IMAGES OF MAASS-POINCARE SERIES IN THE LOWER
HALF-PLANE
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ABSTRACT. In this note we extend integral weight harmonic Maass forms
to functions defined on the upper and lower half-planes using the method of
Poincaré series. This relates to Rademacher’s “expansion of zero” principle,
which was recently employed by Rhoades to link mock theta functions and
partial theta functions.

1. INTRODUCTION AND STATEMENT OF RESULTS

In [15], Rhoades found a method to uniformly describe partial theta func-
tions and mock theta functions as manifestations of a single function. He
showed that Ramanujan’s mock theta function f(gq) (defined below), with
q := €™ and 7 in the upper half-plane H, in some sense “leaks” through
the real line to a partial theta function ¥(g~') (given below) on the lower
half-plane —H. His construction follows the “expansion of zero” principle of
Rademacher (see [5], [8, Chapter IX], and [13]). Rademacher showed, using his
exact formula for the partition function, that the partition generating func-
tion can be extended to the lower half-plane, and he later proved [14] that
this extension is identically zero in the lower half plane. We note that there
are other relations of partial theta functions and mock theta functions. For
example one, which is due to Zagier and Zwegers, passes through asymptotic
expansions (see for example [6]).

Let us now say a few more words concerning mock theta functions. Origi-
nally introduced by Ramanujan in his last letter to Hardy, mock theta func-
tions have since found applications in many areas of mathematics. We now
understand that they fit into the larger framework of harmonic Maass forms,
as shown by Zwegers [17] (see also [10, 16]). That is, the mock theta functions
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are examples of mock modular forms, which are the holomorphic parts of har-
monic Maass forms (see Section 2 for definitions). Thus, it is natural to ask
whether Rhoades’ construction applies to the non-holomorphic completion of
f(q) and, if so, what is the image of that function in the lower half-plane?
One hope, which has not yet been realized, is that this might shed some light
on the problem of finding a completion of the partial theta functions to non-
holomorphic modular forms. General partial theta functions have the shape

> wln)nq"”
n>0

with 1 a primitive Dirichlet character and v € Z such that (—1) = (=1)*1,
In particular these functions are not modular forms.

We begin by more closely recalling Rhoades’ results. The partial theta
function which Rhoades studied is given by

v(g) =) (_712) 7

n>1

and the associated mock theta function is Ramanujan’s third order function

n2

o q
IO=2 argr . arer

n>0

Now set

T\ 2mts; 1 1
ac(s) = Z <E) r (m + %) gm+1

2mib

and (with ¢ :=¢"0)

1 . 23s
O 4(7) = —/ _Qcls)e (s)e ds
|s

B 2mi |=r 1- Cgc q e24s ’

where 7 is taken sufficiently small such that |Log (Cgcq) | > r and such that
the integral converges. Moreover let wy . be the multiplier of the Dedekind
n-function (which can be given explicitly in terms of Dedekind sums, see [14]).
Then define the function

]

F(r):=1 —|—7rz (_1)CLCQ

X Z * W_d.2¢ €XP (2m (—g 1+ (-1 + 2% + 7)) Q. q(7),

d (mod 2c¢)



IMAGES OF MAASS-POINCARE SERIES IN THE LOWER HALF-PLANE 3

where d (mod 2¢)* indicates that the sum ranges over those d modulo 2¢ with
ged(d,2¢) = 1. This function converges in both the upper and lower half-
planes, i.e., for 7 € HU (—H). Moreover, Rhoades” main result states that

) fla) if 7 e H,
Fir) = {Zw (Y ifre-H.

As discussed above, we describe a similar phenomenon for both the holo-
morphic and non-holomorphic parts of Maass—Poincaré series. To state our
results, we first require some notation. Throughout, let k € 2Z, and let
M;(To(N)) denote the space of weakly holomorphic modular forms of weight
k on To(N). Let Si(To(N)) denote the subspace of M} (I'¢(N)) consisting of
forms whose Fourier expansion at oo has constant term equal to zero. For
f(r) =3, cs(n)g" € Si(To(N)), we define the (holomorphic) Eichler integral

ce(n) ,
Ei(r)= > —g,fl)q
nez\{0}

and the non-holomorphic Eichler integral (T = u + iv)

(1) == —(4n)*=" Z ka(z) L'(k —1,4mnv)qg™".
n€eZ\{0} n

Here I'(s,y) denotes the incomplete gamma function defined in (2.1). Note

that with
k-1 =
DF1 .= <qi) and & = inki7
dq T

Q

we have
DY &N =f and  &L(f) =T
For even k > 2 and m € Z, let P}, denote the holomorphic Poincaré series
(defined in Section 2 below). If m < 0, these functions are weakly holomorphic
forms, while for m > 0, they are cusp forms. For £k € —2N and m > 0, let

Fy._m be the Maass-Poincaré series of Section 2. They are harmonic Maass
forms with exponential growth in their holomorphic part.

Theorem 1.1. Let k € —2N and m € N. Then the function Hy,, =
Hl, +Hy,, (defined in (3.3) and (3.6) below) converges for all T € HU (—H).

Furthermore, if T € H we have

Hyg g (T) = Fr o (7),
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and if T € —H we have
(47)t=+

D a1

To prove Theorem 1.1, we determine the extension of the holomorphic and
non-holomorphic parts of Fj _,, separately, in Sections 3.1 and 3.2, respec-
tively. The computation involving the holomorphic part closely follows [15],
and the extension is provided by the simple fact that

g if g <1,

1 n>0

l—g¢q —Zq_" if |q| > 1.

n>1

Hon(7) = mi=* <6p2_k,m<—f> _

For the non-holomorphic part, the situation is similar, but somewhat more
complicated, and the extension is provided by the functional equation of the
polylogarithm Li;_(q) (defined in (3.5) below), namely

Lix_1(q) = Lix—1 (¢7") for k € —2N. (1.1)

Remark. If one tries to mimic the computations of Section 3.2 in the case of
half-integral weight, the situation is complicated by the analogue of (1.1) for
k ¢ Z, namely

(2m)k-1
['(k—1)
where ((2 — k,u) denotes the Hurwitz zeta function. It is unclear whether

the resulting function in the lower-half plane has any relation to a known
modular-type object.

il_k Lik,1 (627riu) + Z'k—l Lik,1 (6—2m’u) — <(2 _ k’, U),

The paper is organized as follows. In Section 2 we recall the definitions
and some basic properties of harmonic Maass forms and Poincaré series. In
Section 3 we prove Theorem 1.1.

2. PRELIMINARIES

2.1. Harmonic Maass forms. In this section we recall basic facts of har-
monic Maass forms, first introduced by Bruinier and Funke in [3]. We begin
with their definition.

Definition. For k € 2N, a weight k harmonic Maass form for T'o(N) is any
smooth function f : H — C satisfying the following conditions:
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(1) For all (2%) € T'o(N) we have
ar +b\ &
F(EED) = e+ atsio),
(2) We have Ag(f) = 0 where Ay, is the weight k hyperbolic Laplacian

0? o 0 0
e T ; _ i
Ap = —v <8u2 + 81}2> kv <8u —H@v) '
(3) There exists a polynomial P;(7) € Clg™!] such that
f(1) = Py(1) = O(e™)

as v — oo for some € > 0. Analogous conditions are required at all
cusps.

Denote the space of such harmonic Maass forms by Hj (I'o(V)). Every
f € Hy (T'o(N)) has an expansion of the form

@) =1 @)+ f7()
with the holomorphic part having a g-expansion
)= Y g
n>>—oo
and the non-holomorphic part having an expansion of the form
f(r)= Zc;(n)F(l — k,dmnv)qg™".
n>0

Here I'(s,v) is the incomplete gamma function defined, for v > 0, as the
integral

[(s,v) ::/ t~te Tt dt. (2.1)

2.2. Poincaré series. In this section, we recall the definitions and properties
of various Poincaré series. The general construction is as follows. Let ¢ be any
translation-invariant function, which we call the seed of the Poincaré series in
question. Then, in the case of absolute convergence, we can define a function
satisfying weight k& modularity by forming the sum

Pu(p;7) = > ely(r),
'YEFOO\FO(N)

where ', := {£ (3 7) : n € Z} is the group of translations. Convergence is,
in particular, satisfied by functions ¢ satisfying ¢(7) = O(v***¢) as v — 0.
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A natural choice for ¢ is a typical Fourier coefficient in the space of au-
tomorphic functions one is interested in. For example, in the case of weakly
holomorphic modular forms one may choose, for m € Z,

p(7) = m(7) :=q™.
Define for k£ € 2N with k£ > 2 and m € Z the Poincaré series of exponential
type by
Pem(7) = PilpmiT) = Y emli(7).

YEL\T'o (V)

To give their Fourier expansion, we require the Kloosterman sums
md + nd
K jc) = S .
)= 3 oM, 2:2)
d (mod ¢)*
where e(x) := e*™@._ A direct calculation yields the following duality:
K(—m,—n;c) = K(m,n;c).

A very useful property of the Poincaré series is that they have explicit Fourier
expansions, as given in the following theorem.

Theorem 2.1. Suppose that k > 2 is even.
i) If m € N, the Poincaré series Py, are in Sp(Io(N)). We have the

Fourier expansion Py (1) = >~ be.m(n)q", where

n\ "z K(m,n;c 4m\/mn
i (2" [ B, (5
c>0
Nlc

Here 0y, ,, is the Kronecker delta-function and Js denotes the usual J-
Bessel function.

ii) For m € —N, the Poincaré series Py, are elements of M} (To(N)).
We have the Fourier expansion Py, (7) = ¢™ 4+ Y07 bim(n)q", where

k5 K(m,n;c) 4/ |mn|
2
RS Et sy S Vv 1.
; - -

Nle

k

bem(n) =2m(—1)2 "

m

Here I, denotes the usual I-Bessel function. Moreover, Py, is holo-
morphic at the cusps of T'o(N) other than iocc.
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We next turn to the construction of harmonic Maass forms via Poincaré
series. Such series have appeared in many places in the literature, indeed in
the works of Niebur [9] and Fay [4] in the 1970’s, long before the recent advent
of harmonic Maass forms. Define

Fiom = Z ¢km|k%
Y€ o \To(V
where the seed ¢y ,,, is given by
Grm(T) = (1 —T"(1 -k, 47r|m|v))qm

Here I'* is the normalized incomplete gamma function
['(s,v)

I(s)
The analogous exact formula for coefficients of these Poincaré series is then

given in the following theorem (see, e.g., [4] or [2] for a proof).

Theorem 2.2. If k < 0 is even and m € —N, then Fy,, € Hp(I'((N)). We
have

I(s,v) =

(4mm)t=F

(=F)!

DY (Fym) = m' " Py_g .
We have the Fourier expansion

Fem(r)=(1-=T"(1 — k, —47mmwv)) ¢™

—i—ZaKm q—l—Zakm (1 — k,dmnv)g™"

& (Frm) = — Pk —m

and

with i
N @2m)F (=1t < K(m, 05 ¢)
a’k,m(o) - (1 N k,’)‘ Z 62_k .
=

Moreover, forn > 1 and € € {+,—}, we have
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3. PROOF OF THEOREM 1.1

To prove Theorem 1.1, we consider the holomorphic and non-holomorphic
parts of I}, _,, separately.

3.1. The holomorphic part. We first extend the holomorphic part F,j o
of F _ to a function defined for |q| # 1, closely following [15]. Using Theo-
rem 2.2, we have, for |¢| < 1,

Bl (7)
=q " +ay_,(0) + 2m(— § N Z Z ( ) A (e, d),
c>0 d (mod c)
Nle
where

Am\/m
Al (c,d) = A (c,d;7) = Zn el A ( m ) ndgn. (3.1)
n>1

Using the series expansion of the /-Bessel function

1 T 2j+a
L= ety (2)
j21j!r(j+0é—|—1) 2

we obtain
n%[lik (471'\/777/71) Zﬂ
¢ j>0
where .
<27r\/a>2]+1_k
e(d) =

(G+1—Fk)! "~
We insert the integral representation (for r > 0)

n’ 1 e’

git1

(3.2)

4! G om

|s|=r

and we conclude that

L4 1
nkzjl_k( ”Vm”) _ _/ o (s)e"™ ds,
jl=r

c 21

where o, .(s) is the series
+

mee(7)
&:rn,c(s) = Z 8‘77+1 ?
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which is absolutely convergent for all s. Equation (3.1) then becomes

1 al (s)e’
Al (c,d . °¢e d——d/ e
sed) =g [ an Y (k) ds=gcta [ TR as
|s|=r n>1 |s|=r c
Here we take r sufficiently small so that |e*(%q| < 1. Define
1 U e(8)€°
Opm(cd; T —
el )= 2mi sj=r 1 — €5Cdq

We can now define the function which exists away from the real line. To be
more precise, since ¢}, is regular for all v # 0, the function

Hy o (7) = q " +ay ., (0)

porni? L S (L i) 63)

c>0 d (mod ¢)
Nlc
is defined for 7 € HU (—H).
We now consider the Fourier expansion of the function H,", (7) for 7 in the

lower half-plane, so suppose for the remainder of the proof that v < 0. In this
case, we have

1 estq
q(bmcdr / at (s)—=—ds
C e )= ls|=r ( )1 —es(dq

2m
1

——— [ af9)) (e¢la) " ds

211 |s|=r >0

where 7 is chosen so that |e™*¢~!| < 1. By reversing the calculation which led
o (3.3), making the change of variables s — —s, and using that I _x(—iz) =
' J,_x(z), we find that

o7 e dim) = =55.(0) = 3 <Z<—1>j ?zvc(j)n*j) (7)o

|
n>1 \j>0 J:

= 0 = Yo () s ()

n>1
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Thus we have
Hy,(7)

_ 1 —md
— g (0) — 2n(—1)Em T ! (ﬁ) : (0)
9 C b
d (mod ¢)*

—2r(—1)? Z (ﬁ)kzl Z K(_mé—_n; 9 Jik (4WW> qg " (34)

Cc
n>1 c>0
Nlc

Note that the second and the third terms on the right-hand side of (3.4) cancel,
since

SNEIRTE SR ST L PPN

¢>0  d(mod ¢)*

Nlc
(2m)* F(=1)2 'm! Tk = K (=m, 0;¢) "
> C B
?\/'>|0

By (2.2), we conclude that

o= =3 (7))

n>1
1-k K : 47/
x | 2r(=1)2 <£> ’ ZMJl—k( - mn) q"
m ¢ ¢
c>0
Nlc
= ml_k (mk—lq—m + Z nk_le—k,m<n)q_n> = ml_kgpz—k,m(_T)
n>1

if 7 is in the lower half-plane.

3.2. The non-holomorphic part. Next we extend the non-holomorphic part
Fy._,.(7) to a function Hy, (7), which is defined for |g| # 1. We have, by

,—m
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Theorem 2.2,
Fy (1) =-T"(1 =k, dmmv)g ™

D WD M e

c>0 d (mod c¢)
Nlc

) m(c, d;T),

=Y n'Te ( ”d>eh k(4ﬁvf__)1“(1—k74wn® -,

Using the integral representation of the incomplete Gamma function and mak-
ing a change of variables, we find that

(1 —Fk,y) = yl_k/ tFe Ve,
1
thus

4o 4m/mn -n
A= (¢, d) = (W—'/ t"on > J_ k( T . )e_“””t ((gq) dt.

( ’ n>1

As above, we use the series expansion of the J-Bessel function

Ja(r) = ]Z: IF(<:—1§+ 1) <§>2j+°‘

1—k 4/ mn
7,]7 1k:
W (L) =S )

7>0

to obtain

where

b () = (=17 [2mym\
me T G —R e '
Thus we have, again using (3.2),

_ 474/ 1
nlzkjl_k( il mn> = —/ n**e™a, (s)ds,
C |s|=r '

21

where

) = Y Pl
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Here r is chosen so that » < 2mv. Thus

4 1-k 00 1 4 _1\n
Ar_n(C? d) = %/1 t_k (% A:r O‘:n,c(s) an_k (68_4Trv Cc dq 1) dS) dt

n>1

(4mv)t=k [ 1 B ' ot od
B (_k’)' 1 ! ' % \5|=ram’C(S)le_1 (6 ! tccdq 1) ds | dt.

Here Lis(w) is the polylogarithm, defined for s € C and |w| < 1 by

wn
Li, = —. .
) =3 (3.5

We now again introduce a function defined away from the real line. Define

e (6 A5 T) = t* s) Lig_y (€™ 7") dsdt
R Al M LI Ca o R

and

Hy (7)== =T"(1 =k, 4mmv)g ™

+2”<‘1(>_2gf“> DD ( )gbkm(m) (5.6)

c>0 d (mod ¢)*
Nle

Using the functional equation
: n+1y 1
Li,(2)=(-1)"""Li_, | — |,
z
we obtain, for v < 0, and using that k is even,

A;(c,d)z(A‘(T—,i;f s (2% /| Ol i () ds) .

Since v < 0 we can now use the series representation of Liy_;. This yields

™ L=k k 47rm)t d - —ns
A,;(c,d):(‘l(_—;)! /1 - (an ()" 2; / e ds)dt.

n>1
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The innermost integral is (inserting the definition of a;, .(s), making the
change of variables s — —s, and using (3.2))

1 IR 1 2my/m\ 7 i
— a,, (s)e " ds = Z G ( ) il
Jj=>0

270 J |5/ =r j+1—kK)! c
. (47T_ W) |
c
Thus
4 4 > n
A= (e.d) = ) Z” S ( mémn) </ tke47rm}tdt) (¢?q)
- 1

n>1
—1 4/ mn n
- Zn’%n_k () 11 = bl ()"
n>1

Therefore, using that K (m,n;c) is real, we conclude that

k=1
Hk_,m(T) =—I"(1 -k, dmmv)qg ™ + 27r(—1)§ Z (%) 2
n>1
4

X }E: —m, n/C)]L%:< T/m ) (1 — k. drnfo))g”

c>0

Nlc

(4mm)'—*

== W 2—k,—m<_T)'
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