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HIGHER DEPTH FALSE MODULAR FORMS

KATHRIN BRINGMANN, JONAS KASZIAN, ANTUN MILAS, AND CANER NAZAROGLU

ABSTRACT. False theta functions are functions that are closely related to classical theta functions
and mock theta functions. In this paper, we study their modular properties at all ranks by forming
modular completions analogous to modular completions of indefinite theta functions of any signature
and thereby develop a structure parallel to the recently developed theory of higher depth mock
modular forms. We then demonstrate this theoretical base on a number of examples up to depth
three coming from characters of modules for the vertex algebra W°(p)a,, 1 < n < 3, and from
Z-invariants of 3-manifolds associated with gauge group SU(3).

1. INTRODUCTION AND STATEMENT OF RESULTS

False theta functions are similar to theta functions, which are classical examples of modular
forms and Jacobi forms; they differ, however, by the inclusion of certain sign factors that break their
modular symmetry. False theta functions have appeared in several contexts including representation
theory, quantum topology, and theoretical physics. In representation theory, they occur essentially
as characters of modules for the (1,p)-singlet algebras and of higher rank W-algebras W9(p), [2, 6],
10, 11]. They have been also identified within character formulas of parafermionic vertex algebras
coming from Fourier coefficients of negative index Jacobi forms [3| 4]. In quantum topology, false
theta functions capture unified WRT invariants of Seifert 3-manifolds [I5] [I7] and also occur in the
computation of tails of colored Jones polynomials of alternating knots [14, 25]. Very recently, they
prominently featured in physics through the work of Gukov, Pei, Putrov, and Vafa on homological
blocks of 3-manifolds Zy 4(g) in Chern-Simons theory [I6]. These remarkable g-series, called Z-
invariants, can be expressed as false theta functions (at least if M is a plumbed 3-manifold). The
Z-invariants, their refinements [15], and higher rank generalizations [22], are conjecturally (higher
depth) quantum modular forms [5 [§].

In the simplest case of false theta functions with a single sign function, the modular transforma-
tion properties can be simply deduced by realizing these functions as holomorphic Eichler integrals
of unary theta functions. For example, the unary false theta function

. 1 n t(n+1)?
P(T) .—zngn<n+§>( Hrgz\"T2)
nez
with sgn(z) := ﬁ for  # 0 and sgn(0) := 0, can be realized as the holomorphic Eichler integral

T41i00 3

n(w)
T Vi(w—17)
where n(7) := qﬁ [I,,>1(1 —¢") is the Dedekind eta-function and the integration path is appropri-

ately chosen in view of the double-valuedness of the square-root (see e.g. [7] for more details). This
realization immediately tells us that ¢(7) transforms like a modular form up to suitably defined

(1) =i
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cycle integrals of the cusp form 7(w)? (which can be realized as a classical unary theta function).
Such classical considerations are sufficient for most purposes involving unary false theta functions.
For example, the modular properties used to obtain Rademacher-type exact formulae for Fourier

coefficients of %)g derived in [7] can be understood from this picture. Similarly, these consider-

ations imply quantum modular properties for the limits of such false theta functions to rational
numbers. Recall that in the simplest case, quantum modular forms are functions f : Q — C whose
obstruction to modularity

FF) = (er +d) " f (‘”i;) for (3 Z) € SL(Z)

CT

(or possibly a vector-valued generalization with a suitable multiplier system) can be extended to a
smooth or even real-analytic function on the reals except for a finite set of points [26]E

The results of [7] offer an alternative repackaging of false theta functions where their modular
properties can be studied in a way similar to indefinite theta functions by constructing modular
completions (these are modular covariant functions which reproduce these false or indefinite theta
functions at their boundary - see below for more details). This point of view is particularly suitable
for generalizations to false theta functions with more factors of sign functions. That is precisely
the strategy we follow in this paper to formulate a general framework, where such functions can be
studied through modular completions constructed using generalized error functions defined by [I].
Our results also point out how the holomorphic Eichler integral representations above generalize
to this more general setting (by using Lemma 210l which is in turn naturally derived by studying
properties of generalized error functions). It turns out that a false theta function with r factors
of sign functions can be expressed as a linear combination of iterated integrals of modular forms.
However, the number of such Eichler-type iterated integrals is at least r! and hence quickly pro-
liferates with increasing r. This reproduces the simple considerations above for unary false theta
functions at » = 1 and yields a very managable approach for the r = 2 case (as worked out in [3]).
It quickly becomes cumbersome for larger values of r, whereas the approach presented here in terms
of modular completions provides a compact and straightforward way to package and study these
functions. Furthermore, to deal with additional polynomial insertions, we derive a set of modular
covariant differential operators acting on the modular completion. These operators automatically
produce all the modular covariant terms that have to be introduced in an ad-hoc fashion in an
approach based on Lemma 2.0l All in all, these points suggest that the approach we assume here
based on modular completions (following [7]) is the natural framework for false theta functions at
any rank and with arbitrary insertions of sign functions and polynomials.

To understand these completions, we first recall mock modular forms, which are themselves func-
tions that have well-behaved obstructions to modularity. They were first introduced by Ramanujan
in the form of 17 examples of the so-called mock theta functions. Their modular properties however
remained largely mysterious until the seminal work of Zwegers [27], which described mock modular
forms as the holomorphic parts of certain real-analytic functions (called their modular completion)
that transform like modular forms. More specifically, a (mized) mock modular form h of weight k
is a holomorphic function on H, which is the holomorphic part of a real-analytic function ;L\(T, T)
that transforms like a weight £ modular form and that satisfies (see [12])

0 ~ r ___
%h € 6)9723mk+rj ® m2+rja

LAn alternative approach to these quantum modular properties can also be pursued by studying mock modular
forms that can be used to replicate the asymptotic behavior of false theta functions near rational numbers (this is an
observation due to Zwegers - see also [20]).

2



where 79 := Im(7), and 9, denotes the space of weight r (weakly holomorphic) modular forms
(possibly on a subgroup of SLy(Z) and/or with a vector-valued multiplier system). An important
class of functions that fit into this framework are indefinite theta functions on signature (n — 1,1)
lattices [27]. Just like false theta functions, these indefinite theta functions include various sign
factors, which break the modular properties expected from ordinary theta functions, but are also
essential for the convergence of the associated indefinite theta functions.

These results on Lorentzian signature indefinite theta functions were then generalized to con-
struct modular completions for indefinite theta functions of arbitrary signature [II, 13| 18, 21],
showing that they yield higher depth mock modular forms as defined in the unpublished work of
Zagier and Zwegers. The space mg of mock modular forms with weight k£ and depth d, to which
these indefinite theta functions fit, as well as the space of their modular completions /E)J\IZ can be
defined recursively starting with /tllose modular forms at depth zero, which are nothing but ordinary
modular forms (so that MY = MY = M;.). More precisely, a mock modular form h : H — C of
weight k and depth d > 1 is a holomorphic function, which is the holomorphic part of a real-analytic
function h(7,7) transforming like a Weight k modular form and satisfying

h G @ T]mk_,’_r ®m2+7“3

The example of mock modular forms above combined with the approach of [7] suggests similarly
building vector spaces of false modular forms of weight k and depth d, which we denote by S%,

and their modular completions, which we denote by §g (so that 30 = §0 = M;). An element
of %Z is a holomorphic function f on H with an associated modular completion f € Sd where
(i(w— 7')) f(T w) is a holomorphic function for (7, w) € H x H\ {7 = w} and for some ¢ € {0, 1}E

The completion f reduces to f in the limit w — 7 — 0o and it satisfies a modular transformation
of the form

f ar+b aw—+d
cr+d cw+d

) = Xrao(0) (e + ) p(y) Fr,w). (L1)
ab

Here v = (%) is an element of (a subgroup of) SLa(Z), p(7) is a possibly vector-valued multiplier
system, and x..,(7) € {£1} is a sign factor that keeps track of branch cuts one may use on

the factor (i(w ))% to make f(7,w) single-valued (see Theorem [l for more details). With this
transformation law the modular completions studied here are examples of bimodular forms defined
in the unpublished work of Stienstra and ZaglerH More specifically, the modular completions here
are subclasses of bimodular forms, for which we require the derivative of f (T, w) in w to satisfy

I w) = 3 (i(w 7)) 5 w)hy(w), (1.2

J

2Thereby7 for ¢ = 1, the completion )?(7'7 w) is holomorphic on a double cover of H x H with a branch point at
w = 7 in the w-plane.

3Throughout this article, we assume with the notation lim,_rtico that the limit is taken along the vertical line
in H passing from 7.

4A bimodular form of bi-weight (k,m) is a holomorphic function g that satisfies the transformation property

ar+b aw+b
ct+d cw+d

) = (et + d)k(cw +d)" p(v)g(T,w).

The notion can be flexibly used by assuming the domain of g is HxH, HxH\{7 = w}, a double cover of HxH\ {7 = w}
(in which case one also needs a sign factor x-..(y) to keep track of the branch on the double cover), or H x H™ where
H™ is the lower half-plane (which are relevant for mock modular forms by analytically continuing their real-analytic
modular completion).
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-~ ~d—1
where g; € 3k+rj

modular completions of false theta functions with a single sign function, which were studied in [7],
fit into this framework and yield examples of false modular forms at depth one (or more simply
false modular forms, where we leave the phrase “depth one” implicit). Another simple example is
the Eisenstein series Fs(7), which can be recognized as a false modular form of weight two with a
modular completion

and h; € M4, in a way similar to mock modular forms (of higher depth). The

Esy(7,w) = Ey(7) — (1.3)

m(r—w)’
Of course, this is a rather degenerate example since Ey(7) can also be viewed as a mock modular
form of weight two and depth one.

In this paper, we show that false theta functions with arbitrary rank and an arbitrary number
of sign function insertions fit into these spaces by providing modular completions as described here
(and including elliptic variables that lead to Jacobi form-like generalizations) and by showing how
one can obtain further examples by constructing differential operators that are covariant under
the modular action. To give a more concrete statement, let A be a lattice of rank n with an
integral, positive definite bilinear form B (Whereﬁ B(x,y) = x’ Ay for a symmetric, positive
definite matrix A € Z"™") and an associated quadratic form @ (so that Q(n) = $B(n,n) for all
n € R™). Moreover, let £ € A be a characteristic vector satisfying Q(n) + %B(ﬂ, n) € Z for every
n € A. For p € A*/A, 7 € H, and a set of r linearly independent vectors myq,...,m, € R"
gathered in a rank r matrix M := (mq,...,m,) € R"*" we define the false theta function

Fouem(r):= Y sgn(B(M,n))emPm0q00m), (1.4)
n6A+u+§
where sgn(B(M,n)) = [[_, sgn(B(m;,n)). The main mathematical object of interest in this

paper is the following modular completion, which we define (including also elliptic variables) for
2,3 € C" and w, 7 € H with w # 7 as

Vouem(z 3mw) = > Equ <—Z’\/i(w —7) (n +37% >> UM e2iB(nEt) - (15)
w—T
n€A+M+§

where we define the square-root with its principal value and where following [I] the generalized
error function, Eg v, is given by

Equ(z) = det(A)% /n sgn(B(M, y))e Q=) ny (1.6)

From now on, we omit @, £, and M from the notation \TJQ,“,L u if they are clear from the context.
We also use the notation (I\’Q’M’LM(T,M) = \TIQ7M7¢,M(O,O; T, W).

Given these definitions, we can now state our main result that shows that U is invariant under
modular and elliptic transformations (which one could call “bi-Jacobi transformation properties”
analogous to bimodular forms). For this, set

o J=) T
| T iw—r)

e {£1}.

Theorem 1.1.
(1) For m,r € A, we have the elliptic transformations

\/I},L(z +mr+r3+mw+rT,w) = (—1)2Q(m+r)q_Q(m)e_z’”B(m’z)(I\'u(z,3; T, W).

5Throughout this article, we denote vectors with bold letters.
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(2) We have the modular transformations

V(2,57 + Lw+ 1) = QBT (2,57, w),

3, <Eji;_l _l>: p (Cin)2e 00 e S B (2, 5 w).

X7,w =
VIA*/A] vehT/A

(3) The limit limy,—r 400 (I\’Q#!,M(T,’w) yields the false theta function Fg e v (T) up to possible
corrections including false theta functions with fewer sign function insertions. If the vectors in
M are elements of A, the resulting limit is a weight 5, depth r false modular form with modular

completion (I\’Q7M757M(T, w).
A more precise version of part (3) is obtained using Lemma 2] and Lemma (also see the

proof given in Section [3] for more details). With this result at hand, we then show how one can
obtain further examples of higher depth false modular forms using differential operators such as

D=0+ Az —3), (1.7)
T—w

which are covariant under modular and elliptic transformations (see Proposition B.3]). We finally
apply this formalism on a number of examples.

The paper is organized as follows. In Section Bl we study various properties of generalized error
functions following [I, 21]. One particular result we prove here is Lemma 210, which generalizes
the results of [3] used to write rank two false theta functions in terms of iterated Eichler-type
integrals of modular forms to arbitrary ranks. In Section B, we show our main result, Theorem [L.T]
and study covariant differential operators such as the one in equation (7). In Section [ we apply
the formalism developed here to a number of false modular forms up to depth three appearing
in characters of W°(p)r-modules. These g-series were first investigated in [6, [I1] and later in [2],
where three of the authors proved that for L = As their asymptotic behavior at rationals gives rise
to a family of depth two quantum modular forms of weight one and two. The results in this paper
are stated quite differently compared to [2], but Lemma 210 can in fact be employed to reprove
the depth two quantum modularity of W9(p)4,-characters. Finally, in Section [5l we show how our
results can be used to study Z-invariants of plumbed 3-manifolds 4 la Gukov-Pei-Putrov—Vafa [16].

2. PROPERTIES OF GENERALIZED ERROR FUNCTIONS

We start by laying out the notations and conventions we use in this paper and setting up prop-
erties of the generalized error functions defined in ([.6]). Note that the x-dependence of Eg p(x)
is only through the orthogonal projection of @ to the subspace spanned by the columns of M and
we have Egg(x) = 1. In the following, we employ the notations [j,r] := {j,j +1,...,7} and
[r] := [1,7], and for any matrix C'= (c1,...,cr), we denote by Cg := (Cky, Cisy, - -, Chg)) the sub-
matrix consisting of the columns indexed by S = {k1,ka, ..., kg } C [r] (With ky < ko <--- < kig)).

The first property we give is the limiting behavior of Eg 5, which follows directly from the
definition of Eg as given in (L6)). This is used below to determine the limiting behavior of our
modular completions. Throughout we let §s := 1 if a statement S holds and ds := 0 otherwise.

Lemma 2.1. For x € R", we have
Jim B a(tz) = > EQus(0)350a1g wy-osgn(B(Mp s, ),
SC[r]
In particular, if all components of B(M,x) are non-zero, then
tllglo Eg m(tx) = sgn(B(M,x)).
5



Remark 2.2. Note that Eg 3/(0) = 0 for odd r since the integrand in (L6]) is odd in y. Moreover,
passing to an orthonormal basis, Eg 1(0) can be recognized as the average of sgn(B(M,x)) over
the unit sphere. For instance, if r = 2 with m; := %, we more explicitly have
i
2 ~
Eg m(0) = — arcsin (B(my1, m2)) .
T

We also need derivatives of the generalized error functions. We first introduce some notation for
this purpose. Let w1, ..., w, be the basis dual to m, ..., m, for the subspace spanned by them,
which in particular means that B(mj,wy) = 0, , where §; 1, := 1if j = k and 0 otherwise. We write
my g for the orthogonal projection of myg to the orthogonal complement of the span of Mg for
some S C [r]. Finally, we let 9, := (8%1, 8%2, e %)T and My, ky1s = (Miy 18-, ME,15)-
Then the required derivatives were computed in Lemma 3.5 of [21]. We restate this result here and
give an elementary proof for the reader’s convenience.

Lemma 2.3. We have (z € C")

2 wB(mk,z)z

wj, 8 (Bg.um(z)) = V2Q(ms) ) EQ M a2y (2)
Proof. Without loss of generality we can restrict to z € R™ and the result generalizes to complex
values with analytic continuation. First we make a linear coordinate transformation to switch to
Euclidean coordinates for which Q(z) = %zg + %ZTZ and where we write any vector z € R" as
z = (29,2) for zyp € R and z € R"~!. Moreover we can pick these Euclidean coordinates so that
wj. = 0 and further rescale my. to pick

wg = (1,0), my = (1,mg), and m; = (0,m;) for j # k.

The left-hand side of the lemma is then equal to, with y? := y'y,

T
1941 ? 2
/R 1H5gn( jy) ey /ng“ (o + mpy) dze T dyod" .
n— ]_1

i#k
Writing 8,206_“(90_20)2 = —ayoe—ﬂyo—ZoV and integrating over yg the left-hand side of the lemma
equals
T
2 [ TLsen (mfy)errerlommiy) oty (2.1)
Rn—1

7j=1

J#k
Next we focus on the right-hand side of the lemma. We start by noting that for j # k we have

B (my, my) 1 T 2 T
. — At S/ A Rl 74 — _ (1 . . )
Mjlk =Mj — 5 (M, M) 1+m? (—mim;, (1+ mj) m; — (mgm;) my)

Then we write Eg, My in these coordinates as

Vg (2)
T
/ [ sen (= (mimy) yo + (1 +mi) (mjy) — (mimy) (myy)) e 700" =702  gyoq—ty.
n i=1
J#k
Making the change of variables (yo,y) — (yo — Im:,gy, Y + yomy), the integral turns into
T
(1 + m3) / [ ] sen (mfy) ey —z0) —rly tomi—w)” gy gty
R
7j=1

ik
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7rB('m.k,,z)2

Together with the prefactor ﬁe_ 2Q(my) the right-hand side then overall becomes
mi

T T 2 2 s T 2
—7m(yo—myi y—20) —m(y+yomy—2z)“— z0+mi z
24/1+ mi/ Hsgn (Im;fy) e (vo—miy—z0) 0y 1+mk2_( o+mjz) dyodn_ly
ik

Noting that

(20 + mfz)’

T 2 L \2
(yo mgy Zo) +(y +yomy, — z)° + 1+ m?

2 z—l—mTz 2
=(y —2)’+ (20 +mly) + (1+mj) <y0—hﬁ%>

and taking the Gaussian integral over yy yields an expression equal to equation (21I), and hence
proving the lemma statement. O

Remark 2.4. As in Proposition 3.13 of [2I], Lemma 23] implies

‘rrB(mk,m)2

T o 2atmy)
x” O (Eqm(x 220mi) EQ My gry ()

Z et
1 /2Q(m
and we use this expression to get the followmg recursive relation

_ffB’("w«w)2 2

mk:7 poy t
Eq.u(tz) = Eqm(0 Z / \/2627 20m) Y EQ My gy (BT . (22)
A particularly convenient rewriting of this result that is useful in this paper is as follows.
Lemma 2.5. For 7,w € H with 7 # w and x € C", we have
EQ7M (—i z'(w — 7')$)

ﬂiB(ﬁk ,z)? (w1 —7)

= Eqm(0) + Z B (Mg, ) , EQ M (k3110 <—i i(wy — T)m) dw;.
k=1 T Z(wl - T)

Remark 2.6. Since we define the square-root via its principal value, the function y/i(w; — 7) is
implemented with a branch-cut in the wi-plane that is a vertical ray from w; = 7 to wi = io0.
Therefore, in the statement of Lemma 2.5 deforming the integration path from 7 to w without
crossing the branch-cut does not change the value of the corresponding integral thanks to the
holomorphicity of the integrand. Whenever we need to be more concrete, we assume that the
integral is taken along the hyperbolic geodesic from 7 to w following [3]. This is a particularly
convenient choice for studying the modular transformations of such objects. We make this choice
also when we encounter analogous (iterated) integrals below.

The main upshot of the recursive relation in equation (2.2]) is that it allows us to express the
generalized error functions as iterated integrals of Gaussian functions. To state this result, we
introduce some notation. For a permutation o € S,, we define the basis (v1,0,...,Vr») oObtained
by applying the orthonormal Gram-Schmidt process (with respect to B) to (mg(1);-- - Me(r))-

By (2.2]), using induction on r, the number of vectors in M, then gives the following result

6In the following lemma, instead of writing o ([a, b]) for permutations o € Sy, a,b € [r], we simply write o[a, b] for
improved readability.
7



Lemma 2.7. For x € (C", we havd]

—nB (=8} 2
EQM (tx) ZZ QMZ+17‘]LO'[1Z /B'Ulg,w) TB(v1,0,%) 3

oESy = 0
2 2,2 te—1 2,2
X / B(’Uz’a, m)e_ﬂB(vzy“”m) ., / B(’Ug,o-, m)e—ﬂB(ve,mm) tg dty ... dtadty.
0 0

Remark 2.8. Lemma 2.7 can be conveniently restated as (for 7,w € H with 7 # w)

Eo. (_me) Z Z Eq, Mo'[l+1'rlo"[1 l](O) /Tw B(vl,a,:c)?

oS, 1=0 i(wy =)

TiB(v1,0,2) (w1 —7)

wy WiB(vz,o-,m)Q(U)Q—T) Wo—1 WiB(ve,o-,m)z(w(—T)
% / B(vz,q, @)e B / B(veo, x)e dwy . .. dwadws .

i(ZUQ — T) i(ZUg - 7-)
Remark 2.9. The iterated integrals in Lemma [2.7] can be used to give a convergent series for

generalized error functions around & = 0 as in Proposition 3.7 of [I], which is in turn useful for its
numerical evaluation.

Finally, we note that combining the results of Lemma 2] and Lemma [2.7] leads to an identity
for products of sign functions, which generalizes Lemma 3.1 of [3] that was used there for studying
the modular properties of rank two false theta functions.

Lemma 2.10. For x € R" and if all components of B(M,x) are non-zero, then we have

E 0
(b2 = 3 3 oD |

€Sy £=0 T Z(wl B T)

T+i00 B(’Ul o m)eWiB('Ul,o-,w)z(’wl_T)
9

w1 ﬂ'iB(’vz,o-,m)2(U)2—T) Wp—1 ﬂiB(vg’o-,w)z(’we—T)
X / B(02’07 a:)e .o / B(’Ue,a-, m)e dwg ‘e dwgdwl.
T T

i(ZUQ — T) i(ZUg - 7-)

In case some coordinates of B(M,x) are zero, the left-hand side more generally becomes

Z Eq, MS 5B(MS z)= OSgn(B(M[r}\S’m))'

3. HIGHER DEPTH FALSE THETA FUNCTIONS

Now that the technical groundwork for generalized error functions is laid, we move to studying
the completed false theta functions W, (z,3;7,w) and their modular properties by following the
arguments of [7], which studies the » = 1 case. It is convenient for this purpose to work with an
auxiliary, rescaled function

V(2,3 mw) = (i(w—7))2 U, (2, 37,w), (3.1)

which, as we see below, eliminates the branch cut due to y/i(w — 7) and the corresponding sign-

factor xr. appearing in the modular transformations (see Theorem [L.I)), while still retaining a

covariant behavior under modular transformations The next thing we note is the decomposition
3— = 3T — 2w

= — 3.2
T T w1 (3.2)

"We leave the linear factors B(vj,o, ) inside the integrals to emphasize that summing over & would generate
unary theta functions of weight % as integrands.
8However, it is still U that asymptotes to false theta functions and this is why we designate it as the main object
to study.
8



which is analogous to the familiar decomposition z = a7 + b, where a,b € R™ are given by

a:= iﬁﬁfg and b := —IFHE(ZS). In fact, £ and —24—=2 transform under the modular and elliptic
transformations listed in Theorem [I.1] in the same way as a and b would for the modular and

elliptic transformations of (z,7) under the Jacobi group. This provides another motivation for

inside the generalized error function appearing in the definition of T in (CEH). With this background
at hand, we are now ready to state the properties of the auxiliary function V.

Theorem 3.1. The function U : C" x C" x (H x H\ {r = w}) — C is a holomorphic function that
satisfies the following elliptic and modular transformations.

(1) For m,r € A, we have
U, (z4+m7 + 1,3 +mw+ r;7,w) = (—1)2Qm+n)=Qm) —2miBm2)§ (2 5.7 w).
(2) Under modular transformation, we have

\Tl“(z,;,; T+ lLw+1)= e2WiQ(“+§)\T/M(z,3;T,w),

~ —Nze RO L, . . o . ~
@, (zyg ._1,_1> _EDRe T g 2 ST B, (5 507 w),

VIA/A| Vet /A

Proof. To investigate the properties of ¥,,, we use (L5), (31), and (3:2) to write

- )T d— = 27rzB(n £_sT_zw zw)

= ntd—2 5, 3.3
> fa(nr 222 (33)

nGA—I—;H—%

Tpu(z,3:7,w) = e 2

where we introduce
frw(x) = (i(w — T))%e2”iQ(w)TEQ7M (—z’ i(w— 7'):1:) .

Thanks to Lemma [Z7] this function can be rewritten as
r40

0 2 w—7)2
f'r,w( 27r2Q Z ZZ ? )

oeS, £=0

2

1
. 2
EQ7M0[5+1,7-]J_0[1,11](0)/ B(”l,avw)emB(vl’a’m) (=)t
0

2

t1 ) te—1 ) 2
x/ B('uz,c,,w)e’”B(”z"”m)z(w_T)t2.../ B(vg,a,w)eMB(W"”m) W=")dt, ... dt;. (3.4)
0 0

Note that EQ a1, 100 (0) is zero unless r — ¢ is even. Therefore, only the summands in which

14
the term (w —7) 2 "2 has an integer power contribute nontrivially to the sum. This ensures that
(x,7,w) = frw(x) is holomorphic on C" x H x H. Moreover, if (z,3; 7, w) belongs to a compact
subset of C" x C" x (H x H\ {7 = w}), we have a bound of the form

fT,w <n + u) 27rzB(n ,_zzj sz)

w—T

< Cre”20m) (3.5)

where the constants Cy,Cs > 0 depend on the chosen compact subset. The most important
contribution to obtain such a bound is the Gaussian part of the integrand in equation (3.4]), which
contributes as

. . 2
e27er(n)T+7r2 Z§:1 B(vj,o.,n) (w—T)t?

< o~ 2rQm)m(r) ) | e . if Im(w) > Im(7)
B e Xi=1 B(viom) Im(w—1) Im(w) < Im(7).
Upon noting 3, B(vj,0, x)? < 2Q(x), we find that this Gaussian part is bounded by

e—27rQ('n.) min(Im(7),Im(w)) < e—2CgQ(n)
9



for some constant Cy > 0 depending on the chosen compact subset. Using part of the Gaussian
e~ C2Q(n) to uniformly bound the remaining components then yields the result.

The bound in (B3] implies that the series defining U in equation (B.3]) is normally convergent
on compact subsets of C" x C" x (H x H\ {r = w}) and hence that ¥ is a holomorphic function of
(z,3;7,w) on C" x C" x (H x H\ {7 = w}). It is also important to note here that the derivatives
of fruw(n+ %)62“3(%%—%) with respect to n can also be bounded on compact subsets to
be O(e_CZQ("))E This shows that the summand in equation (3.3) is a Schwartz function of n
and justifies the use of Fourier techniques we employ next in studying modular transformation
properties of v,

The elliptic and the modular translation simply follow from the definition of v through equations
BI) and (LEH). To prove the modular inversion, we simply apply Poisson summation. Here the
details can be followed as in Theorem 2.2 of [7]. We work with the representation of U in B3) and
note that the appropriate generalization of Lemma 2.1 of [7] is given by

F(fra)l@) = (=) 277 wif 1 _1(a),

w

defining the Fourier transform of a function f : R™ — C with respect to ) as
F(f)(x) = det(A)z | fly)e 2 BEvgny, O
RTL

We are now ready to prove Theorem L1l

Proof of Theorem [I 1. Dividing the statements of TheoremBlby (i(w—7))Z we obtain the claimed
elliptic and modular transformations of ¥¢ ,,(2,3;7,w). Next we use Lemma 2] to find

lim (I\’Q#!,M(T, w) = Z sgn(B(M, n))em'B(n,Z)qQ(n)

wW—T4+100
n€A+M+§
+ > Equs(0) Y sgn(B(Myg n)) PO (3.6)
SClr] neAp+t
S#[r] B(Ms,n)=0

The first term on the right-hand side reproduces the false theta function Fg ,, ¢ 1(7) defined in
equation (I4]), whereas the second term consists of corrections built from false (or ordinary) theta
functions with lower-dimensional lattices and fewer sign function factors.

Finally, using Lemma 2.5 we find

r w

\I/N(T7 w) e EQ7M(O) Z emB(n,é)qQ(n) + Z Z B(mk, n)eﬂzB(mk,n)zwl
neAtpt+3 k=177 neAtp+t

dw1

Vilw, — 1)
When all the vectors in M are elements of A, the lattice sum in the integrand can be decomposed
into unary theta functions along the direction of the lattice vectors my and completed false theta

functions on (n — 1)-dimensional lattices orthogonal to my and that include r — 1 vectors in
My ey L0y (which up to rescaling also lie in this orthogonal lattice) appearing in the generalized

% emB(nﬁ)EQ,M[r]\{k}J_{k} <—i z‘(wl _ T)’I’l) qQ(n)—%B(ﬁkm)z

error functions. Therefore, the derivative of w — \T/“(T,w) is of the form of equation (L2]) with

9Here we can use the same coefficient C > 0 as the one deduced in (B3). This is possible because taking derivatives
)627riB(n, % -

3T—zZw

w7 ) and we can use the same

with respect to 7 does not change the Gaussian part of fr.(n + 4%
arguments as above (with the implied multiplicative constant in front depending on the applied derivative operator).
10



rj = —% for each j and we find that (as can be seen inductively) \T/M(T,w) is the completion of a
depth r, weight § false modular form. O

Remark 3.2. It is useful to emphasize here that the right-hand side of equation (B.6]) is what
we call a false modular form (when the vectors in M are elements of A). This includes the false
theta function Fg , ¢ p(7) as its leading contribution, but it also contains false (or ordinary) theta
functions on lower-dimensional lattices (and with fewer sign function factors). Conversely, unless
these corrections vanish, the false theta function Fy , e (7) should be recognized as a linear
combination of false modular forms including one term of depth r and weight § and with the rest
having lower weights and depths.

An important upshot here is that by starting with the modular completion (L3, one can au-
tomatically deduce the correct linear cAombinations appearing as limits of objects with modular
properties. The modular completions W, (z,3;7,w) are also useful for developing differential op-
erators that are covariant under modular transformations. In turn, these operators lead us to a
much larger class of false modular forms and this is the topic that we turn our attention to next.
We start by defining the operators

P Gt A (Z=3 k (o _ T
Ry =0, + — 0. + 2miQ — )t L:=(t—w)((t—w)dy+(z—3) 0),
2mi
D :=0,+ — wA(z -3), and d = (1 —w)0o;. (3.7)

These operators implicitly depend on the quadratic form @ (through the associated symmetric
matrix A) and they are the natural generalizations of covariant differential operators acting on
real-analytic Jacobi forms as weight raising and lowering operators.

Proposition 3.3. Letr € {0,1} and let g : C" x C" x (Hx H\ {7 = w}) — C™ be a vector-valued
function such that (i(w—7))2g(z,3;7,w) is holomorphic on C"x C" x (Hx H\ {r = w}). Consider
the following action of the Jacobi group SLa(Z) x A% on such functions

i _cQ(z+m7+7r) r
g‘kyQ(’%my”")(Z,j; T,w) = Xﬂw(’}/)r (CT + d)—k 62 2( == +Q(m) +B(m,z)+Q(m+r)>

XM%”Q(
where v = (25) € SLy(Z), m,r € A,

( ):\/ i(w—T) Ver +dvew+d
XrwlY) : (et + d)(cw + d) i(w—1)

z+mr+7r 3+mw+r at+b aw+bd (3.8)
ctr+d 7 cw+d ‘er+dcw+d)’ '

€ {1},

and the multiplier system p(7y) is an m X m unitary matriz forming a projective representation of
the modular group in a way that makes the action well-defined. The differential operators defined
in equation [B.1) are covariant with respect to B.8) as follows

ga(g|k,Q(77m7T)) = @a(g)|k+l,Q(77m7'r>7 da(g|k,Q(77m7r)) = da(g)|k—l,Q(77mvr)v

Ri(glk,@(v,m. 1)) = Ri(g)|k+2.0(y, m, ), L(glk,q(v,m, 7)) = L(g)[k-2,0(y, m,7),
where « € {1,2,...,n}. Furthermore, these differential operators satisfy the algebra
(Do, Dp] = [da, ds] =0, (Do, dg| = 2miAnp, LoRy— Rj_ooL=kF,
Ao o Ry — Rp_10doy = —D, [, L] =0,
Dao Ry, — Riy1 0D, =0, (Do, L] = .

where o, 8 € {1,2,...,n}.
11



Proof. The proposition statement follows from a direct computation using [3.7) and (B.8]). O

Proposition B3] implies that the differential operators in ([B.7)) behave like raising and lowering
operators if they act on the modular completions of false theta functions defined in (L5]). The
resulting objects transform under elliptic and modular transformations exactly as described in
Theorem [Tl with only the weight changing by 1 for 9, and —1 for «,. The operator 9, is
specifically important for our applications below since it produces false modular forms that feature
false theta functions with extra polynomial insertions. We clarify this statement in the next lemma.

Lemma 3.4. Let P(x) € Clz1,...,z,] be a homogeneous polynomial of degree d and the completed
false theta function U, (z,3;7,w) be defined as in equation (LI). Then

putrw)i= [P (422 (Butzaimw)|

is a vector-valued bimodular form transforming as

Gulr+1,w—+1) =e2QBr5)5 (1, w),

R 1 1 Ee TFZTL —7TZQ ~
bu (L L) = D S e ),

T w 7 \ ’A*/A veA* /A

Its boundary value o, (T) = 1My 7 1ico Ppu(T, W) is given by

z=3=0

pu(m) = > sen(B(M,n))P(n)c P800
n€A+M+§
+ ) Eous(0) Y sen(B (M s, n)) P(n)emBrgRm),

SClr] n€A+u+%
S#[r] B(Mg,n)=0

Proof. The modular properties are easy consequences of Theorem [I.T] and Proposition B3l To
compute ¢, (7) we start with the expression

Bl w) = [P <A—_,laz+ fw> (@H(Z,O;T,w))]

211 T o
= > Eou (~iVilw—n)n) P)emFmO62™ 1 0 (juw - 7/73)
neA-HH—g

as w — 7 + ico. The first term on the second line comes from [P(‘g;; 9.)(e* B2 _g = P(n).

The remaining terms come from the action of 8, on the factors —%_ appearing in the differential

—~-)). To prove the bound O(|w —T|_%), note
1

that these terms all appear with a positive power of (i(w — 7))~ 2 multiplying a term bounded by

ordinary theta functions (possibly with polynomial insertions) in 7 or w. This is thanks to Lemma

23] and the fact that generalized error functions are bounded by one if they have real parameters.
Finally, taking the limit w — 7 + oo using Lemma [2.T] proves the lemma statement. O

operators and on the factor Eg pr(—iy/i(w — 7)(

We finish our discussion of the raising operator &, with a small lemma that simplifies the objects
in Lemma [3.4] when the relevant polynomial P is harmonic.

Lemma 3.5. Let P(x) € Clxy,...,xy,] be a polynomial that is harmonic with respect to the metric
induced by the quadratic form Q, i.e., 8L A=10,(P(x)) = 0. Then we have

P (52) ) - P (452 )] .

12




Proof. Without loss of generality we can assume the polynomial P is homogenous and of the

form P(x) = Zal,...,age{l,...,n} Poi...ay®ay -+ oy, Where Py, o, is symmetric in its indices. Since
(A7) = z:zl(fl_l)maz7 + 2miZe—de  the difference between the two sides of the equa-
tion in the lemma statement consists of terms in which z;‘:l(fl_l)aﬂi?z7 from a (A_lg)a

acts on a (Za, — 3a,) from another (A_lg)ak. All such terms feature a factor of the form

Zaj7ake{17...,n}(A_l)aj,akpm,...m and these are all zero by the harmonicity of P. O

The relations in Proposition B.3] are useful in understanding completions of false modular forms
from a representation theoretic perspective, which we briefly elaborate upon in the remainder of this
section. As usual we denote the Lie algebra of 2 x 2 traceless matrices by slo(C) := span{e, f, h},
where e, f, and h form the standard Chevalley basis. Recall that irreducible weight slo(C)-modules
are highest weight modules, lowest weight modules, or Harish—Chandra modules from the so-called
intermediate series. These modules have one-dimensional weight subspaces and can be constructed
as follows. Consider E,,, := ®;czvj, where r,u € C. Then we have an action of sly(C) defined via
its generators

evj = —(p+j)vj—1, hvj =(=2p—2j+r)vj, fu;=@p+j—71)vjt1.
This module is irreducible if and only if u ¢ Z and r — ¢ Z. Any irreducible sly(C)-module is a
subquotient of E,. ,.
Letting z = 3 = 0, it is implicit in Proposition B3] that the differential operators
k
Or + ——, (1 —w)?dy,
T—w
map the space of bimodular forms of weight (k, 0) to the space of bimodular forms of weight (k+2,0)
and (k — 2,0), respectively. Let F (w, ) be the completion of a false modular form of weight k& and

consider the vector space Lz spanned by F and applications of L and R on F. Tt is not difficult to
see that

e|—>z'L, f'—)ZRk, h'—)—(LORk—Rk_QOL)
defines an sly(C)-module structure on Lz. Next we present an interpretation of several simple
examples using these modules.
Examples.
(1) An ordinary modular form F(w,7) = F(7) of weight k € 1N, depending only on 7, is annihilated
by L. The raising operator R acts freely thus it generates an irreducible Verma module of

highest weight —k with F as its highest weight vector. We can visualize F and the corresponding
module Lz as

e o =202 ---
F

where right (resp. left) arrows indicates an action of the raising (resp. lowering) operators.
This module is a submodule of E_y, .

(2) Let F(w,T) be the completion of a false modular form of weight 3 coming from a unary false
theta function F() (so F(r,w) is an Eichler-type integral). We have L(F(w,7)) = (1 —
w)%ﬁ’(w), where 0'(w) is a weight 3 theta function. On the other hand, R—% (L(F(w,7))) = 0.
Therefore we obtain an indecomposable sly(C)-module

Zod 2oz
F
It is easy to see that this module is isomorphic to E_
13
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(3) We have (with EQ(T, w) defined in (L3))) that L(EQ(T, w)) is a constant annihilated by Ry and
L. This leads to the following diagram for £ By

e O =2o0oZ2Zo0Z .-
E>

This module is isomorphic to the submodule of Eg; spanned by v;, j > —1.
More complicated examples will be studied in great detail elsewhere.

4. CHARACTERS OF THE W9(p)4,-VERTEX ALGEBRAS FOR n = 1, 2, AND 3.

With the necessary groundwork at hand, our aim in the rest of the paper is to work out the
details of the formalism above on a number of examples. For that purpose, we first turn to affine
W -algebras. These are important examples of vertex algebras defined via quantum Hamiltonian
reduction and are widely studied both in mathematics and physics. For certain special values of
the central charge, any principal affine W-algebra of ADE type admits a remarkable vertex algebra
extension denoted by W°(p)g, where R is a root lattice and p € N >9 is a scaling parameter. It was
previously observed in [6] [11] that the character

ch [WO(p)a,] (r) = tryroqyy, ¢,
where L(0) is the degree operator and c¢ is the central charge, can be written as an alternating
sum of derivatives of higher rank partial theta functions. Creutzig and the third author introduced
and studied a regularized version of the character, ch[W°(p) 4, ]¢(7), depending on charge variables
e € C". Although regularized characters nicely connect with quantum group invariants (see [11]
for preliminary results), they do not transform as modular (or Jacobi) forms.

Our goal in this section is to investigate the functions n(7)"ch[W%(p)a,](7) for 1 < n < 3
using the results from Section Bl We first discuss how they can be expressed in terms of false
theta functions with polynomial insertions. Then we give modular completions that organize into
vector-valued bimodular forms transforming as in (LIJ) and whose boundary values combine into
the characters we study. The price we have to pay for this modularity is that the completed
characters are no longer partition functions on a two-torus, since they also depend on a second
modular variable w € H. It would be very interesting to provide a physical interpretation for these
bimodular completions either through 2d conformal field theories, half-indices for 3d theories, or
chiral sectors of 4d superconformal field theories, where false theta functions make their appearance.

Another interesting direction would be to generalize the discussion here to more general graded
traces called one-point functions (on the torus). For a vertex operator algebra V and a graded
V-module M, these are defined through the “insertion” of a homogeneous element v € V' as

Tar(v,7) = trago(v)g" 2,

where 0(v) := vVgeg(v)—1 18 the degree-preserving operator acting on M. The special case v = 1, the
“vacuum” vector, yields the usual character. Since degree zero operators o(v) act as generalized
differential operators on a W9(p)a,-module, the modular properties of completed graded traces
T (v, 7,w) can be unravelled using Proposition [3.3] and Lemma [3.41 We will pursue this direction
in our future work.

4.1. Generalities on W-algebra characters of type A,. We start by introducing the notation
needed to describe the details of the characters that we study in this section. We denote the simple
roots of the root lattice A, by a1,...,a, and work with coordinates with respect to this basis
whenever we use explicit coordinates to represent vectors. The standard inner product on A, is
denoted by B,(+,-) (and the associated quadratic form by @, (+)), which satisfies

Bp(oj, o) =205 — 6541 — 0j41, where j, k€ {1,...,n}.
14



We then let By, ..., 8y, denote the dual basis for Ay, for which B, (o, Bx) = J;k, denote the Weyl
vector by p, and the associated Weyl group by W (where n is implicit in the last two cases).

The vacuum character ch[W°(p)a,](7) can be expressed as a lattice sum over the rescaled lattice
A= \/pA,, p > n+ 1. To specify it, we fix representatives for conjugacy classes in A*/A as

A= /PA+ A,

where X € {0,B1,...,0n} is a representative from a conjugacy class in A /A,, and

n

_ B
A= Z(l — sj)—J, for s; € {1,2,...,p}.
=1 VP

Then characters of atypical irreducible modules WO(p, B)4, of W%(p)a, parametrized by B :=
A+ /p for some v € A, are proposed to be (see [6, formula (5.2)]; see also [23, 24] for a rigorous
derivation of character formulas for W(p)a, )

ch [W0(p, 8)a,] () = CTy (¢XT b W(p, M), ] (7. 2) )

where
w(a-i—p-i—)\)
ch [W(p, A)a,](7,2) Z(w an(a+p+A+7——)C —

wEW acA, (C)
Moreover the Weyl denominator is given by

AQ) =[] a-¢

acA_

with A_ = {— z;zk aj 1 <k < ¢ < n} denoting the set of negative roots. By expanding the

Weyl denominator as
= D K
acA,
where K, denotes the Kostant partition function for AWJE, we obtain

ch [WO(p, 8) 4 ] (1)

Z Z ( (a+p—|—>\> —p— X_,y> qun<0t+P+3\+%—§>‘
weW acA,

The special case 3 =0 corresponds to the vacuum character of W°(p)

n

& [W)a] () = oogn Do D2 (0 Kn(wlat p) = p)g pan(orise) (g

weW acA,

Remark 4.1.

(1) The structure of irreducible W0(p) 4, -modules W°(p, 3) 4, was analyzed in [11], 23] 24].

(2) The characters of W9(p, 3) , also appear as Fourier coefficients of Schur indices of the gener-
alized Argyres-Douglas theories of type (An, A(ni1)(p—1)—1)-

(3) In a recent work of Park [22] (see also [9]), a higher rank generalization of the Z-invariants of
3-manifolds [16] was introduced for any root system L. These g-series Z ﬁ(q), where L is a rank

n root system of ADE type and M is the 3-manifold obtained from 0-surgery on twist knots
K,, agree with the functions n(7)"ch[W°(p)L](7).

10Given a vector o € An, the Kostant partition function Kn(a) is the number of ways to express o as a linear
combination of positive roots with nonnegative integer coefficients.
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4.2. Vacuum character for the WW-algebras of type A; and As. The simplest case is that
of the A; root system, for which the vacuum character of the corresponding W-algebra can be
expressed in terms of unary false theta functions [2]

b [ () = = 30 sen(me”

p—1
TLEZ‘FW

The modular properties of these characters can be studied by realizing the unary false theta func-
tions here in terms of holomorphic Eichler integrals of weight % unary theta functions. These
modular properties then can be used to find Rademacher-type exact formulae for Fourier coeffi-
cients of these characters following the road map of [7]

Moving on to the case of As, first note that the Kostant partition function here is given by
Ksy(nijag +ngag) = min(ng, ng) + 1 for ny, ng € Ny (with Ko zero otherwise). It is then convenient

to note that for any a € As + p we have
> (DK, (w(a) — p) = 1 S (D) Py (w(a),
weW weW
where
Py(niag + noag) := sgn(ng) sgn(ne)(ny + na).

Plugging this expression in equation ([&I]) yields

ch [WO(p)a,] (1) = 27;(17)2 > sen <n1 + 1—1)> sen (nz + %) <n1 + s+ %) gp(nitni—ninz)

nezZ?+E=1(1,1)

1 1 1

o (1)2 sgn <n1 + —> sgn (n2) (m +ng + _> qp(”%-l-n%—nlng)‘

- E
! neZ?+E-2(1,0) P p

Up to false theta functions with fewer factors of sign functions, we can drop the + % factors inside
the terms sgn(n; + %) In fact, the contribution of these one-dimensional false theta functions

turns out to be zero and ch [Wo(p) Az] (1) can be written as a linear combination of the false

modular forms wﬁs"} (1) and cpl[fs"] (1) defined in Section [4.4] (see Propositions .6l and F. 7] for explicit

expressions giving these false modular forms). Three of the authors analyzed the asymptotics of
ch [Wo(p) Az] (1) towards rational numbers and showed that it has depth two quantum modular
properties [2]. With the methods developed here, one can determine the modularity properties on

the whole upper half-plane, which we describe in detail for 1/11[;?3"] (1) and gol[,fxs"] (1) in Section 441

4.3. Vacuum character for the W-algebra of type As. Our first task in order to study the
vacuum character ch [WO (p) As] (7) is to rearrange the Kostant partition function into a more useful
form for our purposes.

Lemma 4.2. For any o € A3 + p we have

Z (—) ™ EK; (w(a) — p) = 6 Z (1) Py (w(ar)),

weWw weW

where P3(niaq + noag + ngag) := sgn(ny) sgn(ns) sgn(ns)(4ninang — no).

Hhig question is studied by G. Cesana as part of her upcoming thesis.
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We give a proof in Appendix [A] based on the work of [19], which yields a piecewise polynomial
expression formula for the sly Kostka numbers K o := dim(V (A)o), i.e., the dimension of the zero
weight subspace of the representation V() based on the dominant weight A € As.

With Lemma B2, we can rewrite the vacuum character as

ch [Wo(p)Aa] (1) 3 Z Z P3 (o) qu3<

1677 weW acAs+w(p)

w(p))

or more explicitly as

ch [Wo(p)A3] (1) = ! Z e(r) Z sgn(n1) sgn(ng) sgn(nz)na(4dning — 1)

where S :=S1US US_1 US_9,
3 .3 1 1 3 1 3 1
Sl T {<§727§> ) <§727 5)}7 82 B {<§707§> 9 <§717_§>}7
3 .3 1 1 3 1 3 .1
s1={(313) Gg)f s {(Go3) (G2a)}

and e(r) :==sifr € S,.
To go further, first note that we can change the factors sgn(n;) in ch [W°(p) 4,] (7) for j € {1,2,3}
to sgn(n; — %) up to corrections by false theta functions with fewer sign factors. In fact, for p > 4 it

is easy to see that all such possible corrections vanish: For j € {1,3} we have sgn(n;) = sgn(n;— %)

if nj € Z+ § because |%| < 3 for all 7 € S, whereas for j = 2 we have sgn(ns)ns = sgn(ns — 2)na
if ny € Z because |%| < 1 for all » € S and the vanishing at no = 0 is ensured by the explicit ng

factor in front. Therefore, for p > 4 we have

ch [W(p) 1] <T>=ﬁze<r> ST sgn(nn) sen(na) sgn(ng)
reS

nezi-5+(304)

(o)) ) )ttt

The modular properties of these functions can now be studied using the technology we are
developing. Recalling equations (L5]), (3.7), and Lemma[3.4] we can define the modular completions
of these vacuum characters by

ch [W0(p)a,] (7, w) = ﬁ;g("“) {D <£> (‘i’an,(T 0.3)-% 08.62.69) (Z’Z’;T’w)] ’

z=3=0
where
D1+2Do+ D 31+ 292+ D D1 + 2Dy + 3D
D)= 1+ .2-1- 3+1/2 4 1+ .2+ 3+1/1 1+ ?-I- 3
4mip 8mip 8mip
Thanks to Lemma [3.4] this object is a linear combination of bimodular forms with weights % % %

and J in 7. Moreover, Lemma [3.4] also implies that (for p > 4)
ch [WO(p)a,] (r) = lim _ch [WO(p)a,] (7).

In the coming sections, we focus on the part sgn(nq)sgn(nz)sgn(ns)(ne + v2) of the insertion
and give a more detailed discussion of it. In fact, looking at Lemma [A. Il we can replace the no
17



factor with 3(n1 + na +n3) = 1 Bs(p, @) (up to corrections with fewer sign functions) and study
false theta functions on /p A3 with the insertion

sgn (B3(B1, a)) sgn (B3(B2, o)) sgn (B3(B3, @)

sgn (B3(B1, @) sgn (B3 (B2, ) sgn (B3 (Bs, ) Bs(p, ).

4.4. Examples of false modular forms on ,/pA,. In this section, we aim to investigate in
greater detail a class of false modular forms associated with A-type root lattices that we encounter
in our discussion above of vacuum characters for W-algebras of type A4,, for n € {1,2,3}. The main
object under the microscope are the completed false theta functions on A,, defined by

~A4, ./ Z—3 n(n) 2mipBn(n,z
B e sirw)i= 3 B (VT (n4 222 ) ) g micmnnea), (1)

nEAn+pun(s)

where the corresponding lattice conjugacy class (with respect to the quadratic form p@,(-)) can be
represented as

1 n
pn(s) = ) Z SmBm, where s; € Z for all j € [n].

m=1
The modular and elliptic transformation properties of J,[fs"} (2,3; 7, w) follow from Theorem [Tl

Using this completed false theta function, we define two bimodular forms
TAn]

ps (T, W) 1= @,73"}(0,0; T,w) and @Lﬁ”}(nw) =

27ip = (@)7;}) (0,0; 7, w),

which have weights § and 5 +1 in 7 under simultaneous modular transformations in (7, w) As we
demonstrate in detail by working out explicit Eichler integral expressions, their boundary values,

I[,‘f?](T) = lim wps (r,w) and gp[A”}( ):= lim gp[A”}(T,w),

wW—T+100 wW—T 4100

are false modular forms of depth n3
Thanks to Lemma[21] up to corrections with fewer sign functions and lower-dimensional lattices,
these false modular forms are equal to the false theta functions

Z H sgn /Bmy )) qPQn(n) and Z sgn(B H sgn(B )) qun(n)'

nEAn+pun(s) m nEAn+un(s)

Another goal of the upcoming discussion is to display these false modular forms quite explicitly
including all the corrections.

12The latter result follows from Proposition [3.3] and Lemma [3.4] while noting that 8. can be replaced with the
modular covariant operator @ = 9z + 2L A(z —3) (as the contribution of the second term vanishes when z = 3 = 0).
13The Eichler integral representation immediately gives the derivative in w, which we can use to determine the
depth by comparing to equation (I2). The Eichler integral representations we derive are also useful in giving an
alternative understanding and derivation of the modular properties.
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4.4.1. Depth one false modular forms over ,/pA;. We start with a quick review of the case
Ajp, which was already discussed in [7], in order to set up notation and to establish results that is
used in the cases Ay and As.

The A;-lattice can be explicitly realized as the lattice v/27Z with the usual Euclidean metric.
With this realization we have o = 23 = /2 and a complete set of conjugacy classes for y;(s) = %a
is obtained by letting s take integral values modulo 2p. Then the completed false theta function in
equation (4.2)) more explicitly becomes

¢[A1 (z,3;,7,w) = Z erf <—i 2mip(w — 1) <n + : _3))) qp"2e4“p"2. (4.3)

nGZ-ﬁ-;—p

Now we use the Theorem [[.Tl Lemma 2.1], and Lemma to study the properties of 1/);,1?31](7') and
[A1

cpp,s}(T). To state our results, it is useful to introduce the unary theta functions (m,k € N)

k
ﬁm,r(Z;T) = Z qmn2647rimnz and 79%3],7*(7—) = [< 1 g) I T(Z T)]

. 4mim Oz
nEZ‘f‘m

z=0
Proposition 4.3.
(1) The function 1/);,,7 ! has the modular transformation properties

DA (r 4+ 1w +1) = o 1/;[ W (7, w),
S <—l,—l> = XT,wi > e MTJ[Al](T w).

p7s

(2) We have

(3) We have the Eichler integral representation

ﬂg w1
=/2 d d .
Tw / \/ wl—T e

In summary, ] forms a vector-valued false modular form of depth one and weight 3 1

[A1]

To discuss the properties of @ s* next, we define the following regularized integral as in [3]
/ @) gy = tim / EFICVEEFSNP Y (() N (4.4)
#Jr o (i(wr —7))2 2T \Jwe (i(wy —7))2 i(wy =)

where we assume both the integral and the one-sided limit are taken along the hyperbolic geodesic
from 7 to w. Then a direct computation (together with Lemma B.4] and Lemma 2.5]) yields the
following result.

Proposition 4.4.
(1) The function gp;E, ! can be explicitly written as

@Lﬁﬂ(ﬂw) = Z erf (—z‘ 2mip(w — T)TL) ng™ + Z p2mipniu
neZt g \/21197—7 wir
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(2) The function gp;E, " has the modular tmnsjbrmatwn properties

PN+ Lw+ 1) = ¢ B gl (r,w),
3
- 1 1 —1iT2 _misr
901[;21} <__7__> = XT,pr Z e’ Spp,r,l(Taw)'

(3) We have
Pl = > sen(n)ng™.

nEZ-I—%

(4) We have the Eichler integral representatz’on

A () — w)

2 \/— wJr (1(wy — T))
[A1]

In summary, pp s forms a vector-valued false modular form of depth one and weight %

dwl.

4.4.2. Depth two false modular forms over ,/pA;. We next turn our attention to the case of
As. First note that the fundamental weights {31, B2} and the Weyl vector p look as follows in the

a-basis (which we use to identify Ay with Z?)
2 1 1 2
B1= §a1+§a27 B2 = 011+30127 and p=a1+ aa.
Also because 81 + 82,301,382 € As, the conjugacy classes pz(s) = 2181+ 282 = (281+82, 814257

remain invariant under shifts of s as follows 3p
p2(s) = pa(s1 + 3p,s2), pa(s1,s2+3p), pa(si +p,s2+p) (modAy).
Therefore, we can represent all such conjugacy classes uniquely with a pa(s) by restricting s to
s1€{0,1,...,3p—1} and sy€{0,1,...,p— 1}

Before we state our results, let us also recall that while applying Lemma 2.5l we need to decompose
As+p2(8) into components in the linear span of 3,, (for m € {1,2}) and its orthogonal complement.
The following lemma shows how this decomposition is done.

Lemma 4.5. Decomposing As + pa(s) to parts in the linear span of (81, a2) or (B2, a1) gives

251 + 89 + 3pd So — DO
Ay +pa(s) = | <3<Z+—1 6; p>ﬂ1+<Z+ 22pp>a2>

6e{0,1}

_ U 5 Z+232+31+3p5 By + Z+31—p5 ar) .
6p 2p

6e{0,1}

On the linear span of a1 or aw, the quadratic form Qo reduces to Q1.
Proof. First note that an element of the conjugacy class Ay + p2(s) can be written uniquely as
251+ s 259 + s
n= <m1+713 2>a1+ <m2+723 1>a2, where my, mq € Z.
P P

Since 31 = %al + %az, we have ap = %(361 — a2) and hence

3m 2s1 +s m S
’rL:< Ly 2>51+<m2——1+ 2>¢12-

2 2p 2 2p
Making the change of variables mj — 2my + 0 with my € Z, § € {0,1} and then shifting my —
mo + mq gives the first equality claim. The second one is proved in the same way. O
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For example, we can use this result to decompose the theta function @Efﬂ (1):=> gh@2(n)

to unary theta functions as

A
QL;(}S) ): Z 193p,2s1+52+3p6(7—)19p782 p(S Z 193p7252+51+3p5( )ﬂp,sl—pé(T)-
6e{0,1} 6e{0,1}

nezZ+p

We are now ready to state the properties of wi,[,fxsz}.
Proposition 4.6. Let s; € {0,1,...,3p — 1} and sy € {0,1,...,p—1}.

(1) The function ¢p7 has the modular transformation properties

[Az](T FlLwtl)=e 2 (st+sisa+s3) [Az](T w),

3p—1 1
A2] 1 SRS ¢ (271 5141281 +71524+2r252) T[A2]
D,8 __v__ Z e % por (T W).
T w 7‘1 =017r2=0
(2) We have
A 1
;,[,732](7') = 55320 + Z sgn(n )sgn(ng)gP@2™).
neZ?+pz(s)

(3) We have the following representation in terms of Fichler integrals

T w1 [Az}

where
(1 TA1]

A
hp,s (T, w) := Z (19311 281+82+3p6( )wp#z—pé(T’w) ™ 79;[),; 2Sz+51+3p6( )wz[mll}—m(ﬂw)) '
6e{0,1}

In summary, ngsz] forms a vector-valued false modular form of depth two and weight one.

Proof.
(1) The modular transformations follow directly from Theorem [L1]
(2) The claim follows from Lemma 2] and Remark 2.2] which says that

2 rest By (81,8 1
EPQZ(/@lﬁz) (0) = % arcsin < 2( 1 2) > _1

v/ B2(B1,81) B2(B2, B2) 3

(3) Specializing Lemma [2.5] to our case we obtain

Ep@s,(81,82) (_i i(w — T)w)

/3p w e32ipB2(517"3)2(w1—T) o
= 732(,81,:1)) . m EPQ270¢2 (_Z Z(wl - T):IZ) dwl

N 3_pB (IB w) w 63‘"274’ B2(ﬁ27m)2(w1—7) E (_Z Z(w — T)m> dw + l (4 5)
\/ 2 2\M2, i \/m Q2,01 1 1 3 .
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Now by Lemma

>

one can write

qu2(n)€%mpB2('61’n)z(wl_T)Esz,az <—z'n i(wy — T)) B(B1,n)

neZ?+pa(s)
=2 Z Z 7711667”1’”’1%1”1 Z erf <—z'\/2m'p(w1 —7) mg) qpm%
56{071} mleZJ’_ZSl‘FZﬂ moEZ+ S2 P‘S
g
_ A1]
=2 Z 193;0 231+32+3p5( )¢p 312 p5(7—7 wl)' (46)
0e{0,1}

Using a similar computation for the second term in (4.5]) gives the claim.

[Az2]

Similarly, we give the properties of ¢, s* in the following proposition.

Proposition 4.

7. Let s1 € {0,1,...,3p— 1} and s5 € {0,1,...,p—1}.

(1) The function gp[ 2l can be explicitly written as

~[As]

(’Dp7 (T7 w) =

Z (n1 + n2)EPQ27(ﬁ1ﬂ2) <_i i(w—T) n) quz(n)
nEZ2+p2(s)

V3i ~[Aq] ~NA1]
7_‘_\/22297 Z (193p,281+82+3p5( )/l/}p,sl2—p5(7—7w) + Q93p7232+31+3p5(w)wp7511—p5(T7w)) :

6e{0,1}

(2) The function 4,0[ 2 has the modular transformation properties

~[A2]

27mi
P (7_ + Lw + 1) _ e§(8%+8182+82)(p[ s}(T w)

1 2 3p 1 p— 1 2
TFZ
o (2r1is1drosi+risa+2rasa) S[As
(——,——) = E e (,DL7T1]T2(T,’LU).
r1 =017r2=0

r2=

prd(r) = > sgn(n)sgn(ng)(ny + n2)g? @™,
nezZ?+pz2(s)

(4) We have the following representation in terms of Fichler integrals

_ 1 V3
P (7, w) = <§ * %) D (n1 4 ng)ghe™

with
fp,S(T’ w)

gp,s(T, w) =

In summary, ¢p

neZ’+pa(s)

Jp,s(T, w1) 1 Ip,s(T, w1) dw
e[ (V w1—7>+4ﬂp<z’<w1—7>>%> )

(1] ~[A1] (1

~[A1]

— [ ]
T Z <’L93p,281+82+3p6(w)(70p782—p6(T w) + 193p,252+51+3p6( )('pp s1— pé(T w)>

0e{0,1}

A A
> (Pspsrsarans@)DELLs(rw) + Dapes sy s (W) B s(rw))
0e{0,1}

[A2]

s forms a vector-valued false modular form of depth two and weight two.
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Remark 4.8. Before we move on to the proof, let us remark on convergence of the integral given
in part As can be seen from equation (£3) and part of Proposition [4.4] (or alternatively
using their expression as Eichler integrals), as w — 7 we have

@,Asl —i/8ip(w 19[1 (1+0(w-1)), (4.7)
1
plAl w:i—ﬁs 1+O0(w—7)). 4.8
(pp,s ( T, ) T ZZp(w — 7_) p, ( )( ( )) ( )
The limiting behavior here, together with the fact that™
Z B2(pv n) quQ(n) =2 Z <193p,2s1+82+3p5(7—)191[571,]52—1)6(7—) + 193p,282+s1+3p5(7)19;17}51—136(7—))
neZ2+pz(s) 5e{0,1}

1] 1
=2 Z <19g)p,281+82+3p6( )1910752—105(7—) + 0&;,252—%51—%3])6(T)ﬁpvsl—P(;(T)) (49)
6e{0,1}

is crucial in rendering the integral in part|(4)|of Proposition [4.7] convergent near w; = 7 by canceling
the part of the integrand behaving as

Proof.
(1) We use Lemma [23] to compute

1 T ) 3— 2 -
i - (o (40222 )]

_ v3i (63’;”’ Ba(B1.,m)? (w—) 7

W pQa.cva <—i i(w — T)n)

w1—T"

+e%#B2(ﬁ27n)2(w_T)EPQ2,a1 (_i i(u) - T)n)> '

Summing over n using LemmalLH] (as in equation (4.0])) gives the second line of the claimed identity.
The contribution on the first line is obtained using the relation 27}72]) [pT 8, (e2miPB2(n2))] o =
Bs(n, p).

(2) The modular transformations follow from Theorem [[T] and Lemma [3.4]

(3) Taking w — 7 + 900 in part using Lemma 2] gives the claim.

(4) We insert equation (£5)) into the contribution on the first line of part [(1)| to rewrite it as (while
noting that p = %51 + %az = %al + %Bz)

- /s n 1 n
Yo (i n2)Eg, (8,8 <— i(w —7) )quQ( ‘=3 D Bpn)g ™

neZ2+pz(s) e
E[ S e ()
T neZ?+pz2(s)
- o dw
< e P By (az,m)?T < (1817 ) —|—BQ(,81,’I’L)B2 <72,'n/)> TIT)
1 —
T neZ?4pa(s)
- dwi

(8%
< T Balen e <§Bz(ﬁz,n)2 + By(B2.m)By (g,n)) (1.10)

\/Z'(wl—T)'

Mpis identity follows from Lemma A5l and writing p = a1 + a2 for the first expression and p = (31 + (32 for the
second one.
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Using Lemma [£.5] and Proposition EL4|[(1)] we can rewrite the second term here as

3p 9 »
\/7/ <7Tlp duwy (793p,231+32+3p5(w1)) w;,slz}—pé(ﬂ wy)

5e{0,1}
N i Vpse—ps(wi) dwq
+2 3 0 o0t raps (W) | By ps(mwn) — = 2L . :
ae%:l} T ( P T /2ip(wy — 7) i(wy —7)
Then we integrate by parts and use Proposition E{l and equation (A7) to write
w9 ~A1] dwy
i owr (193p,281+82+3p5(w1)) ¢p,52_p5(7—7 w1) z‘(wl -
V3p,261 4 52+3p5 (W )1/1 oy_ps(TyW)
= P2 p. P52 p6 +Z\/ 8p193p,231+32+3p5(7—)79[1]5 — 5(7—)
Z(’LU — 7_) b,s2—p
w Tpaamps(01) | 10500 ps(r 1)
ti [ Dspasirsprap(wr) | /2022 pot2p) dw.
/T 3p,251+s2-+3ps (W1) p wy — 7 2 (i(wy — T))% 1

Note that the limiting values in equations (A7) and (48] are crucial in ensuring that both of the
integrals above are convergent near wy = 7. The third term on the right-hand side of equation
(#I0) can be treated similarly (using the symmetry under the exchange of subscripts 1 and 2).
Putting everything together while using equation (4.9) gives the result. O

Remark 4.9. Using the Eichler integral representations in Proposition and (L7 together with
Remark 48], as w — 7 we find that

A A
b (rw) = 3qg¢>+mw—m

N 1 3
90512} (1, w) = <_ T %) Z (n1 +12)g"?™ + O(w — 7).

3
neZ?+pz(s)

Remark 4.10. Recall that irreducible modules of the lattice vertex algebra V. 54, are parametrized
by the cosets A*/A and the associated SLy(Z)-module is determined by the matrices S and T’

. 27rz'<3L (27’1 +2r1r2+27’2) %)

1 27rz
IS _ e3 o (2ris1+r2s1+r15242r282) and T

p2(r),p2(s) — V3p w2 (r),p2(r)

ps (Tw)

By Proposition [4.06] we see that the |A*/A|-dimensional space spanned by the completlons 77( 2

Spp,s (va)
n(7)?
transforms under SLg(Z) the same way but with weight one. In conclusion, from the perspective

of vertex algebras, completed objects coming from W?9(p) 4,-characters recover the modular data
of the lattice vertex algebra of |/pAs.

4.4.3. Depth three false modular forms over ,/pA3. We finally study the case of A3. First,
we write the fundamental weights {31, 82,83} and the Weyl vector p in the a-basis (which we use
to identify Az with Z?)

B1

transforms with the same matrices S and T'. Similarly, from Proposition .7, we get that

(a1 + 2ap + 30(3) s

I

1 1
:Z(3a1+2042+0é3), B2 = = (al+2¢12+a3) B3 =

—§a + 2 —|—§a
pP=35 2t 508
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With respect to the quadratic form pQs(-), the conjugacy classes for the lattice A are spanned by
vectors of the form

s s s 1
pna(s) == 51,31 + 52,32 + ;Sﬁ3 = ™ (3s1 + 259 + s3,251 + 452 + 253, 51 + 252 + 3s3) ,

where s € Z3 represents the corresponding conjugacy class. Since 231 + B2, 81 + 33,4831 € As, the
conjugacy classes pg(s) remain invariant under shifts of s as follows

p3(s) = ps(s1+2p, s2+p, s3), us(s1 +p,s2,s3 +Dp), pua(s1+4p,s2,s3) (mod As).

So each conjugacy class can be uniquely represented as pg(s) by restricting s to 0 < s7 <4p —1
and 0 < s9,83 < p — 1. Finally, in preparation for Lemma 2.5l we state how As + pg(s) can be
decomposed into components in the linear span of a 3y, (for m € {1,2,3}) and its orthogonal
complement.

Lemma 4.11.
(1) Decomposing As + pg(s) to parts in the linear span of 31 and its orthogonal complement
(spanned by g and ag) gives

351 + 289+ s3+ 4
As+ps(s)= (4 <Z + w) B
v€{0,1,2} P

2(s9 — _ 2
o (s2 —yp) + s3 - Z+(32 vp) + 2s3 s ).
3p 3p

For fized v, the subset along aa and ag gives the shifted lattice Ay + pa (S2 — Yp, s3).
(2) Decomposing As + pg(s) to parts in the linear span of B2 and its orthogonal complement
(spanned by a1 and ag) we find

2 20
Az + psz(s) = U (2 <Z+31+ SzZSg—F p>32
6e{0,1} p

+<Z+81_5p>a1+<Z+s3_5p>a3>.
2p 2p

For fized 6, the subset along o gives the shifted lattice A1 + pq (s1 — dp) and the subset along
ag gives an orthogonal shifted lattice Ay + pq (s3 — dp).

(3) Decomposing As + pg(8) to parts in the linear span of Bs and its orthogonal complement
(spanned by a1 and az) we find

81+ 259 +3s3 +4
A3—|-u,3(3) = U (4 <Z—|— 1 212 3 7p> ﬁ3
~ve{0,1,2} P

N <Z+281+(82—7p)>a1+ <Z+81+2(82_7p)>a2>.

3p 3p

For fized v, the subset along avq and o gives the shifted lattice Ay + pa (S1,82 — Yp).
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Proof.

(1) Since B = %(3041 +2ai2 + ag), we have a; =
of Az + p3(s) in the following form where m € Z3

%51 — %az — gag and we can write elements
351+ 2s9 + s 51+ 2s9+ s 51+ 2s9 + 3s
<ml+#> ot <m2+#> - <m3+#> \
4p 2p 4p
m 381+ 285+ s 2m 289 + s
R (e i B1+ [ ma — L2 2
3 12p

mi1  So + 2s3
az+ | mg— — +
3 3p > : <‘°’
mao — mg + 2m1 and mgz — mg + m1 we get

3 3p ) s

Making the change of variables my — 3my + v with m; € Z and v € {0, 1,2}, and then changing
2 4

4<m1+381+ S9 + 83+ 4vp

2(s9 — + s 59 — + 2s
By + mg 4 25270 s o (52— p) + 25
12p 3p
where m runs over Z3 and 7 over integers modulo 3.

a 9
3p > 3
(2) Since B2 = % (a1 + 22 + a3), we have ag = B2 — %al — %(13 and we can write elements of
As + ps(s) in the following form where m € Z3

351+ 289 + s S1+ 289+ s
<ml+#>al+<m2+#

S1 + 289 + 3s3
(85 + ms + - a3
2p
m s
= (m- e )t (m

+31+232+33

p
my 83
o >,32 + <m3 5 + 2p> as.
Making the change of variables mg +— 2mg 4+ § with my € Z and § € {0,1}, and then changing
mq — mq + mo and m3 — ms3 + mo we get

s1—0 1+ 289 + s34+ 20
<m1+ 12pp>a1+2<m2+ LT 25 T T 20D

s3— 206
B2 + | m3 + s 9P Qasg,
4p 2p
where m runs over Z? and § over integers modulo 2.
(3) Exchanging the labels 1 and 3 in part (1) proves (3).

As]

D,S (va) = Z E

PQ3.(B1,82,83) (—i i(w - T)"> grem,
neZ3+pz(s)
Proposition 4.12.

We now start our study of depth three examples with

(4.11)

As]

(1) The function @’f‘;} has the modular transformation properties
p7s

(7_ +1.w+ 1) _ ej{—;(38%—%48%-{—35%4—48182+45183+28153) As]
, =

p;s (7—7w)7
. (3 4p—1 —1
As] < 1 1) _ (—iT)2 < S
D,s _;7 - - XT,w

- - Z 6—2“1033(/1‘3(5)7/1‘3("')){Z)\L‘é’?}(7—’w)’
4p r1=0 ro,r3=0
where
1 3 2 1 1
pBa(ps(s) ps(r)) = (s1s283) | 2 4 2] |12
p 1 2 3/ \r



(2) We have

A
pal(r) = Y sen(ni)sgn(na)sgn(ng)g" @™
neZ3+us(s)
— arcsin | — s so+sq s so+s segn(n
o \/g 3 1+sz+ 3 1+22p2+ 3¢y g q
EZ—l— sl+2si+353

2 . 1 2
+ — arcsin % 551+2.52+53 sl+232+353 cZ E Sgn(n)qpn
s 2
' neztErt

2 . 1 2
+ —arcsin ( o | 0ssi42sp+s5 14294353 E sgn(n)g’™ .
T 3 4p ’ 4p €

EZ—l— 51 +ZSPQ+33

(3) We have the following Eichler integral representation

(1, w1)

A
I[LSS](T w) = 2f/ m

dlv

where

1 ~NA
Hys(rw) = D 05) o ey (WO (rw) ol (rw)
0e{0,1}

1] Az 1 Asz]
+\/7 Z <19[6p,381+252+83+4fyp( )¢[ ,322 —vp,S3 (7—7 ’LU) + 19[6;781+282+383+4’yp( )¢[ ,321,32 fyp(7_7 w)) .

v€{0,1,2}
In summary, ng{s:;] forms a vector-valued false modular form of depth three and weight %

Proof.
(1) Modular transformations simply follow by specializing the general result given in Theorem [IT]

and using the relevant inner products of 3;’s (which can be read from their coordinates in a-basis)

1

3 2 1
(B3(ﬁj718k))j7ke{173}21 2 4 2. (4.12)
1 2 3

(2) Specializing Lemma 2] to three dimensions and using Remark 2.2 we find (with m;43 := m;)

lim Eq p(tx) = sgn(B(mq, x))sgn(B(ma, x))sgn(B(ms, x))

t—00

+ = ZéB(mJ, B(mjt1,@)= 0Sgn(B(mj+27w))a‘rCSin(B(mﬁmj-Fl))’
According to equation ([£I2]), we have B(my, ma) = B(ma, m3) = % and B(my,ms) = 1. We

find the claim by using these values to take the limit limqy, ;100 1/)p7 }( T,w) in equation (A.IT).
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(3) Specializing the recursion relation in Lemma to our case, we find

EpQs.(81.82.85) (—z i(w — T)m) s
_ % /wT B3(ﬁ1,m)e%ﬂipB3(517ac)2(w1_T)EPQ&(2&2%7%) <—z’ i(wr — T)m) %
+ \/ﬁ/wT Bg(BZ,m)e“ipB3(ﬁz7ac)2(w1—T)EPQ&(%’%) <—z’ i(wr — T),B) i(iliUQll}l— _

2vp /wT B3(B3,$)e%m’pB3(537ac)2(w1_T)EPQ&(M%’L;az) (—iv/ilwr = 7)z) %.

Inserting this expression in (@II) and summing over Z* + ug(s) using parts (1), (2), and (3) of
Lemmal[4.IT]on the second, third, and fourth lines of (£I3]), respectively, gives the stated result. [

Next, we study the properties of <p;£, 5] Define

1 ~JA A
Fps(r0) 1= D0 s i) (Dl sp (1) Bpiadp(row) + Bl sy (ro) 1) ()
6e€{0,1}
~[Az] (1] ~[Az]
+ \/7 Z ( 6p7381+282+83+4*yp(w)(pp,szz—“fpys:a (T w) + 19617 51+282+383+4vp( )90107821782 “/:D(T’w)> ’

~e{0,1,2}
~NA
Cps(r,w) =2 > Vapsirasyrsgrasp(W)DL il o (r,w)dl (7 w)
6e{0,1}

A A
+ \/g Z (796107351-i-282-i-83-i-4*y]u(’w)7/11[,,522}_-”!)783 (T, w) + 796p781+252+383+4-yp(w)¢£)7821}752_7p(7'7 w)) .
v€{0,1,2}

Proposition 4.13.

(1) The function (,DL 3l can be explicitly expressed as

QD;LA;](T, U)) = Z EPQS,(ﬁl,ﬂz,ﬂs) (—’L z(w — T)’n) (’I’Ll + no + ng)quS(”)

neZ3+psz(s)
1 1 ~A
t o \/g Z 796p7351+282+53+4p"/('w)w][)@zg]—p’y,s;;(T7 w)
TVip(w = 7) ~ve{0,1.2}

A A
+2 Z 19217731 +2s2+s53+2pd (w)w;[),sll}—pé(T7 w)w;z[),slg]—p(g(T? ’LU)
6e{0,1}

1A
+V3 Z 79617751+252+383+4P'Y(w)wj[),szl},sz—p’y(T’w)
v€{0,1,2}

(2) The function <p;£, 3] has the modular transformation properties

901[7 }(T +1lw+1)= e2mipQ3 (13 (s)) [A3](7—7w)
_ 3mi p— 1

5 4p—1
A{Asl< 1 1> _ 473 ~2mip By (s (). () 5l
Gl (2 — ) = e — > Y e 3l (7 w).
T \% r1=0rg,7r3=0
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(3) We have

)= Y sen(n)sen(nz)sen(ng)(m + na + ng)g @™
neZ3+us(s)

2 . 1 pn?
+ —arcsin | —= | 03s; 4250453 514259453 - E sgn(n)ng
m \/g ap ’ 2p s1+2s9+3s3

4p

nezZ+

2

2 . 1
+ % arcsin <ﬁ> 581+252+83751+2i§+383 ez Z Sgn(n)nqpn

2p
+2s9+
nez 3s1 452 53

2 . 1 pn2
+ —arcsin | o ) 0ssi 4200453 s1420943s3 E sgn(n)ng”™ .
3 4p ’ 4p €

T
s1+2s9+s3
neZ+ %

(4) We have the following representation in terms of Eichler integrals:

_[As ) psTwl
Op.s (T,w) =2 /
e ( VP Vi(wr —7) 2\/_*T i(wy — 7))

where we use the reqularized integral defined in equation (4.4).

[A3

S

dw17

In summary, o forms a vector-valued false modular form of depth three and weight 3 5,

Proof.
(1) We first use Lemma 2.3 with p = 2041 + 200 + 2a3 to get

1 ) 3— 2 -
i o (e (1o 222) 7))

= i; (\/ge‘“;l’33(,317n)2(w_—r)E <2a2+a3 ‘12+2a3) (_in i(w B T)>

T /ip(w —T) PQs,

mipBs(B2,n)* (w—7) —i i(w —
+ 2e™PP3 P2 EpQ&("*}%)( iny/i(w T))

Amip p 2 (— . p
4+ /3¢ 3" B3(B3m)?(w T)EpQ&(mlgaz,"‘lf"‘?) <—zn i(w— 7')) )
Multiplying with ¢?93(™) and summing over m using Lemma EII] gives the second, third, and
fourth lines of the claimed identity. The contribution on the first line is obtained using the relation
2mp[ Ta, ( 2mpB3(n,z))]z:0 = B3(n, p).

(2) The modular transformations follow from Theorem [[I] and Lemma [3:4]

(3) Taking w — 7 + 00 in part |(1)| using Lemma [21] (as in Proposition L.12]((2)) gives the claim.
(4) We insert equation (€I3]) into the contribution on the first line of part |(1)l We start with the
contribution of the first term on the right-hand side of (£I3])

2 .
\/_ / Z 3(B17n)33(p, n)e%WZpBS(ﬁlyn)Q(wl—T)

W neZ34ps(

pQ3(n) dwy

E o ag o [e% <_ ) - > .
% pQ37(72 2fas ogides 3) initwi =7) ) q i(wy —7)
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Noting that p = 231 + a2 + a3 and taking the sum over Z3 + p3(s) using the first part of Lemma
[4.1T] and Proposition [L.7] (1) we get

A2]

-
1
Z / - ﬁép7351+252+33+47p(w1)’I’Z)p752_'yp783 (7, w1 )dwy
2} w \/z(wl —T)

v€{0,1,
i V3
+2y/3p Z / 610 3S1+2SQ+SS+4W(W1) (901[7 s2z] pyss(Th W1) —
2w VI

7v€{0,1,

Lo V3
* T miyp

2ip(w; — 7)

A A
X Z <193P782+253—'Yp+36p(w1)¢;[;,512]—'yp—6p(7_’ wy) + 193p7252+83_27p+36p(w1)¢£),51£—6p(T7 wl)) >dw1-
6e{0,1}

We use Proposition to integrate by parts and ge

w 1 0 9 ~Aq]
r \/mawl( 6. 3s1-2+sa+ 479 (W) YV, sy,

A2] . {Az2]
- 796p7381+282+83+4'yp(w) 'p,52—D, 53 (T, w) ? /w 196p,381+282+83+4vp(w1)wp,sg—yp,s;), (T, wl)dw
— 1
-

2 (i(w) —7))3

(T, wl)dwl

i(’u)-T) 2*

dw1 .

+ z\/@/w 1961?,381+282+83+4“/p(w1)hp,82—'yp,83 (7,w1)

wp — T

Plugging this expression back (and noting the definition of h, s from Proposition E.G) we find
Iy =11+ 17 4+ 1 4 1LY where

A V3 / Vep o1 +250 435 1470 (W1 Vh) o, (7,01) oy
S T o5 -~ 3
2my/p ~vef0,1,2) *7T (i(wy —7))2
%) (W) By s (T 01)
+ 2\/7 Z / 6p, 381—1—282—1—33—1—4'\/;0 ('pp,SQ Yp,s3 T, w1 dwl
~e{0,1,2} i(wy — )
. A
2= 3 Z 196:07381+282+53+47p(w)qﬁl[xfz}—w,s,’s (7, w)
s = T = - s
P clona) w—1)
3 3\/_ w ) 7— wl) 1

1= Z / p83w+7' (196”’38”282“3*4”(201)79i[’»117282+53—2vp+36p(w1)

ve{0,1,2} !

6e{0,1}

1
o 19[6117351+282+83+4'yp(w1)03p,282+33—2'\/p+35p(w1)>d’lUl,
A1)
4 3\/_ v w , ) (T7 wl) 1

I = Z / o Z}p —pT ( 6”’381+252+53+4Vp(wl)0g11782+253—7p+36p(w1)

ve{0,1,2} !

6e{0,1}

(1]
- 796107351+252 +s3+47p (01)V3p,55+255—p+3sp(w1) | dwr.

15Here we also note Remarks B8 and 0] in justifying the convergence of these integrals.
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Next we study the contribution of the second term on the right-hand side of (4.I3])

Js 1= \f/ > Bs(B2,n)Bs(p, m)em PPz (wi =)

T neZd+ps(s)

dw

A _ pQ3(n) 1
prng(?,o?)( in/i(wy T)n>q

Noting that p = 282 + %+ + %2 and taking the sum over Z* + p3(s) using Lemma EIT] (2) and

Z‘(wl—T)‘

Proposition {.4] (1) we get

2 A ~A dwq
fom 2 3 s ) ) B )2

772\/5 0e{0,1}
~[A1] i 1917,83—617(1”1))

+2.p Z / 2p’81+282+53+25p( )<1/1p31 sp(T> 01) <<Pp oa—op(TrW1) — ™2 \fi(w1 —7)

6e{0,1}
~[A1] i Upsi—sp(wi) dwn
+ , s
wpsg 6P(T o) <(’Dp v 6p( ) - T™/2p m i(wq —7')

Next we integrate by parts using Proposition IZ:{I to find
w
~A dw
/ /2]),81 +2s9 +83+25p(w1)w][) 511} 6p(T w )/l/}p 53} 6p(T7 ’LUl) -
. i(wy —7)

A1 Aq]
02p731+232+33+25p(w)w11[) 31} Jp( )/l/}I[) 313 5p(T7 w)
i(w—T)
A A
4 ') /w 192p781+282+53+26p(w1)¢1[) 311]_5p(77 wl)w;sl:j_gp(Ty wl) dw
- 3 1
2/ (i(wy —7))>
. w 2 ,81+252+53+20 (wl) A A 1
+ z\/2p/ o1t w?_t P (ﬁp Ll 5p(w1)¢;,[,7sﬁ_5p(7, wy) + w;sll}_(;p(ﬂ w1)79;[>,]sg—5p(w1)) dw .
Plugging this expression back we find Jg; = Js 1] + Js 2 Js 3 Js@,szm where
A A
Z / 192p,s1+252+83+26p(w1)¢1[; 51} 5p(7— )74, 513] 5p(7—7 wl) duw
1

(i(wy —7))2

1)

66{0 1}

217 S1+282 +53+26p(
+2\/_ Z / \/ 1 ’LU1—T

6e{0,1}

A
(D w0 o) + B w0 B ) o,

i T 192p,51+252+sg+26p(w)¢£;7811]—5p(T,w)lbﬁé]_ap(ﬂw)7
/P 5e{0,1} i(w—7)
g8 Z /w pAslg] sp(Tsw1)
T 501} W=7

1 1
X (202P751+282+83+25p(w1)191[;7}51—61;(11)1) - 19[2]1751+252+53+26p(w1)0p731_5p(w1)> dwl
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Finally exchanging the labels 1 and 3, we find that the contribution of the third term on the
right-hand side of (4I3)) is simply Is, s, s, -

In summary, our discussion above shows that the contribution on the first line of part can be
replaced with Is + Js + I, 5,.5,- The sum Ig 2] + J§ 2l + 1. 8%] s0,5; simply cancels the contributions on
the second, third, and fourth lines of (1), whereas I, E} + Js s LLS} s0,51 gives the expression in the
claim. Therefore, the proof is complete if we demonstrate that the remammg contributions vanish.
For this purpose, we next show that I Wy é]’swl = 0 and Ig 3 + Js Bl = 0 (with the latter also
implying IS[S],SZsl + JLLS],sQ,Sl = 0 by exchanging the labels 1 and 3).

We start with I LA‘} + 1 8%1752781. First we rewrite I, LA‘}, shifting § — § + v,

A4]
3 wap T,w1)
= 32 P Ji =

w1, — T
(mod 2)

where

1
Pss(T) = > <Q96p7351+252+53+4’ﬂ7(T)ﬁg;,sg+2sg+2’yp+36p(T)
~ (mod 3)

(1]
- 196]),381 +2s2+s3+49p (T)193p732 +2s3+2vp+30p (T) :

Our goal is then to show that pss(7) 4 Psy.s0,51,6(7) vanishes for all integers s, 52, s3,0. Shifting
¥ =y + 0 for ps, s0.5,.6(7), we rewrite pg 5(7) + Dy 50.51,6(7) as

Z (1] (1]
<196p7351+232+33+47p(7—)193;07524-233—1—2“/104-35])(7—) - 196p,351+252+83+4'\/p(7)193P,52+283+2’YP+35P(7—)
~ (mod 3)

+ 196p781+2sz+383+4vp+46p(7)19gﬂ,231+32+2~,p—5p(7) - 19([51;1,31+252+333+4«,p+45p(7)193p,281+82+2vp—6p(7')> :
Now, let r1 := 3s1 + 289 + s3 and 79 := s2 + 2s3 + 30p so that 71 + 72 =0 (mod 3) and
r1+4ry 2ry —ro
3 3
Then ps5(T) + Pss,50,51,6(T) = Pryro(T) + Prytary 20—y (7), where for any two integers ri,ry with
r1+ 79 =0 (mod3) we define Pl

Pry iy (T) 1= Z <196p,r1+4vp(7')79£1;z],r2+2«,p(7') - 19([51;1,r1+4»yp(7)793p7r2+2*/p(7')>
~ (mod 3)

= > ) (2 — ny)g?(2i+n3).

7 (mod3) nGZQ-‘,—(w , ngw’>

= 81+ 289 + 353 + 46p and =281 + s9 — Ip.

Shifting n1 — ni 4+ no and collapsing the sum on v gives

Pr (7.) - _ Z nlqp(6n¥+4n1n2+n§)'
ncs (5 )
We now apply the involution n — (—n1,ng + 4n1) to obtain Py, ,,(7) = —Prjt4ry 20y —r2(7), which
3 ’ 3
implies ng + Is[i}732731 =0.
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Finally, we consider the contribution
Gy 1)
JIZEN Z / Ipsa-tp(T 1) (t1,8,6(w1) + to,s5(wr)) dwy,

T wy — T
0e{0,1} 1
where

1
t178,5(7—) =3 Z (196P7381+282+33+4’Yp(7)19%;1,252+53 2’yp+35p( )
v€{0,1,2}

(1]
- 196p,3sl+2sg+33+4«,p(7')193p,282+s3—2“¥p+36p (7') 5

1 1
to,s6(T) = 279210781—1—282—1—83—1—2519(7')19;7}51_51;(T) [2;751.4_2524_534_25;;( )Up,s1—6p(T)-

We start with

tes(T) =3 > > (2 — ny)g* (21 +n3),

’YE{OJ,Q} neZQ+<331+2s%;33+4’yp ’ 232+53g2’yp+36p>
P P

then shift ny — n; — ny and collapse the sum over v to obtain

tl,s,é(T) = Z (2712 _ 3n1)qp(6n%—4n1n2+n%)‘

nez2+ ( .51+2.52+53+26p 7 252+;2+36p>

Then finally changing ng — 2ny —ns gives t1 5 5(7) = —ta,5,5(7), thereby proving IE’} + Js[g} =0. O

5. HiGHER DEPTH FALSE THETA FUNCTIONS FROM Z-INVARIANTS

As our final example, we consider higher rank generalizations of Z-invariants [16] of plumbed
3-manifolds that are recently proposed by Chung [9] at least if the gauge group is G = SU(n) with
n > 3. Here we restrict our attention to the gauge group SU(3) and the case where the 3-manifold in
question is a Seifert fibration. Moreover, for simplicity of presentation, we only consider Brieskorn
spheres so that there is only one homological block. Such a 3-manifold is determined by a triple on
integers (Py, P», P3) where P; > 2 are pairwise coprime. For instance, the “smallest” triple (2,3, 5),
which corresponds to a plumbing graph of type Eg, gives the celebrated Poincaré homology sphere.

We closely follow Chung’s article [9] where such invariants were explicitly computed. Let Mg
denote the Brieskorn sphere corresponding to the triple (Py, Py, P3) and let also P = Py Py P3. We

also assume
L + ! + L < 1.
P P P

According to equation (3.15) in [9], the Z-invariant of M3 is given by the g-series

~ 1 2 2 2
_ 55 (2n] 5 +2n5 3+2n7 3+2n1 312 3+2n1 2n2, 3—2n1,211,3
ZSU(3)(Q) = E H X2P(nj,k) qSP( 1,2 2,3 1,3 1 1 ) (5.1)
n; >0 1<j<k<3
1<5<k<3

Here x2p(n) is defined as (see equation (2.17) of [9])
xop (n) = Yo (1) + Y3p (1) + ¥ (n) + Yop(n),

where
+1 if n=+¢ (mod2P)
VA — )
Yap(n): {0 otherwise,
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and

1 1 1 1 1 1
w=r(i-(grnrg) e=r(-(nnn))

1 1 1 1 1 1
53"13(1‘(?1‘?2‘?3))’ 54'—13(1—(—?1*@—?3))-

Since 0 < ¢; < 2P for all j € {1,2,3,4}, we can rewrite (5.1)) as
Zv ) = 3. > sisss > g ((motne)+(mna) 4 (na—na)?),

acs? se{-1 +1}3 'nEN3+(%+81a1,%+82a2,%+83a3)

where

;- P

2P
The quadratic form appearing in this function is degenerate, so we can take the sum over one of
the summation variables to get

ZSU E E 518983 E min(ml, m2) qPQz(ﬂn+81a1+82a27M2+81a1 +83a3)7
acdd se{-1,1}3 mi1,ma>0

d = {ri,re,r3,ra} with rj =

where Q2(n) = n% +n§ —n1ne is the quadratic form for the As-lattice as in Section @l Now we note
that —1 < s1a; + s2a9, s1a1 + s3az < 1 and extend the sum over m to the entire Z? by inserting

1
Z(l + sgn(my + s1a1 + s2a2))(1 + sgn(me + s1a1 + ssas)).

Next we note that for m € Z? and any —1 < € < 1 we have
2min(my, mg) = (my1 + ma) — sgn(my —ma +€)(my — mo)

and use this identity with € := sqag9 — szag to get

ZSU Z Z 518983 Z (14 sgn(mq)(1 + sgn(ma))

aed3 se{£1}3 2 (8101+32t12)
mEL + s1a1+s3a3

X ((m1 4+ mg — 2s1a1 — sgag — szaz) — sgn(my — meo)(mq — mg — seag + 33a3))qPQ2(m).
Changing Variables as m — —m and s — —s in one half of the sum, we find that

Zsu(s) Z > s1s0s3 > ghem)

aEsz/S se{£1}3 2 81a1+82a2>
=1 mez +<81a1+83a3

x ((1 4+ sgn(mq)sgn(mz))(m1 + ma — 2s1a1 — s2a2 — s3a3)
—sgn(my — ma)(sgn(mi) + sgn(ma))(my — ma — saaz + szas)).
On the summand involving the factor sgn(mj; — ms)sgn(my) we apply the transformation
g:m+— (my,my —msa), S+ (S2,81,—83), ar> (az,a1,as3),
on the summand involving the factor sgn(my — mo)sgn(ms) we apply
g :m— (mg —mq,ms), 8+ (83,—52,51), aw> (a3, as,a1),

and we average the summand with no sign function factors over the transformations (Id, g, ¢’). This
yields

ZSU E E 515283 G 51a1+52a2781a1+83a3)( )

ae.d3 se{£1}3
34



where (adopting notation from Section M)
Gu(r):= Y sgn(ma)sgn(my)Ba(p,m — p)g" (™),
meZ2+p
Noting that G, (1) = —G_,(7) (as can be seen by changing m +— —m) and G (7) = Gy, 1) (7)
(by changing m +— (msg, m1)), we can take the sum over s to get

- 1
ZSU(3) (Q) = 5 Z (G(a1+a2,a1+a3)(T) - 2G(a1+a2,a1—a3)(T) + G(a1—a2,a1—a3)(T)) .

acd3
Now looking at Propositions and .77l we find (for the relevant values of w)

Gu() = Phrgi () = Balp, ) Y52, (1) where S(u) := P(Ba(p, o), Ba(p, oxa)).

In summary, we explicitly see that these SU(3) Z-invariants are linear combinations of depth two
false modular forms 1[);‘?32}(7') and 901[,‘?52}(7') studied in Section [

Remark 5.1. Recall that these two false modular forms are the same ones which appeared in
the discussion of the characters of WO(P) 4, vertex algebras. In fact, we can further clarify the
relation between the SU(3) Z-invariants here and W°(P) 4, characters as follows: As noted in the

discussion of Subsections 4.1l and [4.2] these characters look like (when A= ~ = 0 and up to possible
corrections involving sums over lower rank lattices)

1
——Gx 7)  where G, (1) := — D) G i (7).
G () )= 3 (1 G

The SU(3) Z-invariants considered above can be similarly written as

N 1
ZSU(3) (Q) = Z Z G(a1+a2,a1+a3)(7—)

ac{ry,ra,r3,r4}3

1
+ 5 (G(rl—rg,rl—rg)(T) + G(T’1—T2,T’1—T4)(T) + G(r1—r3,r1—r4)(7—) + G(rz—rg,rg—m)(T)) .

APPENDIX A. A LEMMA ON THE KOSTANT PARTITION FUNCTION OF As
In this section we give a proof of Lemma

Proof of Lemma [{.2 We start with the right-hand side and note that it can be explicitly expanded
using the values of (—1)“®)P3(w(ax)) given in the following table as w runs over the Weyl group
Sy of Az (where we denote w as a permutation).

weW =29, (=) @)IP3 (w(c))

e, (14)(23) sgn(nq)sgn(nsg)sgn(ns) nz2(4ning — 1)
(23), (14) —sgn(ny)sgn(ny — na + ng)sgn(ns)(ny — na + ngz)(dning — 1)
(234), (143) sgn(nq)sgn(ny — nz)sgn(na — n3)(n1 — n3)(4ny(ngy —n3) — 1)
(1234), (13) sgn(ng)sgn(ny — nz)sgn(na — n3)(n1 — n3)(4nz(ng —na) — 1)
(243), (142) sgn(ni)sgn(ny — ng + ng)sgn(ny — n2)(n1 — ng + ng)(4ny(n1 —n2) — 1)
(12), (1324) sgn(ny — ng)sgn(nz)sgn(ng) ne(4ng(ng —ny) — 1)
(12)(34), (13)(24) sgn(n1 — n2)sgn(nz)sgn(ne — n3) na(4(n1 — na)(n2 — n3) + 1)

(1243), (1342) | sgn(ng — n3)sgn(ny — na + n3)sgn(ny — n2)(ng — n2 + ng)(4(ne — ny)(ne —n3) — 1)
(123), (134) sgn(ng — n3)sgn(ny — ng + n3)sgn(ng)(ny — na + n3)(4(na — ng)ns + 1)
(34), (1423) sgn(ny)sgn(ng)sgn(ne — ng) na(4(ng — na)ny + 1)
(124), (132) sgn(ng)sgn(ny — ng)sgn(ny — ng)(n1 — n3)(4nz(ny —na) + 1)
(24), (1432) sgn(ny)sgn(ny — ng)sgn(ny — ng)(n1 —n3)(4ni(ng —ny) + 1)
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Since both sides of the claimed identity are odd with respect to the action of the Weyl reflections,
it is enough to prove the result when « is restricted to the fundamental Weyl chamber associated
with the simple roots a1, s, ag. Moreover, for any boundary component of a Weyl chamber,
there is a Weyl reflection leaving it invariant. Therefore, both sides of our expression vanish on
the boundaries and we can restrict our attention to the interior of the fundamental Weyl chamber.
Recall that given any a = nya; + nsag + n3ag, the interior of the fundamental Weyl chamber is
the region where B3(a, o) > 0 for all j € {1,2,3}, i.e., it is where we have

2n1 —no >0, —np+2no—n3>0, —ng+2n3>0.

Noting that ni,no,n3,n1 — no + ng > 0 in this region, the right-hand side can be simplified as
1

6 wew(—l)é(w)}?g(w(a» — Py(n) + sgn(n1 — ng)sgn(ng — nz) Py(n) + sgn(ni — na)Py(n)
+sgn(nm — na)sgn(ny — ng)Pi(n) +sgn(na — na) Po(n) + sga(ms — na)sga(ms — ng) Fo(m),
where
Pi(n) := é(2n2 —n1 —ngz)(4ning — 1), Py(n) = %(nl — n)(4(ng — ns)(nz — nz) — 2),
Py(n) = g (m +ns) (dlm — o 1), Pa(n) = $(2na — m —n3) (4lm — ) (na — ms) + 1),
Pn) = — (1 + ) (A —m)? 1), Byfn) = L 1 - ) (4 — ma)om — m3) — 2)

Then considering all the possibilities for the ordering of ni,ns,ns, we find that the right-hand side
becomes the following piecewise polynomial in the interior of the fundamental Weyl chamber

( )+P2(TL)+P3(?’L)+P4(TL)—|—P5(’n)—|—P6(TL) if nq > no,
1 N _ J Pi(n) 4+ Py(n) — P3(n) + Py(n) — Ps(n) + Ps(n) if n3 > ny,
(=)™ Ps(w(a)) = .
16 < Pi(n) + Py(n) — P3(n) — Py(n) + Ps(n) — Ps(n) if ng > ny > ng,
Pi(n) — Py(n) — P3(n) — Py(n) + P5(n) + Ps(n) if ng > ng > n;.

Turning to the left-hand side of the claimed identity, Theorem 6.1 of [19] shows that it is equal
to the following expression in the interior of the fundamental Weyl chamber

%(2712 —nip — ’I’L3)(2TL3 — ng)(ng +n3 — ’I’Ll) if ng > na,
Z(—l)g(w)K ( ) . )_ %(2711 —’I’LQ)(QTLQ—TLl —ng)(nl—l—ng—ng) if ng > na,
3 (w(a) — p)= 1 _ 2 2 2 _ _ _ i
Bt 5(ng — 2ng3) (3n1 + 2n5 + ng — bning — nans 1) if no > n1 > ng,
%(ng —2nq) (n% +2n3 + 3n3 — ning — Hngng — 1) if no > ng > ny.

Finally, the equality of these two expressions immediately follow from the equality of the stated
polynomials in the relevant regions. ]

A small variation of Lemma 2] replaces the linear factor in Ps(w(cv)) as ny — 3(n1 + na + n3)
with the conclusion of the lemma still holding. This is thanks to the following result.

Lemma A.1. For T3(niaq + naaa + ngag) := sgn(ni)sgn(ng)sgn(ng)(ny — ne + n3) and any
o € Az + p we have

S ()T (w(a) = 0.

weW
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Proof. Following the proof of Lemmal[AJ] it is enough to prove the statement in the interior of the
fundamental Weyl chamber. Here we have

Tl( ) + Tg(’n) + Tg(n) T4(TL) + T5(n) + TG(TL) if nqg > na,

1 Z(w _ T (TL) + Tg(n) — Tg(n) T4(TL) - T5(n) + TG(TL) if ng > no,
UZ;V (@)= 1 (n) + To(m) — Ty(n) — Tu(n) + T(n) — To(n) i€ nz > my > s,
Ti(n) — Te(n) —T3(n) — Ty(n) + T5(n) + Tg(n) if ne > n3 > nq,

where

T3(n) :=T5(n):=0 and Ti(n):=—-Th(n):=Ty(n):=—-Ts(n) :=n; — 2ny + ng.

The lemma statement immediately follows from these values. O
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