THETA LIFTS AND LOCAL MAASS FORMS

KATHRIN BRINGMANN, BEN KANE, AND MARYNA VIAZOVSKA

ABSTRACT. The first two authors and Kohnen have recently introduced a new class of modular
objects called locally harmonic Maass forms, which are annihilated almost everywhere by the
hyperbolic Laplacian operator. In this paper, we realize these locally harmonic Maass forms as
theta lifts of harmonic weak Maass forms. Using the theory of theta lifts, we then construct ex-
amples of (non-harmonic) local Maass forms, which are instead eigenfunctions of the hyperbolic
Laplacian almost everywhere.

1. INTRODUCTION AND STATEMENT OF RESULTS

In [7], a new class of modular objects was introduced. These functions, known as locally har-
monic Maass forms, satisfy negative weight modularity and are annihilated almost everywhere
by the hyperbolic Laplacian (see Section 2 for the relevant definitions), mirroring harmonic
weak Maass forms. Recent interest in harmonic weak Maass forms began with their system-
atic treatment by Bruinier and Funke [13]. Following their appearance in the theory of mock
theta functions due to Zwegers [40], it has been shown that harmonic weak Maass forms have
applications ranging from partition theory (for example [2, 4, 6, 9, 11]) and Zagier’s duality [39]
relating “modular objects” of different weights (for example [10]) to derivatives of L-functions
(for example [14, 15]). They also arise in mathematical physics, as recently evidenced in Eguchi,
Ooguri, and Tachikawa’s [16] investigation of moonshine for the largest Mathieu group Mas. The
main difference between locally harmonic Maass forms and harmonic weak Maass forms is that
there are certain geodesics along which locally harmonic weak Maass forms are not necessarily
real analytic and may even exhibit discontinuities.

In this paper, we realize the locally harmonic Maass forms studied in [7] as theta lifts of
harmonic weak Maass forms. Theta lifts form connections between different types of modular
objects. In particular, the Shimura lift [32] was realized as a theta lift by Niwa [25]. Niwa
constructed this theta lift from an integral quadratic form of signature (2,1), while Oda [26]
extended this lift to quadratic forms of signature (2,n) for n > 1. The theta lifts of interest in this
paper may moreover be viewed in the framework of a much more general theta correspondence
between automorphic forms associated to the two groups of a dual reductive pair [21]. Rallis
and Schiffmann [28, 29, 30, 31] also constructed a lifting using the theta kernel furnished by the
Weil representation. For example, Katok and Sarnak [22] used theta lifts to relate the central
value of the L-series of a Maass cusp form to the Fourier coefficients of corresponding Maass
cusp forms under the Shimura lift. This extended a famous result of Waldspurger [36] proving
that the central value of the L-function of an integral weight Hecke eigenform is proportional to
the square of a coefficient of its half-integral weight counterpart under the Shintani lift. Tunnell
[34] later exploited this link to express the central value of the L-function of an elliptic curve in
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terms of the coefficients of a theta function associated to a ternary quadratic form. Tunnell’s
Theorem gives a solution to the ancient congruent number problem (conditional on the Birch
and Swinnerton-Dyer conjecture).

While these classical lifts were restricted to cusp forms, the regularization of Harvey—Moore
[19] and Borcherds [3] allows one to extend their definitions to previously divergent theta in-
tegrals. These extended theta lifts have more recently appeared in a variety of applications
including generalized Kac-Moody algebras [18] and the arithmetic of Shimura varieties [15].
Following Bruinier’s [12] application of Borcherds lifts to harmonic weak Maass forms, Bruinier
and Funke [13] extended theta lifts to harmonic weak Maass forms. Due to the theory built
around theta lifts, one may naturally extend the definition of locally harmonic Maass forms to
include local Maass forms, i.e., functions with the above properties of locally harmonic Maass
forms except that instead of being annihilated by the hyperbolic Laplacian, they are eigenfunc-
tions. The locally harmonic Maass forms investigated in [7] have a natural connection to the
Shimura [32] and Shintani [33] lifts, which we next describe.

For k € 2N and a discriminant D > 0, Zagier [37] defined the functions

-
(1.1) fen() = e 3 Qs 1),
(k—l)ﬂ- Qe9p

where Qp denotes the set of integral binary quadratic forms of discriminant D € Z and for
Q = [a,b,c] € Qp we have Q(z,1) = az? + bz + ¢. Zagier showed that fi p € So, the space
of weight 2k cusp forms for SLy (Z) and it was later noticed that the f; p could be naturally
realized as (linear combinations of) hyperbolic Poincaré series defined by Petersson [27]. The
functions fi p reappeared in the (holomorphic) kernel function for the Shimura and Shintani
lifts

Qz,7) = Z fk’D(z)e%iDT
0<D=0,1 (mod 4)

between Sy, and Sk++ ; (Kohnen’s plus space of weight &k + % modular forms), which was defined
2

by Kohnen and Zagier [24]. For g € S]:r ;, the Petersson inner product (g,Q(—Z%,-)) equals
2

(—1)*/222-3F times the Shimura lift of g. Kohnen and Zagier used Q to explicitly compute the
constant of proportionality in Waldspurger’s result, in turn proving nonnegativity of the central
L-values of Hecke eigenforms.

As indicated above, the functions f; p may be interpreted in terms of theta lifts. To describe
this, we define Shintani’s [33] non-holomorphic kernel function. Throughout we write 7 =
u+iv € H, z =z + iy € H, and denote, for Q = [a,b,c] € Qp,

Q. = ; (a\z|2 + bz +c).

Using this notation, Shintani’s theta function projected into Kohnen’s plus space equals
g proj

(1‘2) @(2,7) = y_2k1)% Z Z Q(Z, 1)k6—4wQ§ve2m'Dq—.

DeZ QeQp

The function © (—z, 1) transforms like a modular form of weight & + % in 7 and weight 2k
in z (see Proposition 3.2 (1)). Integrating the Dth weight k 4+ 3 (holomorphic) Poincaré series
against © yields fi p.

One can use Borcherds’s [3] regularized version (f, g)'®® of the Petersson inner product (see
Section 2 for a definition) to extend the utility of the Shimura lift (realized as Niwa’s [25] theta
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lift) to weak Maass forms. To be more precise, for a weight k + % weak Maass form H with

eigenvalue
ko1 ko1
=(s—S—-)(1-s-2 -2
As (S 2 4)( "7 4)

under the hyperbolic Laplacian A, 1, we define the theta lift
Op(H)(2) == (H,0 (2,"))".
By choosing an appropriate input, this lift leads to the natural generalization
_ Dy?
i = 3 Qe (2)
Qelp @ (2,1)]

of fr,p. Here, for 0 < w < 1 and Re(s) > %—i— %, using the usual oF} notation for Gauss’s
hypergeometric function, we define

(s+%-1yps+i o1 ko1
6T(2s) (4m)2 1 2

which is easily seen to be a constant when s = % + %. Note that for Re(s) > g + %, the Euler
integral representation of the o F; (see (4.3)) yields

k 1 Eyl o k_1
puwy = — TEIZDDER S [ ettt i
6F(8+%+i)1“(5—§—%) (4m)z~ 1 Jo
In order to obtain the functions fj s p, we apply the theta lift ®; to the Dth Poincaré series
Pk,Jr s.p (see (2.12)) of Weight k+ 3 with eigenvalue A, under Ak+% in Kohnen’s plus space. In

the spec1al case that s = 5 + 1 thls Poincaré series is precisely the classical cuspidal Poincaré
series and fk Eylp is essentlally fr,p because Pyl is a constant.

We next show that in general the functions fk s D are local Maass forms with exceptional set
given by the closed geodesics
(1.4) Ep = {z:$+iy€H:Ela,b,c€Z, b — 4ac = D, a\z|2+bx+c:0}.
Theorem 1.1. Suppose that s € C satisfies Re(s) > g + i and D > 0 is a discriminant. Then

the following hold.

(1) The function fisp is a local Maass form of weight 2k and eigenvalue 4\ under Aoy
with exceptional set Ep. Moreover,

22k—3
1~ = —_—
(15) Jrk+10 = 35—

[NIES

(47D)1"% fip,
which is a cusp form.

2) The theta lift ®1, maps weight k + & weak Maass forms with eigenvalue \s under A, 1

2 k+

2
to weight 2k local Maass forms with eigenvalue 4\ under Asg. In particular, the image
of the Dth Poincaré series under the theta lift ®; equals

Py, (PkJr%,S,D) = fk,s,D-

Remark. The function fj s p is continuous for every s € C with Re(s) > g + %, but whenever
s # 0 there exist points along Ep at which fi s p is not differentiable (for example, if 7 € Sg
for precisely two Q@ € Qp). In particular, one should note the surprising fact that while the
functions are not differentiable for A\s # 0, the case A\s = 0 yields a (holomorphic) cusp form by
(1.5).
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We now investigate the general properties of the theta lift. Let 7}, and Tﬁ denote the Hecke
operators of integral and half-integral weight, respectively (see (2.3) and (2.4)). We next show
that the theta lift commutes with the Hecke operators.

Theorem 1.2.
(1) For every weight k + 5 weak Maass form H with eigenvalue A with Re(s) > & +

@H‘Tz(l) H’ T.).
k’( )Qkp k?( k+ép2>

(2) If Re(s) > §+ i and s # %—i— %, then the lift @y is injective on the space of weak Maass
forms with eigenvalue A5 under Ay 1.
2

N

We next describe a theta lift which parallels the construction of Shintani [33] and Niwa [25]
in negative weight. Define the following theta function

_47V|Q(Z D%y .
(1.6) (z,7) —vkz Z Q.Q(z, 1) te e~ 2mibT

DeZ Qelp

The function ©* transforms like a modular form of weight % —k in 7 and weight 2 — 2k in z (see
Proposition 3.2 (2)). Similar to the positive weight case, for a weak Maass form H of weight
% — k, we define the theta lift by

1k (H)(2) := (H,07 (=2,))".
Since the space of weak Maass forms is spanned by the Poincaré series Ps _, . 1, (defined in (2.12))
2 1<
[17], it suffices to consider their image under the theta lifting. This leads to the definition

1. Dy
(1.7 Fionen ()= Y sm(@a) Q) ot (2 ).
Qcop 1Q(2,1)]
where, for 0 < w <1 and s € C with Re(s) > % 3, we define
k
T(s+%- ) (rD)i=s & 5. ko1 ko3
: = 271 F S — — — Z:9g: .
(Ps(w) 12\/71—1(28) w2 4 2471 S 2+478+2 47 S,U}

The Euler integral representation (4. 3) again implies that

kE_ 1 1
pi(w) = —LCF3 1) (4rD) w§i+8/ T (L - 4)* 75 (1 wt) ST .

0

12ff(s+f—f)F(s—§+%)

In the special case that s = 5 + %, a change of variables yields the locally harmonic Maass form

Fron (@)= — 2 D)t Y (@ Qe e [ 2
ERPET 129(1) 53, v Q0P )

investigated in [7]. Here
1 11
=g (vk—2,=
b (v) =38 (v, 5 2)

is a special value of the incomplete [- function, which is defined for r, s € C satisfying Re (1),
Re(s) > 0 by B(v;s,r) = [y u*( —u)" " 'du. In [7], the first two authors and Kohnen
introduced the functlons Fi—k,D and showed that they transform like weight 2 — 2k modular
forms and are locally harmonic in every neighborhood of H which does not intersect Ep. More
generally, the functions Fi_j s p are local Maass forms with exceptional set Ep, along which

sgn(Q.) = 0 causes discontinuities.
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Theorem 1.3. Suppose that k is even, D > 0 is a discriminant, and s € C satisfies Re(s) >
% — %. Then the following hold.

(1) The function Fi_js.p is a local Maass form of weight 2 — 2k with eigenvalue 4\s under
Ao_op and exceptional set Ep.
(2) The theta lift ;_, maps weight %— k weak Maass forms with eigenvalue Ag under As_,
2

to weight 2 — 2k local Maass forms with eigenvalue 4As under Ag_op. In particular, the
image of Pg_k’s,D under the theta lift is

(18) (I)T—k (ngk,s,D> = -Fl—k,s,D~

Remarks.

(1) The functions Fj_ s p are never continuous. That is to say, for every s and D satisfying
the conditions of Theorem 1.3, there exist points along Ep for which F;_j ¢ p exhibits
discontinuities. For example, one can easily show that these occur at points where 7 € Sg
for precisely two Q € Qp.

(2) Although Fj_j p is never continuous, one may add a piecewise polynomial function to
obtain a real analytic function. The polynomial in question is related to the period
polynomial of f; p and was thoroughly investigated in [7].

(3) In the omitted case k = 1 and A\ = 0, Hovel [20] has constructed locally harmonic Maass
forms via a theta lift. The relationship with the Shimura and Shintani lifts as well as its
geometric interpretation were further investigated there.

(4) The regularized theta lifts considered here should also have a geometric interpretation.
One expects that their images represent cohomology classes of geodesic cycles as currents.

We again turn to the general properties of this theta lift. In particular, it also commutes with
the Hecke operators.

Theorem 1.4. Suppose that s € C satisfies Re(s) > g - %. The following hold.

(1) For every weak Maass form H of weight % — k in Kohnen’s plus space with eigenvalue
As under As_,., one has
2
7 ) |
3P

(2) The lift ®5_, is injective on the space of weak Maass forms with eigenvalue \s under
As_ .
2

1.9 1 (H T, = d] H
(1.9 L), 1= (

Remark. In [7], it was shown that the functions Fi_j p satisfy relations under the Hecke oper-
ators which seemed to imply a natural connection to weight % — k objects. This is explained by
the relation (1.9) between integral and half-integral weight Hecke operators.

The images F1_j s p and f s p under the two theta lifts considered in this paper are related
through the antiholomorphic differential operator &, := 2iy"%.

Theorem 1.5. Suppose that k > 0 is an even integer, D is a positive discriminant, and s € C
satisfies Re(s) > g + 1.

(1) For every z ¢ Ep, we have that

(1.10) 6o (Fitap(2)) =2 (

5

VY|
|
|
+
\
N~
=
ol
T
Ny



(2) For z ¢ Ep, we have that

ko1

(1.11) &k (frs,p(2)) =2 (S —5~ 4> Fi-ks,n(2)-

Theorem 1.5 states that for s > % + % the following commutative diagram holds:

*
q>1—k

P%—k,s,D -Flfk,s,D
gg—k E2-2k
2P
= 3 k k - 3 k
(5-1+3) Pytisp 2(5—3+3) fran
5k+% Eok
407,
_Aspg_k,&D _4>\sfl—k,s,D

AN

Denote the dth Shimura [32] lift by .5 and P, p := P, k1 p. In the special case that s = %—F
k) 2 4 )
(see Corollary 9 of [24] for the constant multiple of .#7), the diagram becomes the following:

P14
Ps_ kb F1-k,D
f%,k E2-2k
20 2k—3 3_k
_1 k 2 1
(k—3) Pevip Py a— (4mD)372 frp

Remarks.

(1) The above diagram extends work of Bruinier and Funke [13] and Hovel [20] in the case
of O(2,1) to higher weight.

(2) By applying (6.1) (used to obtain (1.10)) to s-derivatives of weak Maass forms, one could
also obtain links between modular objects known as sesquiharmonic forms [5]. These
functions map to weakly holomorphic modular forms under the hyperbolic Laplacian.

The paper is organized as follows. In Section 2, we recall the theory of weak Maass forms
and give a formal definition of local Maass forms. Section 2.1 is devoted to the properties of
the regularized inner product. The modularity properties of the theta functions are described
in Section 3, where we derive a number of interrelations between the theta functions through
differential operators. The image of ®; (Theorem 1.1 (2)) is determined in Section 4, while
Section 5 is devoted to the image of ®;_, (Theorem 1.3 (2)) and the injectivity of the lift
(Theorem 1.4 (2)). In Section 6, Theorem 1.5 is established and the relationship between fj s p
and Fi_j s p is then used to conclude Theorems 1.1 (1) and 1.3 (1). Finally, Section 7 concludes
the paper with a discussion of the Hecke operators and the injectivity of ®; (Theorems 1.2 and
1.4 (1)).
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2. BASIC FACTS ON WEAK AND LOCAL MAASS FORMS

In this section, we recall the basic definitions necessary to describe the modular objects and
the theta lifts used in this paper. We first define the regularized inner product used in the
definitions of ® and ®*. In order to understand the relationship between lifts in different spaces,
we then define the Hecke operators, which act formally on any translation invariant function.
We then recall Kohnen’s plus space and weak Maass forms, to which we apply our theta lifts.
The next subsection is devoted to constructing Poincaré series which span these spaces of weak
Maass forms. Following this, we give the definition of local Maass forms, which are the focus of
this paper.

Thoughout this section, x € Z and we set I' := SLy(Z) whenever « € Z, while I' := ['g(4) if
k€ 17\ Z.

2.1. Regularized inner products and Hecke operators. For T' > 0, denote the truncated
fundamental domain for SLa(Z) by

1
(2.1) FT:—{TEH:|uI§Q,IT\Zl,ng}.

For a finite index subgroup I' C SLy(Z), we choose a set of representatives of I'\ SL2(Z) and
further define
Fr0)= U 7
v€T\ SL2(2)
In particular, we set Fr(4) := Fr([p(4)). For two functions G and H satisfying weight
modularity for the group I', we define, whenever the limit exists, the regularized inner product
1 —— dud

(G, H)"® .= W’TII—I}%O . G(r)H(T)v 2

Although Fr depends on a set of representatives of I'\ SLy(Z), the inner product (G, H)"™® is
independent of this choice. We often evaluate the inner product between &, (G) and H, where
G satisfies weight x modularity, H satisfies weight 2 — x modularity, and &, = 2iy”%. For this,
we use the following lemma, which follows by standard arguments using Stokes’s Theorem.

Lemma 2.1. Suppose that F, G : HH — C are real analytic functions that satisfy Flo_xy = F
and G|y = G for all vy € T'. Then
(2.2)

/ &0 (F(7)) G v"2 dudv + / 6 (G(7)) ) v—" dudv = — / FIOGEr) dr.
Fr(T) Fr((T) OFr(T)

A number of important operators are Hermitian with respect to the regularized inner product.
One such class of operators is the Hecke operators. Suppose that F'is a function satisfying weight
x modularity and write its Fourier expansion as

F(r)= Z av(n)e2”m“.

neL
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If kK € Z (resp. k € %Z \ Z), then for a prime p, the Hecke operator T}, (resp. T)2) is defined by

IR UEDS (antom) 40 () ) o,
(24)  F| Tp(r) = % (av (p*n) + 92 ((—1)}’:‘%) ay(n) +p*2ay <;>> e,

We apply the regularized inner product to (half-integral weight) weak Maass forms, which we
define in the following subsection.

2.2. Weak Maass forms. When x € %Z\Z, we are interested in weight « real analytic modular
forms on I in Kohnen'’s plus space. This means that the Fourier expansions are supported on the

coefficients n satisfying (—1)“_%71 =0,1 (mod 4). We use pr to denote the projection operator
(see Section 2.3 of [23]) into Kohnen’s plus space. It is useful to recall that if F' is modular in
Kohnen’s plus space for I', then its Fourier expansions at the cusps 0 and % are determined by
the expansion at oo (see [23] for a proof in the holomorphic case). Like the Hecke operators,
the projection operator pr is Hermitian with respect to the regularized inner product, i.e.,

(2.5) <G‘ pr, H>reg = <G, H‘ p1">reg

The real analytic modular forms of particular interest for this paper are weak Maass forms.
A good background reference for weak Maass forms is [13]. Recall that we write 7 = u + v
throughout. For k € %Z, the weight k hyperbolic Laplacian is defined by

0? 02 ) 0 0
Ag =0y =0 <8u2 + 50 2) + iKkv (a“m) .

It is related to the operator §, = &+ 1= 2iv“% through
An = _62—5 o gn-
In order to define weak Maass forms, we require
(2.6) My () = [t 2 M, 5 sgn(t),s— 3 (1)

1

2
where M, 1 is the usual M-Whittaker function. For Re (s + u) > 0 and v > 0, we have the
integral representation

(2.7) M _i(v)= ve? L(2s) /1 SRl — )Ty
’ s T(s+p)T(s—pn) o '

In the special case that u = s, we have

(2.8) M#’sfé(v) = e 20%

Furthermore, as v — oo, the Whittaker function satisfies the following asymptotic behavior for

p# st
(2.9) Mms_%(v) ~ I{f_s?u)e;v#.

We move on to the definition of weak Maass forms. For s € C a weak Maass form F: H — C

of weight « for I with eigenvalue A = (s — f) (1 —5— g) is a real analytic function satisfying:

(1) For every v € I, one has F|,y = F, where |,, denotes the usual weight x slash-operator.
(2) One has Ay (F) = A\F.
8



(3) As v — o0, there exist ay,...,any € C for which

N
F(r) — Z amM . s (47 sgn(k)mo) e2rmsen(sle — o (vl_Re(s)_g) .
m=1

There are analogous conditions at the other cusps of I'.

2.3. Poincaré series. One builds explicit examples of weak Maass forms by constructing
Poincaré series [17]. For m € Z\ {0}, the function

d}m,/«c (5; 7') = (47T|m|)% ]_—‘(25)_1_/\/[&8 (47va) 627Timu

is an eigenfunction for A, with eigenvalue (s — %) (1 —s— ﬁ). Thus, one concludes that for

2
Re(s) > 1 the Poincaré series

(210) Pﬁ,sI,m(T) = Z wsgn(n)m,n (S; 7—) ’A%
Y€l \I

where T'og := {£(}7) : n € Z}, is also an eigenfunction under A, with the same eigenvalue.
Moreover, the space of weight k£ weak Maass forms with this eigenvalue is spanned by such
Poincaré series. The Poincaré series satisfies the growth condition

(211) Pn,s,F,m(7_> - ¢Sgn(n)m,n (3;7') =0 (’Ul_Re(s)_%) .

In the case that k € %Z \ Z, we then project the Poincaré series into Kohnen’s plus space,
defining

(212) Pn,s,m = m,s,l"o(4),m‘ pr.

In the special cases that s = 1 — § or s = §, the resulting Poincaré series is harmonic. For
D # 0, the positive and negative weight Poincaré series are related to each other via

(213) & (Pes.) = (5= 5 ) Pos.

2
2.4. Local Maass forms. Mirroring the definition of weak Maass forms, for k € 2Z, A € C,
and a measure zero set F, we call a function F a weight s local Maass form with eigenvalue A
and exceptional set F if F satisfies the following:

(1) For every v € SLy(Z), one has Fl,y = F
(2) For every T ¢ E there exists a neighborhood around 7 for which F is real analytic and

Ax(F)(1) = AF(7).
(3) For 7 € E one has

F(1) :% lim (F (7 +ir)+ F (1 —ir)).

(4) As a function of v, F exhibits at most polynomial growth as v — oc.

Since Ep is invariant under SLy(Z) and F may exhibit discontinuities, we note that there would
be no relationship between the values of F on Ep and the values of 7 on H \ Ep without
condition (3). Examples of locally harmonic Maass forms (those with eigenvalue 0) are given in
[7] as “quadratic form Poincaré series.” These functions satisfy condition (3) and serve as the
source of its definition here. In this paper, we give further examples of local Maass forms via
theta lifts.
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3. INDEFINITE THETA FUNCTIONS

In this section we collect several important properties of the theta functions (1.2) and (1.6).
The modularity properties of these indefinite theta functions follow by a result of Vignéras [35].
To state these, we define the Euler operator E := Y " | wiaiwi. As usual, we denote the Gram
matrix associated to a nondegenerate quadratic form g on R™ by A. The Laplacian associated
to ¢ is then defined by A := <a%, A*18%>. Here (-, -) denotes the usual inner product on R™.

Theorem 3.1 (Vignéras). Suppose that n € N, q is a nondegenerate quadratic form on R™,
L C R" is a lattice on which q takes integer values, and p : R™ — C is a function satisfying the
following conditions:

i) The function f(w) := p(w)e=2™W) times any polynomial of degree at most 2 and all
(i) p y poly g

partial derivatives of f of order at most 2 are elements of L? (R™) N L' (R™).
(ii) For some X\ € Z, the function p satisfies

(E — ﬁ) D = Ap.
Then the indefinite theta function
v S p (wy/o) 2riatr
weL
is modular of weight A+ % for I'o(N) and character x - Xi‘4, where N and x are the level and

character of q and x_4 is the unique primitive Dirichlet character of conductor 4.

Remark. Note that the definition of the character given in Vignéras [35] differs to that given by
Shimura [32] by a factor of x*,. We adopt Shimura’s notation here.

Applying Theorem 3.1 to © and ©* yields their modularity properties (see [8] for details).
Proposition 3.2.

(1) The function © (—%,T) transforms like a modular form of weight k + % in Kohnen’s plus
space on T'o(4) in 7 and weight 2k on SLo(Z) in z.

(2) The function ©* transforms like a modular form of weight % — k in Kohnen’s plus space
on T'g(4) in 7 and weight 2 — 2k on SLay(Z) in z.

The following lemma is the key relation needed to establish a link between the functions fj s p
and Fi_j s p. The correspondence is formed through a relation betwen the respective differential
operators in 7 and z on © and ©%*, mirroring an important connection formed in [13].

Lemma 3.3. For every integer k > 1, one has

0
(3.1) £k+%ﬁ (©(z,71)) = —iy2_2k%®*(—§, 7),
0
(32) f%—kﬂ— (@* (_Ev T)) = _Z.kaa@ (Zv T) :

Proof: We first prove (3.1). We compute that %@* (=%, 7) equals

S Qrpte FOC i (DG ang 2 (REEEY),

e 0z 0z Y
Qelp

We then use

(3.3) Q= 1) = Q%y* + Dy’
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and
0 )

2 _

82 .97~

o
4

1)
to obtain
0 1 -
_Z-y2—2k£®* (—?, 7_) _ §y—2kvk Z Q(—E, 1)k6747rQ2,Eve—27rzDT (1 _ 87TQ2_EU) )
DeZ
QeQp

We similarly compute the action of §; 1 on ©. A straightforward calculation yields
2 b

I _ = —47Q3%v _—2miDT
Ceatr (©(27) = Sy 20" D Q2 )re e T (1 - 87 Q).
DeZ
QeQp
Equation (3.1) now follows immediately by the change of variables @ = [a,b,c] — [a,—b,c] =:
Q € 9p, noting that
(34) QE1=Q(-z1) and Q. =Q-

Next we prove (3.2). Since @, € R, a direct calculation, mirroring the proof of (3.1) and
using (3.4), yields

* 1 —4rO2 ; 4mv
i (O () =vb 3 QuQa )t et (k- 0GP
DeZ
QeQp
We next obtain (3.2) by showing that —zy%%(% (z,7) equals
0 0
_ Z’U2y2 Z Z 1 k-1 747rQ2v 2miDT k— (nyQ (Z, 1)) _ 87TQZy72Q (Z, 1)U7Qz
0z 0z
DeZ
Q€elp
1 -1 _—4m wi DT dmv
=0z Y Q:Q(z 1) e e ( — Q2 1) )
DeZ
QeQp

where in the last line we have used
yQaaZQZ = %Q(E, ]_) and yzaaz (yizQ (Z, 1)) = ’LQZ
OJ

The following lemma relates the regularized inner products in positive and negative weight
through the £-operator.

Lemma 3.4. Suppose that D > 0 is a discriminant and z ¢ Ep. Then for every s with
Re(s) > % + 1 one has

(3:5) (63 (Prrgon) 07 (2) " = ~(Piyry 1 0 (50))
and
(3.6) (640 (Prosen) 060)™ = Py vorbors O )™

11



Proof: Note that all of the regularized integrals exist, as will be shown in the proofs of Theorem
1.1 (2) and 1.3 (2). We begin with the proof of (3.5) and abbreviate P := P,H_%@D. By Lemma

2.1, we have

N B reg . o reg 1 . B Aor = o\ —
(g (P07 (=2.9) " + (P& (07 (5.0) " = —g Jim | PO (==,
provided that the limit exists. Hence our goal is to show that the limit on the right hand side

is zero. A standard argument reduces this claim to showing that
1
(3.7) lim Pu+iT)0" (—z,u +1iT)du =0
T—o0 0
as well as vanishing of similar integrals around the other cusps of I'g(4). However, since both
P and ©* are in Kohnen’s plus space, the vanishing of the corresponding integrals at the other
cusps may be reduced to showing that (3.7) vanishes.
In order to prove (3.7), we first recall the growth condition (2.11) and note that ©* (=z,u + iT")
decays exponentially as T — oco. Indeed, using (3.3), one can show that for fixed z € H the
quadratic form

2(Q(z, 1)
Q*(a,b,c):=D — |Q(y2 ) = —D + 2Q?
is positive definite on the lattice of all binary quadratic forms @ = [a, b, c] € Qp. After evaluating
the integral over u, one reduces (3.7) to showing that

lim Rp =0,
T—o00

where
k L (yho1 —TQEZDET o
Ry = ./\/lk+%7s (4rDT)T Z Q-zQ(—%,1)" e v e .
QeQp
However, the asymptotic behavior for the Whittaker function coming from (2.8) and (2.9) yields

1 47 Z ) l 2 DT 1
II Mk 27 ( ) <<k787D € T k 2,
i g (33)7 we may ]:lellce bOHIld

_1 k1 —4nQ2
Rr <psp T2 Z Q-zQ(-z, 1)k lo—4mQZ;T,
Qelp
Since z ¢ Ep (and hence —z ¢ Ep), Q*, > 0 for every Q € Qp and hence Ry exhibits
exponential decay as T — oo. This concludes (3.7), yielding (3.5). The proof of (3.6) follows

analogously.
O

4. IMAGE OF THE THETA LIFT ®;

In this section, we introduce a spectral parameter in the classical Shintani lift.

Proof of Theorem 1.1 (2): In order to compute the regularized inner product, we use a
method of Zagier [38]. He defined a regularization which he used for functions which grow
at most polynomially, but the method may be extended to the functions of interest here, as we
now describe. We first define

Hyp = LJ ~yFr = LJ 7}}(4)
~v€SL2(Z) v€lo0(4)
12



We first use (2.5) together with the fact that © = ©| pr to compute

(4.1) <Pk+%7S7D, O(z, -)>reg = <Pk+27s’1"0 ’Pl“ O(z )>reg = <Pk+%,s,Fg(4),D7 O(z, ')>reg.

Then the usual unfolding argument yields

reg 1
(Prryap:®(2)) =g fim | ey (518D

k+%dudv
5

We now rewrite

a€Z
(a,c)=1

where Sa(T) is the disc of radius ﬁ tangent to the real axis at ¢. Hence, we have

reg .
(Pt ®) = lim (1I(T) + B(T)),

1 [Tl L idud
:/‘/¢QHW$ﬂGQJWHé%ﬁ

D=L [ o (nBGTE

c21a (mod ¢)
(ac) 1

where

We first consider I1 (7). Evaluating the integral over u and using (3.3), we obtain

k 1
. o (47TD)§+Z — k/-oo —2mDv —4rQ3%v, k—1
(4.2) Tlgl;ofl(T)— 67T (25) Z Q(z,1) ; € Mk+%78(47rDv)e dv
QeQp
1k
(4rD)i~ [ DF
= Q= 1)1 )

6y2T(2s) 1Q(r,1)?

where for 0 < w < 1 we define
o0 v —1
:/ M1 (v)eze™ " L.
0 2’

In the case that s # % + 1, we insert the definition (2.6) of MH%’s(v) and then substitute

the integral representation (2.7) of the M-Whittaker function when Re(s) > g The change of
variables t — 1 — ¢t yields

1 . = oo 5
I(w) = k l;(28) E_ 1 / (1- t)5+§_zts_§_z/ vt iev (v 1) gyt
P(s+5+)T(s—5-1)Jo 0
E_ 1 k_1
T (s+5—3)w'r2s 1(1 — )RR (1 —wt) T .
F(S+*+*)F( ~5-1)Jo
2 4 2 4

We then rewrite the integral using the Euler integral representation for o F7 (see (15.3.1) in [1]),
given for Re(C') > Re(B) > 0 and |w| < 1 by

(4.3) oFy (A, B; C;w) = F(B)FF((C(/;)_B) /01 1B=1(1 — 1)C=B=1(1 _ wt)~Adt.
13



Thus

k1 k1 k1
I(w):F<S+2—4>ws+§_‘112F1(5+2—4,8—2—4;23;w>_

Inserting this into (4.2) shows that lim7_oc [1(T") = fis,D-
For s = % + 1, inserting (2.8) into (4.2) yields

D3Hil(k)
(4.4) Jim [(T) = > Q1) =Ffu 1 p(2).
T—500 6(4%)’_1F(k+ geon o

To conclude (1.8), it remains to show that Io(7T") vanishes as T — co. We first assume that
4| ¢ and choose y = (9 8) € Ty (4). A direct calculation shows that

’}/S%:{TGH‘UZT}.

Hence, the change of variables 7 — ~7, together with the modularity of © in Proposition 3.2,
yields

1 [ [®° 1 1 dudv
BT =~ [ [ BED @ g (s m ()
—00

Using the facts that Im (y7) = ﬁ and O is translation invariant, the integral may be
rewritten as
1 n\ pyidudy
_/ /9 ZT Z¢Dk+257)’k 17<0 1>U 2,02'
n=—oo

Taking the sum over all a,c with 4 | ¢ > 0, the inner sum precisely evaluates as

Pk:+st0(4 —¥p k1 L(s57).

Comparing the polynomial growth in (2.11) with the exponential decay of © (—Z, 7) towards ico,
one concludes that the limit T" — oo vanishes. A similar argument shows that the contribution
to I2(T") coming from 4 { ¢ also vanishes as 7" — oo. This yields (1.8).

O

5. IMAGE OF THE THETA LIFT ®7_,

We next compute the image of ®]_, with the method from Section 4.

Proof of Theorem 1.3 (2): Following the argument in the proof of Theorem 1.1 (2), we may
reduce the theorem to evaluating

= hm/ /z/JDg g (857)©* (=7, )vg_kdUdv

6 T—oo '1)2

s B[ Yo S DG

Using the argument from before, the second summand vanishes. We use (3.3) to rewrite the
exponential in the theta series as

(b2 —dac) u + v (2@2_5 + (b2 — 4ac)) .
14



Therefore, evaluating the integral over u and then making the change of variables Q — @ (as
defined before (3.4)), it suffices to compute

L gep)tbr( ST (o
(5.2) (47 D) QGZQ:DQZ 2 Z<|c2(z 1)|2>

where
o0 v 1 —1
:/0 M%—k,s(_”) ezv ze " dv.
Inserting the definition (2.6) of M3s_, . and the integral representation (2.7) of the M-
2 k)
Whittaker function, we evaluate

(5.3)

1 00
I(w) = . 1;(28) — / $TE 11— ¢)s 5 / B Bt T U S A
F(S—§+1)F(S+§ 1) Jo 0
 T@sr(s+%-1
- k 3
F(5—§+1)F(5+§—1)
We again employ the Euler integral representation (4.3) to show that

ko1 ko1 k3
I<w):r<s+2_4>w8+§_}12FI<8+2_4>5—2+4§28;w>.

We then rewrite the hypergeometric function by using the Euler transform
2F1 (A, B; Ciw) = (1 —w)“ 477 3F (C— A,C - B; C;w)
to yield
ko1

Eo1 k3
Hup =t (H 2 4> (1—w) 2wt 3 1,7 <8 — st s - 4;25;w> .

Finally, we conclude that (5.2) equals (1.8) by using (3.3) to rewrite |Q,| in terms of ﬁ
We next establish the injectivity of the lift.
Proof of Theorem 1.4 (2): Since the Poincaré series Ps_, . , span the space of weak Maass
2 19

forms and are linearly independent (which can be seen by comparing their principal parts), it is
enough to show that the functions Fi_j s p are linearly independent. This follows by proving
that any linear combination

n
Fo= Zaj]:l—k,s,Dj

j=1
with a; not all zero exhibits discontinuities and is hence nonzero. Comparing the sets Ep,; of
geodesics defined in (1.4) implies the result. O

6. RELATION BETWEEN POSITIVE AND NEGATIVE WEIGHT LOCAL MAASS FORMS

In this section we relate f; s p and Fi_j s p.
Proof of Theorem 1.5: We prove (1.10) by establishing that for P := Ps_, ., and z ¢ Ep,
2 1<
one has

(6.1) &1 (V14 (P) () = 20 (&3_4(P)) (2).

15



We first use (3.6) and then (3.1) to obtain for z ¢ Ep

reg

(6:2) @ (63 4(P)) (=) = (€3 (P).© (7)) = —(P.&y1 (O(,)

o reg Z'y272k o reg 3 dudv
—_ P _502—2k 7 Q% (_=5 . — 7 P * (= 2_k
R e 7 RICLIC LT

. — 8 — re
= ’I/y2 2k§<P7 @* (—27 )> g.

Since
(63 6 (G(2)) = 2iy" -G,

we conclude (6.1) from (6.2).
We now apply Theorem 1.3 (2), (6.1), (2.13), and finally Theorem 1.1 (2) to yield

ook (F1-k,s,0(2)) = a—2k < 1k <Pg_k,s,D> (z)> = 2Py, (ﬁg_k <Pg_k,s,p>> (2)

3k 3 k
=2 <S— z + 2) (I)k (Pk—i-%,g,D) (Z) =2 (S— Z + 2) fkvg,D(Z>.

This concludes the proof of (1.10).
We next prove (1.11). Denoting P := P, 1, p, we use (3.5) to conclude that for z ¢ Ep
27 I’

Teg

64) 01 (641(P) ()= (61 (P).O" (2,)) " = ~(Pgy_ (0" (-2.))
We then employ (3.2) and (6.3) to obtain

(65) e (63 (P) () =i 2 TP O G = S (B(P)(2)).

Combining this with Theorem 1.3 (2), (2.13), and Theorem 1.1 (2) yields

_ k1 _ k1N _,
<5 9 4) Fi-ksp(2) = (5 9 4> 1-k (Pg—k,g,p) (2)

= o7, <£k+% (PH%,S’D)) (z) = %Ezk (<I>k (PH%,S,D) (Z)) = %5% (fr,s,0(2)) -

We are now ready to prove Theorem 1.1 (1) and Theorem 1.3 (1).
Proof of Theorem 1.1 (1): Note that

O(z,7)=0(-2z,-7).

Hence fi s p is modular of weight 2k by Proposition 3.2.

The functions fy s p are continuous since for Re(C') > Re(A+ B), the hypergeometric function
2F1 (A, B; C;w), and hence ps(w), is continuous for w < 1. This implies condition (3).

For z ¢ Ep, (1.11) and (1.10) imply that

Aok, (fr,s,0(2)) = —&a—ok (Sor (frs,0(2))) = 4Xs fr,s,0(2)-

A straightforward calculation shows that fi s p(2) grows at most polynomially as y — oo.
Finally, one uses (4.4) and the duplication formula for the I'-function to conclude (1.5).
O
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Remark. The non-differentiability of fj s p follows by using (1.11) and then proving that the
functions Fi_j s p are not continuous. Computational evidence indicates that fy s p(z) decays
exponentially as y — co. Even in the special case that s = g + i, a naive termwise bound on
fr,p in (1.1) only yields polynomial decay as y — co. To prove exponential decay, one would
need to compute the Fourier-type expansions in the connected components of H\ Ep. Although
there are standard methods to compute these expansions for theta lifts, we do not require them

for the purposes of this paper.
Proof of Theorem 1.3 (1): Noting that
o (E =0 (o7,

Proposition 3.2 implies that Fi_j , p is modular of weight 2 — 2k.

The proof that Fj_j, s p is an eigenfunction under Ay_o with eigenvalue 4\, follows by (1.10)
and (1.11) precisely as in the proof of Theorem 1.1 (1).

In order to show condition (3) in the definition of local Maass forms, we first note that ¢*(w)
is continuous for 0 < w < 1. The locally uniform convergence of the sum allows us to pull the
limit » — 07 of Fy_k 5 p(z £ ir) into each term. Define

%. = {Q € Qp|Q. =0}.
By Lemma 5.1 of [7], there are only finitely many @ € Z4,. Note that
sgn (Q-) = sgn (Qz=ir)
for r sufficiently small and @ ¢ 2., while for Q € %, one has
sg (Qz4ir) = —sgn (Qz—ir) -

Hence, since the terms of Fi_j s p(2) with Q € %, vanish,

L .. ‘ ‘ 1o Dy?
3 1 (it (c i) + Pl = i) = 3 s(Q2) Q0 (15023 )
QES-
= F1ks0(2)-
A direct calculation shows that Fj_j s p(z) grows at most polynomially as y — oo. O

Remark. To show that Fi_ s p exhibits discontinuities along the set E'p, one computes

lim (f1,k7s’D(Z + ir) — .7-'1,;{78,13(2' — 27’))
r—0+

similarly as in the proof of Theorem 1.3 (1). It is shown to be nonzero by using Gauss’s
summation formula to conclude that ¢%(1) # 0.

If D is not a square and Re(s) > % + %, then computational evidence indicates that F1_j s p
is bounded as y — oo.

7. HECKE OPERATORS

In this section, we consider the action of the Hecke operators on the theta lifts.

Proof of Theorem 1.4 (1): Since the Poincaré series span the space of weight % — k weak
Maass forms, it suffices to compute the action of the Hecke operators on Poincaré series. As in
the proof of Theorem 1.5 of [7], one can show that

(D _
Fl—k,s,D Ty =Fi_kspp2 TP k <> Fil—ksp + D" Zk]:l_k s D -
2-2k P 552
17



Hence by Theorem 1.3 (1), equation (1.9) follows by the easily verified identity
D
_ —k 1-2k
ngk,s,D %_kTPQ - P%fk,s,Dp2 +p (p> ngk,s,D +p ngk,s,p%'
O
We now move on to the positive weight case.

Proof of Theorem 1.2: We first prove Theorem 1.2 (1). Let H be a weight 2k local Maass
form with exceptional set Ep which is continuous everywhere. Since continuity is preserved by
the Hecke operators, one easily checks that 7|;T}, is a local Maass form. To determine the
exceptional set for H, recall that the weight 2k Hecke operator may be written as

T () — p2h—1 -1 T
H| T (D) =p* T M) +p7 Y H< -

r (mod p)

T;T, one concludes that #|9,T}, has

exceptional set E := Ep,2 D Ep. Hence it suffices to prove the statement for z ¢ E.
Suppose that H is a weak Maass form of weight k + % with eigenvalue A\s; under A, 1. Since
2

By computing the image of Ep under 7 — pr and 7 —

&3, surjects onto the space of weak Maass forms of weight &k + % with eigenvalue \; (see [13]),
2
we may choose such a weight % — k weak Maass form G such that s, (G) = H. But then by
2
(1.9), (6.1), and the fact that the Hecke operators commute with £s_o, for z ¢ E, we have that

1) = oo (0 4 (6) |, 1y66) = 5o (914 (6], T30 ) ().

We now use (6.5) and the fact that £s _, commutes with the Hecke operators to obtain
2

Eo on (@’;k <G ngp2> (z)> — 23, <€g_k <G ngP2>> (2) = 20}, <H’k+ész> (2),

as desired.
We move on to Theorem 1.2 (2). Assume that &y (F) = 0 for a weak Maass form F with
eigenvalue \s # 0. Writing G := —(4)\5)_1§k+%(F), by (6.1) we have that

0= & o (P1_4(G)) .

Since ®F_,(G) is an eigenfunction under Ag_o, with eigenvalue 4\, # 0, we have

0= —(4X) " & (S-2k (PT_1(G))) = B} 4(G).
Since ®]_, is injective, we conclude that G = 0. However,
f%,k(G) = F7
and hence F' = 0. O

(Dk(H)’

2k 2k
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