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ODD MOMENTS FOR THE TRACE OF FROBENIUS AND THE SATO-TATE
CONJECTURE IN ARITHMETIC PROGRESSIONS

KATHRIN BRINGMANN, BEN KANE, AND SUDHIR PUJAHARI

ABSTRACT. In this paper, we consider the moments of the trace of Frobenius of elliptic curves if
the trace is restricted to a fixed arithmetic progression. We determine the asymptotic behavior
for the ratio of the (2k + 1)-th moment to the zeroeth moment as the size of the finite field Fpr
goes to infinity. These results follow from similar asymptotic formulas relating sums and moments
of Hurwitz class numbers where the sums are restricted to certain arithmetic progressions. As an
application, we prove that the distribution of the trace of Frobenius in arithmetic progressions is
equidistributed with respect to the Sato—Tate measure.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

For an elliptic curve E over the finite field F,» with p" elements, there is a natural endomorphism
called the Frobenius map. Letting tr(E) := p" + 1 — #E(F,-) be the trace of Frobenius, Hasse [10]
proved that |tr(E)| < 2pz. The normalized trace of Frobenius

tr(E)
Tp =

2p%
is hence an element of [—1,1]. It is then natural to investigate the distribution of zp € [—1,1]
as p” — oo. Birch [2] related this distribution to the Sato-Tate measure psr(X) = [y fsr(z)dz,
where X C R is a Lebesgue integrable set and
2 7 .
21 —a? ifzxe|-1,1],
for(a) =4 7 -
0 otherwise.
Specifically, letting E, g denote the elliptic curve in Weierstrass form y? =13 —ax—pBfora,B €Fp,
Birch [2] proved that for —1 < a <b <1 we have
lim Pr (a <zg,,<b:a,f€ Fp) = pst([a,b]).

pP—00

Here, as usual, for a finite set £ and a statement S(x) (which is true or false for each z € &), we
define the probability of the event S in the sample space £ to be

Pr(S(z):z€é&):= #ires #‘S(;(x) hOldS}.
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We say that the set of zp for E € {E, 3 : o, € F,} become equidistributed with respect to the
Sato-Tate measure as p — oo. Birch’s result has been extended to the case where I, is replaced
with an arbitrary finite field Fp,r (see the work of Brock and Granville [4] as well as [15]). Instead
of considering the sample space defined by the coefficients of the cubic polynomial, we investigate
subsets of the set £(p”) of equivalence classes of elliptic curves over F,-. Specifically, for m € Z
and M € N, we generalize Birch’s result by considering the sample space

Emm(p") ={E &) :tr(F) =m (mod M)}.

Theorem 1.1. Let m € Z and M,r € N. Restricting to E € &, p over Fyr, the normalized traces
of Frobenius g are equidistributed with respect to the Sato—Tate measure in the interval [—1,1] as
p — 0o. Specifically, we have

lim Pr(a <zp <b:E €&, m{p")) = pusr(la,b]).

p—00
It is also natural to consider the analogous question for the probabilities
Pra<zgp <band E€ &, m(p"): Ec&(p)) (1.1)

on the larger sample space £(p"). Since the distribution of zg in [—1,1] is the same on the sample
spaces £(p") and &y, am(p") as p — oo, Theorem 1.1 shows that as p — oo the set of x5 becomes
equidistributed independent of the distribution of tr(E) modulo M. The distribution of tr(E)
modulo M was studied by Castryck and Hubrechts [5]. In particular, for fixed m and M, they
determined [5, Theorem 1] the asymptotic behavior of

Pr(E € Enulp’) : E€EQRT)), (1.2)

up to an error of size Oy (p_%). Given the independence of the distribution of zz and the distri-
bution of tr(E) modulo M as p — oo, (1.1) converges to (1.2) times the Sato-Tate distribution.
While the limit as p — oo of (1.2) (and hence (1.1)) does not exist in general, the limit exists under
certain restrictions. We list one such case in the following theorem.

Theorem 1.2. Let m € Z and M,r € N. Then for each j € 7 with ged(j,2M) =1 there exists a
constant cjm a such that the normalized traces g (E € Eyn ) are each equidistributed in [—1,1]
within the larger space with respect to the measure ¢jm ppsT as p — oo with p = j (mod 4M?).
Specifically, for —1 < a <b <1 we have

lim Pr(a<zp <band E € &y m(p): E € E(p)) = ¢jmmpst([a,b]).

pP—00
=3 (mod 4M2)

Remark. With a little more work, one should be able to determine the limiting distribution coming
from taking p — oo in (1.1) by using the evaluation of (1.2) in [5, Theorem 1].

In order to investigate the distributions in Thorems 1.1 and 1.2 , we use the method of moments
(see Section 2.5), which relies on the fact that a reasonable probability measure is determined by
its nonnegative integer moments. We investigate closely-related weighted moments that converges
to the unweighted moments as p — oo (see Section 2.6). To describe the weighting, denote by
Autp , (E) the automorphism group of E/F,r and set wg := # Auty, (E). In particular, we show
that for v € Ny the weighted moments of zg

xh 1
Z w—E = ?—%Su,m,M(pT) (13)
E/F,r E p
tr(E)=m (mod M)



converge to the moments of ugt, where

Sl/,m,M(pr) = Z

E/F,r
tr(E)=m (mod M)

tr(E)Y
wg '

(1.4)

The weighted even moments v € 2N have been studied by a number of authors such as [2, 3, 12,
13, 14, 17, 20]. For example, in [3, Theorem 1.1] it was shown that as p — oo (if ¥ = 0, we omit
the subscript throughout)

22kpk5m,M(p) 92k

7 +0 () (r>2), (1.5)

Sokmm(@) Gk 1. Sokmm(@)  Cy
+0 (p : >’ 9 prk S, (pr) 22K

where C}, := % is the k-th Catalan number. Since the main term in (1.5) matches the 2k-th

moment of pugr (see Lemma 2.4), it remains to study the odd moments. In the case M = 1, all of
the odd moments vanish due to a symmetry which implies that (see [14, Theorem 3])

Z wEl = Z wEl.
E/Fpr E/Fpr
tr(E)=—t tr(E)=t

For M > 1, this symmetry is broken, but we prove in this paper that there is still a large amount
of cancellation. We both vary the prime p and the power r, getting equivalent cancellation in both
cases.

Theorem 1.3. Let k € N, m € Z, and M € N be given.
(1) For a fixed prime p > 3, as r — oo we have

Sokt1,m,m(P") = Op v e (p(k+l+e)r> .

(2) Forr € N fized, as p — oo we have

Sokt1,m,m(P") = Op e (p(k+1+€)r> :

Remarks.
(1) Using (1.3), Theorem 1.3 implies that

1 x%k—i-l B
- = O ( 2+€)T . 16
St (") E%F:T wE k,M;e (p > (1.6)
tr(E)=m (pmod M)
Here we use the fact that
St (P") >nre p1T, (1.7)

which follows by plugging [3, Lemma 3.7] and [3, Lemma 4.2] into [3, Lemma 2.2].
(2) By Birch’s result [2] and its generalizations [4, 15], for any constant 0 < ¢ < 2 the set

4 {E/Fpr- | tr(B)| > cp%}

has positive density in E/F,- as p" — co. Hence if one takes the moments in (1.4) with tr(E)
replaced with |tr(E)|, then

tr(E)|¥ tr(E)Y rv v
oo mer, v B e 0 St () Sage plEF
WE wWEg
E/F,r E/F,r
tr(E)=m (mod M) tr(E)=m (mod M)
tr(E')>cp%
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In the last inequality, we use the bound (1.7) again. Taking v = 2k 4 1, we conclude that if no
cancellation would occur in Sog41 .m0 (p"), then we would have

3
Sott1mm(p") > prE+z=e),

We hence see that the cancellation yields a power savings of (at least) p(%_a)r.

Our investigation of the moments related to the trace of Frobenius goes through moments asso-
ciated to class numbers of imaginary quadratic fields, or, equivalently, the Hurwitz class numbers
H(n) for classes of binary quadratic forms, which we next define. For n € N, we let H(n) denote
the number of SLg(Z)-inequivalent classes of integral binary quadratic forms [a, b, ¢| of discriminant
—n, counted with multiplicity % if [a, b, ¢] is SLa(Z)-equivalent to [a, 0, a] and multiplicity % if [a, b, ¢]

is SLo(Z)-equivalent to [a,a,a]. We furthermore set H(0) := —-5 and H(n) := 0 for n < 0. For
v €Ny, M e N, m € Z, and n € Ny, we define
Hymu(n):= Y H(dn—1)t" (1.8)
t=m (mod M)

Analogously to the remark after Theorem 1.3, if one replaces ¢ with [¢| in (1.8), then the main
contribution is expected to come from t of size roughly |¢| &~ y/n. Hence it is natural to divide (1.8)
by the expected average absolute value (abbreviating Hy, as(n) := Hom a (1))

nz Z H (4n — t2) =13 Hypr(n).
t=m (mod M)

Indeed, in [3, Theorem 1.3], it was shown that for k € Ny

Hopyn, v (n)

— —1ie
nF Hyp ar(n) = O+ Okmie (n ’ > ’

Combining this with [3, Lemma 3.7], one also obtains

Hop m.ar(n) = Cyn* Hy, ar(n) 4 Opare (nl‘”%“) - (1.9)

Since t¥ alternates in sign for odd v, one again expects cancellation. We show that this happens in
the following theorem.

Theorem 1.4. Let k € Ny be given. Then

Hopy1,m,m(n 1
k_l_l—m() = Ok,M,e (n 2+E) , H2k+1,m,M(n) — Ok,M,g (nk"l‘l“l‘E) .
n" 2 Hp, pr(n)

Remark. Combining Theorem 1.4 with (1.9), for v € Ny we have

v v+1
HV,m,M(n) = 52‘VO%7’L2Hm’M(TL) + OI/,M,{-: (n 2 +5) ,
where dg := 1 if a statement S holds and dg := 0 otherwise.

The paper is organized as follows. In Section 2, we give background information. In Section
3, we evaluate the coefficients of the Rankin—Cohen brackets between the Hurwitz class number
generating function and a weight % unary theta function. The Rankin—Cohen brackets are then
related to the odd moments in Section 4, where Theorem 1.4 is proven. We show Theorem 1.3 in
Section 5. Finally, we consider the applications to distributions of the trace of Frobenius in Section
6, proving Theorem 1.1 and Theorem 1.2.
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2. PRELIMINARIES

2.1. Holomorphic and non-holomorphic modular forms. We give a brief overview of the
theory of modular forms here; for details, see e.g. [16, 21]. We assume throughout that I' C T'y(4)
is a congruence subgroup containing 7' := (} ) and x € 1Z For d odd, we set

S 1 ifd=1 (mod 4),
T Vi ifd=3 (mod4),

and we denote the extended Legendre symbol by (:). For v = (‘C” 3) € I' we define the weight &
slash operator by
2K
F| (1) = (g) eX(cr +d)FF(y7).
A function F' : H — C satisfies modularity of weight k on I' with character x if for every v =
(‘C’g) € I' we have
F |/€’7 = X(d)F :
We call F' a (holomorphic) modular form if F' is holomorphic on H and F'(7) grows at most polyno-
mially in v as 7 = u +iv — QU {ico}. We say that F': H — C is an almost holomorphic modular
form if F satisfies weight ~ modularity on I' and there exist holomorphic functions Fj (0 < j < /)
such that F(7) = Eﬁzon(T)v_j. We call Fy a quasimodular form.

2.2. Rankin—Cohen brackets. For Fy, F5 transforming like modular forms of weight k1, ko € %Z,
respectively, define for k € Ny the k-th Rankin-Cohen bracket

k1+k—1\[ro+k—1 ; —
Bl <1 » >< o+ >Fl<j>Fng )
with (‘;‘) = % Here the gamma function is defined by I'(s) := [;° ¢*~1e~dt for Re(s) > 0

(and via meromorphic continuation for s € C). Cohen showed in [6, Theorem 7.1 (a)] that [Fy, Folk
transforms like a modular form of weight k1 + xo + 2k.

2.3. Holomorphic projection. Suppose that we have a (not necessarily holomorphic) translation-
invariant function F'(7) = > ., cro(n)q"”. In [25], Sturm observed that if F' satisfies modularity of
weight £ > 2 on some congruence subgroup I' C SLy(Z) and (F, g) exists for every cusp form g of
weight x on I', then there exists a unique cusp form f (in the same space) such that (F,g) = (f,g)
for every g. Sturm called this cusp form f the holomorphic projection of F' and evaluated its Fourier
coefficients as a certain integral. Gross and Zagier (see [9, Proposition 5.1, p. 288]) instead used
Sturm’s evaluation via an integral as the definition of the holomorphic projection operator, which
extends to a more general setting. Following the construction of [9], we now relax the condition on
F', dropping the assumption that it is modular and only assuming that it is translation-invariant.
If cro(n) <rp v?>™" as v — 07 for all n € N, then for n € N we define

o (47”7‘)“_1 /Oo K—2  —4mnv
cr(n) = T(n—1) J, crp(n)v™ ‘e dv.

If there exists a constant cy(0) € C for which F(7) — c¢p(0) decays as 7 — ioo, and if a similar
condition holds as 7 — Q, we define (see [19] for the statement written in this generality) the
holomorphic projection of F as

Thol(F)(7) := cp(5,0) + Y er(n)q"
n=1
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Although we may apply holomorphic projection with any k satisfying the growth conditions, one
usually applies the holomorphic projection operator to a function F satisfying modularity of weight
K, but then writes F' = Z§:1 F}, so the weight & is clear from the context. Using this more general
definition above to apply the operator to the individual summands F}; even though they may not
be modular.

Mertens [18] studied the holomorphic projection of the Rankin—Cohen brackets between holo-
morphic modular forms and non-holomorphic modular forms with Fourier expansions of the type

F(r)=F*(r)+ F (1) (2.1)
with (for ¢ := €277)

FT(r) = Z cr(n)q", F(1) = cp(0)0! " + Z cp(n)T' (1 = K,47|n|v) ¢".
n>>—oo n<—1

Here for x > 0 and «a € C, denote by I'(«, z) =: f;o to~Lte~tdt the incomplete gamma function. We
set

— o — 1—
Fy(r):=F (1) = cp(0)v' ",
We require the contribution to this holomorphic projection coming from the non-holomorphic part,

which was given in [18, Lemma 4.4 and Theorem 4.6]. To state it, for a € N and b € R we define
the two-variable polynomials

a—2 .
Pup(X,Y) =Y (J +§ N 2) XI(X +Y)ei2,
=0

Moreover, for k1,ke € R\ Z and k € Ny with 2k — 2 > k1 + ko € Z, we define
k

o o 1 ZF(Q—Rl)F(HQ—i-Qk—M) K1+k—1 Ko +k—1
PR R T e+ kg 4 2k — 2)1(ky — 1) ['(2— kK1 — p) k—p i ’

pn=0

Lemma 2.1. Let k1,k9 € Z + % and k € Ny with 2k — 2 > k1 + ko € Z be given. Suppose that
F satisfies modularity of weight k1 and has a Fourier expansion of the type (2.1) that grows at
most polynomially towards the cusps and g is a holomorphic modular form of weight ko. Applying
holomorphic projection in weight k1 + ko + 2k to [F, g, and splitting F as in (2.1), we have the
following.

(1) We have
(471-)1_&1 11—k ~ k1t+k—1 n
Rl — 1 Thol ([U lvg]k) = aﬁl,fm,knz::on 1 Cg(n)q .
(2) We have
Thol ([F(]_ag]k) (T) = Z b(n)qna
n=1
where
k _
ki+k—1\[ka+k—-1\ ,_ ~Ccp(=0)
b(n)=—-I'(1— kK1) Z Z < k— i > < . )] Feg(d) T
Q,ZZEN n=0
j—Ll=n

u—2k—ro+1 +pu—1
X (]M " P51+n2+2k,2—/i1—u(n7£) —(FTH > .
6



2.4. Examples of modular objects. We require a few specific modular objects. We first define

2
Hu,m,M(T) = Z nuqn s
n=m (mod M)
Setting I'y ar := Lo(N) NI (M) for M | N, this is a quasimodular form of weight v + % on 'yprz pr
(see [23, Proposition 2.1]). It is moreover a holomorphic modular form for v = 0 and a cusp form
for v =1. Let

H(r):=>_ H(n)q"
nez
be the generating function for the Hurwitz class numbers. Its modular properties follow by [11,
Theorem 2.

Theorem 2.2. The function

-~ 1 1 1 2
— - - —Z.4 2 n
H(T) —7-[(7’)—1—8 \/6+4\/_n§1n| ( 5 4T v)q

s a non-holomorphic modular form of weight % on I'g(4) which grows at most polynomially towards
all cusps and has an expansion of the type (2.1).

2.5. Equidistribution and the method of moments.

Definition 2.3. Let f be a real-valued continuous function with compact support. We define a
measure /iy on integrable sets X by

i) = [ faa.

In the special case f = fsr, we write ust = pyy for ease of notation. We say that a sequence of
subsets S; C R is equidistributed with respect to py if for every a < b we have

b

lim Pr(a<z<b:zelf)) = / f(x)dx = ps([a,b]).

Jj—o0 a

We investigate 11y through the v-th moment of f at 0, which is defined by
Lt ::/ ¥ f(x)dz.

In the special case f = fsT, we write ugst,. Suppose now that f is a probability density function
and let X be a random variable corresponding to f; i.e., X randomly assigns a value in R such
that for a < b

Pra< X <b)= /bf(a;)da;.

Recall that for a function g : R — R, the expected value of g(X) is

Elg(x) = [ " g(@)f(x)de.

—00

In this case, we see that the v-th moment is
E[X"] = py,.

Under certain mild conditions, the moments of a distribution uniquely determine the distribution
(see [1, Theorem 30.1 and Theorem 30.2]). In order to prove Theorem 1.1, we require the moments
of the Sato-Tate measure, which are well-known (for example, see the introduction of [2]).
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Lemma 2.4. For k € Ny, the 2k-th moment of the Sato—Tate distribution is
Ck
HST 2k = 22k

while psrok+1 = 0.

2.6. Weighted distributions and equidistribution. By determining when two of the elliptic
curves F, g are equivalent (see [2, discussion after (1)]), Birch’s result and its generalizations may
be naturally described using a weighted probability on £(p"). For a statement S(FE) which is true
or false for each F in a subset & of elliptic curves over F,r, we set £s := {E € £ : S(E) holds} and

set
~1

> i

Ee&s
-1

> “E
Ee&
Using Birch’s counting argument in [2, discussion after (1)] for the number of E, g in each equiva-
lence class, Birch’s result may be written as

lim Pray (a <zp <b:E € &(p)) = usr([a,b]).

pP—00

PrAut (S(E) B e 5) =

It is well-known that the discrepancy between the weighted and unweighted probabilities goes to
zero as p — 00. The corresponding relationship for the weighted and unweighted moments of traces
in arithmetic progressions is given in the following lemma.

Lemma 2.5. Let m € Z and M,r € N. Then as p — oo we have
SI/,m,M(pT) - 21/_117% Z l‘% + Oy <p%) . (22)
E€&m m(pT)
Proof. First note that for v € Ny we have
_q v v 1 1
Summ(P) =2"""p% > ap+2p7T ) (— - 5) . (2.3)

wE
E€&m m(p") E€&m m(p7)
wE#2

It is well-known that the set of E/F,r with wg # 2 is bounded by an absolute constant (see [24,
Chapter IIT and Chapter X] for further details). Hence, as p — oo, by (2.3)

1 1 1
Z <___> 2h| < SH#H{E/Fpr i wp # 2} < 1,
wg 2 2
EEfm,M (p'r)
wE7$2

yielding the lemma. U
3. EVALUATION OF THE RANKIN-COHEN BRACKETS

As in [3, Lemma 2.6 (3)] (see also [18, (4.6)], where the Fourier expansion differs slightly), we
have

[H, el,m,M]k = Thol <[7:Z, el,m,M:| k) — Thol ([H_, el,m,M] k) . (3,1)
Writing
[H7 el,m,M]k (T) = Z Ck,m,M (n)qna (32)
n=0

8



the idea is to obtain asymptotic behavior ¢, (1) by bounding the coefficients of the individual
terms on the right-hand side of (3.1). We begin by considering the first term on the right-hand
side of (3.1). We recall its modular properties, which leads to a bound by Deligne’s work [7].

Lemma 3.1. For k € Ny we have
Thol ([ﬁ, 91,m,M]k> € Sopts (Tanrzar) -
Hence the n-th coefficient of whol([ﬁ,ol,m,M]k) is O(nk+1+e),

Proof. From [18, Theorem 4.2], 7Th01([7:z, 61,m,m]k) is a modular form of weight 2k + 3 on T'yps2 5.
To see that this is a cusp form, we follow the same argument as given in [18] between [18, (7.2)
and (7.3)]. Namely, since 6, ar is a cusp form and holomorphic projection and the Rankin-Cohen
bracket both commute with slashing, for v € SLa(Z) we have

Thol <[7:Z,91,m,M}k) |ogsaY = Thol <[ﬁ|%’7,91,m,M|%’7]k) ;

and the vanishing of the constant term of 01 ,, y/| 37y implies that the holomorphic projection van-

ishes towards every cusp, and is hence a cusp form.
For the second claim, we use Deligne’s bound [7] for cusp forms. O

Using Lemma 3.1, we next relate ¢, (1) to

o2k + 12k oo
Fa(s) =27 2\ & (t—s)™".

To state the result, we use Z:t to denote the sum over s and ¢ where the term with s = 0 is
weighted by %
Lemma 3.2. We have

1 *
ck,m,M(n) = —5 Z FM(S) + Ok,M (nk+1+€) .

t2—s2=n
t=+tm (mod M)

Proof. Plugging Lemma 3.1 into (3.1), it remains to show that the n-th Fourier coefficient of
Thol ([H_yel,m,M]k) is

1 *
_5 Z Fk,t(s) 4 Ok,M (nk—l—l—l—s) )

t2—s?=n
t=+tm (mod M)

To do so, we separately consider the contribution from the (non-holomorphic) constant term of H~
and the remaining terms, starting with the constant term. Noting that the n-th Fourier coefficient
of Hl,m, M is

n ifn=t>and t =m (mod M) with —t# m (mod M),
2n ifn=t*>and £t=m (mod M),
0  otherwise,

we plug in Lemma 2.1 (1) with k; = ko = 5 and g = 61, i to evaluate

3
2
2
Thol <[ 2 01,m M] ) as sk >
n=m (mod M)

Hence the t?-th coefficient is O(nF+1).



It remains to evaluate the contribution from H, (1) = H™ (1) — Swl\ﬁ' We use Lemma 2.1 (2)

with kK1 = ko = %, F = 7—7, and g = 01, 0. Writing j = t2 and ¢ = s? in the sum defining
b(n) in Lemma 2.1 (2), the sum runs over t> — s> = n with ¢t € N satisfying t = +m (mod M)
and s € N (i.e, n = (t + s)(t — s) and evaluating I'(—3) = —2,/7, the n-th Fourier coefficient of

m([ﬁa, 01,m,M]k) equals

k
k+ 3\ (k+1 1
2/ ( 2> ( 2 | 2k—2u+1 <t2,u—4k—1P3+2k L (n, 82) _ 82#—1—1)
Ei: t2_§8;:n sz:o k—pu 1 47 g H
t=+tm (mod M)
k

1 k+% k"‘% h—2p+1 [ 2u—ak—1 2 21
5 X () () (e e ) - ).

t?—s2=n k=0 H
t=+m (mod M)

By [22, Proposition 4.2], we have
k 1 1
E+35\(k+ 5 _ 4k
Z (k: _ ;) ( M 2>t2k 2t (tzu " 1P2k+3,%—u ("732) - 32u+1> = Fi4(s),
n=0
and thus (3.3) simplifies to give the claim. O

We next use Lemma 3.2 to rewrite the asymptotics at ¢, a7(n) in terms of sums of divisors.

Proposition 3.3. Let m € Z, M € N, and k € Ny be given. Then, as n — oo, for any ¢ > 0 we
have

2k +1 (2K *
Chmar(n) = _2—2k—1ﬁ < k) Z A2 4 O 11 (nk-i-l-i-a) 7
d|n, d*<n

d+%5=+2m (mod 2M)
where here >." means the term with d = \/n (if it occurs) is counted with multiplicity %

Proof. By Lemma 3.2, we have

2k +1 (2k *
_ 921 _\2k+2 ktite)
— () X o (n)

t“—s“=n

t=+tm (mod M)

We now writet —s =dand t+s = % > d (using s > 0). Note that there is a bijection between pairs
(t,s) and d | n with d* < n satisfying the congruence d + % = +2m (mod 2M) because 2t = d + 2
and 2s = % — d are uniquely determined from d. Using d + 5 = 2¢, this gives the claim. O

4. PROOF OF THEOREM 1.4
Recalling (3.2), we write

k

1 N i -
[, 01,m,0]), |Ua(7) = (2mi)F > diy (H(])6§I,€m,jl\)/[> Us(7) = > cromas (4n)q",
=0 n—=0

o= (72 (51)
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are the coefficients from the Rankin-Cohen brackets. We next solve for Hapi 1, a7(n) in terms of
Cieom M (4An) and Hog_op41 m, a(n) with £ > 0. For this, define

k

Cri=> (—1)dy;.

j=0
A straightforward calculation shows the following.

Lemma 4.1. We have
Hopv1,mm(n) = C — Clom, v (41) — _Jz:dk,jz j“( > (4n)  Hop—a041.m.01 ().

We next bound cj a1 (4n).

Lemma 4.2. Let k € Ny, m € Z, and M € N. Then we have, as n — 00,

Che.m, v (A1) <Ko 0 phtite,
Proof. By Proposition 3.3, we have
2k +1 (2K *
2k—1 2k+2 k+1+e
Cm M (4n) = =27 o2 < k) Z d + Ok e (n ) .
d|an, d?><4n

d+2t=42m (mod 2M)

Since d? < 4n, we have
422 < 4k+1nk+1,

o (noting that d | 4n and oo(n) < n° as n — oo, where o(n) := 3, d")
Chmon (4n) < o (4n) + 0P TIE < nbTE O
We are now ready to prove Theorem 1.4.
Proof of Theorem 1.4. By [3, Lemma 3.7], we have
Hp vr(n) > n'=¢
Thus if
Hop1.mm(n) = O e <nk+1+€> ; (4.1)

then
H
k2k+1 ,m M(n) = Oy M.e (n—%—l—s) ]
n" T2 Hy,, ar(n)
1

It hence suffices to show (4.1). We prove (4 ) by induction. For k& = 0, Lemma 4.1 followed by
Lemma 4.2 implies that

1
Hl,m,M(n) = C_lcl’m’M(4n) <Lg, M n?te.
This gives the claim for k& = 0. We next assume the claim for 1 < j < k and use Lemma 4.1.

Together with Lemma 4.2 and the inductive hypothesis, this gives the claim. O
11



5. PROOF OF THEOREM 1.3

We first recall that by [3, Lemma 2.2], we have

2SV,m,M(pT) - HV,m,M(pr) + Eu,m,M(pr)a (51)
where
. 1 ~1
El/,m,M (p ) = 5M\m51/=052)(rH(4p) + 5M|m51/:052\r§ <1 - <?>>
1 - vr 1 vr
T3 <1 - (73» P ouma () + 50 = 12 0vm ()
with
ovmm(P) = > sen(t)”, ooma (D)= Y sgn(t)”.
t=m (mod M) t=m (mod M)
t2=p” t2=4p"

Analogous to [3, Lemma 4.2], we require a bound for Faj 11, 2 (p") with k € Ny.

Lemma 5.1. For k € Ny and r € N, we have

22k—1

1 1
Eok1,m,m (") = Tp(k—l—z)r—l—lg%—l—l,m,M(pr) + Oy, (p(l‘“’z)r) :

(k-i— 1+Z2\7‘)T
Eopr1mm(@") = O | p .

Proof. The first two terms in the definition of Eog 1, a(p”) vanish because 2k +1 > 0 by assump-
tion. We then note that

Moreover,

omn@) <3S sl Y 1< (5.2)
t=m (mod M) t=m (mod M)
t2:p7' t2:p’r'
ovmm @) <Y lsem(®)= Y. 1<2 (5:3)
t=m (mod M) t=m (mod M)
t2:4p'r t2:4p7‘

From (5.2), the third term in the definition of Fopy1m ar(p") is O(p(k"r%)’"). For the final term, we
split the factor p — 1 into two terms, with p giving the main term and —1 giving Ok(p(k+%)r) by
(5.3). This yields the first claim.
If r is odd, then t?> = 4p” is not solvable, thus Ook+1,m,Mm(P") = 0, giving the second claim. For r
even, we have r > 2, so by (5.3)
22k—1

1 1 r
p(k+2)r+10,2k+1’m’M(pr) <x p(k+2)r+2 N <p(k+l)r> 7
as claimed. 0
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Plugging Lemma 5.1 into (5.1), we have

1
Sokr1,mm(P") = §H2k+17m,M(pr) + Oy (p(k+1)r) '

We then plug in Theorem 1.4 to obtain

Sott+1,m,m(P") = Ok e (p(k+l+a)r> : O
12



6. PROOF OF THEOREMS 1.1 AND 1.2

In this section, we consider the implications of Theorem 1.3 to the study of distributions of the
trace of Frobenius.

To prove that the weighted averages of zp for E/F, are equidistributed with respect to the
Sato—Tate measure as p — 0o, Birch [2] computed the moments as

tr(E)%k
BE,

Up to a normalization factor, these match the moments in Lemma 2.4. Following Birch’s argument,
we are now ready to prove the following weighted version of Theorem 1.1.

Theorem 6.1. Let m € Z and M,r € N be given. The set {xp : E € Eum(p")} becomes
equidistributed with respect to the Sato—Tate measure as p — oo. Specifically, we have

ph_{& Praw(a <azp <b:Ee€&nm(p")) = psr((a,b]).

Proof. By (1.3), for v € Ny, the v-th weighted moment with respect to g for £ € &, a(p") is
1 xh Sv.m M(pr)
qu(pr) =T A Z —E = ﬁ (61)
Sm’M(p ) Ee&m m(p) we 2pe Sm’M(p )
If v is odd, then Theorem 1.3 implies that (see (1.6) in particular)

lim p,(p") = 0. (6.2)

pP—00

If v = 2k is even, then we plug in (1.5) to obtain

Jim g, (p") = 2%’,2 (6.3)
Comparing (6.2) and (6.3) with Lemma 2.4, we conclude that
. , Cy
Jim i (p7) = Oy 5, = HsT (6.4)

Since the moments p,, (p") converge to ugt, and the distribution is uniquely determined by its mo-
ments [1, Theorem 30.1 and Theorem 30.2] (as pointed out by Birch [2], the Sato—Tate distribution
satisfies the necessary conditions), we conclude that

plLIglOPrAut (a<zp<b:Eec&, m®")) = pnsr(a,b]). O

We now compare the weighted and unweighted distributions in order to obtain Theorem 1.1.

Proof of Theorem 1.1. Since we take p — oo, we may assume that p > 5. In order to obtain the
claim, we need to show that

1
lim ———— T = UST v (65)
p—00 #Em 11 (p") EES%(?T) "

By (6.4) (plugging in (6.1) to the left-hand side), we have

1; SV,m,M(pT)
m —m——

P00 202 S i (p")
Using Lemma 2.5 and then (1.7), we have

= USTu- (6.6)

1
SI/,m,M(pT) o 5 ZEEg’!?L,]VI (pr') f]}'%

WpT Spar(ph) Smm(p")
13
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In the main term, we use Lemma 2.5 and note that ) Betm upr) L = #Em, v (p") to rewrite

Smari) = 5 #Emu(0") +O(1). (67

Using (1.7), we see that have #&E, p(p") > e p(1=9)" and hence

2T St (p7)  EH#EMM(P") + O(1)

1 v
2 ZEE(‘:m’]\/[(pT') ‘TE

1 v
Symm(P") 2 ZEE:‘ﬁm,M(pT) Tk + Oy are <p(€—1)r>

- +Oypre (pEIT) . 6.8
T4 a1(0") (L + Onre (D7) M, < ) (6.8)
Expanding the geometric series, we have
1 v 1 v
2 ZEGEm,M(ID") TE 2 ZEE&n,M(P’") TE (1 + 0y <p(€—1)7’)>
= E
S#Em (") (1 + Onre (pE—11)) S H#Em (D7)

N ZEE(‘:m’]\/[(pr) ':UVE
#Em v (P")
where in the last step we use the fact that |}y

m

+ O e <p(€_1)r> )

M(pr):n”E| < #Em m(p"). Plugging back into
(6.8) and rearranging, we obtain that

Z ") T Sl/m !
Ptnn@) "8 _ Sy, ) o (p0r). (6.9)
#5m,M(p ) 2"17 2 Sm,M(pr)
Thus by (6.6) we have
S ety
hm EE&n,M(ID ) E — MST,V' |:|

p—0 #5m,M(pr)

By restricting the sample space to &, pr, Theorem 6.1 investigates the (weighted) conditional
probability that the normalized traces lie in a given interval under the assumption that F €
Em m(p"). It is also interesting to consider the distribution of normalized traces g from E € &, p
within the larger sample space £(p"). Equivalently, weighting the probabilities via the reciprocal
of the size of the automorphism group as before, we consider the moments

X Em E P BE, e
tr(E)=m (mod M) _ tr(E)=m (mod M)
S1,1(p) p7S1.1(p)
»Xmm,
o tr(E)=m (mod M) Sm,M(p)
P2 Sm,m(p) S11(p)

as p — 0o. Since the limit of the first factor in (6.10) exists by (6.4), the limit as p — oo of the the
above distribution exists if and only if

lim —2M 2
p—oo St 1(p)

exists. The closely-related limits (1.2) were computed in [5, Theorem 1], where the authors gave

a full description of the distribution, so one may obtain the asymptotic behavior by combining

Theorem 6.1 with [5]. We restrict ourselves to certain cases where the above limit exists in order

to get fixed multiples of the Sato—Tate distribution in the limit. In order to further relate the

results in [5, Theorem 1] with the approach used here, we next describe how to determine the
14



limits considered in [5] via our method. For this, fix p to lie in a given congruence class modulo
M. For j € N with ged(j,2M) = 1, we therefore set

Jym, M- - - pooo , 5171(]9) ’
pP=j (mod 4M )
We reprove the conclusion of [5, Theorem 1] that these limits all exist.
Proposition 6.2. For m € Z, M € N, and j € N with ged(j,2M) = 1, the limit ¢j, v exists.

Remark. The limits are not in general independent of j, so the overall limit over all p does not
(in general) exist.

Before proving Proposition 6.2, we conclude a weighted version of Theorem 1.2.

Theorem 6.3. Let m € Z and M € N. Then for each j € Z with ged(j,2M) = 1 there exists a
constant cjm n such that for —1 < a < b <1 we have

pli_)ntc}O Praw (a <zp <band E € &y pm(p) : E € E(p)) = ¢jmmpst([a,b]).

p=j (mod 4M2)

Proof. Plugging Proposition 6.2 and (6.4) into (6.10), we obtain

cj7m7M% if v = 2k is even,

0 if v is odd.

lim tr(E)=m (mod M)

p—00 S
=3 (mod 4M2) 171(]9)

> E/F, o {

By Lemma 2.4, this matches the v-th moment of ¢, s times the Sato-Tate measure. Since the
distribution is uniquely determined by its moments, as in [1, Theorem 30.1 and Theorem 30.2],

lim Pray (e <zp <band E € &, m(p) : E € E(p)) = ¢jm mpst([a,b)).

p—00
p=j (mod 4M2)

Hence for E € &, v (p) within the larger space £(p), we see that zp is equidistributed in [—1, 1]
with respect to ¢j ., a times the Sato-Tate measure as p — oo with p = j (mod 4M 2). This gives
the claim. O

We next show how to conclude Theorem 6.3 from Theorem 1.2.

Proof of Theorem 1.2. Since the v-th moment of cugt is cust,, for ¢ € R, the claim is equivalent
to showing that

. 1 y
pli)Holo #S(p) Z Tp = Cjm,MMHST,v- (6.11)
p=j (mod 4M2) E€&m, pm(p)
By (6.5), we have
1
lim ————— T = UST v
poe #m(p) Eegﬂp) :
Thus (6.11) is equivalent to
. #gm,M(p) o
pli)rrolo 22 Cjm, M- (6.12)

To show (6.12), we use (6.7) to rewrite

#gm,M(p) _ Sm,M(p) + O(l)
#E(p) Sia(p) +0(1)
15




We then plug in (1.7) to obtain

Sm,M(p) + 0(1) o Sm,M(p) 1+ OM,a (pe—l) o Sm,M(p) e—1
= =y = (14 Onme (7)) -
Sii(p) +0O(1)  Sii(p) 1+0:(p1) S11(p)
By Proposition 6.2, if p = j (mod 4M?), then the right-hand side becomes
Cjm,M (1+op(1)),

yielding (6.12), and hence the claim. O

We finally prove Proposition 6.2.

Proof of Proposition 6.2. We claim that there exist constants a;, s > 0 and bj,, »y € C only
depending on j,m, M such that for p = j (mod 4M?) we have

1 1
S M (P) = @jm,mD + bjm.vr + Om mr <p2+€> = ajmMP + Ojm,Mm <p2+5) . (6.13)

Assuming (6.13), for p = j (mod 4M?) we have
1

— — + O.’ M (p_§+€> ,
5171(17) aj71’1p + Oj,m,M (p%'i‘&‘) aj7171 7,m

thus
11m Sm,M(p) _ ajvva =: 8. M
p—00 T TR
AL S1,1(p) @j1,1

It therefore remains to prove (6.13). Plugging [3, Lemma 4.2] (note that g, a7(p) = 0 because p is
not a square) into (5.1) yields

1
5 Hmot(p) +0 (p27).
This reduces (6.13) to showing the same claim for Hy, a7(p). By [3, Lemma 3.2], we have H,, a/(p) =
G, (p) and G a1 (p) is the p-th coefficient of 2 [H, 0., ar], by [3, Lemma 3.1]. By [3, Lemma 3.3],
we have that

Sm,M(p) =

f = Q2[H,0mnm] + Armnr) |Us

is a weight two quasimodular form on I'yps2 5s. The n-th coefficient of Ay, 27|Us is O, M(n%ﬁ)
because t? — s? = 4n implies that t — s < 2,/n.
Thus it remains to show that the p-th coefficient of f has the desired shape. We write

f=E+yg
where ¢ is a cusp form and E is in the space spanned by Eisenstein series (which are spanned by
E5 and holomorphic modular forms that are orthogonal to cusp forms) Using the bound of Deligne
[7], the p-th coefficient of g is bounded by O(p%Jrg ). To compute the p-th coefficient of E, we use

a basis given by Ey and a basis for the space of holomorphic Eisenstein series of weight two. We
first note that, by [21, (1.7)],

My (Typp2ar) © My (T (4M?)) = € M, (T (4M?) , x) ,

where x runs over characters modulo 4M?2. A basis for the space of Eisenstein series in

My (To(4M?), x) may be found in [8, Theorem 4.6.2]. These are enumerated by pairs of characters

¥ and ¢ modulo 4M? for which ¢ = x and t € N such that c(¢)c(p)t | 4M?, where c(v)) is the

conductor. Writing Es y ., ¢ for the corresponding Eisenstein series, there exists constants Ay, , ; such
16



that (note that in [8, Theorem 4.6.2], the case (1, ¢, 1) is omitted, but this precisely corresponds
to a multiple of Ej9, so this is included for our quasimodular Eisenstein series)

E = Z Z Aot B2 p ot (6.14)

b (oo 40 85

If either ¢ or ¢ is non-trivial, then the n-th Fourier coefficient of Eyy 1 is given by o1 4 ,(n),
where .
Ohae(n) = Y () (5) d*
dln

and Ep o1 = E27¢7§071|V}. Since p is coprime to 4M?, for ¢ non-trivial only those with ¢t = 1
may contribute to the sum. Since p is prime, the sum has at most two summands. Moreover, since
p=j (mod 4M?) and ¢ and x are characters modulo 4M?, we have

T1p,0(P) = @(P)p + ¥ (p) = ¢(H)p + ¥ (j)-
For ¢ and ¢ both trivial and t # 1, we have that

Bz, = Ey — tEs|V,.

y byt

while Fy 11,1 := E». Again using the fact that p and 40 2 are coprime, the p-th coefficient of Eo11.
is —24(p + 1). Plugging into (6.14), for p = j (mod 4M?), the p-th Fourier coefficient of E is

> S N (PP +60G) — 24 3 Aalp+ 1)

d 4M2 4aM?2 t|4M2
Wiﬁsiul))”awdw |

= > S Nl — 243 M | v

Pyp (mod 4M2) t\% t|402
W2l
) ST M) =24 Y A
Y (mod 4AM?) ¢ _AM2 42
() £(1,1) c(¥)e(p)
The two sums only depend on m, M, and j, yielding the claim. O
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