LIFTING MAPS FROM A VECTOR SPACE OF JACOBI CUSP
FORMS TO A SUBSPACE OF ELLIPTIC MODULAR FORMS

KATHRIN BRINGMANN

ABSTRACT. In this paper we construct a lifting map from a vector space of generalized
Jacobi cusp forms to a certain subspace of elliptic cusp forms and vice versa such that
both mappings are adjoint with respect to the Petersson scalar products.

1. INTRODUCTION AND STATEMENT OF RESULTS

In their paper “Heegner points and derivatives of L-series I1” [GKZ], Gross, Kohnen,
and Zagier constructed certain lifting maps in the dimension 1 case of Jacobi forms, to
obtain deep formulas relating height pairings of Heegner points to coefficients of Jacobi
forms. This work raises many natural questions. In particular: To what extent do
coefficients of generalized Jacobi forms interpolate arithmetic quantities such as height
pairings and values of L-functions of modular forms? The present paper is a first step in
this direction. We consider Jacobi forms of several toric variables, and we relate them
to spaces of elliptic modular forms. Armed with this result, following the approach of
[EZ], one should then be able to develop a theory of newforms and hopefully use the
Eichler-Shimura trace formula for elliptic cusp forms to compare the Hecke actions on
these spaces in a nice compatible way. As an application one expects explicit formulas
that express the central critical values of Hecke L-functions of elliptic Hecke eigenforms
as squares of Fourier coefficients of generalized Jacobi forms, as in the classical case.

Here we construct lifting maps from the vector space of Jacobi cusp forms with respect
to the generalized Jacobi group I') := SLy(Z) x (Z@V) x Z¥D) to a certain subspace
of elliptic modular forms.

In the following let n, k, g € N, where k > %, and g =1 (mod 8); moreover let m be
a positive definite symmetric half-integral g x g matrix (the last two conditions imply in

particular that %det(Qm) is an integer), r € Z(9 Dy := — det ( 2720 ;;;L ) < 0 such
0

that Dy is a a square (mod 3 det(2m)) and a fundamental discriminant. Moreover, if p
divides both det(2m) and Dy, p?> must not divide det(2m) if p # 2, p* must not divide
det(2m) if p = 2 and % is odd, and p* must not divide det(2m) is p = 2 and % is even.
Moreover if p # 2, H;; m; has to be assumed to be a square (mod p), where the m;
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2 KATHRIN BRINGMANN

are choosen such that 3U € GL,(Z/pZ) with (2m)[U] = <m1 - ) (mod p), p|m;

9
(for the existence of such an U see [Cal]). Quadratic forms with the above conditions

indeed exist (for an example see [Brl]). The last three conditions can easily be shown
to be satisfied if det(2m) - Dy is squarefree. Moreover it can be shown that for g = 1
the conditions are equivalent to the conditions given in [GKZ]. Let us denote by J;*

the vector space of Jacobi cusp forms with respect to I'), and by Si(3 det(2m))~ the

subspace of elliptic cusp forms with respect to I'o(3 det(2m)) that have eigenvalue —1
under the Fricke involution.

Definition 1.1. For ¢ € J:f%,m we define

i n2
Spgre(9)(w) := 217 Z Z (%0) d" e, <d2 nmz 0> e (w € H),

n=1 dn

where cy(n,r) is the (n,r)—th Fourier coefficient of ¢, and where (22) denotes the usual
Kronecker symbol.

Definition 1.2. For f € Sy,(3 det(2m))~ we define for (1,z) € H x ClV

. k—1
* 4 mi(nT+rz
Do,ro (f) (T7 Z) = (det(Qm)) § : rk,% det(2m),DoD,ro(2m)*r’5,Do(f)62 (o7t )a

nez
TeZ(l,g)
an>m—1[rt]

2n r : .
where D := — toom ) and where rkédet(Qm),DoDjro(Qm)*rtvDo(f) is a certain cycle

integral, defined in Section 2.

We prove the following theorem.

Theorem 1.3. If ¢ is an element of J;f%m, then the function Sp,.,(¢)(w) is an

element of Szk(% det(2m))~.
If f € Su(5det(2m))~, then the function S}, . (f)(7,2) is an element of

Jl:f%m.
The maps
Ccus 1 —
Sporo ‘]k+%,m — Sgk(§ det(2m))
and

SDO 0 S2k< det(2m)) _>qu51;

k+%,m
are adjoint maps with respect to the Petersson scalar products.
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For the proof we follow the same method as in [GKZ] and define a function

Q. Do.ro (W3 T, 2) that can easily be shown to be a holomorphic kernel function for the
map S, ,,- To prove the theorem we have to show that Q.. p.r(w;7,2) is also a
holomorphic kernel function for the map Sp, ,. Using the Petersson coefficient formula
for Jacobi cusp forms, we have to show that € ., p,.r, (w; 7, 2) has a Fourier expansion,
where the Fourier coefficients are certain linear combinations of Jacobi-Poincaré series.
Therefore we have to manipulate certain higher dimensional congruences and compute
sums of multi-variable Kloosterman sums.

Remark. This paper is a condensed version of a part of the authors Ph.D. thesis super-
vised by Prof. Dr. W. Kohnen.
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2. GENERAL FACTS ABOUT QUADRATIC FORMS, THE GENERALIZED GENUS
CHARACTER, AND JACOBI CUSP FORMS

First we recall some facts about quadratic forms, the generalized genus character, and
Jacobi cusp forms. For details, we refer the reader to [BK], [Brl],[Br2], [EZ], and [GKZ].
For a, b, c € Z let us define the integral binary quadratic form

[a,b,c|(z,y) = ax® + bry + cy’.
The group SLs(Z) acts on these forms in the usual way by

[a,b,c]o(j ?)(w,y) = [a,b,c|(ax + By, vx + 0y) (x,y € Z).

Let A € Z be a discriminant and let us denote by Da the set of integral binary quadratic
forms with discriminant A. Furthermore, let us abbreviate for [ € N by D; o C Da the
set of all quadratic forms with the additional condition that « = 0 (mod [). Moreover
let us define for integers p (mod 2{) with A = p? (mod 41) the set

Dia,:=A{la,b,c] € Dala=0 (modl),b=p (mod2])}.

Then the sets D; o and D a , are ['y(l) invariant.
Now let Dy be a fundamental discriminant that divides A such that both Dy and A/D,
are squares (mod 4[). Then we define for ) = [al, b, c| € D, A the following generalized
genus character:

(&) if (a,b,¢,D) =1
Xpo(@) = { 0 otherwise.

Here n is an integer coprime to Dy represented by the form [al, b, cly] for some decom-
position I = l4ly , I; > 0 (1 = 1,2). It is easy to show that such an n always exists and
that the value of (%) is independent of the choice of [, 15, and n.
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Lemma 2.1. The function xp, is o(l)—invariant and has the following properties:

P1 (Multiplicativity):
XD0<[al7 b7 C]) = XDO([all’ bv Ca?])XDo([a2la b7 Cal]) Zf a = a1az, (a’h a2) =L
P2 (Invariance under the Fricke involution):

XDO([al7 b, C]) = XDO([CZ7 —b, CL])

i - (22) (22)

for any splitting Doy = D1Dy of Dy into coprime fundamental discriminants and l = 11l
of l into positive factors such that (Dy,lia) = (D1, lac) = 1, xp,([al, b, c]) = 0 if no such
splitting exists.

P3 (Ezxplicit formula):

Next we define certain kernel functions for geodesic cycle integrals

L XDO(Q)
fk,l,A,mDo <Z> T QEDZLAYP Q(Z, 1)k;

Then it is known from [GKZ] that the series fi;a ,.p,(2) is absolutely and locally uni-
formly convergent for k£ > 1 and is an element of Sa(l)~.

(z € H).

Lemma 2.2. The Fourier expansion of fria pp,(2) (k> 1) is given by

o0
Trpap.0(2) = Z Cil<mv A, p, Do)e?™im=,

m=1
where

cil(m, A, p, Do) := cri(m, A, p, Do) + (=1) e (m, A, —p, Dy),
where & = (£1)* and where

(2m)*
k—1)!

[N

(m2/A)T - ||Do| % - e(m, A, p, Dy)

wmﬂ)
la

Ck,l(m7A7p7 DO) = Zk ' (_1)_

—~

V2 (/)Y (1) - Si(m, A, p, Do) - Ty (

a>1

Here

Do_ ; _ 2. £2 _
e(m, A, p, Dy) == <m/f> if A _DO f2(f>0), flm, Dof =p (mod 2I)
0 otherwise

Y

b — A
Sla<m7A7pa DO) = Z X Dg (|:(Zl,b, :|) : eZla(mb)7

4la
b(2la)

b=p(21)
b2=A(4la)
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and Jy_1/2(t) is the Bessel function of order k —1/2.
Moreover we define for f € So(l) and @ = [a,b,¢c] € Dia,

Tk, (f) 12/ f(2) - Q(z,1) " dz,

where 7¢ is the image in To(I)\H of the semicircle alz|* + bz + ¢ = 0 (z = Re(z)),
orientated from _bgg/g to _b;rcz/Z if a # 0 or if a = 0 of the vertical line bx + ¢ = 0,
orientated from —7 to ico if b > 0 and from ico to —7 if b < 0. Then we can easily show
that the above definition makes sense (i.e., the integral is invariant with respect to the
subgroup of T'y(l) perserving @) and depends only on the T'y(l) equivalence class of Q.
Furthermore, we define

Tk,z,A,p,Do(f) = Z XDo(Q) - TR (f)-

QEDy,A,p/To(l)

Theorem 2.3. For f € Sy.(I)~ we have

2k — 2
<f7 fk,l,A,p,D()) =T- (

E—1

where < -, - > denotes the usual Petersson scalar product for elliptic cusp forms with
respect to T'o(1).

) L9—2k+2 | A—kH1/2 Thd,A,0,00 (),

To finish, we want to repeat some facts about Jacobi cusp forms. The Jacobi group
' acts on HxCY¥Y in the usual way by

a b o)) o (r2) = at+b z+ AT+
c d ) \H A= ct+d  er+d ’

Let k£ be an integer, m be a positive definite symmetric half-integral g x ¢ matrix,
Y= (( CCZ Z ) ,(A,u)) eI/, and ¢ : HxC@Y — C. Then we define the following

action

Olem (7, 2) = (cr +d)F - e(—c(er + d) " 'mz + AT + p] + m[A|]T + 2\'mz))
’ gb(’}/ ° (7-7 z)),

where e(2) := €™ (Vz € C). A holomorphic function ¢ : HxC¥Y — Cis called a Ja-
cobi cusp form of weight & and index m with respect to I'), if ¢[,m(7, 2) = ¢(7,2) Vv €
F‘; , and if it has a Fourier expansion of the form

o(r,2) = Z c(n,r)e(nt+rz).

Tez(l,g)
an>m—1[rt]



6 KATHRIN BRINGMANN

Let us denote by J'F the vector space of these Jacobi cusp forms.
For ¢ and ¢ € J77 we define

< Q) >i= / o(1,2) - (1, 2) - vF - exp (—47rm[y] -v_l) dVgJ,
LJ\HxC(9:1)

where dV;) = v™972 dudvdzdy, and where we have written 7 = u + iv, z = = + iy,

For this vector space of Jacobi cusp forms one can define certain Poincaré series
Prmin) (T, 2) as in [BK] for £ > g 4 2 and in [Brl] or [Br2| for £ = g + 2. These series
satisfies the following Petersson coefficient formula

Lemma 2.4. Let ¢ € J.;F. Then we have

(21) <¢7 Pk‘,m;(n,r)> = )\k,m,D : C(;S(n: 7’),
where cy(n,r) denotes the (n,r)-th Fourier coefficient of ¢ and

Ao p 1= 200 Dk=g/2=1)=g (k—g/2—1) ka2 (det m)k—(g+3)/2 . |D|—k+g/2+1.

[RAAS)

Lemma 2.5. The function Py ;n,) has a Fourier expansion of the form

Pk,m;(n,r) (7-7 Z) = Z g]:::’m;(n’r) (n/, T/)B(n/T —+ ’I“/Z),
T/g;(elzyg)
4n’>m*1[r’t]

where & = (£1)*, where

g;‘im;(n,r) (n/a TI) ‘= Gk,m;(n,r) (nl7 7"/) + (_1>kgk,m;(n,r) (nl7 —T/),

where
G msnry (W, 1) = O (n,m, 0 ") + ok - (det(2m))’1/2 . (D'/D)’“/Q’g/zl’l/2

2/ D'D
X Zegc(rlm_lrt) - Hopo(n,r,n' ") - Jy—g o1 (W—> L9271

c>1

det(2m) - ¢
and where
- / — !/ — (lvg) .
Son(n 1) = 1 o D=D,v=r (modZ 2m)
0 else
and
Hpo(n,ryn' 1) = Z e.((mlz] +rz +n)y +n'y +r'x),
z(c)

y(e)*

where x and y Tun over a complete set of representatives for Z9Y /cZ9Y) and
(Z/cZ)*, respectively, where §y denotes an inverse of y (mod c).
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3. CONSTRUCTION OF THE LIFTING MAPS

Our aim of this section is the proof of Theorem 1.3. For details we refer the reader to
[Br1]. Before we can prove the theorem we have to show that Definition 1.2 is allowed.
For this it is due to the assumptions given on m and Dy in the introduction enough to
show that

(3.1) DDy = (r0(2m)*7"t)2 (mod p")

Vp¥ with p”|2det 2m. For the proof of (3.1) we change ( 2:;0 27;21 ) into
0

rh o 2m 0 U

be shown that by doing so, congruence (3.1) is changed in an equivalent congruence.
Moreover none of the assumptions made for Dy and m is needed for the proof of the
new congruence. We want to regard the cases p # 2 and p = 2 separately.

Since for p # 2 a quadratic form over the ring of p—adic numbers Z, is equivalent to a
sum of forms [z? with [ € Z, (cf [Ca]) we may assume that in case p # 2 the matrix 2m
is a diagonal matrix with diagonal elements my,...,m,. Moreover we can easily show
that p divides exactly one m; (1 < ¢ < g). Inserting this in both sides of congruence
(3.1) we can show that this congruence holds for p # 2.

Since for p = 2 a quadratic form over the ring of p—adic numbers Z, is equivalent
to a sum of forms [ - x2, 2V - xy and 2" - (2% + xy + y?), where | € Zy and v € N
(cf. [Ca]), we may assume that 2m is a block-diagonal matrix with blocks from the set

{2l, 2 (% %) , 2V <9 (1)> } Morover we can easily show that the type 2/ occurs exactly

once and that v = 0. Inserting this in both sides of (3.1) we can show that this congru-
ence holds for p = 2.

( 219 To ) {( L0 )], with U € GL,(Z/p"Z) for a suitabel choice of U. It can

Now we can come to the proof of Theorem 1.3. For this let us define

) o k—1/2
Qpe.m, Do,ro (W T, 2) 1= Chym, Dy - Z | D ) fk,%det(2m),D0D,r(2m)*r6,Do (w)
nez
TGZ(179>
4n>m71['rt]
_627r1(n7'+rz)7
where

(—Qi)k_l . ’Doyk_lﬂ
(1 det(2m))k_1 T (2k_2)

k—1

Ck‘,m,D() =

One can see easily, using the Fourier expansion of f; 1 4et(am),0o0,r(2m)*t, p,(w), that the
series Qp.m oo (W; T, 2) is absolutely convergent. As a function of w it is an element of
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Sok (% det(?m))_. Moreover we can show the following identity by using Theorem 2.3

SBO,TO(f)(T’ 2) = <f7 Qk,m,Dg,ro('; _77—’ _2)> <Vf S Sk (% det(2m)> ) .

Next we want to show that

S007(8) () = (& Lumporo(—2:- 1)) (Vo€ T, ).

Since Q. poro(—Ts —Z; W) = Q. Do.ro (T, 2; —W) we have due to the Petersson coeffi-
cient formula to prove that

=L (2m)k
(k—1)!

B DO Tilw
X Zlk 1 <Z (7) -t Pk-&-%,m,(nod&,md’)(% Z)> o

>1 dd'=l

(3.2) Q. Doro (W3 T, 2) = Chom.by -

For this we expand both sides of (3.2) in double Fourier series and compare Fourier
coefficients. Using the Fourier expansion of fy 1 4et(2m),0o0.r(2m)*rt, 00 (w) and of
P, S (ngd?2 rod!) it can be seen directly that we have to show

(3.3)
"1 (D/Do)*”? - €1 qes(omy (l; DoD1(2m) "7, Do) + i1 - (D) Do)*2- 14 1F42 .
x 2(det(2m))"V/2. Za_1/2 - S1 det2mya (L5 DoD,7(2m)*rf, Dy)

a>1

2m -1
- Sy — -/ DyD
hol/2 (det(Zm) ‘a 0 )
e ST (Do gk AR D)2
[ Z g (/d)" -6, 7 mos o, +2 -1

|l
D
X (D/Dg)*?= 14 k=12 L (det 2m) V2 Z (70> -d1/? Z eac(rm~trbl/d)

d|l c>1

? ! 2m -1
X Hm,C (ﬁn(h (a) T’O,TL,T) . Jk’—]_/2 (Wl oA /DOD) . C—g/2—1.

We first want to show that the first terms of (3.3) agree with each other. For this we
have to show the following
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Lemma 3.1. We have

(34) (D/Do)*"? - €1 qesamy (L, DoD,r(2m) 1, Do)

_;(D‘)) (1/d)* ((é)Qno,éro,n,r).

Proof. The left-hand side of (3.4) is zero unless D = Dy f? for some f € N with
fll and Dof = r(2m)*rf (mod det(2m)). Using Dy = ro(2m)*rf — 2nq det(2m) (which
follows directly from the Jacobi decomposition of Dy) we see that this congruence is
equivalent to ro(2m)*rf f = r(2m)*ry (mod det(2m)). In this case the left-hand side of

(3.4) is equal to <l[/)—‘}) -
The right-hand side of (3.4) is zero unless D = Dy(I/d)? and r = rol/d (mod Z19) -2m).

Setting f = [/d, we see that in this case it has the value (5—;) - fk.

Thus we have to show that under the assumptions for m and D, the following congru-
ences are equivalent:

(3.5) (r—rof)(2m)*ri =0 (mod det(2m)),

(3.6) r—rof =0 (mod ZM9 . 2m).

One directly sees that if r is a solution of (3.6), then r is also a solution of (3.5). Moreover
it can be shown easily that (3.6) is equivalent to the following condition

(3.7) The congruence A -2m =r —rof (mod Z19 . det(2m)) is solvable.

Now we let p be a prime, v € N such that p” divides det(2m) and consider the congru-
ences:

(3.8) (r—rof)(2m)*ri =0 (mod p"),

(3.9) X-2m=r—ryf (modZ19 . p¥),

and show that every solution r of (3.8) gives a solution A of (3.9). For this we again
change ( 2%0 27;21 ) into ( 27%0 27;31 > [( (1) 8 )] with U as before and show the
claim in the case that 2m a diagonal matrix if p # 2 and a block diagonal matrix if p = 2.
We just have to be careful about using the restrictions given for m and Dy since these are
changed by this substitution (For example the assumption about the common divisors of
Dy and det(2m) is changed). Let us abbreviate (s, ..., s,)" :=r—roUf, (r],...,1))" =
ro, and (A1,...,Ay)" := A. For the proof we treat the cases p # 2 and p = 2 separately.
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In the case p # 2 congruence (3.8) is equivalent to

(3.10) Z (H mj> siri =0 (mod p”)

i=1 \j#i
and congruence (3.9) is equivalent to the solvability of the congruences
(3.11) Ai-m;=s; (mod p”) (1<i<yg).

Moreover it can be shown easily that p divides exactly one m; (1 <i < g) and that the
other m; are coprime to p. We may without loss of generality assume that p divides

my. Using (ngz mj,p> = 1 and (r],p) = 1 (which can be seen from the Jacobi

decomposition of ( 2:;0 27;3% )) congruence (3.10) is equivalent to s; = 0 (mod p").
0

Thus the claim follows since the congruences \; - m; = s; (mod p¥) (2 < i < n) are

J
In the case p = 2 we get with the same abbreviations as before (and without loss of
generality assuming that the block 21 occurs at the first position) that (3.8) has the form

3.12 sirh =0 (mod 2),
1

solvable due to ( 7, mj,p) = 1.

and (3.9) is equivalent to the solvability of the system of congruences
s1 = 0 (mod 2),
A3 sy (mod 2),
Ay = s3 (mod 2),

A = s

g—1

(mod 2).

g

Clearly the last g — 1 congruences are solvable. Moreover we obtain as in the case p # 2
that 2 1 r]. Thus (3.12) is equivalent to s; = 0 (mod 2), i.e., we have proved Lemma
3.1. U
Thus the first terms in (3.3) agree. Next we have to show that the second terms in (3.3)
agree. In the second term on the right-hand side of (3.3) we substitute c¢d = a to get,
using g = 1 (mod 8),

. S1a ke - Do\ - -
(D) Do)V 2 o (det(2m) Ty DY (70) A7V - eqy(rm )

a>1 d|(a,l)
* l 2m -1 o
X Hiﬂ/d (ﬁn(b ET(];TL,T) . Jk_1/2 <W . oA /DOD) . (a/d) 9/2 1.

Thus it is sufficient to show
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Lemma 3.2. Forl>1,n>0, andr € Z("9 we have

S% det(2m)a(l7DDOar‘J(Qm)*TtaDO)
D 2 l
— Z <70) (a/d)9"* - €aa/a(rm ' 18) - Hypaya (dQnO’ dro,n,r) .

Proof. If we insert the definitions of 51 e(am)e and Him,a/¢ and multiply both sides

with egq(—rgm~1r?), then we see that we have to show

a b* — DD, b—ro(2m)~tr
— det(2 b, ———MMM — - e, l
b(adezt(:zm)) Do ([2 et(2m), b, 2det(2m)a]) © ( det(2m) )

b=rg(2m)*rt(det(2m))
b2=DDg (2 det(2m)a)

-y (%) (afd) @2 3 ey << [)x]+£lr0)\+;—22no>p—l—np+r)\).

dl(a,l pla/d)*
[(a.l) N

Since both sides are periodic in [ with period a, it is sufficient to show that their Fourier
transforms are equal, i.e., we have to show that for every b’/ € Z /aZ we have

b — DD,
det(2m), b, —————
Z ZXDO ({ et(2m); 2det(2m)a])
b(a det(2m)) l( )

b=rq(2m)*rt(det 2m)
‘e b—ro(2m)~'r" ny
det(2m)

b2=D D (2 det(2m)a)

(3.13) :%Z (D°> a/d)"o2. N

l d p(a/d)*
(@) di(a) (o)

2

l l l
xea/d(< [)\]+dro)\+d2 )ﬁ—l—n,o—kr)\—hla).

Setting h = det(2m)h’' + ro(2m)*rt we see the left-hand side of (3.13) is equal to

é . S XD ([% det(2m), b, Z&%D Y e (m(b—ho

b(a det(2m)) Z(CL)
b=rq(2m)*rt (det(2m))
b2=D D (2 det(2m)a)

’ 2det(2m)a

_ { X Do ([a% det(2m), h M]) if 2 = DDy (mod 2adet(2m))

otherwise
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For the right-hand side of (3.13) we obtain, after replacing [ by Id and then (A,[) by
(oA, pl),

2 : Z <%) - (d/a)otH/2. Z €asa (p (MA] + 1ol\ + nol> + 1A — W'l +n)) .
dla

pla/d)*
Xi(a/d)

Thus it is left to prove the following
Lemma 3.3. Suppose that b = r(2m)*rl (mod det(2m)). Let
F(z,y) == m[z] + rory + noy® +rz + sy +n (z €79V ye),

where
b

s =r(2m) iy — det(2m)’

and where
F.(m,ro,ng,7,8,n) = F, := ¢~ 9+V/ Z Z e.(AF(z,y))
Ale)* =y(c)
Then we have for any a > 1

a b2—DD b2—DD
(314)1 . Z (&> . Fa/d — { XDo <|:§ det(2m)’ b’ 2det(2m§ai|> fa|2det 271;)) .
a 0

9 d otherwise
a

Proof. For the proof we need the following formulas for Gauss sums

Lemma 3.4. Let a,b € Z, v € Ny, and let p be a prime number.
Define G(a,b,p") == 3, v epr (ax®+0bx). Let o := vy(a), where a = p*a’ with (a/,p) = 1.

s pY ifb=0 (mod p”)
(1) For o > v we have G(a,b,p") = { 0 otherwise .

(2) For0 < a<v andb#0 (mod p*) we have G(a,b,p”) = 0.
(3) If p#2 and b =0 (mod p*), 0 < a < v, we have

Ga,bp) = p™3 - (') - (p/—p) (—bp—) |

4a a 1/+a)

where pa IS an inverse o 2 (mod p
r=1 07°3 (mod 4).

, and where €(x) = 1 or i according as

(4) The sum G(a,b,2") is equal to 2" if v —a =1 and b Z 0 (mod 2), has the value
v4ao . _211-‘1-0( Tb2
25" (i 4 1) - ( oT > - €(a/2%) - equia (_Q_aZ)

ifv—a>1andb=0 (mod 2°™), and is 0 otherwise. Here a/2 is an inverse
of a/2% (mod p*To*?).
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Lemma 3.5. Let p # 2 be a prime, ¢ be a p-power, A € Z with p|A. Then we have

5 (2)-norn = { 075 (3) e

o 0 otherwise

Proof of Lemma 3.3. For the proof we set C' := T%DO) Since both sides of (3.14)
can be shown to be multiplicative functions in ¢ we may assume that a is a p—power,
where p is a prime number. Moreover, using Lemma 2.1, it can be shown that for the

proof of Lemma 3.3 it is sufficient to show that

0 ifatC
(3.15) 2.3 (%) Fa=1{ (%) if a|C' and pt Dy
a 1
dla (Doa/p*> <§det(2pm)0/a> if a|C and p‘DO,

where p* is the prime discriminant divisor of D divisible by p. For the proof of (3.15) we
. 27’Lo To . 27’Lo To 1 0 .

again want to change < i om ) into < i om 0 U with U as before.

We can show that by doing so we neither change the left- nor the right-hand side of

(3.15). Nevertheless we again have to be careful since we again change the assumptions

made on Dy and m. Let us abbreviate (ry,...,7,) = r, and(r,...,7}) = ro. We now
want to treat the cases p # 2 and p = 2 separately.
In case p # 2 we may assume that m is a diagonal matrix with entries my,...,mg,. We

can show with the same arguments as before that (m;,p) =1 (1 <i < g) if p 1t det(2m)
and p divides m; for exactly one m; (1 <i < g) if p|det(2m). Morover we have

D = det(2m)/2- (> ], Z/mz 4n) ,
(3.16) Dy = det(2m)/2- ( g r/mi — 4ng)
b = det(2m)/2- (O %, rirl/mi — 2s).

Furthermore in this case the sum £, has the form

F.= ¢ loth/2. Z ec(n\) Z e ((n0y2 + sy) /\)

Ale)* y(c)

::ca

Zec mi; + (yrh + i) x;) A) .

(3.17)
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Let us first assume p 1 det(2m). Applying Lemma 3.4 and using ¢ = 1 (mod 4) leads to

Fo= V2 e(c). (M) > (2) e (A <n - gr?/umo»

> e (()\ (no - ZT?/(‘lmi)) y* + (8 - 27“;7“1‘/(27"%0 y))
y(c) =1 =1
=c V2. ¢(c) - Z (%) - e.(—AD) Z ee(—DoAy* — 2bAy),

Ale)* y(©)

where for the last identity we have replaced A by 2det(2m) - A and have used (3.16) We
now proceed, treating the cases p t Dy and p| Dy, separately. In the case p t Dy we have,
again using Lemma 3.4 and (3.16)

R (2) X -ooro) = (2) 3 o)

where for the last identity we have replaced A by A - Dy - 2det(2m), where 2 det(2m) is
an inverse of 2 det(2m) (mod ¢). Thus we obtain

DO . DO . (%) - a if CLlC
dz|: <7) Faja = (7) ;ea(AC) a { 0 otherwise

In the case p| Dy we obtain, using Lemma 3.4, that F, vanishes if p f b (which is equivalent
to p1 C) and otherwise has the value

Fo— p2cp) (Dﬂ_/p*) > (3) ‘e, (\(¥* — DDy) /Dy)

c/p ) {5\p

o (B, (2 (8) (4

where for the last identity we have replaced A by 2det(2m) - Dy/p - A, where 2 det(2m)
is an inverse of 2det(2m) (mod ¢). Thus we obtain in case ¢|C, using Lemma 3.5,

(3.18) F—ec. (Do/p*> ' (%det(Qm)C/c) |

¢ p

Othervise the sum vanishes. Clearly expression (3.18) is zero if p|(C/c). Therefore the
sum on the left-hand side of (3.15) is reduced to a single term F,.

Now let us assume that p|det(2m). Then we can show that p divides exactly one m;
(1 < i < g) of order v = v,(det 2m). Without loss of generality we may assume p|m.
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In the case p”|c we have, again using Lemma 3.4 and g =1 (mod 4)

VR A Hfllmz . mg/p” _ . n_ grg e
ettt (B2 (7). (o))

(c/);f) Y e (A <y2 (”0 - :1 7“;2/(477%')) +y <S - griﬁ/‘/(2mz‘)>)> -

y(e)
yrg+rg=0(p¥)

=2 () (Hz ] mz) (mg/p”> . (2 det<2m>/p”)

c/p¥
A
<Y (7
A(C)* C/p

) ceo(=AD/pY) D eo (A(—y*Do/p” —2b/p"y))

y(e)
y'r£7+'rg =0(pY)

2det@m) ) Using p + Dy we can

show with the same arguments as before that (r;, p) = 1. Thus we can replace y by

where for the last identity we have replaced \ by

—rgr_’g+ p’y, where 7"_; is an inverse of r; (mod c), and where the new y runs (mod ¢/p”).

Moreover we can easily show that (@) = 1. Thus we obtain

A _ _
Fo=c'?p"ec/p)- ) (C/p,,) e (A <—D/p” — Do/p" - (rgr7)" + 2b/p” (%%)))
Ae)*
X Z e ()\ (—p”y2D0 + 2y (Dorgﬁ — b))) .
y(c/p¥)
Due to (3.16) we have Dorgr_’g —b=0 (mod p"), i.e., we get, using Lemma 3.4, p { Dy

and <%> =1
(3.19) F.= Z (bZ—DlzD())) = %60(0)\)’

Ae)*

where for the last identity we have changed A into Dy-2 det(2m)/p”-\, where 2 det(2m)/p¥
denotes an inverse of 2det(2m)/p” (mod c).

The case p” 1 ¢ is treated similarly and gives the same value for F..

Thus we infer that

Dy _ _Joa ifalC
; (7) Fapa = %ea()\(j) N { 0 otherwise -

Therefore formula (3.15) is proved in the case p # 2.
In the case p = 2 we only prove (3.15) in case that Dy is odd since the case that Dy is
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even can be treated with the same arguments. In the case that Dy is odd we may assume
with the same arguments as before that m is a block diagonal matrix with blocks from

the set {l, (i %) , (8 %) }, where the type [ occurs exactly once. Let the type (i %)
2 2 2

occur ¢; times and the type (° %> occur go times, i.e., g = 1 4+ 2g; + 2¢g5. Let us set

1
50

I:={2,4,...,2¢91}, and J := {2¢91 + 2,291 + 4,...,9 — 1} C N. Then we have

1 r2 4
D = 5 det(2m) - | —4n + 71 + —- Z (rf —TiTip1 T 7”2-2+1) +4- Zﬁ‘h‘ﬂ) ;

3 “ :
el ieJ

1 T'IQ 4 ’ ’
Do = gdet(2m)- | —dno + 71 +t3- > (7"2'2 — Tt 7%'11) +4- ZT;T;—H) ;

i€l i€J
]_ 7’17‘1 2 / / / /
b = —det@2m)- | -2s+—+ <" Z (27‘17“1- + 27y — T — Ti+17”i)
2 l 3
(3.20) +2- Z (rirics + rir;-&-l)) ;
ieJ

and

1 rry 1
C = 5 det(2m) - <<—3 + 2_l1 + 3 ; (2rr; — ririy — T 4 20 i)

2
+ Z (?";7"1'4_1 + 7”£+17“i))

icJ

29
(3.21) — (—2n + % + 3 Z(Tf — ririg1 + TZ-2+1) +2- ZTiTH—l)

el icJ

rZ2 2
X (—2n0 + 2_1l + 3 Z (7‘;2 — T+ qu—l) +2- Zr;T;H)) .

el ieJ
Moreover we have

(3.22) F,= ¢ @tb/2. Z ec(n) Z ec ((noy® + sy) A) Z ec (127 + (yry +m1) z1) A)
Ae)* y(c) z1(c)
X H Z ec (AN (2] +zimppr + 27+ (My + )z + (P y 4 ri1) Tis))

i€l xi(c)
zit1(e)

X H Z e (A (wimir1 + (riy + i) @i + (i y + rict) Tig)) -

i€ =zi(0)
zjy1(c)
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We now want to determine the different types of sums over the x; that can appear. For
this we need Lemma 3.4. We only compute the sums in the case ¢ # 2 since the case
¢ = 2 is treated quite similarly. If rjy +r; = 0 (mod 2) we obtain, using Lemma 3.4
and (1,2) = 1, that the first type of sum equals

—C

2. (W) ce(IN) - (1+1) - e <—)\ (rhy + 1) /(4l)> .

Otherwise the sum has the value 0. Moreover we have, again using Lemma 3.4, that the
second type of sum is equal to

> Mk (e i) @) - 2 <_TC> ~e(A) - (1 +1)

ziq1(e)
< e (_)\(%‘H + iy + 7”1')2)

@1 +riy+r=0(2)

- (;) (=1) - ee (X (ririy — i — i) + o7 (vt — 17 — i)
+y (Tgriﬂ + T;+17’z’ - 27“;” - 27";+17’i+1)) ;

where for the last identity we have replaced x;41 by —riy —r; + 22,41, with the new x;,,
running (mod ¢/2) and have used that €()) - €(3\) =i . The third type of sum is equal
to

c-(=1)- <:_i) Ce (_)‘ ( 27“27"2“ +y (rgri—&-l + T;+17‘i) + 7‘2‘7‘2‘+1)) :

Thus we obtain by changing \ into %det(Qm) -\, by using that ¢ = 1 (mod 4), equation
(3.20), and €(I - det(2m) - X) = €(\)

Fo=c'? (1+i)- Y (_TC) e (l : %det(?m)/\) e, (—AD/4)

Ale)*

XY e M=Do/4y’ —b/2y))

y(c)
riy+r1=0(2)

=0 3 (5 e (3 (D7 Do/l + 0/207)

Ae)*
X Z €c ()\ (—D0y2 + (Dorla - b) y)) )
y(c/2)

where for the last identity we have replaced y by 2y — ri77, where 7 is an inverse of 7,
(mod ¢), and where the new y runs (mod ¢/2). Due to Dy -7y - 74 —b =0 (mod 2) we
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obtain, using Lemma 3.4 and €()) - ¢(—Dp\) = 4,

Fo=(5) S e 0 @/ao0 - /) = () - T e

07 Xor Ae)*

where for the last identity we have changed A into det(2m)/2- Dq - A, where det 2m /2 is
an inverse of det 2m/2 (mod ¢). We now can proceed similarly as in the case p # 2. [

[GZ]
[GKZ]

57

[Zi]
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