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LOG CONCAVITY FOR UNIMODAL SEQUENCES

WALTER BRIDGES AND KATHRIN BRINGMANN

ABSTRACT. In this paper, we prove that the number of unimodal sequences of size
n is log-concave. These are coefficients of a mixed false modular form and have
a Rademacher-type exact formula due to recent work of the second author and
Nazaroglu on false theta functions. Log-concavity and higher Turdn inequalities
have been well-studied for (restricted) partitions and coefficients of weakly holo-
morphic modular forms, and analytic proofs generally require precise asymptotic
series with error term. In this paper, we proceed from the exact formula for uni-
modal sequences to carry out this calculation. We expect our method applies to
other exact formulas for coefficients of mixed mock/false modular objects.

1. INTRODUCTION AND STATEMENT OF RESULTS

In [6], DeSalvo and Pak proved that p(n), the number of partitions of n, is log-
concave for n > 26. That is,

p(n)* —p(n — pn+1) >0, for n > 26.

This follows for large enough n directly from the Hardy—Ramanujan asymptotic ex-
pansion for p(n) (see [6, §6.2]), but log-concavity for n > 26 requires a careful ar-
gument. DeSalvo and Pak proceeded from Rademacher’s exact formula for p(n),
together with work of Lehmer [§,[9]. There has since been a flurry of results studying
log-concavity and higher Turan inequalities for partition generating functions and
weakly holomorphic modular forms (see for example [5, [7, [11]).

In this paper, we consider unimodal sequences, which distinguish themselves from
the other examples by their connection to false theta functions. Let w(n) count the
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number of unimodal sequences of n,

1<ar<--<a,<e>by > >b > 1, Za]+c+2b =n, 7,5€N,.
j=1
DeSalvo and Pak [6] mentioned that asymptotic formulas for unimodal sequences
(or stacks/convex compositions) are not precise enough to prove log-concavity. We
overcome this problem, using recent work of the second author and Nazaroglu, proving

an exact formula for u(n). Here, we work out precise asymptotic expansions with
explicit error term.

Throughout, we write f(n) = O<.(g(n)) if |f(n)| < ¢|g(n)| and set ny := 100 000.
Theorem 1.1. For n > ng, we have
2’ff B C D E 1
u(n) <A+—+ + — + 2+O<478( 5)),
ni Vn n2 n2
where the constants A, B,C, D, and E are defined in equation (AI10).

o

Remarks.

(1) Presumably both the constant in the error term as well as the number of terms
may be improved significantly with our methods. We only stop at the power n™>
to obtain log-concavity.

(2) We expect our method applies to other exact formulas for coefficients of mized
mock/false modular objects. Indeed, Mauth in [10] follows this approach to prove
log-concavity for so-called partitions without sequences considered by the authors
in [2]. Another example arises from irreducible characters of certain vertex oper-
ator algebras considered by Cesana [4].

The following asymptotic expansion is a direct consequence of Theorem [L1
Corollary 1.2. Forn > ng, we have
u(n)? —u(n — Du(n + 1)

47r 2 2
3 (1A bA* T7AB 2\ 1 1
5+3 (2\/7 (—T‘FW—B)TL —I-Ogloﬁ(n ))

n2
Combined with a numerical check (see the remark in Section 2), log-concavity
follows.
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Corollary 1.3. Forn € N\ {1,5,7}, we have
u(n)? —u(n — Du(n +1) > 0.

Remark. Note that a combinatorial proof of the log-concavity for integer partitions
is still open. Indeed, as there are so many failures of log-concavity (i.e., for 0 <
n < 25), this is likely a difficult problem. The number of exceptions for unimodal
sequences by contrast is much more manageable, so perhaps it is reasonable to ask for
a combinatorial proof in this case.

The paper is organized as follows. In Section 2] we recall the exact formula for
u(n) from [3] and state some inequalities for the I-Bessel function. The proof of
Theorem [I.1]is carried out in Sections[3land 4} In Section[3] we bound the contribution
to u(n) of the terms for k£ > 2 in Theorem 2.1, in Section ] we use the saddle-point
method to prove an asymptotic expansion for the term & = 1 in Theorem 2.1, finishing
the proof of Theorem LIl
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2. PRELIMINARIES

Recall that the generating function for unimodal sequences is given by (see [T,
equation (3.2) and (3.3)])

Sulm =3 = L Syt (21)

. 2 . 2
= = (9?2 (9% =

Remark. Recall that (q;q)7} is the partition generating function. The right-hand side
of 1)) allows for a quick computation of u(n) as a convolution of pairs of partitions
and the coefficients {0,+1} in the sparse series. This is especially true with programs
like Wolfram Mathematica which have the partitions of large order already hard-coded.

In [3], we found the following exact formula for u(n). Note that if u*(n) denotes

the unimodal sequences counted in [3], then u(n) = coeffy W —u*(n) (see [2,
footnote on page 4]).
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Theorem 2.1 ([3], Theorem 1.3, negative of the second term). We have

2k—1

Kknr
u(n):2 \f24n+1 ZZ

k>1 r=0

x/_ll (1-2?)" cot<27;€ (%—r—l))fg (3\7;_k\/(1—x2)(24n+1)) dz,

where I3 is the I-Bessel function of order 3 and Ky(n,r) is a certain Kloostermann-

type sum (in particular |Ky(n,r)| < k).

We require the following bounds for the I s —Bessel function.

Ve ify=1,
Is(y) <

3 .
g\‘?yi if 0 <y< 1.

Lemma 2.2. We have

3. THE TERMS k£ > 2

In this section we bound the contribution from k£ > 2 in Theorem 2.1l We begin
by estimating the sum on 7.

Lemma 3.1. For |z| <1 and k > 2, we have

i T [ x 1 4k?
K tl ——=—1r—— < —(log(k 14
> st (G (75 3)) | = - testt) + 14
Proof. We use for 0 <y <m
1
t S
S )

to bound

(5 (%))l

(T x . 1

cot | —=|——=+r+= :
2k V6 2

A short calculation shows that for |z| <1,

minl—ijL —l—1 - —i+ —l—1
ok \ V6 2) T T\ T2
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>{1k(7’+0.09) fo<r<k-—1,

(3 (——+r+;)>\

cot (% (—\%+r+ ))‘ zifk

g2 [F1 1 2%—1 1 A2 b=t
<% e )
™ \gr+0.09 & 2k —r —0.91 T = r+009
The claim now follows from the integral comparison criterion. U

Now we bound the sum over from all & > 2 in Theorem 2] as follows.

Lemma 3.2. Forn > ng, we have

2k—1

D3PS

4\/724”+1 k>2 =0

x/_ll(l—x)3cot<27;€ <%—r—1>)1 <3fk (1—x2)(24n+1))dx

=04 (e” §L> .

Kk

Proof. By Lemma B.I] we can bound the left-hand side by

B[

2 S (log(k) + 14)

V3(24n + 1)1 1=
x/o (1—2)" I <3\fk (1 — ?) (24n+1)) dr. (3.1)

To estimate the integral of the I 3 -Bessel function, we apply Lemma

l\?\v?
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First we consider the range

182
m2(24n+ 1)

1—22)(24n+1) <le > >1-

0<
~ 3V2k

Applying Lemma and extending the range of integration, we have

/1_ 1‘"””2)% %<3\/*k\/(1—$2)(24n+1)> dx

w2 (24n+1)
< /01 (1-42)f g? (3;%\/(1 — %) (24n 1 1)) de.

! 3 3
J— 2 —_
/0 (1 x)de 16’

log(k) + 14

1 3
18 =2 k2

3

Using the evaluation

this part contributes overall

<10.3. (3.2)

Next we consider the range

T (1—a72)(24n+1)>1{:>x2<1—Lk2
3v/2k - - w2(24n+ 1)
If k> ™24 then this range is empty and we have no contribution. Otherwise,

3v2
Lemma [2.2] gives that the corresponding contribution to (B.I]) can be bound against

2
2 Z (log(k) + 14) /” 2(12842“) 2)%

T aroA 1 1N\2
V3(24n + 1) e

1
2 ™ 2 T \/(1—22)(24n+1)
X 4/ = 1—22)(24n +1 €32k dx
V2 (V= mem)
8

- - k(log(k 14

m(24n + 1) Z Vh(log(k) +14)

2</L¢<7’“/324fT+

=)
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ey .
™ n = ™ —p2
X / (1—a?)2 esvar (1=2%)(@n+1) g
0
We now trivially bound this against the exponential

8 m/24n + 1 : m/24n + 1 nV/FFL
log| ——=—— ) +14)e o2
m(24n + 1) 3v2 3v2

= O<o (e“ﬁ> . (3.3)

where in the last step we use n > ng. Combining (8.2)) and (B.3]) proves the lemma. O

4. THE MAIN TERM AND THE PROOF OF THEOREM [1.1]

The term from k& = 1 in Theorem [Z.1] equals

2im /1 (1— %) cot <W<x +1>)
_— —x J— —_— J—
3%(24n—|—1)g —1 2\v6 2

(2—\/7% (1—2?) (n + 2—14)) @)

1-(y)=\/217T—y<<1—§)ey+<1+§)e—y),

we obtain that (£.]) equals

e (5 0)) ((m_im )fW

Using

(M3

24n+1 ) 4 2\Vv6 2 m/24n + 1
3v/2 . /(1—22)(24n11)
T VA g B N v dr. (4.2
( v 7T\/24n+1>€ v (42)

We bound the second term in (£2) for n > ng as

[ N £ — . 32 RS 7y
cot | = | —+ = 1l—24+ ——— e 3v2 (1=2)( n+)d;)j
24n+1/_1 (2 <\/6 2)) ( m/W)
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1 1
< — 7-(1+1)-1dx <0.1.
_24n0+1/_1 (1+1)1dx <

We split the integral for the first term in ([£2]) as

[
1 1
/x<1 /x<n§ n”E<|z|<1

We bound the contribution from the second range as

1 T ([ x 1 3v2
(I ) (Vicer e 2
24n+1/nggwglco (2 (ﬁ 2)) ( v m/24n+1)

» eﬁw/(l—:ﬂ)(24n+l)dx

1 !
1-n 4)(24n+1)< 14 2 %_ﬂ:}; (4.3)

.71 e7mV(
2n + 1 ¢ = Qdn+1

The rest of this section is devoted to obtaining an asymptotic expansion for

1
1 n® T x 1 3v2
(I (L)) (Vicar - — 2
24n+1/_ngco (2 (ﬁ 2)) ( ’ m/24n+1>
o o3V =)D g (4.4)

of the form in Theorem [LLTl That is, our error term needs to take the shape

<

n
3
—0

n

e27r\/_ .,
(n?).

In keeping with the saddle-point method, we eventually let z +— en~iz for some
constant ¢, so dz — e¢n~idz, and thus we obtain the factor O(n_g) outside of the
integral. Hence, we need to expand the integrand itself up to O(n_%). To that end,
we begin with the following lemma. Set

Yy =yn(x) = %ﬂm; (i) (—1)ma®m.

Lemma 4.1. For || < n"s, we have
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2 8 gl
63L\/§\/(1—x2)(24n+1) M\/m( ) <1+y+% 4 % 4 o +O<034 n3 2 )
R
Proof. By expanding the Taylor series for /1 — z? and noting that |z| < n -5 < %
we have
i
exp | —=+/(1 —22) (24n + 1 )
(5= @ D
T x2> T
=exp | —=V24n+1(1— =) +y+—=v24n + 10, (z** )
(T 2) 0 T
Now using that e* < 14 2|u| for u € [=1,1] and |z| < n"5, we have
exp (L\/ 24n + 1O§0_1 (1’24)) =14+ 030,73 (n_%> .
3v2
Next, we note that
- 11 1
< ——V25nx 2 )‘ < 1.3v/nat,
lyl < Wi 2 (m < 1.3v/n.
so that in particular |y| < 1.3 for |z| < n~s. Hence,
4 .
Y yl\ o1yl 1 5 20
-y <Z( ) < <ot
7=0 7>5
The lemma follows. O

Next, we require the Taylor expansions of the other functions in the integrand in

(Z4), namely

“(3)

m2x?  Srtat 61n%2S 277A8a®
=1 O )+ P, 4.5
T T 861 155520 T 10as004d T O=0s (77) + Foaalw), (4.5)
where Pogq(x) is an odd polynomial, so does not contribute to the integral, and also

2 4 6 5:(:8

T i T
\/1—1’2:1—?—§—E_E8+0§0.3(x10)' (46)
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Thus, by Lemma [A.T] and equations (4.5) and (4.6]), we see that (4.4 equals

e$\/24n+1 /ng - 71.21,2 N 57.‘.41,4 N 617’(’65(76 N 2777.‘.8:(:8 0 ( 10)
xr
. 12 864 ' 155520 ' 10450044 = =°°
2 4 8 3 e JC_
X 1_!13'__[E__:E___5x +O<0.3($10) v2 e vz V2Tl
2 8 16 128  ° o/2dn r 1

y (1 (o) yn<2x)z ) yn(g)s . yn;z) Ocom (nxzo))
)

5

<1 + O<o.73 ( 2 ) dx. (4.7)

Set A, := (-Z=+/24n + 1)2. It is not hard to see that
6v/2

1.3n% < A\, < 1.4ni. (4.8)

Next we make the change of variables z — & in (A1) to get

e

iVt A8 i
(24n + 1)\, /

_1
—Ann 8

y < w272 N Smix N 61 N 277 Lo <:)3_10>>
12>\2 864>\4 15552006 ' 10450944)8 =00 { \I0

y (1 B B SL’G B 5:(:8 +O<03 (xlo) B L)
222 )\4 1606 128)8 A0 ) oN2

1+
2 3 4
yn (ﬁ) Yn (ﬁ) Yn (ﬁ) 20
(H el ) L)

8
2 6 24 ALO
X (1 + O<o.73 ( %>) dr. (4.9)
Now note that

x x? 28 58 7210 x
. - _ — — - 202F [ — ), 4.10
Y (An) SR VR TSV DTS Cl (An) (4.10)
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where for | X| < 0.5

P(X):=>)" (mi 1) (=) X" = O<g.03 (X17) .

m=>5

Thus 2F()":C ) O<0 06(;8)
We now plug (4.10) into (4.9) and simplify (using a computer algebra system as
aide) to get

srt 4, 6ln° —450m' o 5r' o 405w 42430 4, 2
o . r
1728 155520 3456 155520 384

+

_'_
617" 4 277 10
- xr + x®
311040 10450944 31104 622080
5 2 7 1 2 u 1 4
A - A8
* <27648 AT 768) v < 1608 384) T smt )

+E, (x)) dzx, (4.11)

where E,(z) contains only powers A" with m > 10. We bound the integral of E,
explicitly using a computer algebra system to carry out the integral and arrive at

Ann~ 8 00 .
/ e By (x)| do < / e |E,(z)| dz < 5362n72, (4.12)

—Ann~ 8 —00

Now we use that for m even with 0 < m < 16,

> — il
/ l,me—:czdl. — WQT)\/?T

We now use for w € R>; and m even with 0 < m < 16,

— 1N v — Nl
‘ (m2m ) \/7_T _ / xme—xde 2 (m )
2 —w

< 2.8wMe "V /7.
22
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Define

1.4™ (m — 1)l m_ k.5 1 6on%
13t 9% L mns Tatae Oty > 0 b

M, 1= sup {2.8
With (4.8), we have

1

Apn” 8

" — 1t 5

/ pretay = M OWT L (n%). (4.13)
A E 27)\12 e

We use (AI3)) in (4I1), simplify and combine with (4.12]). Thus (@I1]) equals

eava VTl i (530841672 — 119439360) /7 -2
P EEE— m
(24n + 1)\, 127401984 "

N (5529607 — 1161216072 + 26127360) /7

)\—4
127401984 "
n (9369675 — 21772807 + 979776072 + 4898880) /7

)\—6
127401984 "
L (221607® — 57974475 + 37422007 — 224532072 + 2525985) /7

127401984
+ OS5427 (n_g>) . (414)
Finally, we apply to ({14 the Taylor expansions for n > ng

2 3 _
(B VIRFL _ om [ (1 L™ ™ 34560m 3732489W
24+/3y/n  3456n  8599633920+/3n2

7T4 7T2 _9 5
8 (71663616 B 165888) "+ O<oon (" )) !

1 1 5 5 -
L~ G * e+ Ocoomr ()
V3 1

- e - 164/37n
NEUE

" m2n  8m2n?

9 5
+ Ogo.om (H_E) .

min?

)\—k

n

)\—8

ot

5
5 + O<0.001 (n_§> )
2

_g) ’ \-6 _ 3v/3

+ O<0.00001 (n

A =

n
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Thus (4.14) equals

om /% 3 5
V'3 (ﬁ+<7r2 15\/§> S (13m 85V 815 >n—1

833 /and 6v3 16y7 864 96 5127

N Tns 9172 N 315v/3 N 945v3 1\ s
- = n
972v/3  512v/3 10247 819275

(74417r3  7Tm? 5005(/m 3465 L 98555 )n_2

1478076 1728 | 16384 163%4n3 | 52423873

4 Ocsing (m)) . (4.15)

Define
1
A= =
8- 3i
B _T 1_5-327
144 - 31 1287
105 - 3i 1372 35
C:= 2 + 3 3
40967 6912 - 31 768 - 31
_ o 9r 105 - 3% PG 1 34
19988 .31 81927 93398.31 6553673’
744174 7772 5005 115537 3118531

= -  + — + . (4.16
35831803 - 31  13824-33%  131072-3i1 13107272 4194304r* (4.16)

We now combine (£I5) with Lemma B2l and (£3). From

Out (V) = 0 (Sifn> |

31,/Tni
14 27r\/i_mle e¥™VE 5
3 VEl— O —_— -2 ,
24n+1€ <10000 8-3%\/%71%”

we conclude Theorem [T 1]
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