Zagier defined “quantum modular forms” to be functions f: Q — C
(Q C Q), such that the error of modularity (M = (%) € SLy(Z))

f(r) = (er +d) "% f(MT) (1.6)

is “nice”. The definition is intentionally vague to include many examples; in this paper we require
(1.6) to be real-analytic. For example, f (recall k € Z in this case) is a quantum modular form, since
Ry is a polynomial and thus real-analytic. Additional examples appear in the study of limits of
quantum invariants of 3-manifolds and knots [27], Kashaev invariants of torus knots/links [14, 15],
and partial theta functions [11].

Motivated in part by vertex operator algebra theory, further (but similar) examples of quantum
modular forms were investigated in the setup of characters of vertex algebra modules in [4] and [9].
These examples are given by characters of M, g, the atypical irreducible modules of the (1, p)-singlet
algebra for p > 2 [4, 7]. For r =1 and 1 < s < p — 1, they take the particularly nice shape

Fp—sp (PT)

ChMl,s (T) = 7](7_)

where
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is a false theta function. The function Fj, is called “false theta” since getting rid of the sgn-factor

i \2
yields the theta function ) q(m+2j7)) , which is a modular form of weight % The quantum
modularity of Fj,, is now given by relating it to a non-holomorphic Eichler integral, as in (1.4). To

be more precise, set (correcting a typographical error in [4])

F7 (1) :=—V2i —E dw,
J,p( ) /T (—Z(w —+ 7'))5

where f;, is the cuspidal theta function of weight %

fialr)i= 3 (m+ 1) %)

meZ

One can show that F}; ,(7) agrees for 7 = % with F7,(7) up to infinite order [4]. Quantum modularity
then follows by the (mock) modular transformation of F’ p Which we recall in Lemma 2.3 below.
By “mock-modular”, we mean that the occurence of the extra term r d in Lemma 2.3 prevents the

function from being modular However, there exists a “modular completlon in the sense that after
multiplying it with a theta function, F]fp is the “purely non-holomorphic part” of a non-holomorphic
theta function corresponding to an indefinite quadratic form (of signature (1,1)). Its modularity
now can be proven by using results of Zwegers [28, Section 2.2]. The functions 7 — Fj,(p7),
especially for p = 2, have appeared in several studies of vertex algebras from different standpoints
[3, 7, 12, 16].

In this paper we investigate higher-dimensional analogues. For this we consider certain g-series
appearing in representation theory of vertex algebras and W-algebras. They are sometimes called
higher rank false theta functions and are thoroughly studied in [4, 8]. They appear from extracting
the constant term of certain multivariable Jacobi forms [4]. The constant term can be interpreted
as the character of the zero weight space of the corresponding Lie algebra representation. In the
case of the simple Lie algebra sl3, the false theta function takes the following shape (p € N, p > 2)

Flq)i= Y min(my,ma)gs ("HHmETmIm)TImIm (g (1— g2 (1 g™t (17)
my,mp>1
m1=mg (mod3)
Below we decompose this function as F'(q) = %Fl(qp) +2F5(¢P) with Fy and F» defined in (3.1) and
(3.2), respectively. The function F; and F, turn out to have generalized quantum modular proper-
ties. This connection goes via an analouge of (1.1). For instance, we show that F} asymptotically
agrees with an integral of the shape

f(wb wQ)
/ w; \/ i(wy +7) \/*i(wg +7) duwadiuy

where f € S%(Xl,F) ® S% (x2,T") (x; are multipliers and I' C SLy(Z)). Modular properties follow
from the modularity of f which in turn gives quantum modular properties of Fj. The idea is that
here the error of modularity (1.6) is less complicated than the original function. We call the resulting
functions higher depth quantum modular forms (see Definition 3 for a precise definition). Roughly
speaking (see Definition 3 for a precise definition), depth two quantum modular forms of weight
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k e %Z satisfy, in the simplest case, the modular transformation property (M = (‘; g) € SLy(Z))
f(7) = (er +d)* f(M7) € Qu(T)O(R) + O(R)

for some x € 1Z, where Q,(I') is the space of quantum modular forms of weight x and O(R) the
space of real analytic functions on R C R. Clearly, we can construct examples of depth two simply
by multiplying two (depth one) quantum modular forms. Non-trivial examples arise from F' (see
Theorem 1.1 for precise statement).

Theorem 1.1. For p > 2, the higher rank false theta function F' can be written as the sum of two
depth two quantum modular forms (with quantum set Q) of weight one and two.

It is worth noting that all of our examples of quantum modular forms, including those studied
in [4], have Q as quantum set. Even though this feature is rare, a possible explanation is that
vertex algebra characters are generally better behaved functions and are expected to combine into
vector-valued families under the full modular group. Thus in our future work [6] we explore a
vector-valued generalization of this theorem and its consequences to representation theory.

Zwegers [28] found an important connection between the error term of the Eichler integral (as
in Lemma 2.3) and classical Mordell integrals. This result applied to the case of F;‘m leads to an
elegant expression for the error term as a Mordell integral

/ cot (m’w —+ 7TJ> 2PV s
R 2p

In this work we encounter error terms for iterated (double) Eichler integrals, so it is natural to
attempt to extend Zwegers’ result to two dimensions. In [6] we solve this problem in several special
cases. In particular, we find that relevant integrals for the weight one component & (cf. Lemma
5.2) take the form

/ cot (miwy + may ) cot (miwg + Tag) eQm(3w%+3w1w2+w§)waldwg,
RQ

for some scalars oy, as. This is what we call a double Mordell integral. We next turn to the modular
completion of these Eichler integrals (see Propostiton 8.1 for a more precise version). For theta
functions associated to indefinite quadratic forms, the reader is referred to [1, 17, 20, 23].

Theorem 1.2. There exists an indefinite theta function, defined via (8.1), of signature (2,2) with
“purely non-holomorphic” part O(7)E1(T) where O is a theta function of signature (2,0) and the
Fichler integral £ is defined in (5.5).

The paper is organized as follows. In Section 2, we review basic results on special functions, non-
holomorphic Eichler integrals, and “double error” functions. We also recall the notion of quantum
modular forms and introduce higher depth quantum modular forms. In Section 3, the sls higher
rank false theta function F(q) = %Fl (¢P) + 2F»(qP) is introduced. In Section 4, we determine the
asymptotic behavior of F; and Fb at roots of unity. In Section 5, we introduce multiple Eichler
integrals and prove modular transformation formulas for the double Eichler integrals. We also study
certain linear combinations of double Eichler integrals associated to F}. In Section 6, we express
special double Eichler integrals as pieces of indefinite theta series. Based on results in this section,
in Section 7, we prove the main result, Theorem 1.1, on the quantum modularity of F'. Section 8
deals with the completion of certain indefinite theta functions of signature (2,2) associated to the
companions of F; proving Theorem 1.2. We conclude in Section 9 with several questions.
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2. PRELIMINARIES

2.1. Special functions. Define, for u € R,
u
E(u) := 2/ e~ ™" dw.
0

This function is essentially the error function and its derivative is E'(u) = 2¢~™*. We have the

representation
1 1
E(u) = sgn(u) <1 — ﬁf <2,7Tu2>) , (2.1)

where I'(a, u) := fso e Yw* ldw is the incomplete gamma function and where for u € R, we set

1 if u >0,
sgn(u) :=< —1 ifu <0,
0 if u=0.

We also require the functional equation of the incomplete I'-function with a = %

T <;u> _ —%r <—;u> + \}Ee_“. (2.2)

— w2 —2miuw

M(u) := / eidw.
T JR—iu w

Moreover, for u # 0, set

We have

Thus, by (2.1)

This implies that the following bound holds
|M(u)] < 2e7 ™.
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We next turn to two-dimensional analogues, following [1] (using slightly different notation).
Define E : R xR? — R by (throughout we use bold letters for vectors and denote their components
using subscripts)

Esy(k;u) := / sgn (w1 ) sgn (wa + Kwy) e_”<(w1_“1)2+(w2_“2)Q)dwldwg.
R2

Note that
Ey(k; —u) = Es(k;u).

Moreover, also following [1], for ug, u; — kug # 0 we set

fww% fwwg —2mi(ug w1 +ugws)

1
Ms(k;u) := —2/ / ¢ dwidws.
T JR—ius JR—ius wa (w1 — Kws)
Then we have

M; (k;u) = Es (ks w) — sgn (u2) M (u1)

ug + Kuy (2.4)

—sen (uy — kug) M | —— | —sgn (u1)sgn (us + Kuy) .
gn (ur — k) <m> gt () s (uz + )

Note that (2.4) extends the definition of My to ug = 0 or u; = Kug. With z1 := u; — Kug, x2 1= ug,
a direct calculation shows that

M; (k;u) = Ea (k; 21 + kX2, 22) + sgn(z1) sgn(z2)

RI1
—sgn(x9)E(r1 + kw9) — sgn(z)E | —— + 1—1—,%23:).
gnlan) Bl + rey) —sn(o) B (2 /T
We have the first partial derivatives

2
0,1) , . . 2 _% U1 — KU
M () = =e” B M (T2 (2.5)

2K _ m(ugtrug)? UL — Kug
MM (r5u) = 26T M (ug) + —mse” 12 M () : 2.6
o ) )t it Vit e (29)
and the limiting behavior (cf. [1, Proposition 3.3, iii])
6—7r)\2 (u%—&-ug)
My (k; Au) ~ (as A — 00). (2.7)

B A22ug(uy — Kug)
Lemma 2.1. For us,uq + kus # 0, we have the following limits
lim E» (er;u1,eus + ¢ tug) = sgn(us) E(u1),
e—0+
lim+ Ey (H; euy + e tug, eus + 8_1U4) = sgn(us) sgn(ug + Kug).
e—0
Proof. We only prove the first statement, the second follows analogously. We may compute the
limit inside the integral due to the convergence of the dominating integral [p, e~ mwitwd) qoy = 1 to
obtain

lim FEy (5/{; Uy, UL + 5_1u;),)

e—0t
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—7r(w2+w2) :
= e 1792 o (w1 + uq) hm+ sgn (us + € (wa + erwy + eug + ekuy)) dwadwy
R2 e—0

= / e~ sgn (w1 + uq) / e sgn (ug) dwodwy = sgn(ug)E(uq).
R R

0

2.2. Euler-Maclaurin summation formula. We now state a special case of the Euler-Maclaurin
summation formula. We only give it in the two-dimensional case; the one-dimensional case can be
concluded by viewing the second variable as constant.

Let By, (x) be the m-th Bernoulli polynomial defined by etfitl =) >0 Bm(x)%n, We also require

Bp(1— ) = (=1)™Bpn().

The Euler-Maclaurin summation formula implies that, for a € R?, F : R? = R a C*°-function
which has rapid decay, we have (generalizing a result of [25] to include shifts by «)

Z F((n + a)t) ~ % _ Z %M/ F(O,ng)(xho)dxltmfl

neNg n22>0 (n2 + 1D Jo

Byi41(a1) /OO 0 _ Bn,41(01) Byi1(ow)
_ E L A F(nh ) 0 drot™ 1 1 2 F(n1»n2) 0. 0)¢m1+n2
n1>0 (n1+1)! 0 ( 71’2) X9 + Z (n1+1)! (n2+1)! ( ) ) 5

ni,n2>0

(2.8)

where Zp := fooo fooo F(x)dz1dxs. Here by ~ we mean that the difference between the left- and the
right-hand side is O(t") for any N € N.

2.3. Shimura’s theta functions. We require transformation laws of certain theta functions stud-
ied, for example, by Shimura [21]. For v € {0,1}, h € Z, N, A € N, with A|N, N|hA, define

Am2

O,(A h,N;T) := Z mYq2N? . (2.9)
mEZ
m=h (mod N)
Recall the following modular transformation
Ah%\ (24
Ould,h, N3 Mr) = e (éjwh) ( = ) e+ d) O, (Aah Nir)  (2.10)

for M = (25) € To(2N) with 2|b. Here e(x) := ¢*™, for odd d, 4 = 1 or i, depending on whether
d=1 (mod4) or d =3 (mod4). Also note that if h; = ho (mod N), then we have

O,(A hi,N;7) =0O,(A, ha, N;T), O,(A,—h,N;7) = (-1)"O,(A, h,N;T).
2.4. Indefinite theta functions. We begin by defining (possibly indefinite) theta functions.

Definition 1. Let A € M,,(Z) be a non-singular symmetric m x m matrix, P : R”™ — C and
a € Q™. We define the associated theta function by (7 = u + v)

Oaralr):= Y P(Von)g™ An
nca+7m

The following theorem shows that under certain conditions © 4 pq is modular.
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Theorem 2.2 (Vignéras, [22]). Suppose that A € M,,(Z) is non-singular and that P satisfies the
following conditions:

(1) For any differential operator D of order two and any polynomial R of degree at most two, we
have that D(w)(P(w)e™@ ™)) and R(w)P(w)e™ ™) belong to L*(R™) N L*(R™).
(2) For some X\ € Z the Vignéras differential equation holds:

(D — 1A> P = \P.
4

Here we define the Euler and Laplace operators (w := (wy, ..., W), Ow = (52, ... 52—)T)

Di=wdy and A=Ay :=0L A7 0.
Then, assuming that © o pq is absolutely locally convergent, © 4 pq is modular of weight A+ % for
some subgroup of SLo(Z).

2.5. Quantum modular forms. We already motivated quantum modular forms in the introduc-
tion. The formal definition is as follows [27].

Definition 2. A function f : @ — C (here Q@ C Q) is called a quantum modular form of weight
k€ %Z and multiplier x for a subgroup T' of SLa(Z) and quantum set Q if for M = (ﬁ Z) eI, the
function

F(7) = x(M)~ (et + d) " f (M)
can be extended to an open subset of R and is real-analytic there. We denote the vector space of
such forms by Q (T, x).

Remark. Zagier also considered strong quantum modular forms. Here one is looking at asymptotic
expansions instead of just values.

The introduction already gives examples of quantum modular forms. As mentioned there, the
functions F}, satisfy modular type transformations making them quantum modular forms. More
generally, for f € Si(T', x), the space of cusp forms of weight &k transforming as

F(MT) = (e + d)Fx (M) f (7)
for M = (g g) € I' € SLy(Z) and x some multiplier, we set, for % € Q,

I¢(7) = /_T (—i(zf:—wj')fkdw’ ’I“f’%(T) ::ﬁ (_i(J:_wz))2kdw. (2.11)

For weight k = %, we allow f € M1 (T, x), the space of holomorphic modular forms of weight % To
2

state the modularity properties of Iy, we let I'* := PT'P~! where P := (_01 [1)) The proof of the
following lemma follows along the same lines as the proof of Theorem 5.1 below.

Lemma 2.3. We have the transformation, for M € T'*,
I(r) = x 1 (M) (er + &) 2Ly (M) = 7 a (7).

The function Iy is defined on H U Q whereas Ty exists on all of R\ {—%} and s real-analytic
there. If f € Sk(T,x), then r;a exists on R.



HIGHER DEPTH QUANTUM MODULAR FORMS 9

2.6. Higher Depth Quantum modular forms. We next turn to generalizations of quantum
modular forms.

Definition 3. A function f: Q — C (Q C Q) is called a quantum modular form of depth N € N,
weight k € %Z, multiplier x, and quantum set Q for I' if for M = (‘C‘ g) el

F(r) = x(M) " er +d) " f(Mr) € @Qn] (T, x;)O(R),

where j runs through a finite set, x; € %Z, N; € N with max;(N;) = N — 1, the x; are charac-
ters, O(R) is the space of real-analytic functions on R C R which contains an open subset of R,
QL(T,x) == Qk(T,x), QUT, x) := 1, and QY (T, x) denotes the space of quantum modular forms
of weight k, depth N, multiplier x for I.

Remark. Again one can consider higher depth strong quantum modular forms by looking at asymp-
totic expansions instead of values. The examples of this paper satisfiy this stronger property.

Ezample. For fi € Q) (I'1,x1) and f € Q) (I'2, x2), we have that fifo € QF L4, (F1 N T2, x1x2)-

3. A RANK TWO FALSE THETA FUNCTION

We briefly recall a construction from [5, 8, 10]. For p € N>o, there is a vertex operator algebra
W (p)a, associated to the simple Lie algebra sl (more precisely, to its root lattice of type As).
The character formula of W (p)q, where @ is any ADE root lattice, was proposed in [10] (note that
some arguments in [10] are not completely rigorous) and further studied in [5, 8, 10]; see also [2].
Letting ¢j := €2™%, we have [5, §]

n(r)2eh[W (p) 4, (7, 2) = FUlm=d) s (o) () ()
2 mimez, =G (-GN -GG

% ;’ng—l m1 IC_m2+m1 1+ <1 mo— lc—mz—l-ml 1+ C_m1+m2 lc—ml 1 C_m2 lc—ml 1)

mi1—1 m2,1_ <—7M1+7n271
1 2 1

The six term expression in the numerator comes from the summation over the Weyl group W of
sl3 which is isomorphic to S3. Thanks to Weyl’s character formula, the rational z-part is in fact a
Laurent polynomial. There are two important operations on this character:

(1) taking the limit z = (21, 22) — (0,0), yielding a modular form [5];

(2) taking the constant term

ch[W(p) a,)(7) := CT¢; ¢, ¢h[W (p) 4, ] (7, 2),
which computes the character of another vertex algebra. It was shown in [5] that
F(q)
h[W? = :
AV (p)a,)(7) = o

Note that formulas like 1(7)™@"&(@)ch[IWO(p)g](7), where Q is any root lattice, are of interest
beyond vertex algebra theory [5, 8]. The coefficients appearing in the g-expansion are essentially
dimensions of the zero weight spaces of finite-dimensional irreducible representations of simple Lie
algebras (for the recent progress in understanding these numbers see [18]).
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Remark. Modular-type properties of regularized (or Jacobi) characters, in particular ch[T/° (P)%,](7),
were investigated in [8] (see also [7]). There are two important differences between the current work
and [8]. In this paper, the value of the Jacobi parameter ¢ is always zero whereas in [8] it is neces-
sarily non-zero. Secondly, there seems to be no clear connection between transformation formulas
appearing in [8] and mock modular forms. On the other hand, here we make this connection quite
explicit by virtue of generalized Eichler integrals (see Section 5).

Let ny = mj — ma,ny = my in (1.7) and then change n; — 3n;. Then we have, with F' given in
(1.7),

%F(q) = fl(q) + fQ(Q) + f3(q)’

where, with Q(x) := 322 4 3x129 + 23, we define
1 2

1 * _ 3
fi(q) == qr Z ngqu(n) (C] 3n1—2ns q3”1+2”2) ’

ni,n2>0
1 * _
Pl = b Y ) (),
ni,n2>0
1 * B 3
fg(q) = qPr Z anPQ(”) (q3n1+n2 —q 3n1 ’]’LQ) )
n1,n22>0

Here > " means that the ny = 0 term is weighted by % We then rewrite

1 1 1 1
filg) =~ Y (nz + p) FRlrintl) | > <n2 +1- p) FR(mma+1=3)

ni,n2>0 ni,n2>0
2
1
(m + 1) qp<m+5>
b

1 1 1)1 1)1 _1)?
_5 <m_|_1_p) qp(m-‘rl ;) +2pqu(m+;) _QZqP(m-H ;)’

_1_1 Z qPQ(n1+1,n2+%) _1_11) Z qu(nth"Fl—%) . % Z

n1,n2>0 n1,n2>0 m=>0

m>0 m>0 p m>0
fala) = Z <n2 + 2) qu(an*%’"Q*%) _ Z <n2 +1— 2) qPQ<n1+%,n2+17%)
ni n2>0 p n17n220 p
2 pQ(nl—I—l—l,ng—l—g) 2 pQ(n1+l,n2+1—2>
S q P P — q P P
m%zo p m%zo
3 3
+ qir Z mqp(m—%>2 + q4 Z mqp(m-f—%)i
2 m21 2 m>1
fala) = Y <n +1- 1) gomimnsy) g (n T 1) pe(nii-baat )
ni,n2>0 p n1,m2>0 p

—l—} Z qu(nl+%’n2+1_%>+1 Z qPQ(m-&—l—%,nz-&-%)

n1,n2>0 n1,n2>0
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1 2

3 3
— % Z mqp<m+%)2 — % Z mqp(m_ﬁ)
m2>1

m>1

We thus obtain

with

A= Y s@) 3 a4 ) S s (m ) ol (3.)

(L) o) () (B

and for a (mod ZQ), we set

6(a)::{_2 tac{(1-3.2).(31-3)}

where

1 otherwise.
Moreover
Q) _ 1 1| (m+)’
Fy(q) =) mla) D, mag®™ =% Im+ g\ (3:2)
acy nGa-‘,—N% meZ

where for « (mod ZQ), we let

n(a);:{l tace {(1-3.3).(01-3).G1=3)}

-1 otherwise.

4. ASYMPTOTIC BEHAVIOR OF Fj AND Fy

In this section we determine the asymptotic behavior of F' (ezm%_t) (h,k € Z with k > 0 and
ged(h, k) =1) as t — 07 and in particular show that the limit exists.

4.1. The function F;. We decompose

Fi(q) = Fi1(q) + F12(q),

where

Fual) =Y s@) 3 ™, Fol)=3 Y sm(me™

acy nea-‘rNg mG%—&-Z

We first study the asymptotic behavior of Fj 1, rewriting it in a shape in which we can apply the
Euler-Maclaurin formula (2.8). For this, let n +— £ + n%p withm € N2, 0 < £ < % — 1, where
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0 := ged(h,p). Here by the inequality we mean that it should hold componentwise. It is not hard
to see that, with F(x) := e—Q($)7

Fi <e27ri%—t) =Y @) Y emeero N g <k6p\/gn> ‘
acs o<e<kr 1 ne L (L+a)+N3
The main term in (2.8) is then
52 9mih
i E QL+
mzﬂ doela) Y Qe (4.1)
acs OSZS%_l

It is not hard to see that one may let £ run modulo % (again meant componentwise). We write £ =
N + kv with N running modulo k, v modulo £, and a € {(-1,2),(1,-2),(0,1),(0,-1),(1,-1),
(=1,1)} such that o — % € Z*. We then compute that the sum over £ in (4.1) equals (since

Qa) =1)

627'('2' }QLk 2 : 2mih (3(pN12+2a1N1)+3(pN1N2+a2N1+a1N2)+pN22+2a2N2)

P e pk

N (modk)
X Z e%((ﬁm-l—i‘lm)V1+(2a2+3a1)y2)

v (mod %)

Since ged(%,2) = 1, the inner sum vanishes unless 2| 3(2a; + a2) and 2| (2a2 + 3a1). If 3|2, then
in particular 3 | ag. This is however not satisfied for elements in .. If 31 £, then we easily obtain
that a1 = az =0 (mod &), implying that & = 1. We are thus left to show that (¥ = 1)
Z e (a) Z o L2 (3(pN2+2a1 N1 )+3(pN1 Na+az N1+a1 No)+pN3+2az Nz ) —0. (4.2)
acs N (modk)

Changing N — N — ap, with p the inverse of p modulo k (note that § = 1 implies that ged(p, k) =
1), the sum on N equals

o 27riih/5 Z E%Q(N)’
N (modk)
which is independent of a. Thus (4.2) holds.
The second term in (2.8) is
Bn2+1 (5(621;)&2))

- Z e(a) Z i altte) Z (ng +1)! 0

acs 0<g<’iTP,1 n2>0

© om VA
FOm2) (31 0)day <%‘[) . (4.3)

We claim that the contribution from those no which are even vanishes. This follows, once we show
that, for a € .,

Z <€2mZQ(L’+a)B%2+1 <5 (62 + a2)> n GZM%Q(HPQ)BQMH (5 (ba+1— a2)> > _o

k k
0<e<tr 1 p 14

This is seen to be true by the change of variables £ — —£€ + (=1 + %)1 for the second term.
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Arguing in the same way for the contribution from ns odd, we obtain that (4.3) equals
5(42-1—0(2))

_ 2th (L+a) 2n2+2 ( kp
)Y ) X y el

aEcS* 0<£<1€(TP_1 ns>0

r {32 (-3 (-2

The third term in (2.8) is treated in the same way, yielding the contribution

h 2n1 +2 (5([14—0{1))
-9 Z e() Z P2 Q) Z kp

(2n1 +2
ac.s* o<e<kr_q n12>0 ! )

o] " k‘2 2 n2
0 i (20

0 62

where

o o E2p2 \ ™
]__1(2 1+1,0)(o,x2)dx2< 6]; t> :

TP
The final term in (2.8) equals

Zs(o‘) Z eQm’%Q(Z—&-a)

acy OSZS%_l

6(l14a1) 0(la+a n14n
X Z Bn1+1 ( ( lkp 1 ) Bn2+1 < Qkp 2)> ]:(TLlJL2 (0 0) <k \/>> e
(n1 +1)! (ng + 1)! 1 '

ni,n2>0

Arguing in the same way as before this equals

2 Z 8(0) Z 627ri%Q(£+a)

acs* 0<e<kr 1
5(l1+an) d(lar+az) ni1+n
x ) B (H452) B (455 )].—<n1,m /(0,0) (k \[) .
nqy,n9>0 (TLl + 1)‘ (n2 + 1)'

ni1=ng (mod2)

—x

The function F o is treated similarly, yielding, with Fy(z) :=e™",

6<r+7>
Bomt1 (,J) "
27ri%(7"+%)2 F2) (o) <k‘2p2t> '
0<r<*—1 ngo (2m + 1)} i

4.2. The function F5. Since the calculations are similar to those for £y, we skip some of the
details. Decompose

Fy(q) = F21(q) + F22(q),
with

Foa@) = Y ni@) Y ma®®, B = Yl

acd nEoa+N2 mei4z
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We first study the asymptotic behavior of F5 1. Arguing as for Fi 1, we have
s kp
) S emEee 5 gy (5\/En> :
nek (L+a)+N2

-h
F2< 27rrk—t) — \[ E 17
0<£<kp 1

14

acy

ZWi%Q(KJra)'

1

with Gi(x) := zoF1(x). The Euler-Maclaurin main term is

5 2
Ig, Z n(e)
£ (mod l%p)

k‘p acy

)

3
2

t

(4.4)

As in Subsection 4.1, one can show that this vanishes
2no2—1
1O 2n2)(1‘1,0)d1‘1 <5> Gl

The second term in the Euler-Maclaurin summation formula is
(¢
Bonyt1 (‘( 2k:+a2)> >
P g( ,

2mi Q(L+cx)
¢ 2. (2ny + 1)

no>1

R

acS* g<p< kép 1
again pairing a and 1 — o and using that G;(x1,0)
In the same way we obtain that the third term in the Euler-Maclaurin summation formula is
k 2n1 1
g(2n170)(0’x2)dx2 <5p) m 1.

(5(€1+a1)>
27 Qe+ o) Z Zmitl kp
n1>0 (2n1 + 1)' 0
(4.5)

-2 D,

ac S * OSZS%*l
The final term in Euler-Maclaurin evaluates as
¢ 5(¢
l+a1)> Bn2+1 < ( 2];;&2)) g(nl,ng)(o O) kp
(ng + 1)! F)

>n1+n2 ny4ng—1
2

2mi Q(e+ar)

o

a€S " g<e<hr
a(
Bn1+1( s

<D (1 + 1)!

ni,ng2>0

n1#ng (mod2)
We next determine those terms of F5 1 that grow as t — 0. Inspecting the terms above we see
(4.6)

again pairing o with 1 —
that this comes from the n; = 0 term of (4.5) and is given by
ol
(1+O¢1)> 2mi ke FQl+a) / g10x2 dao.

oYY m(Mre

L aco o<e<kr 1
Using that Gi (0, z2) = z2e™"2 =: Go(2), we obtain that (4.6) equals
<5(€1 +a1)> 2t Qe+a)

kthZ > B k

acs* o<e<he
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Turning to Fb 9, its Euler-Maclaurin main term is
5 omil (1)
Sy ) (@)
T (mod %p)

Arguing as before, the second term in the Euler-Maclaurin summation formula equals

B (5(£+;)>

. 2m—+2 k 2m+1
2wz%<r+l)2 p (2m+1) @ m
>, e VY e % O3 -

o<r<k2_1 m=0
To see that all terms that grow as t — 07 cancel, we need to prove that
omil (p41 o0l + an h
Z e iy r ) Z Z B, ( ( 1k )> eQﬂsz(ZJra). (48)
r (mod @) acS* g<p< kp -1

To show (4.8), we first assume that § ¢ {1,2}. Writing £ = N + kv, 0 < N <k, 0 <v < & and
a = pa, we obtain that the sum on E equals

eQm‘pQLkQ(a) Z 622%(3(pr+2a1N1)+3(pN1N2+a2N1+a1N2)+pN22+2a2N2)
0<N<k
5 <N1 Ty %)
kp

o 2mi 575 (6a1-+3a2)01+(2a2+3a1)v2) (4.9)

The sum on v, vanishes unless §|(2az +3a1). It is not hard to see that (under the assumption that
& & {1,2}) this is not satisfied for elements in p.7*.
We next assume that £ = 1. It is not hard to see that

ezm‘%Q(k712171+1f%,€2+381+1+%> _ 627”'%@(@1*%7@2“*%). (4.10)

This then implies that the contribution of the first and third element in .#* cancel due to a negative
sign from the Bernoulli polynomial and we can shift the sum in ¢5 by integers. Thus the right-hand

side of (4.8) becomes
-2 3 B b grita(neri-) (4.11)
1 k . .

0<e<k
Now one can show that

627TZ'%Q<k_Zl’£2+3Z1+1_%> = 627Ti%Q(Zl’Z2+1_%) . (412)

To finish the claim (4.8), we assume, without loss of generality, that &k is odd. We split the sum in
(4.11), substitute (€1, f2) — (k — £1,¢2 + 3¢1) in the second part and use (4.12) to obtain

-9 Z By <€ls) eZﬂi%Q(fLEz—i—l—%) = _9 Z + Z B, <€;) 62“%@@1,52-&-1—%)

0<e<k 0<0<i(k—1) L(k+1)<t1<k
£y (mod k) £y (mod k)
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-2 Y B <ii:[) gritQ(bti-t) Y B <1 B f}j) 2mikQ(nta+1-1)

0<t1<1(k—1) 0<t1<3(k—1)
L2 (mod k) ly (mod k)
h 1 2
_ _231(0) Z 6271'1EQ<0,€2+1—5) _ Z 271'1 (Ez-i—l—f) ‘
Ly (mod k) £y (mod k)

The case § = 2 is done similarly.

5. COMPANIONS IN THE LOWER HALF PLANE

In this section we investigate multivariable Eichler integrals.

5.1. Multiple Eichler integrals. Let f; € Sy, (T, x;); if k; = % we also allow f; € M1 (T, x;).
2
Define the double Fichler integral
e Ji(w) fo(wa)
1 = dwad
R B = e e e

and the multiple error of modularity

/ /w1 fi(w1) fo(ws) duwnduw;.

(—i(wy + 7))2 k1 (—i(wg + 7))2 k2

f17f2,c

Theorem 5.1. We have, for M = (g d) eI,
Ifl,fz (T) - Xl_l (M*) X2_1 (M*) (CT + d)kl+k274jf1,f2(MT) = rflny,%(T) + Ifl(T)szy%(T) (5'1)
Moreover Thfard € OR\{-4}). If f; € Sk; (T, x5) (for j =1,2), then T ot € O(R).

Proof of Theorem 5.1. For simplicity, we assume that % < kj <2 and that fi, f are cuspidal. The
proof in the case that fi; or fo are not cuspidal and of weight % is basically the same; we then

require the bound
1

d
fj<zw] )<<1+w 2,
A direct calculation gives that, for M € I'™*,

c /‘i Fi(wy) fo(ws)

If17f2 (MT) =X1 (M*) X2 (M*) (CT + d)4—k1—k2 / (—i(wl n T))Q_kl(—i(UJQ n 7_))2_

-7

" dwsodwy .

The transformation (5.1) now follows by splitting

I T A

Using Lemma 2.3, we are left to show that r ffod 18 real-analytic on R which follows once we

prove that the following function is real-analytic

o f iwy + 9) fo (iwy + ¢
/ / (wr =i ( 1( d;)Q 12 (jvi—i'(rld))ﬂzdwzdwl' (5.2)
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We use that for w; > 1
d w0
fj (iwj + ) K e WY a; € RJr, (5.3)
c
and for 0 < w; <1 (the implied constant and b; may depend on c)
d A
fj <iwj + > < U)j Te i b]’ € R+. (54)
c

To show real-analycity of (5.2) on R, we split it into 3 pieces. Firstly, set

wl Ji (w1 + ¢) fo (fwe + £
Il = / / ( 59— kz ( - C) 4 27—k dwgdwl.
wl—z T—l—;)) (’LU2—Z(T+E))
Using (5.3) and that w; > 1 easily gives the locally uniform bound
(0.9] efalwl o0 efag’wz
I < / dwl/ ———dwy K 1.
1 2=k 1 wg_kQ

Next consider

Lo f1 (iwr + 2) fo (iws + 9)
I = c c d d )
2 /0 /O (wl_i(T‘f‘%))?ikl (wQ—Z’(T-i-%))%kQ e

Using (5.4) gives that

b1 by

Loy L™,
I <</ dw1/ 5—dwy < 1.
0 w1 0o W5
Finally, we set

00 ; d 1 ; d
I3 = / i (iwn + C)Q_k dwl/ fa (iwz + C)Q_k dws.
bo(wm—i(r+ )T o (we—i(r )T

Combining the above bounds gives again I3 < 1.

5.2. Special multiple Eichler integrals of weight one. Define for a € .*
V3 [ 1 (o w) + Oa(a;w)

Era(r) = - dwodwy
ol 4 )7 Ju V=ilwr + 1)/ —i(wa +7)
with
7727121_[)
01(c;w) := Z (211 +n2)n26 3 (2n1+n2) wi + 3% 2’
nea+7?
37rzn2w
92(0‘; w) = Z (3%1 + 2”2)”16 2 L (3n142n2)? w1+712
nca+72

Moreover set

E(r) =) e(@)&ralpr), (5.5)

acs*
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T, := {(‘c‘ Z) €To(12p) : b=0 (moddp),d = +1 (m0d2p)}.

Remark. Note that F; = I'p.

Remark. One can show that
V3

51(7'):—7 Z Iel(Qp,1+p5,2p;-),@1(6p,3+3p5,6p;-)(7')-
4p 6e{0,1}

However, as this representation is not required for the remainder of the paper, we do not provide
a proof of this identity.

Proposition 5.2. We have, for M = (‘; fl) el

12
&0 - () er+ 7800 =Y (ry 4 40 + 150, 4(0).

=1 ‘
where f;,g; are cusp forms of weight % (with some multiplier).

Proof. To use Theorem 5.1, we write 6; in terms of Shimura’s theta functions (2.9). For 6, we set
V1= 2n1 +ng, Vg :=no. Then 11 € 201 +as + Z, 15 € ay + 7Z, and v1 — 15 € 21 + 27 and we
obtain

37'ril/%w1 ‘rriu%wz

01(a;w) = Z vivge 2 T 2

1/6(2111 +ao ,a2)+Z2
V1 —vo €21 +27

37riu%w1 ﬁiV%w2
SO VT D DR
0€{0,1} 1 €2a1 +az+0+2Z va€as+o+27
Summing then easily gives
IECTCEIEES SRR SR D Y
cla)fla;w) = — €1 vie 2r voe 2p
. p? _ _
acy AcA v1=A; (mod 2p) vo=As (mod 2p)
1 3w1 w9
== > a(4)6; (219, Ay, 2p; > CH <2p, Az, 2p; >
p AeA p p
with
Ay — Ay As
A ::{(07 2) 9 (p7p+ 2) ) (p - 17p - 1) 9 (_17 _1) ) (p+ 17p - 1) ) (17 _1)}751(14) =& <2p7 ? .

For 05, we proceed similarly. Set v1 = 3n1 +2n9, 1o = n1. Then 11 € 3aq + 200+ 7Z, 15 € a1 + Z,
and 1 — 3y € 2a9 + 27 and we obtain

wiu%wl 37riu§w2

ﬂil/%’u)l 37riu§w2
b2 (a; w) = vivge 2 T 2 = 2 2
2 ) - 1V2€ - vie e

vE(3ai+2az,a1)+7Z2 0€{0,1} v1 €31 +2a2+0+2Z ve€an+o+27
v1—312€2000+27
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Summing gives

1 ﬂiu%wl 37riu§102
> e(@) oo w) = = > &2 (B) > vie @ Y e
ac.S* BeB v1=B1 (mod 2p) v2=B> (mod 2p)
1 3wo
- 5 Z €2 (B) @1 2107 Blazp, @1 2pa B272pa
P” gen p p
with
By, —3B; B
B 3:{(]) + 17p - 1)7 (1’ _1)’ (p + 2ap)a (270)a (17 1)7 (p + lvp + 1)} ) 62(B) =e (222)17 pl> .
Combining the above yields that
3 ioo oo Q) (2p, Ay, 2p; 3wy )O1 (2p, Ag, 2p;
51 (7_) _ _£ 61(14)/y / 1( D, A1, 2D; wl) 1 ( D, A2, 4DP; w2)dw2dw1
4p AeA \/ i(wy + T)\/—Z(U)Q +7)

_ Z 82 / /zoo @1 2pa Bl>2pa wl) @1 (2p7 B2>2p7 3w2)dw2dw1
P pes —i(wy +7)y/—i(w2 +7)

For M €T, we have, using (2.9) and (2.10),
fpc
01 (2p, A, 2p; M T) = CT—I-d @1(2p,A,2p;€7').

Theorem 5.1 then finishes the claim using that €3 = (=}).

5.3. Special multiple Eichler integrals of weight two. Define for a € .&*
V3 [0 10 203(cw) — ba(a; w)

62,04(’7') = dw2dw1
87 )= Ju /i(wr + ) (—i(ws + 7)
0= (cx:
/ / 5(6: ) - dwadwy
b i(wr +7))2/—i(ws +7)
with
7\'ZTL2’LU
b3l w) := Z (2m +n2)6 5 (2n1+n2) wi+ 3 2’
nea+72
d‘rrznzw
O4(c; w) := Z (3n1 + 2n2)e > F(3n1t2na)Pwi+ =522
nea+72
2
05 (c; w) := nie L (3n1+2n2) 2wy + T2
nEa+72
We then set

T) = Z & a(pT).

acS*
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Remark. Similarly as for £, one can simplify & as

V3
& (1) = — 37 191(21)7317219; -),©0(6p,3Bz,6p; -) (7).
BeB

This function again transforms as a depth two quantum modular.

Proposition 5.3. We have, for M € T'p,

18

Ea(7) — (2) (er + d)2Ex(MT) = Z (rfj’gjﬁg (7) + Iy, (7)r,, o (T)) ,

7j=1
where f; and g; are holomorphic modular forms of weight % or cusp forms of weight %

Proof. As in the proof of Proposition 5.2, we obtain

7rl7l21U 3
Z (2n1 + nz)e 2 (2n1+n2)2w1+ 22 : - Z @1 <2p7 A1>2pa > 60 <2pa A272p7 uj2> )
acs” o AcA b b
nea+7?
3min?w 1 3
S (Bny 4 mg)eB Gmtam s T 2§ g, (2p, By, 2p; “’1> 90 <2p, By, 2p; “’2> ,
acs” p BeB p p
neoa+7?
T 3
S meEOmn e e _ 2§ gy <2p, By, 2p; wl) e} (229, By, 2p; w2> '
acs”* BeB p p
nea+7z?
The claim now again follows from Theorem 5.1 using (2.9) and (2.10). O

5.4. More on double Eichler integrals. We have an obvious map Si(I', x) — Qo (T, x*),
where x*(M) := x(M*), which assigns to f € Si(I', x) its Eichler integral I;, defined in (2.11).
Clearly, we also have a map from S(I',x) ® Si(I', x), actually from its symmetric square, to
(Q2-(T*, x*))?, by mapping f1 ® fa to I1,Is,. The double Eichler integral construction Iy, s, gives
rise to a map

A (ST, X)) — Qg (17X [ (Qaok (T X))

where A2(Sy_1 (T, x)) is the second exterior power of S (T, x). To see this, it suffices to observe
the simplest shuffie relation for iterated integrals

If17f2 + If27f1 = If1[f2'

Remark. 1t is now straightforward to consider even more general iterated Eichler integrals (r € N):

| G
----- - - —dwy -+ - dwy,
i / /w / M i, oy

where the f; are cusp forms of weight k; > 4 5 (or possibly holomorphic forms for weight %) We
do not pursue their (mock/quantum) modular properties here — we will address this in our future
work [6] (see also Section 9 for related comments).
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6. INDEFINITE THETA FUNCTIONS

We next realize the double Eichler integrals studied in Section 5 as pieces of indefinite theta
functions.

6.1. The function & as an indefinite theta function. The next lemma rewrites E(7) := &(3)
in a shape to which one can apply the Euler-Maclaurin summation formula.

Lemma 6.1. We have
1
_ 1 . -Q(n)
Ei(r) =5 D ele) D Mo VBV (2vBn1 + Vg, ma) ) g0,
acS* nca+72

Proof. The claim follows, once we prove that

M, (\/:7,; V3u(2n1 + n), \/Eng)

; win2w
V3 (2n1 + ng)nag®™ 00 ¢3! (Gmitnaftun - pice T
= ———(&n1 — n2)naq

2
2 = N =i(w1 +7) Juy /—i(wy +T)
.2
\/g 100 ﬂ(3n1+2n2) w1 /zoo ew

— ~=(3n1 + 2n2)ny g9
2 7 =i(wr +7) Sy /—i(wy +T)

For simplicity we only show (6.1) for ny # 0. Since, by (2.7),
lim My (k; Aug, Aug) = 0,
A—00

dw2 dw1

d?.Udel. (6.1)

we obtain, using (2.5) and (2.6),
9
Ms(k;ur,ug) = — TMQ(FJ wiug, wiug)dwy
1 w1
= —/ <u1M2(1’0)(/@; wiug, wiug) + UQM2(071)(I€; wlul,wluQ)) dwq
1

0 2,2 U2 + KU1 _ mluptrup)ui U1 — Kug
= -2 ure” "I M (ugwy) + ——¢ 1412 M v —= dwy
/1 ( ( ) V14 k2 V1+ kK2

0 _ U2+HU1 ,w ( mu2>> dwn
— ure WU%wlM u w I 1+N 6.2
[ (i) + g Vi) e 0

) Zm 7T/Lu2w 1/42 —_ )
i uy miie 1q411)M Z(w1+T)u2
V2l W 2v
. 2 2 .
ug + Kuy e“(;’f’f ::;;v w1 q(Z(iT;l))u u —i(wy +7) up — Kug dw
(1+ k2)v 2 (1+ k2)v —i(wy +7)
Now write for N € RT
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Plugging this into (6.2) easily yields that

. Wiu%wl . wiu%urZ
Ul U2 u% + u% 100 e 20 100 e 20
MQ(I{; ul,u2) 2 —=Qq4v 4 dedwl
NN = /=i(w1 +7) Jw —i(wa +7)
m(u2+~u1) wy wi(ug —rug)twy
i + K1 Uy — Kus (112+m;1) (u1 mlg) 1+m v 100 e 2(1+m2)v

(1+)€ v 4(1+n

_2\/(1+/<52)U\/(1+/£2)vq -7 /—i(wr +7) Juy, /—i(wa+T)

From this it is not hard to conclude (6.1). O

dwgdwl.

6.2. The function &; as an indefinite theta function. We next write Eo(7) := &>(7) as a piece
of a derivative of an indefinite theta function, having an extra Jacobi variable.

Lemma 6.2. We have

1
:EZ

acS*
X Z [; <M2 (\/5, @(in +n2), Vv <n2 — 21m(z)>) 62”i"22>] qu(”).
nea+72 z v
Proof. We first compute

T2 (ot (4550 . 5 (2 )

211 z=0

(6.3)

= naMs (\/5, V3u (2n1 + na), \/5712) + 27:\/17

We show below that

3 2 mn3wy
3 00 6—7(2n1+n2) w1 0 ,——3
no Mo (\/g, V3vu(2n1 + na), ﬁng) = —£(2n1 + ng)/ / —dwadw;
2w 2 v W1 w1 w2§

2
3
0 efg(3n1+2n2)2w1 Ty w2

+ E(Bnl + 2n2)/ /OO degdwl _ e~ T(Bni+2n2)?o (\/ 3vn1)
am 2v vV w1 w1 w2% 271'\/17

37rn1w2

1 dwgdwl. (6.4)

\/377/1 (3n1+2n2 00
C 4r /Qv

w1

Since the third term cancels the second term on the right-hand side of (6.3) this then implies the
claim, using that

00 6—27rM2w1 00 6—27rN2w2 ioco 2miM 2wy ico 2miN2wo

M2+N2 [ €

—dwadw; = —q : = dwadwy,
v w w1 w3 -7 (—i(wy +7))2 Jur (—i(wy + 7'))

_ _ 2 : a2 ; 2
2w M=wq 0 o 2w N=wa B N2 2 100 627mM w1 100 627er wa
= —q
2v w w1

dwgdwl 3
-7 (—i(w1+7'))5 w1y ( (U)Q‘FT))

L VI

S

d’u)g dw1

—olw
N o=

w
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To prove (6.4), we again, for simplicity, restrict to n; # 0.
Plugging in (6.2) yields

o)
M2 (\/g, @(in + TLQ), \/Eng) = / <\/3>U(2n1 + n2)6—37rv(2n1+n2)2w1M (\/’leng)
1

d
_‘_\/5(3”1 + 2n2)e—7rv(3n1+2n2)2w1M (\/3vw1n1)> \/1%11

(6.5)
Using (2.3) and (2.2) the first term in (6.5) multiplied by na gives
\/ > 3 2 1 d’LUl
2 — 7rv(2n1+n2) wlr _ = 2
2f‘n2|( n1+n2)/1 e 2,7rvn2w1 7\/171
3 o d
+ B ) [ it @
n 1 w1
For the second term in (6.5), we split
1 3
ng = 5(377,1 + 2712) — 577,1. (67)

The ni-term contributes to noMsy as

3 ?.1 00 9 1 dw1
3 Ju 3 9 —mo@Bni+2ne)?wip (2 g2 —
4\/;n1|( ny + n2)/1 e 5> 3mUn W NoT

3 0 d
- ;f(?ml + 2ny) / em4mvQmn2yun ZOL (5 gy
T 1 w1

We next use that for N € Ng, M € N

00 0o ,—2rN2w; poo ,—2wM2ws
— 47 N2pw; 1 2 ) dwl o 1 € / €
e I'(—=,4noM*“w, = dwodwi .
/1 < 2 Vwi o 2ymo|lM| Jo, Wi Sy wzg

We use this to rewrite the first terms in (6.6) and (6.8). The first term in (6.6) is the first term on
the right-hand side of (6.4). Similarly, since n; # 0, the first term in (6.8) equals the second term
n (6.4). Now we combine the second terms in (6.6) and (6.8), to get

\/gnl /OO 6_47er(n)w1 @ (69)
2 1 w1

Next we compute the contribution from the first term in (6.7),

Vo 9 /OO 3 2 dwy
3 9 wv(3n1+2n2)% w1 3
~— 5 (3n1 + 2n3) . e M (\/ vwlnl) —wl

—7rv 3n1+2n2 ) (V 3vw1n1)
VW1

dw1 .

27T\f / 5101

Using integration by parts, this becomes

- ! V(B +2n2)? (\/@Tﬂ) \[nl/ _47”1@(”1,712)1111@
27rf 2 )y w1
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+ 1 /OO 6_71-1)(371,1—‘,-2712)2'101 @dwl (610)
4dm\/v Jy ;

wf
The second term now cancels (6.9) and the first term equals the third term in (6.4).
To rewrite the final term in (6.10), we use that for M, N € Z with N # 0

o M (2 N 0o —2wM3w, 00 —27N2ws
/ o—montuy M (2/V0LN) Vo )dwlz_QﬁN ¢ / ¢
1

2 20
wl w

dwadwi .

—iolw
N o=

w1 w
Thus the last term in (6.10) gives the final term in (6.4).
O
7. ASYMPTOTIC BEHAVIOR OF MULTIPLE EICHLER INTEGRALS AND PROOF OF THEOREM 1.1

In this section, we asymptotically relate F; and E;.

7.1. Asymptotic behavior of E;. Write
F (627”%7{/) ~ Z CLth(m)tm (t — 0+) .
m>0

The goal of this subsection is to prove the following.
Theorem 7.1. We have, for h,k € Z with k > 0 and ged(h, k) =1,
h it m n
Ey (k + 27T> Nn;)ah,k(m)(—t) (t—07).

Proof. We use Lemma 6.1 and the fact that Ms is an even function, to rewrite

B =1 Y cl@) 3 My (VEVE (28 + Vnam) ) 20
acy nea+N2
+ % Z () Z My (\/g; Vv <—2\/§n1 + \/§n2,n2>> g @)

ac.s n€a+Ng
where
S ={1-om) ac s}, Ha)=c(l-ar0)

To apply the Euler-Maclaurin summation formula directly, we turn every sgn into sgn*, where
sgn*(x) := sgn(z) for x # 0 and sgn*(0) := 1. To be more precise, we set

M <\/§, V3(2z1 + 5132)71'2) = sgn*(x1) sgn*(x2) + Es (\f& V3(2x1 + xg),xg)

— sgn*(z2)E (\/3(2951 + m)) — sgn*(z1)E(3x1 + 222). (7.1)
Using that
Mo (\/§7 \/§$2, $2) — lier M; (\/g, \/g(:I:Qxl + ZL’Q) ,;UQ) = :I:M(ng), (72)

x1—0

we then split
Ey(7) = & (7) + Hi(7)
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with
E1) =5 Y el@) 3 M5 (VB (23 +VBna,ma) ) -9
acs nea+N2
+ % Z~€~(a) Z M3 (\/g, Vv <—2\/§n1 + \/gng,m)) g~ @mn2),
acs nea+N2
Hy(7) := —% Z M (2y/vm) qu2 + % Z M (2y/vm) q7m2.
m€%+N0 melf%H\Ig

Note that for ny = 0 we take the limit n; — 0 in the My-functions.
We proceed as in Subsection 4.1 to determine the asymptotic behavior of £&§ and H;. Firstly we
rewrite

«(ho it —2mitQe+a) kp
(b E) S T x (i

acs o<e<kr_1 ne S (L+o)+N3
~ —omihO(— ~ (kp

+ Sl e 2mi g Q(—(l1+a1),la+az2) F <\/in> ,
27 2 PIRAT

acy 0<e< -1 nea(€+a)+NO

where
1 1 ~
.7:3(:1:) = §M2* <\/§, E (\/g (2{[:1 + 1‘2) ,l‘z)) EQ(w), ]-"3(:1:) = ]'-3(—1'1,1‘2).

The contribution from the F3 term to the first term in (2.8) is

52 —2omil a
g S ) S e g

acs 0<e<tr 1

conjugating (4.2). In the same way the main term coming from j—'vg is shown to vanish.
The contribution to the second term of Euler-Maclaurin is

B2n2+2 (6((2]:—042))
—92 —2mitQ(l+a) P

D cle) y e 2. (212 1 2)!

ac.S* OSZSk(Tp—l n2>0
o [ (020041 ~(0,2n2+1 A
X /U (./—"é 2t )(1'170) + ./."é 2t )<1'1,0)> d.’L‘l (52) .
We now claim that

/ (f§0’2n2+1)({£1, 0) + f3§072n2+1)($1, O)) dxl = (—1)”2 / ]:1(0’2n2+1)(331, O)dxl. (7.3)

0 0

Firstly the right-hand side of (7.3) equals

H2n2+1 00 §2n2tl A el oyt T2)2
[W/O f1($17$2)d$1] = [8:1;2"2“ (6 42/0 e 3ntF) dffl)] : (7.4)
2 29=0 2

xo=0
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Now the integral in (7.4) evaluates as

e -o()
Thus (7.4) becomes

\/’ 82n2+1 _é - \[1'2 _ ﬁ 82n2+1 _éE \/§x2
23 | a2 ¢ 2,7 M:O 23 | 9222+ 2vr ) )] e

(7.5)

To compute the left-hand side of (7.3), we decompose, according to (7.1),
M; <\/§, V3(2x1 + 22), 372) = sgn”(21) sgn”(22) + hi(x) — sgn”(v2)he(x) — sgn*(z1)hs(z),
where
hi(z) == E (\/5; V3 (221 + 22) ,@) . ho(m) = E (ﬁ(le n x2)>, hs(z) == E (311 + 212)

Setting

ap(x) := eQ®), aj(x) := h; <\/127T(:c)) Q@)

we then obtain

1 n n n n
=3 (aém D (1,0) + 0l (21,0) - " (@1, 0) = a7 (21, 0))

]- n n n n
+§<—a80’2 2+1)( 21,0) + (02 2+1)( 21,0) — (02 2+1)( 21,0) + (02 2“)(—371,0))

using that ag and a1 are even and as and as are odd. Plugging in the definition of ag and asz, we
need to consider

[aZHQH <€x§ /OO 3o H3TT2 ) r (\/ 3 (2z1 + )) dx )] (7.6)
- o +1 1 2 1 . .
8]"2 2t 0 2m z2=0

Changing variables w := /2 (221 + 22), the function in (7.6) before differentiation is

3 7TTU v%xQ '/\"u)2
\/?e i / ez dw = —\/>e42 / M(w / ’ M(w)e 2 dw
e 3:2 0

The first integral vanishes upon differentiating an odd number of times and then setting zo = 0. In
the second integral we decompose M (w) = E(w) — 1. The contribution of the E-function vanishes,
since F is an odd function. We are left with

™ H2n2+1 \ w2 nu? T oo 1 H2n2+1 a3 \/ w2l 2
- A 2natl =zt 7 mmarT | € 7 e 2 dw
x5 6 x5 0

x9=0 xo=0
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The integral equals
V3zg

X 2V an? . 7 \/gxg
’L\/i/() e dw = %E (M) .

ﬁ(_l)nQJrl 9t eféE \/3352
23 ox3m 2vr ) )]

as claimed, by comparing with (7.5).
In the same way one can show that the third term in Euler-Maclaurin equals

5(el+a1))

Boy,
—2 Z £(a) Z o 2mi g Q(e+a) Z 2 1(;11<+2k;

acs* 0<e<hr 1 n12>0

Thus we obtain

00 n k2 2t n1i
.Fl(z 1+170)(0,$2)d$2 (— P ) .

0 62

The contribution to the final term is, pairing as in Section 4

d(tan) S(la+az)
2 ) ele) Y e~ 2k Qeta) 3 B””“( o )Bn2+1( T >

kp kp
acs* ngg%pfl ni,mg>0

(ny + 1)1 (n1 + 1)
ni1=ng (mod2)

. kp\/{f n1+n2
(A - ComEP) ()
We next show that
F{M(0) = (<)M F(0) = i FM 0),
For this, we compute
Fr(0) — (1M E"(0) = o™ (0) - af" " (0).
Since az(—z1, —x2) = —asz(x), we obtain
a§"™ "2 (0) = (~1)" 2 ag™ ") (0),
Because in the sums of interest ny = ng (mod 2), the contribution of a3 vanishes. As claimed, we
are left with

n1 9
a(()”lm)(()) — jnitne [aalﬂlll 88:632 e—Q(w)] _ ,L'n1+n2JT.'1(") (())

Finally, the contribution from H;j gives, observing that the Euler-Maclaurin main term vanishes,

x=0

(2m+1)! 4 52

6<r+l>
B P
—2m‘ﬁ<r+l)2 o ( 5 ) (2m) B2p? \"
> i)y #0o) (S
0<r<ke_1 mz0
with Fy(z) := M (\/%a;)e”’Q. The claim then follows, observing that

. aZm —ac m
FEM(0) = (—1ym [axgme 1 = ("R ),
=0
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7.2. Asymptotics of &. We write
Fy ( 27” ) ~ Z bh7k(m)tm (t — O+) s
m>0
Theorem 7.2. We have, for h,k € Z with k > 0 and ged(h, k) =1,
h it m n

m>0

Proof. We write, using Lemma 6.2 and (6.3)
Eo(7) = E21(7) + E2.2(7),

where

52,1(7') = % Z ?7(0!) Z no Mo (\[ \/%(QTM +7”L2) \fn2> —Q(n)
acy nea—&-Ng

+ % Z n(c) Z no Mo (\/§, \/%(—in + na), \/17712) q—Q(—nl»nz)

acs nea+N2

R B T

acy nea—‘rNg

47[_\[ Z Z €—7r(—3n1+2n2)2vM (@7“) q—Q(—nl,ng)’

acs nGa—I—Ng

Exa(T

where 77(a) :=n(1 — a1, az). We then again use (7.2), to split
E21(7) = & (1) + Ha(7),

where
oy 1 . o
& (7)== 3 Z n(a) Z naMj (\/§7 V3u(2n1 + ny), ﬁnz) g o™
acs nca+NZ
1 7 * - —ni,n
+ 5 Z~77<a) Z nQMQ (\/g, \/%(—2711 —|— 77,2)’ \/an2> q Q( 1, 2),
acs nea+NZ

1 —m2
Hy(7) = 3 Z Z mM (2y/vm) ¢~ ™.
ﬁe{%ﬂfi} méepL+Ng
Using that lim,_,o+ M*(+z) = F1, where we let M*(z) := E(z) — sgn*(z), we split
E22(T) = E35(7) + H3(7),

where

CRCIE Y I e T P

’ “an
\f acy nEa-i—N(%
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Z ﬁ(a) Z e*ﬂ(73n1+2n2 Vs ( \/371)7“) nl,n2)7

n 1
Am\/v
acy n€a+N2

H3<T) — 471-];/» Z Z 747rm v fm

56{1 1— 1}m€B+Ng

We first investigate asymptotic properties of £5. Writing Gs(x) := z2F3(x) and
Gs(x) := G3(—x1,x2), we have

& (’; 27?) LY ¥ emtess 5o, (’ifm)

acy 0<g§%1771 nelf—p(£+a)+Ng

L ~ —zm‘ﬂQ(—Zl—alb-Fw) G @\/

b i) Y : 2. GaGVin).
acs ()Sgg%l’_l nekip(l-&-a)-i-Ng

The contribution from G3 to the Euler-Maclaurin main term is, as in Subsection 4.2,

2
1) 1, Z n() Z e 2mi Q) _

22
k t2 acy Qgegkél_l

In the same way we see that the contribution from 53 to the main term vanishes.
The contribution to the second term in Euler-Maclaurin is, as in Subsection 4.2,

2n2+ (6“2—;&2) )

_9 Z Z e—2th<e+a>Z 5 Al
(2ng +

acS* 0<£<’%P_1 ng>1

[e'e] n - n k 2no—1
></ <g§0,2 2)($170) _’_ng)O,Q 2)(1,1’0)) dxy <;) me—1
0

We claim that
/Ooo (652" (21,0) + G2 (21,0 ) day = (1) /OOo G"*") (21, 0)dwy.  (T.7)

Since we need to differentiate the xa-factor exactly once, we have
Gy (1,0) +§<°’2"2’<m1,o> = 2n, (f?EO’Q"Q*”( 0) + 75"V (@1,0)).

The claim (7.7) then follows from (7.3). This gives the correspondence to (4.4).
The third term in Euler-Maclaurin is, in the same way,

N ((5([1-}—@1))
_7m kp
DY Y e 3 T

ac.S* 0<£<%P 1 n1>0

o0 " ~(9n k 2’!’L171
<[ (08 0. - GO0 ) e ()
0
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To relate this to (4.5) (skipping the n; = 0 term in both cases), we compute that
G174 0,22) = G (0, 2) = a2 (a7 0,2) = 7 0,02).

1
ap() — as(x) = —e9@ M+ (\ / ﬂ(?’xl + 2.1‘2)) . (7.8)
We next show that

o0
/ T9 < (2n1,0 )(O x9) — a§2n1’0)(0,x2)) dxo
0
0% sai

ni+1 82n1 x2—3x1 w0 —312 1 —
= (—1)™ T (e— 3—3z1w0— 1) dey 4+ — 7 , (7.9
(=1) /0 2 &E%m _ 2 V2 | Oz 2n1 _ (7.9)
x1=0 x1=0

where the first terms on the right-hand side corresponds to (4.5). We write it as

2n1 322 oo 3x
(=)™ [88 2, (641/ Tae ~(r7) dw2>]
Now we let

327 & 3x1 2 1 _9af 3T ﬁ 3T
_1m+1;:/ — = )e 2 drg == 1 ——Y_(1-E(—=
flzr)e™@ (=1) ay Ta— - Je mdrz=ge 4 2 2 2ym) )’

using integration by parts. We then compute (using n; > 0)

—_ 1)+l 2n1 5 _1\ni+1 2n1 352
f(2n1)(0) _ ( 1)2 [ 0 6_3331] n (—1) 5 3T [ 0 <:C16_541E ( 3y ))]
x1=0

8962"1 837%”1

Note that

x1=0

For the left-hand side of (7.9) we use (7.8) and consider

2 00
_ [aa ;:1 </ .%'QM* <2‘T2 '; 3371) 6396%+3z1x2+x%dx2>]
x] 0 V2w

Making the change of variables u = % the integral before differentiation (including the minus

\/? 1/3 (Varu —30:) M M (u)e™s" du. (7.11)

Using integration by parts, the contmbutlon from +/2mu equals

(e (5) ) (o (32)

Thus differentiating 2n; times with respect to x1 and then setting x1 = 0 gives (using that z — E(z)

x1=0

sign) becomes

is odd)
82711 1 62111 352 1 82711 1 62n1 322
B e R e e e o s Iy
ozx™ V2 Ozy™ 2 ozx™ V2 ozy™
x1=0 x1=0 x1=0 x1=0
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The first term matches the first term in (7.10), the second term is the second term on the right-hand
side of (7.9). For the second term in (7.11), we split

3z
312 7TU \/7 ﬁ 7Tu2
\/?e 41x1 (/ M*(u du—/ ’ e2du+/ ’ e2du>.

Since we take an even number of derivatives only the last term survives, yielding the contribution

92 302 [ e ﬁ m3ﬁ 9Pm _ e 3z
2\/§[2n1 <x164/ )] =—(-1) 4 P <5516 4E<M)> )

x1=0

This is the second term in (7.10), which implies (7.9).
The left-over term from (7.9) overall contributes as

Bon, 11 (M) 92m1  3a2 k 2n1—1
. —2mitQe+a) ! kp = kp ni—1
py ¥ emtenoy Bl et) (G ] ()
r1=0

acsS* ()Sggl%l’_l n1>1

The final term in Euler-Maclaurin is

9 Z Z 6—27ri%Q(€+a) Z

acS* g<p<ke g n1,m2>0
== ni#Zn2 (mod?2)

B (2950 ) By (25502

ni,n2 ni1+1-(n1,n2 k
< (G50 + gy o) (4

ni+n2 ny4ng—1
t 2.
0

Then
g§n1,n2)(0) + (_1)n1+1§§n17n2)(0) — in1+n2_1g£n17n2)(0)

gives the relation to (4.7).
We next consider Hy. We have, with Gy () := xFy(x),

h it _Qﬂ, (+ﬂ)2 k'p
m (3 5e) =5 i X T 5 a(Gim).
1 1 kp (r+8)8
{ 1 }O< < —1 m€T+N0
The Euler-Maclaurin main term is

1 0 e 2mig(r o —m‘ﬁrl2
v NP YD V- M

,36{1 1— 1}0<r<kp 1 r (mod]%p)

§(r+1
9 .h( +1)2 B2m+2< (kpp>) @ k?p 2m+1
—2mp Tty m+1) P m
> S gy A0 (F)

o<r<*2_1 m2

The second term becomes

Then
gi2m+1)(0) _ (2m 4 1)fi2m)(0) _ (2m + 1)(_1)m+1f2(2m) (O) _ (_1)m+lg§2m+1)(0).
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gives the relation to (4.9).
Finally, we consider & . We first study &5 5 and write

* h —2miT [o] k
&9 <k: 277) \/» Z Z e 2miEQe+a) Z Us <(§D\/En>

o<e<%f1 n€ i (e+a)+Ng
hy_p e k
E Z e 2mig Q(—li—anla+az) Z Gs <(§p\/{fn> ,
aey o<e§%”—1 n€ i (Lre)+Ng

where

1 323 2 3 ~
g5($) — me—T—Swum—sz* ( 27-‘_1»1) , g5($) = g5(_x1,$2).

As before the main term in Euler-Maclaurin vanishes. The second term equals

5(£2+a2))

Ly 3 ety Bl

aE/* o<e<kr g n2>0

o0 " n k 2TL271
X/'(%MZR 0)+ G0 w0 ey ()
0

It is however not hard to see that
G572 (@1, 0) + G5 (21, 0) = 0.

The third term in Euler-Maclaurin is

2n1+1 (M)

Bv-D YD DR LD D

aGY* o<e<kr kp -1 n1>0

% [ H(2n1,0) >(2n1,0) kp\ 2™ 1
x/ (G590, 22) = G (0, 22) d@(&) M3
0

Now

G0 (0, 22) — G0 (0, 22) = 267 (0,22) ,

3o 2
where G5 1(x) = _ﬁ6—7—3x112—w2. We thus need to compute

9] 1 §2m 3.2 [0 3 \2
2 Q(in’o) 0,20)drg = ——— 64/ ¢~ (v2t321) dxo
0 5,1 ( 2) 2 ﬂ 8:}5?"1 0 o

[ (4 (-2 ()] -5 [
— Y 1-E(— =Y | :
2v2 |07 \“ 2/ _ 22 |07 o

xr1=0
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This term then contributes as

8(l1+0) _
727‘_th £+OC) 27’L1 +1 (—1 1 ) 82711 % kp 2n1—1 tnlil
Z > > i 5 -
(2n; + 1)! oz] 0 0
1=

OLEV* 0<e< ke kp 1 n1>0

(7.12)
The final term in the Euler-Maclaurin summation formula is

B 6(01+aq) S(fatan)
\/27 Z 17([[) 6_2ﬂi%Q(e+a) n+1 (L> Bn+2 (%)
7t 2 : E

kp P
aceS* OSKS%—l n,ngy>0

(n1+1)! (ng + 1)!
n1#ng (mod?2)

(n1,n2) n1+15(n1,n2) kp e
< (g5 (0) + (g (0) (Ve

It is easy to see that under the condition ny # ny (mod2) we have

Gy (0) + (~1)" TG (0) = 0,
Next, we consider

h it 1 _onih 2 kp
H e Sy - 2mk(r+,8) [ £/t )
(iva)m T 2 > (i
{La-1}o<r<f—1 me 38 o,

The Euler-Maclaurin main term is

o —2mi & (r+3)? J —27”@(7‘-1-1)2
LN T ko) Ir, Y ()
2kptm Be{%,l—%}r (mod%p) k‘pt\/ﬂ r (mod %p)

The final term is

Bom+2 M
1 72Triﬁ(7"+l>2 P (2m+1)
— Z e A Z F. 0)=0

| 2
Vort o<rei 1 0 (2m + 2)!
since JF» is an even function.
Collecting all growing terms gives
(5 —omil 1"Jrl ? I]-'Q
D DI Hr) Lg,(0,)-Gs(0,) T Los + \f Z6301-G500 T 35 ) (7.13)
r (mod %)

We compute Tz, = ‘F

and, using integration by parts,
o 2 M*(0 2 [ 1 1
1g, = / ze® M* \/>$ dr = — ) _ \/>/ e dr == — —
0 T T Jo 2 V2
by conjugating (4.8). Moreover, (7.9) gives

T oo _”C%d 1_1 _:Cgoo 1_ 1 1
s0-ian et g =g [T 5= g
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. Vi

95(0,)-05(0,) ~ "9\ /3"

Thus the term inside the paranthesis in (7.13) vanishes.
We are left to show that the contributions from (7.8) and (7.12) vanish. For this it suffices to
show that, for all n € N,

- o (¢
Yy e, ( ( 1]; al)) _o

a€S" o<t

As in (4.9) we get that this sum is zero for § ¢ {1,2}. Next we consider £ = 1. We first combine
the first and third element in .#*. Using (4.10) and

B2m+1(1 — x) = —B2m+1(:13) (714)
gives that these cancel. Thus we need to show that
14 —2mih 1
R (Y G _
0<t<k

We use (4.11) and distinguish again whether k is even or odd. If k is odd we do the same change
of variables and use (7.14) to obtain that (7.15) equals

—omih (e2+1—l)2
Bgn+1(0) Z e k v/ =0
Ly (mod k)

since for m > 3 odd, B,,(0) = 0.
If k is even, then we obtain

B2n+1(0) Z 672m‘%(£2+17%)2 + By (;) Z 672m‘%(£2+17%)2 0
L

¢ (mod k) (mod k)

since for m odd By,(3) = 0.
We next turn to the case % = 2. Then only the second element survives and we want

—2milt -1
> Bans1(0)e 2mif (ta+1-7) _ 0. (7.16)
0<e<2k—1
We obtain for the left-hand side of (7.16)
1 —omih _1)?
<Bgn+1(0) + BQn+1 <2>> Z e 2 % <52+1 P) — 0
ly (modk)

This finally proves the theorem.
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7.3. Proof of Theorem 1.1. We are now ready to prove a refined version of Theorem 1.1.

Theorem 7.3. (1) The function Fy : Q — C defined by ﬁl(%) = Fl(e%i%) is a depth two
quantum modular form of weight one for I'y, with multiplier (_73)

(2) The function Fy:Q — C defined by ﬁg(%) = Fz(e%i%) is a depth two quantum modular form
of weight two for I',, with multiplier (%)

Proof. (1) We have, by Theorem 7.1,

(P g 2millh ¢\ L ho it
h (k) = Jim £y () = Oy, (0) = lim By (= +5— )
where py := p/ ged(k, p), pa2 := ged(k, p). Proposition 5.2 then gives the claim.
(2) Theorem 7.2 gives

-~ h -ph h it
5(2) = iim F (27””15) —b — hm Ey (242
<k> Jim, B (e o, (0) = Jim o | =+ o

Proposition 5.3 then gives the claim. O
Remark. For odd d, we have that (3) = (=) = L ifand only if d =1 (mod 12) so that both F} and

F5 can be viewed as quantum modular forms with the trivial character under a suitable subgroup
of T'y (e.g. the principal congruence subgroup I'(12p)).
8. COMPLETED INDEFINITE THETA FUNCTIONS

In this section, we embed the double Eichler integrals in a modular context by viewing them as
“purely non-holomorphic” parts of indefinite theta series.

8.1. Weight one. The functions E» and Ms were introduced in [1], where they played a crucial
role in understanding modular indefinite theta functions of signature (j,2) (7 € Ny). We consider
the quadratic form Qq(n) := %nTAln and the bilinear form Bi(n, m) := nT Aym given by A; :=

6363
<% 23 %) , and define Ay == (§3), Po(n) :== Ma(v/3; V3 (2n1 + n2) ,n2) and, for n € R, set
3200

P(n) := M, <\/§7 V3(2n3 4 ny), n4) + (sgn(2ng + n4) + sgn(ny)) (sgn(3ns + 2n4) + sgn(na))

+ (sgn (na) +sgn (n2)) My (V3(2ng + 1)) + (sgn (n3) + sgn (n1)) My (3ng + 2n4).
Note that, for ¢ € .9*,
25170(7—) = G*AO,P(),C!(T)‘
We view this function as “purely non-holomorphic” part of the indefinite theta function
Oa,pa(m)= > P(Von)q?™, (8.1)
nea+7Z4
where a € %A;lz‘L with (as,as) = (a1,a2). One can either employ Section 4.3 of [1] or proceed

directly (as we do here) to prove the following proposition.

Proposition 8.1. Assume that a € %AI_IZ4 with a1,a0 € 7.
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(1) We have

®A1,P_ ,a(T) = 281,(0,3@4) (T)GAO,I,(al—ag,ag—cm) (T)a

where

P~ (n) := M> (\/3, V3 (2n3 + ny) ,n4> .

(2) The functions © o, pa and ©_ 4, p) (a3,as) converge absolutely and locally uniformly.
(3) The function T+ © 4, pq(pT) transforms like a modular form of weight two for some subgroup
of SLa(Z) and some character.

Remark. When considering indefinite theta functions of signature (j,2), one usually obtains four
Mos-terms as the purely “non-holomorphic” part. The arguments of these four Ms-functions are
dictated by the holomorphic part. The fact that (1,0,0,0)” and (0,1,0,0)? (which correspond to
ny and ny occuring in P) have norm zero with respect to Afl causes the “missing” Mo-terms to
vanish. Therefore we refer to this situation as a double null limit (see [1]).

Proof of Proposition 8.1. (1) Shifting (n1,n2,n3,ng) — (n1 — ng, ng — ng,ng,nyg) on the left hand
side of the identity gives the claim.
(2) For ©_ 4, Py (a3,04) We employ the asymptotic given in (2.7), to obtain

6—7r(3(2n1+n2)2+n%)v

‘Mg (\/g, V3v (2ny + n2), ﬁng) q*%"TAO” < 5 g™’ Aonv
m2n1na
—mnT Agnv

_ T T
< ce 2mn Aonvewn Apnv = cie

for some ¢; € RY and (n1,n2) € (a3, a4) + Z? with nq,ny # 0. By plugging in the definition, one
can show that for some c; € RT and n = (0,n2) € (a3, a4) + Z2

’Mg (\/g, V3vns, \/T)ng) q_%"TAO”
(and similarly for the case ny = 0). Using that Ay is positive definite, we obtain, for some c3 € RT

> ’M2 (\/3; V3u (2n1 + ng), ﬁnz) g A <oy ST Ay <o

ne(as,aq)+722 n€(as,aq)+7Z2

< C2€—TrnTAonv

implying the absolute and locally uniform convergence of ©_ 4, p, (44,4,)- Combining this with (1)
and the convergence of the positive definite theta series © 4, 1 (a; —a3,a—as), We Obtain absolute and
locally uniform convergence of the Ma-part of © 4, paq.

For the part containing only sign-terms

Z (sgn(2n3 + ny) + sgn(n1)) (sgn(3ns + 2ny) + sgn(ng)) ¢+, (8.2)
nea+z4
we consider the determinant of A4, (n, by, ba, b3, by), where (Aps(vy, ... ,'v5))j’€ = UJTMW and
0O 0 1 0
110 o o0 3
(b17b27b37b4) E g 2 -3 1 0

-3 6 0 =3
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We compute the determinant det(A 4, (n, b1, ba, bs, by)) via Laplace expansion to obtain
e—WUQl(TL) < efﬂ(%Bl(b1,n)2+%Bl(bg,n)2+Bl(b1,n)B1(bg,n)+281(bg,n)Bl(b4,n))v

< ¢—ca(B1(b1,)?+B1(b2,m)*+[B1(bs,n) |+ Bi (ba,n)Jv

with some ¢4 € RY for all n € a + Z* which satisfy the condition
(sgn(2ns + n4) + sgn(ni)) (sgn(3ns + 2n4) + sgn(ng)) # 0.
Thus (8.2) is dominated by
Z ‘(sgn(?ng + ng) + sgn(n)) (sgn(3ns + 2n4) + sgn(ng)) e "M
neca+7z*
<4 > ¢—ca(B1(b1,n)?+B1(b2,n)+| By (bs,n) [+ Br(ban) v o
neca+72*

To deal with the contribution of the third and fourth summand of P one combines the approaches
of the two previous terms.
(3) We use Lemma 2.1 to rewrite P as a limit of Ep-functions, namely

P(n) =lim P.(n),

e—0

where

S € S (L I W (. S
Pf(")'_<E2<3’f3(2 3 ma) <1+ 3+J§>+6(2¢§—3)>

3
+ By (; (3 + 2n4) s~ — = (ma + V3ng + n4)> + By (V3 V3 (25 + na) ,na)

B

"2 2

[\V)

n € 3
+ Fs (—\/§ . (na + 2n4) , . (2n1 + ng) — \2[8 (2n1 + ng + 4ng + 2n4)> )

One can then verify that each occuring term Es(x;b'n,c'n) satisfies the Vignéras differential

equation given in Theorem 2.2 with A = 0 and A = A;. A straightforward calculation shows that
the Vignéras differential equation is satisfied for P. with respect to Ay if and only if it is satisfied
for P.,(n) := P.(,/pn) with respect to pA;. Furthermore, we have

0.41,Pa(PT) = Opay pa(r) =m0, 5 (7)

where P,(n) := P(,/pn). We can apply Theorem 2.2 to obtain weight 2 modularity of ©
since a € (pA;)~'Z*. Now, taking the limit ¢ — 0 proves the claim.

pA1 »ﬁa,p:a
]

8.2. Completion: weight two. Similarly as in the previous Section 8.1, the function E, may be
related to a modular object of weight three. This connection becomes evident when writing Eo as
a Jacobi derivative as in Lemma 6.2. We leave the details to the reader.
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8.3. Lowering. The indefinite theta series considered in Subsection 8.1 are higher depth harmonic
Maass forms following Zagier-Zwegers. Roughly speaking, by this we mean that applying the Maass
lowering operator L := —22’1}2% makes the function simpler. In particular, for the iterated Eichler

integral, we have
L(Ify (7)) = 280" f1 (=7) Iy (7).
Now v f; (—7) is v¥! times a conjugated modular form of weight k; (so transforming of weight

—Fk1) and Iy,, defined in (2.11), is the non-holomorphic part of an harmonic Maass form of weight
2 — ko.

9. CONCLUSION AND FURTHER QUESTIONS

We conclude here with several comments and research directions

(1) We plan to more systematically study higher depth quantum modular forms and to describe
explicitly the quantum S-modular matrix of F'(¢). This requires a modification of several
arguments used here for Fy(q) (note that we restricted ourselves to I', out of necessity).
This result would allow us to make a more precise connection between W (p)a, and its
irreducible modules. For one, we should be able to associate an S-matrix to the set of
atypical irreducible W (p) 4,-characters, in parallel to [§].

(2) Iterated (or multiple) Eichler integrals studied in Section 5 are of independent interest. As
in other theories dealing with iterated integrals (e.g. non-commutative modular symbols,
Chen’s integrals and multiple zeta-values) shuffle relations are expected to play an important
role. Another goal worth pursuing is to connect iterated Eichler integrals of half-integral
weights to Manin’s work [19].

(3) We plan to investigate the asymptotic of F'(¢) in terms of finite g-series evaluated at root of
unity. This requires certain hypergeometric type formulas for double rank two false theta

functions.
(4) In recent work [6] we found a new expression for the error of modularity appearing in
Propositions 5.2 and 5.3, at least if M7t = —%. Our formulae involve what we end up

calling, “double Mordell” integrals. In the rank one case this connection is well-understood
[28, Theorem 1.16].

(5) Very recently, W. Yuasa [24] gave an explicit formula for the tail of (2,2p)-torus links
associated to the sequence of colored Jones polynomials: anj(K ,q), n € N, where wj,
j = 1,2 are the fundamental weights. We were able to identify the same tail as a summand
of F(q), up to the factor 1 — ¢ (viz. extract the “diagonal” m; = mg in formula (1.7)).
This raises the following question: Is it true that F'(q) is the tail of J,,,(K, q), (n € N) (here
p = w1 +ws), up to a rational function of ¢? For related computations of tails colored with
sl3 representations see [13].
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