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TAYLOR COEFFICIENTS OF NON-HOLOMORPHIC JACOBI
FORMS AND APPLICATIONS

KATHRIN BRINGMANN

ABSTRACT. In this paper, we prove modularity results of Taylor coeffi-
cients of certain non-holomorphic Jacobi forms. It is well-known that Tay-
lor coefficients of holomorphic Jacobi forms are quasimoular forms. How-
ever recently there has been a wide interest for Taylor coefficients of non-
holomorphic Jacobi forms for example arising in combinatorics. In this
paper, we show that such coefficients still inherit modular properties. We
then work out the precise spaces in which these coefficients lie for two ex-
amples.

In honor of Don Zagier who has been a great inspiration.

1. INTRODUCTION AND STATEMENT OF RESULTS

As motivating example, we start with the generating function for partitions.
As usual let p(n) denote the number of partitions of n. By Euler, we have

(1.1) P(q) -—nzzop( )q et

where 7(7) := g2 [T2,(1—¢") is Dedekind’s n-function, a weight 3 modular
form (q := €?™" throughout). Of the the many consequences of the modularity
properties of P, one of the most striking ones is the three congruences due to
Ramanujan, namely

p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),
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p(1ln+6) =0 (mod 11).

To explain the congruences with modulus 5 and 7, Dyson [7] introduced the
rank of a partition, which is defined to be its largest part minus the number
of its parts. Dyson conjectured that the partitions of 5n + 4 (resp. 7n + 5)
form 5 (resp. 7) groups of equal size if sorted by their ranks modulo 5 (resp.
7). This conjecture was proven by Atkin and Swinnerton-Dyer [3]. If N(m,n)
denotes the number of partitions of n with rank m, then we have the generating
function

R(Ciq) =1+ Y > N(m,n)"q"
meZ n=1

(1.2) 2 )

q" (1=¢) — (=1)ngz®+h)

; Cr (TG a)n (60w < 1-Cq"
where (a; q), := H}:&(l —aq?) and (a; q) oo = lim,o0(a; q),. In particular
R(1;q) = P(q),

R(_l;cﬁ = f(Q) =1+ Z (_(‘Z;:q)g :

The function f(q) is one of the mock theta functions, defined by Ramanujan
in his last letter to Hardy. Such a mock theta function can be completed by
adding a non-holomorphic piece to obtain a harmonic Maass form. These non-
holomorphic automorphic forms generalize classical modular forms. Instead
of being holomorphic they are annihilated by a hyperbolic Laplace operator;
see Subsection 2.3 for the precise definition. More generally, R((;q) is a (non-
holomorphic) Jacobi form.

The Taylor coefficients of R((;q) are of combinatorial interest. To be more
precise, Atkin and Garvan [2] introduced the k-th rank moments

Ni(n) = Z m*N (m,n).

Andrews [1] then studied the symmetrized k-th rank moment function

mln) =Y <m+ k[k_}) N(m,n).
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Using the symmetry N(—m,n) = N(m,n), one sees that one only needs to
consider even rank moments. For these we define the rank generating function

Narlg) = 3 (Z N, )

n=0 \meZ

Summing up these moments gives the whole rank generating function (¢ :=
2miz
)

(1.3) ZN% 2mz) 2¢

So the Ny are basically the Taylor coefficients of R((;q).
Let us next describe what is known about modularity of these functions.
Firstly

so this case yields (up to a g-power) a weight —% modular form. For the next
example, N3, it was shown in [4] that it can be ”completed” to a harmonic
Maass form of weight % Moreover the general R are known to give linear
combinations of derivatives of harmonic Maass forms, see [5]. However, in
particular for applications one requires the pure modular objects as well as
their behavior under differential operators. In this paper, we explicitly give
the completed modular object as well as the space in which the function lie.
For this define

ot -
Tor—1 = Top_q T Ty

with
(1.4) o
201 Bay, (%) Ey(r)\ " -/\[2‘(q)q_ﬁ
1oy (7) = (27i) 0 Z 2l —j —n) ( 8 ) W
<j4n<e
(1.5)
1 822—1 1 w2 2
o1 (T) == 21 {8%@—1 (C‘ ¢ 5S(3z 47 37)e” 7 202 )} N

Here B, (x) is the n-th Bernoulli polynomial, Es is the weight 2 (quasimodular)

Eisenstein series given in (2.6) and we also require the even function (7 =
3



u+w,u,v € R)

(16) S(zr)i= > (sen(n) = B ((n+2) vav)) (—1)bg e,
nes+7

where E(z) =2 [ e ™ dt.

Theorem 1.1. For { € N, roy_y transforms for all (¢ %) € SLy(Z) as

+b _ b _1
(1.7) T'20-1 <Z77:+d> = <Z d) (e +d)* "2y (1),

where © is the multiplier of n (see (2.5)). Moreover

—_ —~ -1
iv3uven(—7) T2 Ey(7)
1.8 L(roe_ = —
(1) (raa (7)) = S ( S
where L := —22’1}2% 1s the Maass lowering operator.

Remark. Instead of E5 in (1.4) and (1.5) one can also use <. The completed
object 79,1 obtained that way basically maps to 79,3 under lowering.

Theorem 1.1 easily implies the following main result from [4]. To state this

set
1 E2 (247’)

 24n(247) - 8n(247)

M(1) :=R(1) + N(7)

with

_1 24\ —1 ) { o p(24w)
R(7) = 3R (™) a7, N(7): N%/_F e

Corollary 1.2. The function J/\/[\( ) = M(5;) is a harmonic Maass form of

-
2
weight 3 transforming, for all (¢Y) € SLy(Z), as

e e (M [CE b

ct +d

Our second example comes from Joyce invariants. In [10], the authors stud-
ied the (slightly modified) generating function of Joyce invariants, which turn
out to be the following g-series (k € 2N)




Define

= Ok | (E—=2)I(=1)2*
Jp =T + 370 + F(kT) Sr1 Z wmsu]g_l

ve{—1,0}
with Rankin Cohen brackets [.,.],; as in (2.1) and
V2 1
V(1) = q 70 (VT + 3’ 27') :
— v = v —(n—l—ﬁ)
s, (T) =/ Z ’n+2’F< 2,4W(n+2> v)q 2) .
nEVTH-i-Z

Here ¥ is the Jacobi theta function given in (2.2) and I'(a, ) := [ e o' dt
is the incomplete Gamma function.

Remark. We have that
(110) 79_1(7') = —91<2T), 190(7') = —93(27'),

where

O1(7) = q2 ZW nts

neZ ne”

Theorem 1.3. For all M = (¢ %) € SLy(Z), the following transformation law

holds ;

~ aT + . A

Ji (CT n d) = (c1 + d)*Ji(7).
We have
(1.11)

L (jk(T)) _ _5;:: ) 8.((2];;) ,3)1 /i (W@k_L_l(T) + mﬁk_m(f)) ,

05_1 1 . V2 2
Vou(1) = [W (19 <z +vT + 5 27’) e"r g T e w )} .

is an almost holomorphic modular form of weight {— 5 (with some multiplier).

where

In particular, setting k = 2, we recover the result by Mellit and Okada,
slightly rewritten.

Corollary 1.4. We have that 1 transforms of weight 2 and

L(Tm) = —ﬁ + % (Ba2r)on(2r) + Ba2r)a2))
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The paper is organized as follows. In Section 2 we recall basis facts about
Rankin-Cohen brackets, Jacobi forms, harmonic Maass forms, and Appell
functions. In Section 3, we describe modularity properties of (general) non-
holomorphic Jacobi forms. We then carry on this approach in Section 4 for
rank moments and in Section 5 for Joyce invariants. For the readers con-
vinience, we keep Sections 4 and 5 independent of Section 3.
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The author thanks Karl Mahlburg for many enlightening discussions.

2. PRELIMINARIES

2.1. Rankin-Cohen brackets. For f;, fo modular forms of weight ky, ko €
%Z, respectively, define for v € Ny the vth Rankin-Cohen bracket

2 = (U (BT b

i=0 v J

with D = ﬁ%. We then have that [f1, f2], is a modular form of weight
k1 + ko 4+ 2v. In this paper we also allow f; to be the non-holomorphic part of

a harmonic Maass form (see Subsection 2.3 for the definition).

2.2. Classical Jacobi forms and quasimodular forms. We first recall the
definition of holomorphic Jacobi forms, following Eichler and Zagier [8].

Definition. A holomorphic Jacobi form of weight k and index m (k,m € N) on
a subgroup I' C SLy(Z) of finite index is a holomorphic function ¢ : CxH — C
which, for all v = (29) € ' and A, 1 € Z, satisfies

2mimez?
(1) ¢ (FEzZE2) = (er + d)Fe™ord (2 7),
(2) 9l + A7+ i) = e M) )
(3) ¢ has a Fourier development of the form »_  c(n,r)q"e*™* with

c(n,r) =0 unless n > r?/4m.

Denote by Jj ,,, the space of holomorphic Jacobi forms of weight £ and index m.
Jacobi forms with multipliers and of half-integral weight are defined similarly
with obvious modifications made.

A special Jacobi form used in this paper is

(22) 19(2) — 19(2,7’) = Z eﬂin27'+27r’in(z+§)’
nE%—i—Z
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where here and throughout, we may omit the dependence of various functions
on the variable 7 if the context is clear. This function is well-known to satisfy
the following transformation law [11, (80.31) and (80.8)].

Proposition 2.1. For \,u € Z and v = (2%) € SLy(Z), we have that

(2.3) Iz + AT+ 1) = (—1) g T o2y (2),
z  ar+b\ 3 1 mies?
20 o) O e @),
with ¥ 1s the multiplier of Dedekind’s n-function, i.e.,
at +b 1
(25) 0 (E57) = ver + ).

The Jacobi theta function is also known to satisfy the well known triple
product identity

I(z71) = —igs ¢ [JA—q") (1 - ") (1-¢7'¢") .
n=1

The Taylor coefficients in z of Jacobi forms are quasimodular forms which
we next recall. These are holomorphic parts of almost holmorphic modular
forms, which as originally defined by Kaneko-Zagier [9], transform like usual
modular forms, but are polynomials in 1/v with holomorphic coefficients. The
holomorphic parts are in particular the constant terms of these polynomials.
In this paper we use a slightly modified definition allowing weakly holomorphic
coefficients. We let My (T, x) denote the space of almost holomorphic modular
forms of weight k for I' C SLo(Z) and multiplier y. Standard examples of
almost holomorphic modular form include derivatives of holomorphic modular
forms (corrected so it transforms modular), as well as the non-holomorphic

Eisenstein series Eg, defined by

~ 3
E. =F - —.
2(7) 2(7) i
Here its holomorphic part is given by
(2.6) Ey(7):=1-24) o1(n)q",
n=1
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where o1(n) is the sum of positive integer divisors of n. The function FE,
satisfies, for (¢ %) € SLy(Z),

(2.7) E, <z:12) = (e + d)?Ey(7) — %(m‘ +d).

As mentioned above, Taylor coefficients of Jacobi forms are quasimodular
forms. To be more precisely, for ¢ € Jj ,, we write its Taylor expansion as

o(z7) = 3 xalr) 2"

Proposition 2.2. The function

IR i G

0<5< J:

|3

1s an almost holomorphic modular form of weight k 4+ n.
Alternatively one can find a “modular completion” using Es.

Proposition 2.3. We have that

0<j<n
s a modular form of weight k + n.

Remark. There are further ways of completing Taylor coefficients of Jacobi
forms to modularity objects, namely using derivatives of previous coefficients
or Rankin-Cohen brackets.

2.3. Harmonic Maass forms. We next recall non-holomorphic generaliza-
tions of modular forms, following Bruinier-Funke [6].

Definition. For k € %Z, a weight k harmonic Maass form on a congruence
subgroup I' C SLy(Z) is any smooth function f : H — C satisfying the
following properties:
(1) For all (%) eT

f(m'—l—b) et + ) f(7) it k € Z,
cr+d) ) (5) e (er+d)Ff(T) ifkel+Z.
8



Here (§) is the extended Legendre symbol and ¢4 is defined for odd integers d
as

o 1 ifd=1 (mod4),

T ifd=3 (mod4).

(2) We have
Ax(f) =0,
with the weight k hyperbolic Laplace operator

0? 0? 0 0
Ay = —v <8u2 + 8@2) kv (8u +Z@v) '

(3) There exists a polynomial P;(7) € C[g™!] such that
f(r) = Pr(7) = O (e7=")

as v — oo for some € > 0. Analoguous conditions hold at all cusps of T.

We let Hy(T") denote the space of harmonic Maass forms of weight & for I
Again one can modify the above definition to include multipliers.

Harmonic Maass forms are in many ways related to classical (weakly holo-
morphic) modular forms, i.e., those meromorphic modular forms whose only
poles may lie at the cusps of I'. To describe the connections, define

0

£ = Qz'vk%.
Note that B
fk = 'Uk_zL.

We have, with S, (I") denoting the space of weight x for I'

Ifk< %,we have for f € Hj,

Fr) =Y cfm)q"+> ;1 —k,—4mnv)q".
neQ neQ
n>3>—oo n<0

2.4. Appell function. Let
)Zne2m’nzg qln(z—+1)

- 1
(2.8) Ag (21, 20) = A (21, 29;7) i = €7 Z (

nel

1 _ e27rizl qn

We next recall the completion A, from [12], namely

o~

Ay (21,22;7) = A (21>22;7)



{—1

Z 2Tz <22 +vT + €—T1; €T) S <£z1 — 2y — UT — ﬁ—Tl; 67)

v=0
with S and ¥ defined in (1.6) and (2.2), respectively.
The function A, transforms as a multivariable Jacobi form.

_|_

N | .

Theorem 2.4. We have, for ny,ng, my, mq € Z

(2.9) Ag (21 +mT +my, 25 + noT + My
_ (_1)Z(n1+m1)€27rizl(an—ng)6—2Win122q@—”1n2;{£ (217 22) .

Moreover, for (¢%) € SLy(Z),

wic(flz%+2zlzz> -~

e ]

ct+d er+d er+d

(2.10) A, <

Remark. Plugging in torsion points z; € Z + Z yields linear combinations of
harmonic Maass forms multiplied by modular forms.

3. IDEA OF APPROACH

We consider non-holomorphic functions ¢ : C x H — C satisfying the same
transformation as Jacobi forms and which have expansions of the form

B(z7) =Y xn(Zi7)2"

Note that we also allow x,, to be non-holomorphic in 7. We now describe how
to generalize the two approaches of quasimodularity of Taylor coefficients of
holomorphic Jacobi forms described in Section 2.2. For simplicity we restrict
to the full modular group and no multiplier.

We first determine non-holomorphic linear combinations of the Taylor coef-
ficients which transform like modular forms.

Proposition 3.1. We have that
()
Yulr) = 3 gy (037)
Jj=0

transforms like a modular form of weight k + n.

Proof. Define

7'rTrLz2

¢ (z;7) =€ v Pz, 7).

10



Then ¢* satisfies the modular forms transformation law of an element of Jj .
Write
=: Z@b;(i T)z
Using the transformation law of ¢*,
* z' 1 Z\" % < . 1 R Y R * (—. n
> (?7 T) (5) = (77 T) =t (5 m) = T Y un(E )

Thus, comparing coefficients,

Setting Z = 0 in particular yields
Uy (0; —%) = 744 (0; 7).
We are left to show that
(3.1) Un(0,7) = ¢n(7).

For this, we expand the exponential to obtain

Z Z (Z; 7).
7>0
Thus ,
e =) .
Vh(ET) =) i (B 7).
T
Setting Z = 0 gives (3.1). O

We next turn to modular completion which use E5. The proof follows as

that of Proposition 3.1 since

rmz2 _ 7r2mE2 (1) 22

€ v € 3

satisfies the modular transformation law of a Jacobi form of weight and index
0 (which follow by using (2.7)).

Proposition 3.2. We have



transforms modular of weight k + n.

4. RANK MOMENTS

In this section, we describe how to build modular objects out of rank mo-
ments.

4.1. Proof of Theorem 1.1. Using the final expression in (1.2), it follows
that

- q) = WA o
G == g e
Setting
R(z7) =
(%q 24 C q 65(32 —I—’T 3’7‘) — _Cq 65(32 — T 37_)) %2E2(7.)22’

it is not hard to see that

R(z7) = Z roe_1(T) 271

£>0

Indeed, the contribution of r;, ; follows directly by definiton and for 7";4—1 we
expand R with (1.3) and use

) i) g (Bar)\" (2rin)”
Ca— =DV <)n+1)!’ o _Z< 8 ) m!

n>—1 m>0

We then write, using Theorem 2.4,

ﬁ(ZT) = _23(27 _T”—)C_l 6_§E2(T)22 = M —ﬁEz(T)z2
7 n(7) n(T) :

From this one can see, by (2.9), (2.7), and (2.5), that

f%( : ;a7'+b) =t (Z Z) (c7‘+d)%f2(z;7).

ct+d et +d

This then directly implies (1.7).
12



We next show (1.8). Since ry, ; is holomorphic, L(ryj, ;) = 0. To determine
the action of L on ry, ,, we first compute

q_%(’_lS(Bz + 7;37)

SRS (sgn <n - %) ~E((n+2) ¢6T))) (—1)—8g~% ¢ 3,

ne—%—l—Z

Thus

Using E'(z) = 2¢~™" gives that
L (E ((n + y) \/@>) = \/61)% <n — g) 6_67”)(""'%)2‘
! v

s 2 7rz2 . .
Simplifying the exponential factor and turning e~ into % since in the

end we set z = 0 (and thus also Z = 0), we obtain
L (rae-1(7))

3

3 20-1 _
_ 6vz | 0 6_§E(T)Z2 Z (_1)n_% (n— y> p—3min*T—6minZ

20— 1)! | 02261
( ) < ne—z+7 ! z=0
We compute

20—1 R _ 20—1 .
9 (e—éEzmz? (n _ Q)) It Ay N 2,
9,201 v o v 02261 0 LO27] .

i (_WQE;Q(T)>Z_1
= 20— 1) (20 — 2)!.

The claim (1.1) then easily follows, using that

Y7 (m1)nEe T = (7).

nE—%—i—Z
13



4.2. Proof of Corollary 1.2. The statement follows once we show that

1 T
12 Lm=m(D),
(4.2) 2mi (7 = Mg
Firstly by definition

271T ((r)=M" (24)

To match the non-holomorphic parts of both sides of (4.2), we need to prove
that

For this we show that the Fourier expansions of both sides agree. To rewrite
the left-hand side, we apply [2].—o to (4.1), giving

N[0

(4.4)
n2 6 1
Z (—1)"—%q_37 (i\/je_ﬁ’m% — 6min <sgn (n — 5) - F ( 6vn))> .
ne—%—l—Z v
Since n € —% + Z, we have sgn(n — 3) = sgn(n). We then use
sgn(n) . (1
sgn(n) — FE ( 61)n = I (=,6mn%
VT 2
(4.5) )

1 1
Mz u)=—xT(-= et
(zv“) ()
Thus the left-hand side of (4.3) becomes
(4.6) Z 1) 6 |n|T 1 6mnv q_g.
Q\F e 2’

Next we rewrite A in terms of the incomplete gamma function. We have

ico 2T (6k41)%w 12
/ (62‘2 \f|6k+1\r<—— T(6k +1)? ) -5
- T+ w))

From this one can then conclude that the right-hand side of (4.3) also equals
(4.6).

14



5. JOYCE INVARIANTS

5.1. Proof of Theorem 1.3. Setting for odd ¢, g,(7) := 2J,11(7), it is not
hard to see that, with A, defined in (2.8),

o) = o i [ )

Z2=—T

Moreover define

) = e iy | 2 (¢ At )|

271‘2) w—0

z=0

Using (2.10) and the following identity (for M = (29%) € SLy(Z))

I (er+a)? .
(M) ” — 2ic(eT + d),
we obtain, for (29) € SLy(Z),
_(aTt+0b .
” <c7' + d) = (e + &)1 Gu(7).

We next show that gy = 2Js1. By (2.9), it first follows that

-~ 1 : af W _9miw 4 .
9e(T) = 75— lim {8% (e v Ay (w 2—777'))]

(271‘2) w—>0

- i [ ()]

We then compute by the product rule, using that S is even,

ot—i
. ; .
9e(7) = gelr 2mfz< >< > Al w [azf 7 A2(w, 2 7’7)}
i 1 ot 1 1
+§(2m’£ [EM Z 19<Z+VT+2,2T>S<Z+VT+2,27’)]
z=0

z=0

ve{—1,0}
(5.1)
5@ 1 v 1 ot 1
" 4o +§(27TZ)Z |:8z£ Z I\t 5’27_
ve{—1,0}

><S<z—|—1/7'—|—;;27'>}

2=0
15



since for j > 1

[ ot
lim w’ { _.Ag(w,Z—T;T):| =0
z z2=0
and

w0 9201 L fe=1.

(-1 .
lim w [a—Az(UJ,Z _ T;T)} _ {0 1 if £ > 1,
z=0

Noting that z — ¥(z + % + )€™ is even, (which may be seen using (2.3)
and the fact that ¥(z) is odd) (5.1) becomes

-1
5é:1 i 2 82] . a€—2j .
4mv + 2 (27Tz') Z Z( ) laz% (277_)} _ lazé_% Su(z7) o
ve{—1,0} j=1 z=0 z=0
where

w2 1
U (z;7) = e™2q 70 (z +uvr+ o 27’) ,

, V2 1
Sy(z;7) i =e ™™g 1 S (z + v+ 3 27‘) :

We now turn the z-derivatives into 7-derivatives. Firstly, directly from the
definition, we obtain that

(L_Q)Qﬁy(z;f) = D, (0,(27)),

271 0z

Moreover, using that

o aT
2
(47”'827_ + %) (e%iaz_”szS(z —ar — f3; 7')) =0,
yields
86—23' P )
{825‘% Su(2; 7')} . = (=1)7 7 @2m)" ¥ D7 (S,(7)),
where

We next show that
(5.2) S, = s,



—~

1.9). Rewriting

(sgn(n) -E ((n—l— 5+ )2f>) ~(n 5)26—2“(”%)2’

with s, given in

Sy(z;1) = —i

(]

nes+7Z

D=

we compute

Su(r)=—i ¥ g 8

nE%-‘rZ

(e i (w4 ) (seni) - £ ((n-+ ) 2v7)) ).

Equation (5.2) now follows, by using (4.5). Thus (5.1) becomes

53 = (EDF > Z( ) 1)/ D7 (9,(1)) D2 7 (5,(7)).

4rv 47

ve{-1,0} j=1
We next aim to prove that (5.3) equals (f, and r, have weights 1 and 2,
respectively)
bor , (L= DD
_'_ 2 Z [/191/7 Sl/] u
i T (g) 2 LT :
=1
Simr (0—1)(=1)7 2 ( ) (z . .
— =y 5 > Y (-1 2| DI(9,)D = (s,).
dmv F(g) 21+ ve{-1,0} j=0 —J J
This follows once we show that
0\ 1 1 (===, [f-1)[¢
(5.4) (2 )4_(_1) i ( )(=1) (-1 (2 2 |
J) A T (L) 21+ 2 J
Now it is not hard to obtain (5.4) by using
1
[(z)T (:c - 5) = 2172 /7T (22), T(z+1)=al(x).
Combining the above, we obtain (1.10).
We next prove (1.14). Using (5.1), we compute
L(ge(1)) = _ e +£ Z U (z;7)L (S, (2 7))
gt dr 2(2mi)* 8z£ ’
ve{-1,0} 20

17



Now )
.3 _my Y —2min?T—2minZ
L(S,(z7) =2ivze” 0 ( ——) :
(Su(%;7)) = 2iv2e n—oo)¢€

nEVTH-l-Z
my? T = 1=
Writing e~ "o = et (#-22428) 14 using that the 9J,, are even as a function
of z, gives (1.11), with k = ¢ + 1.
We are left to show that the ¥, (7) are almost holomorphic modular forms.
Using Proposition 2.1 gives, by a straightforward but lengthy calculation, for

(ZZ)EP1(4)a
. z ar+b\  fa b 1oe
191/ <m7 m) =X <C d) (CT—I—d) 191/(277-)
with

Wi\ o me? a b  3fa 2b\ .c
szn = ane®, (0 h) = (¢ T)
We are left to show that ¥} is almost holomorphic. We have, using the product

rule,
Py -1 0 — 1\ [ §-1-J O a2
95z ~ (2 e
-1 i
ER _ 1\ [ ot-1-2 )/
= (f . ) 48 —1-2; ﬁu(z§7)] (4i~}|> :
e 2] _82 2=0 J:

This yields the claim since 1, is holomorphic.
Corollary 1.4 directly follows by plugging in and using (1.10).
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