ON THE MODULARITY OF CERTAIN FUNCTIONS FROM THE
GROMOV-WITTEN THEORY OF ELLIPTIC ORBIFOLDS

KATHRIN BRINGMANN, LARRY ROLEN, AND SANDER ZWEGERS

ABSTRACT. In this paper, we study modularity of several functions which naturally arose
in a recent paper of Lau and Zhou on open Gromov-Witten potentials of elliptic orbifolds.
They derived a number of examples of indefinite theta functions, and we provide modular
completions for several such functions which involve more complicated objects than ordi-
nary modular forms. In particular, we give new closed formulas for special indefinite theta
functions of type (1,2) in terms of products of mock modular forms. This formula is also of
independent interest.

1. INTRODUCTION AND STATEMENT OF RESULTS

In the recent paper [4], Lau and Zhou studied a number of generating functions of im-
portance in Gromov-Witten theory and mirror symmetry, and they showed modularity for
several of them. To be more precise, they considered the four elliptic P! orbifolds denoted
by PL for a € {(3,3,3),(2,4,4),(2,3,6),(2,2,2,2)}. In particular, for these choices of a,
they explicitly computed the open Gromov-Witten potential W,(x,y,z) of Pi, which is in
particular a polynomial in x,y, z over the ring of power series in ¢ (where ¢ is interpreted
as the Kéhler parameter of the orbifold), and which is closely tied with constructions of the
associated Landau-Ginzburg mirror. The reader is also referred to [2, 3] for related results,
as well as to Sections 2 and 3 of [4] for the definitions of the relevant geometric objects. Lau

and Zhou then proved the following in Theorem 1.1 of [4]. Here as usual for ¢ € N
[(c):={M=(2]) €SLy(Z); M =1, (mod c)}.

Theorem 1.1 (Lau, Zhou). Let a € {(3,3,3),(2,4,4),(2,2,2,2)}. Then the functions aris-
ing as the various coefficients of Wy(x,y, z) are, up to rational powers of q, linear combina-
tions of modular forms of weights 0,1/2,3/2,2 with respect to I'(¢) and with certain multiplier
systems.

This theorem is particularly useful as it allows one to extend the potential to a certain
global moduli space, and in fact this is the geometric intuition for why such a modularity
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statement is expected (cf. [2]). Moreover, such modularity results give an efficient way to cal-
culate complete results of the open Gromov-Witten invariants. Lau and Zhou also discussed
the case of a = (2,3, 6) and gave explicit representations for the potential W, (z,y, z). As in
the discussion following Theorem 1.3 of [4], the same heuristic which shows that modularity
is “expected” for a € {(3,3,3), (2,4, 4)} also predicts that modularity-type properties should
hold and which should allow one to extend the potential to a global Kahler moduli space.
In particular, from a geometric point of view, the case of a = (2,3,6) is very analogous to
those cases covered in Theorem 1.1 and it is the next simplest test case. In particular, as
for a € {(3,3,3),(2,4,4)}, in this case the Seidel Lagrangian can be lifted to a number of
copies of the Lagrangian for the elliptic curve of which the orbifold is a quotient. Motivated
by these calculations and heuristics, Lau and Zhou asked the following.

Question 1.2 (Lau, Zhou). What are the modularity properties of the coefficients of
Wy(z,y, z) when a=(2,3,6)7

We describe our partial answer to Question 1.2 in the form of several theorems which give
the modular completions of several functions arising in the (2,3,6) case. In each of these
cases, we prove modularity by first representing the functions in terms of the u-function, the
Jacobi theta function, and well-known modular forms (see Section 2 for the definitions).

In order to prove these results, we first establish an identity, which is also of independent
interest. To state it, we let

1 1 1 1 k(k+1) m--fm m
F(z1,29,23,7) == ¢ 8§1QC22§32< Z + Z )(‘Dkq 2 TReHhml Cfcgfzs,

k>0,6m>0  k<0,£,m<0

with ¢ := €*™ (7 € H) and (; := €*™% (z; € C) for j = 1,2,3. We note that F is an
indefinite theta function of type (1,2).

Theorem 1.3. For all 21, 20, 23 € C with 0 < Im(z2), Im(z3) < Im(7), we have that
3 (7)9(z2 + 23;T)
V(225 7)0 (235 7)

Remark. The right-hand side of (1.1) provides a meromorphic continuation of F' to C3, and
we frequently identify the left hand side with this meromorphic continuation implicitly.

F(z1, 29, 23;7) = i0(21; T) (21, 20 T) (21, 23, 7) — p(z1, 20 + 2z3;7). (1.1)

Our main results can then be stated as follows, where the functions c,,, ¢;.2, and ¢,.4 are
certain coefficients of W,(2,3,6) (see (2.13)).

Theorem 1.4. The function ¢, is modular, and c,.» and c,.4 have explicit non-holomorphic
modular completions ¢,.o and ¢,.4. More specifically, we have:

(¢) The function c, is a cusp form of weight 3/2 on SLo(Z) with multiplier system VS.

(it) The function ¢y.o is modular (i.e., transforms as a modular form) of weight 2 on
SLy(Z) with shadow y?|n|°.

(113) The function ¢,.4 is modular of weight 5/2, and is a polynomial of degree 2 in R(0;T)
over the ring of holomorphic functions on H.
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Remarks.

(7) The explicit statements and proofs of the modularity of the functions in Theorem
1.4 are given in Section 3.

(77) Results concerning the modularity properties of these functions could also be proven
using work (in progress) of Westerholt-Raum or of Zagier and Zwegers. Moreover,
the general shape of the completion of ¢, should also follow from the same works.
We note that the indefinite theta function F we consider here is of a degenerate
type and is not representative of the generic case. Due to this degeneracy, we are
able to express it in terms “classical” objects, which simply is not possible in the
generic case.

The paper is organized as follows. In Section 2, we collect some important facts and
definitions from the theory of modular forms, Jacobi forms, and mock modular forms, and
we define the functions described in Theorem 1.4. In Section 3.1, we prove Theorem 1.3. We
conclude Section 3 by giving the explicit statements and proofs comprising Theorem 1.4.

ACKNOWLEDGEMENTS
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2. PRELIMINARIES

2.1. Basic modular-type objects. Throughout the paper, we require a few standard ex-
amples of modular forms and related objects. Firstly, we recall the Dedekind eta function

n(r) =g [J(1-q").

We recall that 7 is a weight 1/2 cusp form on SLy(Z) (with a multiplier which we denote by
vy). We shall also frequently use the quasimodular Eisenstein series E,, which is essentially

the logarithmic derivative of n:
Ey(1):=1-— 242 qu”.

n>1 dn

As is well-known, Fs is not a modular form, but has a slightly more complicated modularity
property, known as quasimodularity. Specifically, F is 1-periodic and satisfies the following
near-modularity under inversion:

2 E, (_—1) — By(r) + —. (2.1)

T

Using this transformation, one can also show that the completed function

Ey(7) := Ey(1) — —, (2.2)



4 KATHRIN BRINGMANN, LARRY ROLEN, AND SANDER ZWEGERS

where 7 = w + v, is modular of weight 2. More generally we require the higher weight
Eisenstein series, defined by for even natural numbers k by

where By, is the k-th Bernoulli number. For k > 4, these are modular forms.
In addition to these g-series, we also need the Jacobi theta function, defined by

n2 .
Wz 1) = Z qTe%Z(”%)”.
nE%—i—Z
The Jacobi triple product identity is the following product expansion:
L1, 1 n n— -1 n
I(z7) = —igs¢ 2 [T —g) (1=¢" ") (1= ¢,
n>1

where ¢ := ¢*™*. In particular, this identity implies that the zeros of z — 9(z; 7), lie exactly
at lattice points z € Z7 + Z. We also need the following standard formula:

0

[Pz 7). = —2m (7). (23)
Moreover, ¥ is an important example of a Jacobi form (of weight and index 1/2), which es-
sentially means that it satisfies a mixture of transformation laws resembling those of elliptic
functions and of modular forms. In particular, we have the following well-known transfor-
mation laws. We note that throughout we suppress 7-dependencies whenever they are clear
from context.

Lemma 2.1. For \,u € Z and v = (%), we have that

V(z+ AT+ p) = (—1)’\+”q_§e_2”“‘zl9(z), (2.4)
and
) =08 L e 9
ﬁ(c¢+d’w) = v, (y)(er +d)ze (2 7). (2.5)

We next prove an identity for Fy in terms of an Appell-Lerch sum, which we need to
compute the completion of c,.,. We note in passing that while it is plausible that this
identity has been considered before, the authors could not find a specific reference in the
literature.

Lemma 2.2. The following holds:

(=1)"q =
oSN Yt (g, 1), 2.6
Proof. By (7) of [7] and (2.3), we have
_192(7:)7 =2 exp (Z ks n) 7 (2.7)

n>1
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where ((s) denotes the Riemann zeta function. Using this, we directly find that the coefficient
of 2! in —2mn3/9(2) is T2 Ey/6. We now compare this with the well-known partial fraction
expansion of 1/19(z). Namely, a standard application of the Mittag-Leffler theorem gives the
following formula (cf. page 136 of [6] or page 1 of [ )):

n(n+1)

n?
ﬂ__zc Z —Cq

An elementary calculation then shows that the coefficient of 2! in —27n3/9(z) is equal to

n(n+3)
e
472 (— il
' (Z (1—q)° +24>’

n#0

which, together with the computation above, implies (2.6). O

We conclude this subsection by giving an identity for a certain quotient of theta functions
in terms of an indefinite theta function which we need for the proof of Theorem 1.4 below.
Throughout, we set y; := Im(z;) for j € {1,2,3}.

Lemma 2.3. For 0 < y;,y2 < v, we have

G ()
% - Gf  0(a)0(z) (28)

Hence, the identity (2.8) provides a meromorphic continuation of the left hand side for
21,20 € C\ (ZT + Z).

Proof. In the given range, we may use geometric series to expand:

mtm trm  —Lr—m\ fm GG —1
Zl—{’gq (Z Z)Cl Z(<1C2 — (G )q _(Cl_l)(@—l)'

LeZ Lm>0  £;m<0 m>1

In the notation of Theorem of Section 3 of [7], this last expression is exactly —F; (2mizy, 2mizy)
(cf. the first line of the proof of Theorem 3 there). The result then follows directly from
(vii) of Theorem 3 of [7] and (2.3). O

2.2. The p function and explicit weight 1/2 mock modular forms. Throughout,
we require an important function used in [8] to study several of Ramanujan’s mock theta
functions. The u-function is given in terms of an Appell-Lerch series for 21, 2o € C\ (Z1 + Z)
and 7 € H as

n(n+1)

G (0™

where (; = e (j = 1,2). The function u is a mock Jacobi form, which in particular
means that it “nearly” transforms as a Jacobi form of two variables. It turns out that u is
symmetric in z; and 2y (see Proposition 1.4 of [8]), i.e., that

2miz;

1(21, 22) = p(22, 21), (2.9)
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and so, for example, the “elliptic” transformations of ;1 may be summarized by the following
identities.

Lemma 2.4. For zy,2zy € C\ (Z1 + Z), we have
n(z1+ 1, 22) = —p(z1, 22), (2.10)

121, 2) + GG (e + 7y 20) = —iGE (2 E (2.11)
We note that the poles of z; — (21, 22) are at 21, 20 € Z7 + Z, and by Lemma 2.4 and
(2.9) the residues are determined by
1
2w (z)
The results of [8] give a completion of i to a (non-holomorphic) Jacobi form. To describe
this, we first require the special function R, given by

Res,,—o (u(z1, 22)) =

)= X (st =8 (v+2)v8)) o S

nE%JrZ

where z = x + iy and F is the entire function

BE(z) =2 / e ™ dt.
0
Defining the completion

~ 1
i(z1,29) := p(z1, 22) + §R(21 — ),
Theorem 1.11 of [8] shows that fi transforms like a Jacobi form.

Theorem 2.5. The function [ satisfies the following:

2
a(z1+ kT + 40,20+ mr +n) = (—1)k+£+m+"q(k - kemem=Fli(21, 29) for k,¢,m,n € Z,
- 21 Zy at+b
P\errderrd er+d

The reason that p is called a mock Jacobi form is closely connected to Theorem 2.5.
Namely, it follows directly from the theory of Jacobi forms that if z; and z, are specialized
to torsion points, then the completed function fi is a harmonic Maass form of weight 1/2.
This essentially means that in addition to transforming like a modular form of weight 1/2, it
also satisfies a nice differential equation which in particular implies that it is a real-analytic
function. This differential equation can be phrased in terms of an important differential
operator in the theory of mock modular forms. Namely, the shadow operator &, = 22’1}’“8%
maps a harmonic Maass form of weight k£ to cusp form of weight 2 — k. We are interested in
computing the images of certain functions used to prove Theorem 1.4 under such operators,
and for this, we require the following formula, which follows from Lemma 1.8 of [8]:

&1 (R(0;7)) = =v2i° (7). (2.12)

A mock Jacobi form similarly is a holomorphic part of harmonic Maass-Jacobi form. It turns
out that yu is essentially the holomoprhic part of a harmonic Maass-Jacobi form (see [1]).

_ mic(zy —22)2

) = Vn_?’(’}/)(C’T—{— d)%e ertd [U(z1, 20;7) for v = (24) € SLy(Z).
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2.3. Formulas of Lau and Zhou in the (2, 3,6) case. To describe the functions occurring
in Theorem 1.4, we assume throughout that a = (2,3,6) and study the function W,(2,3,6)
defined in [4]. Namely, noting that in the notation of [4], where ¢ = ¢}°, and writing the
resulting coefficients as functions of 7, by (3.29) of [4] we have

W,(2,3,6) = giz® — qsayz + cy(T)Y? + e (T)2% + cyoa(T)y? 2% + cyoa(T)y2*, (2.13)
where
3 n n(n+1)
cy(T) 1 =q6 Z( 1) +1(2n +1)g =,
n>0
(4 2)(nt1) _ ala+l)
() 1= D (216 — 20+ 8) T o (2 g)gren i),
n>a>0
Cyaa(T) = q_‘lTZZ Z (—=1)" T+ (6n — 2a — 2b + T)q (ptLpnts) a(a;l)—b(b;1)7
a,b>0
n>a+b

and c, is another explicit g¢-series, which seems to be of a more complicated nature. In
Section 3.2, we determine the modularity properties of ¢,, ¢,.2, and ¢,.4. Firstly, however,
we prove Theorem 1.3, which we need for our study of c,.4.

3. STATEMENT AND PROOF OF THEOREM 1.4

Before stating the exact formulas and modularity properties of Theorem 1.4, we begin
with an identity of a special family of indefinite theta functions.

3.1. A useful identity for a degenerate type (1,2) indefinite theta series. In this
section, we prove Theorem 1.3.

Proof of Theorem 1.3. For y3 < v, we can use a geometric series expansion to write the left

hand side of (1.1) as

1)k R
C2 §3 ( Z Z ) 1_<3qk+€

k>0, £>0 k<0, £<0

1 1 1 1 2
=0GIGG Y ok = L et = fula),
kLEZ
where
1 if k.0 >0,
p(k,0) =< —1 ifk ¢ <0,

0 otherwise.
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This sum converges for all z3 € C\ (Z7 + Z) (as long as y, < v). Now, for 0 < y, < v, we
compute that

k+1)

G P O()p(a, 22) = G ()2, ) = ) - 1)— Cog® :
keZ
R L, k(k+1) » qu+€+1
= 3 Ak (-1 S = 3 plh, (1) G L o
ke k€T
kD g g Ve, B ket ok e
:Zp(k>€)( 1) q ClCQ—ngp(k,g)( 1>q C1<2

1 — C3qk+€+1 1 — C3qk+f+1

kLET
Using the easily checked identity

p(k,0) = p(k —1,0) + o
(where §; = 1 if £k = 0 and J; = 0 otherwise) in the first sum and replacing k by k — 1 in
the second, we find

k(

k“)—i-kfck ‘ ¢
2 1Go 2
+ - =
Z 1 —

G ) = 3 otk — 1,01

R | 041
k(€7 1—Gaq ez C3q
LiGa 2 I Y )
. (—1)Fq 2 TR
+C1 <3 Z p<k_ ]"g) 1_C3qk+g

7 2922 + 23)
U(22)9(23)

where in the second equality we used Lemma 2.3. Some rewriting then implies that

= GG G e ) — i 08 GG G ul),

1020 (2 + 23)
D(z2)0(23)

Next we consider the right hand side of (1.1) (as a function of z3) for z; € Z7r + 7Z, and
define

)+ a3 G fulzs+7) = ¢ RGP ) (2, 20) + i FCRG 2G (3.1)

739 (22 + 23)
V(22)9(23)
Our goal is to show that fr satisfies the same transformation formula as satisfied by fr,

according to (3.1). This follows from a short calculation using (2.4), (2.9), and (2.11), which
yields

fr(z3) == i0(21) (21, 22) (21, 23) — (21, 22 + 23).

11309 (29 + 23)

Falzs) 075G Falzs 4 7) = 0 3G G I 2) Hig GG G S (39

Comparing (3.1) and (3.2) then gives
Jolzs) = frlzs) = =0 2G5 (fulzs +7) = flzs + 7))
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and so the function f given by f(z3) := ¥(23—21)(f1(23) — fr(23)) satisfies f(z3) = f(z3+7).
Furthermore, we also (trivially) have

fr(zs +1) = —fr(z), fr(z3 +1) = —fr(23), and  f(zs+1) = f(z3).

Hence, f is an elliptic function, which we aim to show is identically zero. Both f; and
fr are meromorphic functions, which could have simple poles in Z7 4+ Z, but could not
possibly have any other poles. In z3 = 0, both functions actually do not have a pole: a pole
of fr has to come from terms in the sum satisfying & + ¢ = 0, which does not occur for
k> 0and ¢ > 0or for £k <0 and ¢ < 0. The functions z3 — i0(z1)p(z1, 22) (21, 23) and
23 > %u(m, 29 + 23) both have a simple pole in z3 = 0 with residue —%,u(zl, 29), SO
the residue of fr at z3 = 0 vanishes. Hence f is holomorphic in z3 = 0 and since it is both 1-
and 7-periodic it is actually an entire function. By Liouville’s theorem, f is then constant,
and since it has a zero at z3 = 21, it is identically zero. 0

3.2. Modularity of c,. In this section, we determine the modularity properties and explicit
formulas of the functions described in Theorem 1.4. The first function, ¢, is essentially a
modular form, as shown in (3.42) of [4].

Theorem 3.1 (Lau-Zhou). The function c, is a cusp form of weight 3/2 on SLy(Z) with

multiplier system v;.

Remark. Throughout this paper, we slightly abuse terminology and refer to an object as a
modular form, cusp form, etc., if it is a rational power of ¢ times such an object.

In fact, Theorem 3.1 was shown [4] as a consequence of the following identity.

Lemma 3.2. We have that
Cy(T) = _CIEWS(T)'

3.3. Modularity of c,.,. The remaining functions in Theorem 1.4 are not simply modular
forms, but rather mock modular and more complicated modular-type functions. Beginning
with the ¢,.s case, and defining a natural “corrected” function by

1 34

~ 1 1
CyZQ(T) = q12cyz2(7—) - Z_l + 577 (T)R(Oﬂ 7_) - ZEQ(T)’

we show the following.

Theorem 3.3. The function C,.o is modular of weight 2 on SLy(Z). In particular, c,.s is
essentially a linear combination of products of mock modular and modular forms, and the

image of ¢y, under & is —\%W%U(Tﬂﬁ-

Remarks.

(1) The “reason” that ¢,,s is actually modular on SLy(Z), as opposed to a congruence
subgroup, is closely related to the fact that the shadow of R(0) is essentially 73,
and the fact that the term R(0) is therefore paired with its shadow.
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(1) Theorem 3.3 directly gives transformation formulas for the non-completed function
Cyz2, and for example can be applied to determine the asymptotic behavior of the
Fourier coefficients of c,.».

(iii) Using the modularity of E5 (defined in (2.2)), the last term in the definition of Cy22
could be replaced by a multiple of v~'. This then yields a function which is modular
of weight 2 and which has ¢, as its “holomorphic” part.

The modularity of ¢,,» follows immediately from Theorem 2.5 and from the following
identity, where we denote

2 = %%, D, o() == D.(*)|.=0-
Proposition 3.4. We have the following:
1 1 C4 1
4eyeal(r) = §Dz’0 (_1%62; T)p(8z,62;7) + 1——C8) + 1 (1 — Es(7)).

Deferring the proof of Proposition 3.4 to later in this section, we may now prove the
modularity of €.

Proof of Theorem 3.3. From Proposition 3.4, we find directly that

~ 1D 9 . C4 1
Cyz2 = 5 z,0 | (6Z)M(8Z76Z) + 11— gg - —E27

Dus (0162 R(2) ) = =5 ROID.0 012)) = 1RO

Note that in the last expression, we used the fact that ¢ is an odd function of z. To finish
the proof, it suffices to show that ﬁcyzg transforms like a modular form under inversion. We
note that this follows from general facts concerning differential operators acting on Jacobi
forms. However, we proceed directly in this case since it is elementary. Namely, using (2.1),
Lemma 2.1, and Theorem 2.5, we compute

- —1 1 - 4 1 2
Cyz22 <T) = §Dz70 (—76(16227)19(6,27'; T)(827,627;7) + 15—@) — §TQE2(7') - W—Z
~ 1 . Y C4 7.687r7$z7' 2
= 7%C,.2(T) + 5 ll_I% <—32T2ze(16227)19(6z7; T)11(827;627) + i elﬁﬂizT) -—
2
= 7%Cyu0(T) — 167° ili% (20(627; T)pu(8271;627)) — W—Z

20\ 1 — 687T’i27' T

2
= 7%C,.2(7) — 1677 lim (—Z ) _ T 72C,22(T).

In the third equality above, we used that the poles of i only arise from u, as R does not
have any poles. The claimed formula of the image of ¢,., under & follows directly from
(2.12). O
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We now turn to the proof of Proposition 3.4. We begin by splitting cy.o = cy.21 + Cy22,2,

where (n+2)( ) _a(atl)
1 n+2)(n+1 a(a+
Cyz21(T) = q 12 Z (=1)"**(6n —2a+8)q¢ =z =z ,
n>a>0
1

CyzQ,Q(T) =q © Z (Qn + 4)q”+an+1_a2‘

n>a>0

We first analyze the piece ¢y.91.
Lemma 3.5. We have the identity

2
quzcyZQ,l(T) =D., <—19(3,z; T)(4z,32;7) + 1E—C4> + % (1= Ey(7)).

Proof. We begin with the elementary observation that

G2 Cye21(7) = Dag (czi7) — ¢ (—27)),

where
clsim) = Y (gt
n>a>0
Noting that
(m+2)nt+l) aletl) 1o oyn+1-a)
2 2 2
and setting j :=n+a+ 2 and ¢ :=n+ 1 — a, we rewrite

)= Y (-1,
j>e>1
(=j+1 (mod 2)

Splitting this sum into 2 pieces, depending on the parity of j, yields

c(z) = Z (C2j+4€—2qj(2£—1) . C2j+4£+1q(2j+1)K)

j>e>1

) Z (22 <1 _ C4jq2j2> ) (2045 20+ (1 _ C4jqj(2j+1))

N >1 1 — (4% 1 — (1g%t! ’
J=

where we shifted ¢ — ¢ 4 1 and used a geometric series expansion. Note that in the second
summand of the last expression we can add the term j = 0 freely as it contributes zero
overall. We now combine the second piece of each summand in the last formula as

Z <6j+2q2j2+j C6j+5q2j2+3j+1 (_1)j+1g3ﬂ'+2qw
S N B DI N B :
— A2 (4241 — 4
AR A R =1 b=
This term contributes the following to ¢(z) — ¢(—2):
1\j41 3542 j(j;rl) _1\j+1,—35-2 w _1\j+1,35+2 %
3 (=17 =S (=17 -y (=1 ¢V g
_ 47 _ —4,7 _ 4 ,] 9
j=1 L=¢* j>1 L= JEZN0} L=l



12 KATHRIN BRINGMANN, LARRY ROLEN, AND SANDER ZWEGERS

where we sent j — —j in the second term. To consider the remaining pieces of ¢, we need
to prove that

(24 C2+5 g2+
Do <Z 1 Cigy Z 1— Cag2tl ) — Zal<”)q
j>1 >0 n>1
To see this, we use geometric series expansions to rewrite the second piece of ¢ as

Z§2j+2+4€qj(1+2£) . Z C2j+5+4éq(2j+1)(é+1) _ Z (C2j+4+4e . C21z+5+4j) q(2£+1)(j+1)

jz1 3,£20 3,620
>0

and let 7 — j + 1 in the first sum and switch the roles of ¢ and j in the second sum.
Differentiating with respect to z and then setting z = 0 gives

o 2(2] o 2£ 4 1)q(2€+1)(j+1) — _ Z (2n - m>qmn’

J:£>0 m,n>1
m odd

where we set m :=2¢ + 1 and n := 7 + 1. Since

> @n-m)g™=2> " (n—m)g™" =0,

m,n>1 m,n>1
m even

D

m,n>1 n>1

this is equal to

l—q (1—E2)

Repeating the calculuation for the contribution at —z yields the exact same expression.
Hence, we have shown that

R Y 3j+2qj(j2+1) 1
g7 Cyz01 = —D2 o Z ( >1<_ Clgi + 19 (1—Es). (3.3)
jEIN0} 4
The proof now follows directly from the definitions of 1 and ). ([l

The following identity was proven in (3.43) of [4]. This, together with Lemma 3.5, com-
pletes the proof of Proposition 3.4.

Lemma 3.6. We have the identity

_L
12

4q

(1 = Ex(7)).

3.4. Modularity of c,.4. Define the corrected function

Cyz22(T) =

n n qizc,, 1 1 3i
Cyea(T) i= q Cyoa(T) + R(0; 7) (_yTz() + = 5 + 12E2( )) + ZRQ(O;T)US(T).

Then we aim to show the following.

Theorem 3.7. The function ¢,.4 is modular of weight 5/2.
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Remark. Tt is interesting to note that there is a certain intertwining between the modularity
of the different coefficients of the Gromov-Witten potential, as the function c,.o naturally
arises in considering the completion of ¢4, and the term c¢,, which is essentially 7® also
occurs in the completions of ¢,.» and ¢,.4. It would be interesting to see if there is a natural
geometric explanation for such relations.

In order to prove this theorem, we first express the function c,.4 in terms of the function
F' studied in Section 3.1.

Proposition 3.8. The following identity holds:

11 . 3 Y 42;
Cya(T) = —q 3 D2 (Zﬁ(i’w; T (32,22;7) — %u(i’w, 4z; T)) :

Proof. As in the proof of Proposition 3.4, we write

qgcyzA(T) - Dz,O (f <Z7 T) - f <_Za 7—))
with

f (z; 7_) — Z (_1)n+a+bc3n—a—b+%q<7L+2)2("+1>_a(a;rl)_b(bgl)'

a,b>0
n>a+b

Setting N :=n —a — b+ 1, we compute

FR=f=[Y_+) (—1)N+L(BN+2a4 2043 SR 4N (atb)+ab,

a,b>0  a,b<0
N>1  N<0

The definition of F' directly implies that

11

Cysa = —q 8 D, (F (32,22,22)).
The proof then follows from Theorem 1.3. O
We are now in a position to prove the modularity of ¢,.4

Proof of Theorem 3.7. We first claim that
3 WAz
Coa() = —D.yg (@'19(3,2; PE2(32,22;7) — %ﬁ(i&z,%; T)) . (3.4)

For this, we use Proposition 3.8 to compute

. R 3(M)(4z; 1) - 1
—D. (219(32; (32,22, 7) — %u(&zﬁlz; T)) — (%5 Cya

=D, (ﬁ(Sz)u(Bz, 22)R(z) + 30(32)R2(z) + %USZ(;;)) R(z))

S 2 i n*9(4z) R(2)
+ 119(3Z)R (z) + B 92(22) ) .

n(n+1)

—D.g (CJE(Z) LRy D

1— CQqn
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We split this into several pieces, which we denote by

1—-¢2 2 9%(22)

e (S 20
n M) 3n g
Hy = D.g <R(Z)Z(_1) 1< )

— 2
n#0 1 C
Hy = %DZ,O (9(32)R*(2)) .
Again using the fact that R is even (in particular, that R'(0) = 0), we find that
n(n+3) (n+1) n(n+1)
(=g =z 1)" (=1)"g >
Hy, =R(0) | 2 +3 — + —_— .
The last sum in the last expression is identically zero, and by Lemma 2.2, we have
R(0) (—1)"ng"™
Hy, = Ey—1 - .
2=y (£ ) +3R(0)> g (3.5)
n#0
We also directly find that
2
Hy = +ZZ773R2(0). (3.6)

Finally, we consider the first piece H;. Using (2.7) again, we find
(R(z)  in*d(42)R(z)
1—-¢2 2 9%(22)

- (e Frro@) (o 02 o)

2
(- 2 o R(0)

+ = (12 T 2B+ 0 () ) (42 = 64(2) Eaz” + O (7)) | R(0) + ——
and after a short computation using (2.3) we see that

1 1
Combining (3.5), (3.6), and (3.7) then gives

e g ' n*(7)9(42;7) .
—D.o (219(3z,7),u (32,2z;7) — Wu(?)Z,ZlZ,T))
(=

n(n+1)
1)"ng

2

1 1 3 4. o
= g ¢y +  R(0) B> + 3R(0) nzﬂ ? + I E(0).
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Using (3.3), Lemma 2.2, and Lemma 3.6, we obtain

n(n+1)
1 1 (_1)n§3n+2q72 1
By =—=D.g | D “(1-F
T = 1= da T B
n(n+1) n(n+3)
1~ (~1)"(3n + 2)¢*% (-1)"¢" % 1
S - Y T (1 By
n(n+1)
3 -1)" 2 1
- %+§<1_E2)7
n#0 — 4

which directly implies (3.4).
Hence, using (2.5), (3.4), and Theorem 2.5, we find that

- - - ()0 (422 -
Bt (%) —D., [ (37;; 71) 2 (327 22 71> 7 (ﬁT2 222“(—?) : )ﬁ (3%42; Tl)

= (=i7) 22y (7)
3 WAzT:
%—(—@7)%(28ﬂd7)£gg (z (0(327;7)u2(3z7,2z7;7)—%in gg%2iT?Z3T>M(3zT’4ZT;T)):>’
where we used the fact that R does not have a pole, so that all poles of iz come from p. The
inner sum in the limit is essentially just a specialization of F', and by a similar computation

of Laurent coefficients as in the proof of Theorem 1.3, it converges to a finite limit as z — 0.
Hence, the entire limit converges to zero, and so the modularity of ¢,.4 is proven. 0
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