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ASYMPTOTIC EXPANSIONS FOR PARTITIONS GENERATED BY INFINITE
PRODUCTS

WALTER BRIDGES, BENJAMIN BRINDLE, KATHRIN BRINGMANN, AND JOHANN FRANKE

ABSTRACT. Recently, Debruyne and Tenenbaum proved asymptotic formulas for the number of
partitions with parts in A C N (ged(A) = 1) and good analytic properties of the corresponding zeta
function, generalizing work of Meinardus. In this paper, we extend their work to prove asymptotic
formulas if A is a multiset of integers and the zeta function has multiple poles. In particular, our
results imply an asymptotic formula for the number of irreducible representations of degree n of
50(5). We also study the Witten zeta function (,o(s), which is of independent interest.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. The Circle Method. In analytic number theory and combinatorics, one uses complex analy-
sis to better understand properties of sequences. Suppose that a sequence (¢(n))nen, has moderate
growth and the generating function

fla) =) eln)g",
n>0

is holomorphic in the unit disk with radius of convergence 1. Via Cauchy’s integral formula one
can then recover the coefficients from the generating function
1 [ f(q)

c(n) = 3wt | gl dq, (1.1)

for any closed curve C contained in the unit disk that surrounds the origin exactly once counter-
clockwise. The so-called Circle Method uses the analytic behavior of f(q) near the boundary of
the unit circle to obtain asymptotic information about ¢(n). For instance, if the ¢(n) are positive
and monotonically increasing, it is expected that the part close to ¢ = 1 provides the dominant
contribution to (1.1). These parts of the curve are the major arcs and the complement are the
minor arcs. To obtain an asymptotic expansion for ¢(n), one then evaluates the major arc to some
degree of accuracy and bounds the minor arcs. Depending on the function f(g), both of these tasks
present a variety of difficulties.
In the present paper, we are interested in infinite product generating functions of the form

1
flg) = };[1 A= gy
Such generating functions are important in the theory of partitions, but also arise, for example, in
representation theory. If a(n) is a “simple” sequence of nonnegative integers and f is “bounded”
away from ¢ = 1, then Meinardus [28] proved an asymptotic expression for ¢(n). Debruyne and
Tenenbaum [15] eliminated the technical growth conditions on f by adding a few more assumptions
on the a(n), which made their result more applicable. Our main results, Theorems 1.4 and 4.4,
yield asymptotic expansions given mild assumptions on a(n) and have a variety of new applications.
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1.2. The classical partition function. Let n € N. A weakly decreasing sequence of positive
integers that sum to n is called a partition of n. The number of partitions is denoted by p(n). If
Al + ...+ A = n, then the \; are called the parts of the partition. The partition function has
no elementary closed formula, nor does it satisfy any finite order recurrence. However, setting
p(0) := 1, its generating function has the following product expansion

> g =] ¢ _1qn, (1.2)

n>0 n>1

where |g| < 1. In [21], Hardy and Ramanujan used (1.2) to show the asymptotic formula

1 /e
p(n) ~ ——e™' 3
4v/3n

which gave birth of the Circle Method. With Theorem 1.4 we find, for certain constants B; and

arbitrarily N € N|
2n
VB 1+§:Bj+0 ( _N2+1)
4\/§Tl j=1 n%

n — oo, (1.3)

w

p(n)

Similarly, one can treat the cases for k-th powers (in arithmetic progressions), see [15].

1.3. Plane partitions. Another application is an asymptotic formula for plane partitions. A plane
partition of size n is a two-dimensional array of non-negative integers ;s for which ) ik Tk =1
such that m; 3 > 7 41 and 7, > w41 for all j, k € N. We denote the number of plane partitions
of n by pp(n). MacMahon [23] proved that

. 1
;Opp(n)q = }:[1 T

Using Theorem 1.4, we recover Wright’s asymptotic formula [35]

N+1
C 4.2 B; _2(N+1)
pp(n) = —ze " [ 1+ E 720{1) + On (n 3 > ,
n36 j=2 N

where the constants B; are explicitly computable,

L eC(-1)
O = C(g)lj(sie’ Al = 3
236+/3m 23

with ¢ the Riemann zeta function.

1.4. Partitions into polygonal numbers. The n-th k-gonal number is given by (k € N>3)

Pu(n) = % ((k—2)n® + (4 — k)n).

The study of representations of integers as sums of polygonal numbers has a long history. Fermat
conjectured in 1638 that every n € N may be written as the sum of at most k k-gonal numbers
which was finally proved by Cauchy. Let px(n) denotes the number of partitions of n into k-gonal
numbers. We have the generating function

n 1

n>0 n>1
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The py(n) have the following asymptotics.!
Theorem 1.1. We have, for all > N € N,
1
C(k A(k)n3 N B.
pr(n) = ()% 1+Z#+0N <n_%) )
n k-2 j=1 M3

where the Bj . can be computed explicitly and

(k=25 () ¢ (3) 7 3 (7 ()
C(k) = 3k—2 4k—9 ) A(k) == 5 L — 2< 5 :
22(k—2) \/§7TS(I¢72)

1.5. Numbers of finite-dimensional representations of Lie algebras. The special unitary
group su(2) has (up to equivalence) one irreducible representation Vj of each dimension k € N.
Each n-dimensional representation @y- ; 7V corresponds to a unique partition

n=MA+A+- -+ N, M>A>. >N >1 (1.4)

such that r; counts the number of £ in (1.4). As a result, the number of representations equals
p(n). It is natural to ask whether this can be generalized. The next case is the unitary group su(3),
whose irreducible representations W; ;, indexed by pairs of positive integers. Note that (see Chapter
5 of [20]) dim(W; ) = 1jk(j + k). Like in the case of su(2), a general n-dimensional representation
decomposes into a sum of these W; ., again each with some multiplicity. So analogous to (1.2), the
numbers 7g(3) (n) of n-dimensional representations, have the generating function

1
>t et = ]] GRGTR) ?
n>0 jk>11—4q 2
again with rg,(3)(0) := 1. In [31], Romik proved that, as n — oo,
C :
Teu(3)(n) ~ —g exp (Aln% + Agnll0 + Agn% + A4nT10> )
ns

with explicit constants® Cy, A1, ..., A4 expressible in terms of zeta and gamma values. Two of the
authors [7] improved this to an analogue of formula (1.3), namely, for any N € Ny, we have

N
C : C. ,
Tou(3) () = =Y exp (Aln% + Agnio + Agn’ + A4n%> 1+ g i + On (n_%_%> ,  (1.5)
i=1

ns n1o

as n — 0o, where the constants C; do not depend on N and n and can be calculated explicitly.

The expansion (1.5) with improved error term ON(n_Nl_El) and explicit values for A; (1 < j < 4)
and Cj, can also be obtained using Theorem 4.4.

This framework generalizes to other groups. For example, one can investigate the Witten zeta
function for so(5), which is (for more background to this function, see [25] and [26])

1 1
= —_— = 68 16
oo 5)(5) %: dim(e)* n,%;1 msns(m + n)s(m + 2n)s’ (16)
where the ¢ are running through the finite-dimensional irreducible representations of so(5). We
prove the following; for the more precise statement see Theorem 5.14.

INote that asymptotics for polynomial partitions were investigated in a more general setting by Dunn and Robles
in [17].
2Explici‘c asymptotic formulas for ps(n), pa(n), and ps(n) are given in Corollary 5.4.
3Note that Romik used different signs for the constants in the exponential.
3



Theorem 1.2. The function (55 has a meromorphic continuation to C whose positive poles are

simple and occur for s € {%, % .

It is well-known that the finite-dimensional representations of s0(5) can be doubly indexed as
(@j)jken with dim(p;r) = 27k(j + k)(j + 2k), which explains the last equality in (1.6). A
general n-dimensional representation decomposes as a sum of these ¢; ., each with some multiplicity.
Therefore, as in the case su(3), we find that

1
Z Tso(5)(n)q" = H TRGAR) G2k *
6

n>0 ik>11—4q

We prove the following.

Theorem 1.3. As n — oo, we have, for any N € N,

N+1

C
Tso(5)(n) = —5 exp <A1n% + Agn% + Agn% + A4) 1+ Z
ni2 j:2

B; _Nn1
é—l—ON(n 9 > ,
n 9

where C, Ay, Aa, A3, and Ay are given in (5.17)~(5.19) and the Bj can be calculated explicitly.

1.6. Statement of results. The main goal of this paper is to prove asymptotic formulas for a
general class of partition functions. To state it, let f : N — Ny, set A := N\ f~1({0}), and for
qg=e % (z € C with Re(z) > 0), define

G2 =Y g = [[ — ' Ly(s) =31 (1.7)

= et (1— qn)f(n) = n

We require the following key properties of these objects.

(P1) Let a > 0 be the largest pole of L;. There exists L € N, such that for all primes p, we have
AN (PNNA)|>L > 3.

(P2) Condition (P2) is attached to R € RT. The series Ls(s) converges for some s € C, has
a meromorphic continuation to {s € C : Re(s) > —R}, and is holomorphic on the line
{s € C: Re(s) = —R}. The function L}(s) := I'(s)((s +1)Ly(s) has only real poles 0 < av:=
v1 > 2 > ... that are all simple, except the possible pole at s = 0, that may be double.

(P3) For some a < 5, in every strip 01 < 0 < 02 in the domain of holomorphicity, we uniformly
have, for s = o + it,

Ly(5) = Oprs (M), 1t = o0,
Note that (P1) implies that [A\ (0NN A)| > L > § for all b > 2.
Theorem 1.4. Assume (P1) for L € N, (P2) for R > 0, and (P3). Then, for some M,N € N,

M N
C o _ B. —min{ 2L-a R
py(n) = —pexp | Ainett + d Ao | (14 — +O0Ln (n min{ £E2% 2 >

J=2 j=2

where 0 < apy < apy—1 < ~rag < o = O%rl are given byt L (defined in (1.8)), and 0 < By <
B3 < ... are given by M+ N, where M and N are defined in (1.9) and (1.10), respectively. The
coefficients Aj and B; can be calculated explicitly; the constants Ay, C, and b are provided in (1.11)

and (1.12). Moreover, if a is the only positive pole of Ly, then we have M = 1.
Remarks.

“We can enlarge the discrete exponent sets at will, since we can always add trivial powers with vanishing coefficients
to an expansion. Therefore, from now on we always use this expression, even if the set increases tacitly.
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(1) Debruyne and Tenenbaum proved Theorem 1.4 in the special case that f is the indicator function
of a subset A of N. They also assumed that the associated L-function can be analytically
continued except for one pole in 0 < a < 1. Our refined assumption (P1) on the set A is
necessary to bound minor arcs in this more general setup.

(2) The complexity of the exponential term depends on the number and positions of the positive
poles of Ly. Theorem 4.4 is more explicit and covers the case of exactly two positive poles.
This case has importance for representation numbers of su(3) and so(5).

In Section 2, we collect some analytic tools, properties of special functions and useful properties
of asymptotic expansions that are heavily used throughout the paper. In Section 3, we apply the
Circle Method and calculate asymptotic expansions for the saddle point g, and the value of the
generating function G¢(o,). In Section 4, we complete the proof of Theorem 1.4, and we also
state and prove a more explicit version of Theorem 1.4 in the case that L; has two positive poles
(Theorem 4.4). The proofs of Theorems 1.1, 1.2, and 1.3 are given in Section 5; this includes a
detailed study of the Witten zeta function (4 (5) which is of independent interest.
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NOTATION

For 8 € R, we denote by {8} := 8 — | 3] the fractional part of 5. As usual, we set H:={r € C:
Im(7) >0} and E:={z € C: |z| < 1}. For 6 > 0, we define

Cs:={z€C: |Arg(2)| < 5 -6},
where Arg uses the principal branch of the complex argument. For r > 0 and z € C, we set
B, (z) ={weC:|w—z <r}.

For a,b € R, we let R, 5,k be the rectangle with vertices a 7K and b+ iK, and we let OR . be
the path along the boundary of R, .k, surrounded once counterclockwise. For —oo < a < b < oo,
we denote S, p := {2z € C:a < Re(z) < b}. We also set, for real o1 < o9 and 6 > 0,

1 .
1
So1.006 =15 € C:01 <Re(s) < 02}\ Bs <§> U U Bs (%)

j=—00

For k € N and s € C, the falling factorial is (s)g :=s(s—1)--- (s — k+1). For f: N — Ny, we let
P be the set of poles of L*, and for R > 0 we denote by Ppr the union of the poles of Lf greater
than —R with {0}. We deﬁne

Li= ——Pr+ Z <’”‘+1 1> No, (1.8)

Q pw+1 R+«
a+1 MZ <a+1 1>N° ﬂ[0’04+1>’ (1.9)




K
N = ij@j : bj,K S No,@j S (—ﬁ) N (0 R > . (1'10)

j=1
We set, with w, := Resg—q L¢(s),

1 7(0) Lt
A= (14 3) Gellas Do e, 0o S KO Ty
_1-L;0)+3

2. PRELIMINARIES

In this section, we collect and prove some tools used in this paper.

2.1. Tools from complex analysis. We require the following results from complex analysis. The
first theorem describes Taylor coefficients of the inverse of a biholomorphic function; for a proof,
see Corollary 11.2 on p. 437 of [10].

Proposition 2.1. Let ¢ : B,.(0) — D be a holomorphic function such that ¢(0) =0 and ¢'(0) # 0,

with ¢(z) =: Zn21 anz™. Then ¢ is locally biholomorphic and its local inverse of ¢ has a power
series expansion ¢~ (w) =: > k1 bpw”, where

DY _ ... él é2
b = Lk 3 (_1)él+€z+43+~~k (k—1+b+b+-) <%> <%> o
1

01105105! - - - a a
ka t1,9,03...>0 1:¢2:%3 1 1
01+200+4+303+-=k—1

To deal with certain zeros of holomorphic functions, we require the following result from complex
analysis, the proof of which is quickly obtained from Exercise 7.29 (i) in [9].

Proposition 2.2. Let r > 0 and let ¢y, : B.(0) — C be a sequence of holomorphic functions that
converges uniformly on compact sets to a holomorphic function ¢ : B.(0) — C, with ¢'(0) # 0.
Then there exist r > K1 > 0 and kg > 0 such that, for all n sufficiently large, the restrictions
OnlB,, (0) * Bri(0) = ¢n(Bs,(0)) are biholomorphic and By,(0) C ¢n(Bx,(0)). In particular, the

restrictions QS;HBW ©0) : By (0) = 0,1 (Bx,(0)) are biholomorphic functions.
2.2. Asymptotic expansions. We require two classes of asymptotic expansions.

Definition. Let R € R.

(1) Let g : RT — C be a function. Then g € K(R) if there exist real numbers vy 1 < vg2 < Vg3 <
-+ < vy N < R and complex numbers a4 ; such that
Ng
_ g, -R
g(x) = —eg TOR (™), (z — o).
j=1
(2) Let ¢ be holomorphic on the right half-plane. Then ¢ € H(R) if there are real numbers
Ve1 < Vg2 < Vp3 <+ <VyN < Rand ag; € C such that, for all k € Ng and 0 <4 < 7,
Ny
o(2) = 3 o kass ™ + Osma (J2°F) (20,2 €05). (2.1)
j=1
If there is no risk of confusion, then we write IV, v, and a; in the above. The R-dependence of the
error only matters if R varies, for instance, if we can choose it to be arbitrarily large.
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Note that any sequence g(n) with

N

gn) =3 % +O0r (), (n— o), (2.2)
j=1

can be extended to a function ¢ in K(R). Conversely, each function in C(R) can be restricted to a
sequence g(n)pen satisfying (2.2). In addition, we include functions in K(R) that have asymptotic
expansion as in (1), but are initially defined only on intervals (r,co0) for some large » > 0. The
reason for this is that it does not matter how the function is defined up to r, and therefore it can
always be continued to (0,00). If g € K(R) for all R > 0, then we write

— aj
g(x) = Z i (z — o0). (2.3)
Jj=1
We use the same abbreviation if ¢ € H(R) for all R > 0. In this case we write g € K(c0) and
¢ € H(), respectively. In some situations, we write for R € RU {oco}

N
g(x) = Z gy Or (HJ_R) )

V9.3
Jj=1

where R might depend on the choice of the function g. If R = oo, then one may ignore the error
Ogr(z~ %) and use the notation (2.3) instead. We have the following useful lemmas, that can be
obtained by a straightforward calculation.

Lemma 2.3. Let Rj,Ry € R, A € C, g € K(Ry), and h € K(R2). Then we have the following:
(1) We have A\g € K(R1) and g+ h € K(min{Ry, Ro}). The exponents vy j run through
({vgj: 1 <j < NgyU{wp;: 1 <5 < Np})n(—oo,min{Ry, Ra}).
(2) We have gh € K(min{Ry + vj 1, Ra + vg1}). The exponents vy, j run through
({vg: 1 <7< Ngt+{vn,;: 1 <5< Np})N(—oo,min{Ry + vp 1, R2 +vg1}).
We next deal with compositions of asymptotic expansions with holomorphic functions.

Lemma 2.4. Let 0 < R < o0, g € K(R) with vg1 =0 and h holomorphic at ag 1. Then (ho g)(x)
is defined for all x > 0 sufficiently large, and we have h o g € K(R) with
Ng
{Vhogj : 1 <5 < Niogh = | D_vgiNo | N[0, R).
j=1
We need a similar result for general asymptotic expansions.
Lemma 2.5. Let 0 < Ry, Ry < 00, ¢ € H(Ry), g € K(R2), and R := min{Ry — vg1,v41R1}.
Assume vg1 > 0 and g(x) > 0 for x sufficiently large. Then ¢pog € K(R), apog1 = a¢71a;¢1’1, and
Ng
{Vog.j s 1 <5 < Noogh = | v {¥p1, o, } + > (Vg5 = v5,)No | N (=00, R).
j=2
2.3. Special functions. The following theorem collects some facts about the Gamma function.

Proposition 2.6 (see [1, 32]). Let v denote the Euler—-Mascheroni constant.
(1) The gamma function T is holomorphic on C\ (=Ng) with simple poles in —Ng. For n € Ny we
have Ress=_, T'(s) = (G il

n!
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(2) For s =0+ it € C with o € I for a compact interval I C [%, 00), we uniformly have

x|t _ 7lt]
2

max {1, |t|”_%} e <1 |T'(s)| <r max {1, |t|”_%} e 2.
The bound also holds for compact intervals I C R if [t| > 1.
(3) Near s =0, we have the Laurent series expansion I'(s) = 1 —y+ O(s).
(4) For all s € C\ Z, we have T'(s)['(1 — s) = —F

sin(7s)

For s,z € C with s ¢ —N, the generalized Binomial coefficient is defined by

C) e +£)(1§(J; i)z 1)

We require the following properties of the Riemann zeta function.

Proposition 2.7 (see [2, 8, 32]).
(1) The (-function has a meromorphic continuation to C with only a simple pole at s = 1 with
residue 1. For s € C we have (as identity between meromorphic functions)

C(s) = 2°7°Lsin (%S) I'(1—s)¢(1—s).
(2) For I :=[0g,01] and s = o + it € C, there exists my € Z, such that for o € I
Cls) <M+ [e)™,  (Jt] = o0).
(3) Near s =1, we have the Laurent series expansion ((s) = = +~+ O(s — 1).
For the Saddle Point Method we need the following estimate.

Lemma 2.8. Let u, be an increasing unbounded sequence of positive real numbers, B > 0, and P
a polynomial of degree m € Ng. Then we have

Mn _B 2 oo _B 2 m—1 _B 2
/ P(z)e xdm:/ P(x)e " de+ Opp | pn? e 7Fn ).

—lin

Finally, we require the following in our study of the Witten zeta function (go(5)-
Lemma 2.9. Let n € Ng. The function g : R — R defined as g(u) := el ffooo lv|relvI=lvtul gy
satisfies g(u) = O (u™*1) as |u| — oco.
Proof. Let u > 0. Then we have

n! w2 . ottt n! 41
9(u) = 5oy Zﬁ“] oy et = On (0.
j=0

The lemma follows, since g is an even function. O

3. MINOR AND MAJOR ARCS
3.1. The minor arcs. For z € C with Re(z) > 0, we define, with G given in (1.7),
P f(2) := Log(Gy(2)).

Note that we assume throughout, that the function f grows polynomially, which is implicitly part
of (P2). We apply Cauchy’s Theorem, writing

1

pr(n) = Py / exp (n(on + it) + ®¢(on + it)) dt,
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where p,, — 07 is determined in Subsection 3.3. We split the integral into two parts, the major
and minor arcs, for any g > 1

efnm ] ]
pr(n) = / exp (int + ®¢(on +it)) dt +
ltI<on

Onn

2T

/ exp (int + ®¢(on +it)) dt. (3.1)
T Jof<|t|<n

The first integral provides the main terms in the asymptotic expansion for ps(n), the second integral
is negligible, as the following lemma shows.

Lemma 3.1. Let 1 < 3 <1+ 5 and assume that f satisfies the conditions of Theorem 1.4. Then

/93<|t< ezmnth(gn + 2mit)dt <, Q,LLHGf(gn).
2o || <

1
T 2

Sketch of proof. The proof may be adapted from [15, Lemma 3.1]. That is, we estimate the quotient,

_fm)
|G (0n + 2mit)| <11 <1+ 16| [mit||2 ) o

Gy(en) et emerm? o}

where ||z|| is the distance from z to the nearest integer. We then throw away m-th factors depending

s
on the location of ¢t € [£2, %] The proof follows [15, Lemma 3.1] mutatis mutandis; key facts are

hypothesis (P3) of Theorem 1.4 and that (which follows from [32, Theorem 7.28 (1)])
Ress=a L
Z f(m) ~ Bs=al) ja, O
1<m<z «

3.2. Inverse Mellin transforms for generating functions. We start this subsection with a
lemma on the asymptotic behavior of the function ®; near z = 0.

Lemma 3.2. Let f: N — Ny satisfy (P2) with R > 0 and (P3). Fiz some 0 < § < 5§ —a. Then
we have, as z — 0 in Cy,

Op(z)= Y Rese—_, Lj(s)2" — Ly(0)Log(z) + L(0) + Ok (|2[") .
ve—Pr\{0}
For the k-th derivative (k € N), we have

1 (k —
( 1) (k kl)!Lf(O) +OR,k (‘Z’R_k>‘

oM(2)= Y (W)iRese—y Li(s)2" " +
ve—Pr\{0}

Proof. With Jy(s; 2) := L}(s)z~", we obtain, for £ € Ny,

dr —R+ico —R—iK a+1+iK
2mid ) (z) = —— / + lim / + / + / Jy(s;2)ds.  (3.2)
dz —R—ico K20 \JOR g oi1x at+1—iK —R+iK

Here we use (P2), giving that there are no poles of J¢(s; z) on the path of integration. By Propo-
sition 2.7 (2), [7, Theorem. 2.1 (3)], and (P3), we find a constant ¢(R, k) such that, as |v| — oo,

z

|5 (=R + iv)| <g (1+ o)) B Ga)bl,
This yields, with Leibniz’ integral rule and 0 <40 < § — a,

dr —R4-i00
ﬁ/ J¢(s; 2)ds

—R—ioco

<R,k |Z|R_H.

For the second integral in (3.2), applying the Residue Theorem gives

9



dr 1
— lim — J(s;2)ds
dzF K—oo 271 OR_Ratl K
K

d
= Z (V)k Ress=—p L3(s)2"7" + T (—=L#(0)Log(z) + L’(0)),
ve—Pr\{0}

since s = 0 is a double pole of J¢(s;z). For the last two integrals in (3.2) we have, for some
m(I) € No, depending on I := [-R, o + 1],

a+1+iK
‘/ J(s;2)ds
—R+iK

<1 (14 K™ max {]2|*F1, 2|7} e~ O 9IK

which vanishes as K — oo and thus the claim follows by distinguishing x = 0 and x € N. O
3.3. Approximation of saddle points. We now approximately solve the saddle point equations

— (o) = n = —%(0n). (3.3)
The following proposition provides an asymptotic formula for certain functions.

Proposition 3.3. Let ¢ € H(R) with R > 0, vy1 < 0, and ayy > 0. Assume that $(RT) C R.
Then we have the following:

(1) There exists a positive sequence (0n)neN, such that for all n sufficiently large, ¢(0,) = n holds.
1

(2) We have® 9 € K(1 — %), Qp,1 = @y 11’4”1 , and the corresponding exponent set

N
1 Ve, R+1
vy 1< 5 < Ny} = ——+Z<1——’]>N0 m<_oo,1_ )
{ ) J Q} Vg 1 i Vg1 V.1

In particular, we have o, — 0T.

Proof. In the proof we abbreviate v, := vy, and a, := ag .

(1) For n € N, set
U (w) = _1+l¢ <<£>u1 w) .
n aq

As ¢ is holomorphic on the right-half plane by assumption, so are the v,. Using (2.1), write
¢n(w) =w" =1+ En(w)7 (3'4)

where the error satisfies

v

N¢ v

1 n \n ) R _q

Bw) = 3y () w4 0 ().

(W) 7 - a; <a1> w + O (n1 " |w|
J=2

We next show that, for all n sufficiently large, the v, only have one zero near w = 1. We argue

with Rouché’s Theorem. First, we find that, for n sufficiently large, the inequality
| En(w)] < |1 —w" |+ w" =1+ Ep(w)| = |1 = w” |+ [¢n(w)] (3.5)

holds on the entire boundary of By ,,)(1), with 0 < s(v1) < % sufficiently small such that w —

1 —w" only has one zero in B,,,)(1). By Rouché’s Theorem and (3.5), for n sufficiently large v,
also has exactly one zero in B,{(,,l)(l). We denote this zero of i, by w,,. It is real as ¢ is real-valued

1
on the positive real line and a holomorphic function. One can show that g, = (3+) 1w, > 0 satisfies

$(on) = n. 1

SRecall that we can consider the sequence o, as a function on R™.
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(2) We first give an expansion for w,. By Proposition 2.2, there exists x > 0, such that for all n
sufficiently large and all z € B,(0), the inverse functions v, ! of 9, are defined and holomorphic in
B, (1). Using this, we can calculate wy,, satisfying 1, (w,) = 0. For this, let

hp(w) := Py (w + 1) — 1, (1).
We have h,(0) =0, and we find, with Proposition 2.1,

wy — 1= hy (=n(1)) = Z(_l)mbm(n)d’n(l)mv

m>1

where the b, can be explicitly calculated. First, ¢, (1 )m (m € Np) have expansions in n by (3.4)

and Lemma 2.4. They have exponent set Z2SJSN¢( )NO n[o,1— ) We find, for k € N,
1 N n o R
(k)(1) = = Noa (T L
00 = 5 S () 0n (57, 56)
]:

Again by Lemma 2.4, and (3.6), (k)( 1) (k € No) has expansions in n, with exponent set (3o N¢(1—

Z—i)N )N[0,1— —) By Lemma 2.4 we have the following expansion in n

» -m

P (1) = |1+ = ZVJCL] <—> g +OR< a 1)

with exponent set (22§j§N¢(1 - %)NO) [0,1— —) By the formula in Proposition 2.1, the b,,(n)

are essentially sums and products of terms ¢, (1)~ and 1/)n ( ), where k > 2. Hence, b,,(n) has an
expansion in n, with exponent set (Z2SjSN¢(1 - %)NO) N[o0,1— V—Pf), and according to Lemma 2.3,

the same holds for finite linear combinations > ;. <, (—=1)"bm(n)n (1)™. As ¢p(1) = O(n%_l)
for n — oo, one has, for M sufficiently large and not depending on n,

S (=) b(n)a(1)™ = O (nu—’i—1> ,

m>M+1

S

Now, as w, ~ 1, we conclude the theorem recalling that g, = (%) Wh,. d
We next apply Proposition 3.3 to —<I>}. For the proof one may use Lemma 3.2 with k& = 1.
Corollary 3.4. Let g, solve (3.3). Assume that f: N — Ny satisfies the conditions of Theorem

1.4. Then g € IC(OH_1 +1) with ap1 = a‘*g} | = (Wal'(a+ 1)¢(a + 1))a+1 and we have

1 1
CRE ) PO P ST A
= a+1 a+1 a+1
R

3.4. The major arcs. In this subsection we approximate, for some 1+ 5§ < 8 <1+ 3,

{Voy: 1< < No} =

I, := / exp(®¢(on + it) + int)dt,
|t <on

where o is the largest positive pole of Ly. The following lemma can be shown using [15, §4].
11



Lemma 3.5. Let f : N — Ny satisfy the conditions of Theorem 1.4, o, solve (3.3), and N € N.
Then we have

1 2k)! Aok (0n,
I =V2rGy(en) | ==+ Y —,E ')” 2k ( H)l +0n (o)) | .
(I)f(Qn) 2SkS3H(2A;+a) 2 k-(I)f(Qn) 2

B-1
H ho g (my)
1 @, (o)
dar(e) = (-DF Y > [+
h=1 " g<my, <@ g=1

mi+--+mp=2k

The following lemma shows that the first term in Lemma 3.5 dominates the others; its proof
follows with Lemma 2.5, Lemma 3.2, and Corollary 3.4 by a straightforward calculation.

Lemma 3.6. Let k > 2 and assume the conditions as in Lemma 3.5. Then we have

)

Aok(on) M b CRH1+(h— | 2| 42) e
LA LA Z_+OR (n 3 2 a+1)

l - .
@?(9n)k+2 j=1 n'
where the n; run through

a+2 e w1 R+«
N - —1)Ng | n]o, .
dat1) Taxr 0" M;R<a—|—1 > 0 [ a—|—1>

We next use Lemma 2.5 and Corollary 3.4 to give an asymptotic expansion for G ¢(o,).

Lemma 3.7. Assume that f : N — Ny satisfies the conditions of Theorem 1.4. Then, we have

eL}(O)nLafﬁ) 1 1 o B;
Grlon) = ——;@— P | —(@al (o + D)¢(a+ 1) T + 3 Cjns
a a+1 j:2
-1

f

wher60§5M<---<ﬁ2<aL+1 run through £ and 0 < 61 < dy < -+ < Oy through M + N.

Proof. Let ¢(z) := ®f(2) + Lf(0)Log(z) and F := ¢ o p. By Lemma 3.2, Proposition 3.3, and
Lemma 2.5 we find that

Np
ar,j __R_
@ (0n) + Ly (0) log(en) = L(0) + Y 5L + O (n7a51). (3.7)
j=1

where vp ; run through (the inclusion follows by Corollary 3.4)

Ny
1 1 R
_ R N A e
a+1pR+;<VW a+1> ’ ( Oo’a+1>

1 n+1 R
— — -1 )Ng | N[ —-00,—— ). 3.8
< oz—l—lpR Z<a+1 > 0 < oo,a+1> (38)




Note that, again by Lemma 2.5 and Lemma 3.2, we obtain
1 1
ap) = ad),lagf’l’l = E(waf(a + 1)C(a+ 1))+t

We split the sum in (3.7) into two parts: one with nonpositive vg1,...,vF v, say, and the one with
positive vg; < O%l. Note that M is bounded and independent of R. Exponentiating (3.7) yields

Ng M
—L¢(0 / ar _ R ar
exp(®s(0n)) = 00 et i O exp | D R+ OR (n75) Jexp | YD

) VF,j - nYr.i
j=M+1 j=1

Note that the positive vg; run through (3.8) with —oo replaced by 0. By Lemma 2.4, we have

Jr ag,; __R_ " H; __R_
exp Z W+OR<H a+1) :1+ZE+OR<H a+1)
J=M+1 J=1

for some K € N and with exponents ¢; running through A. Recall that, by Corollary 3.4, we have

1 _EO . . .
On ~ apan o+1. Now set h(n) :=n" o1 g, Li© - p straightforward calculation using Corollary 3.4
show(s )that h € IC(};—JE) with exponent set (— EuePR(Z—E — 1)Ng) N[0, }i—i‘f‘) C M and ap; =
_Lf 0

a_g* . By Lemma 2.3 (2), we obtain, for some N € N, B; € C, and §; running through M + N,
f7

ayg R N B; R
h(n) 1—|—§:1n—ejj+03 <n_m) = an1 2—5—1—03 (n_m>
]: :
Setting C; := ap; for 1 < j < M, the lemma follows. O

Another important step for the proof of our main theorem is the following lemma.

Lemma 3.8. Let f: N — Ny satisfy the conditions of Theorem 1.4. Then we have, as n — 0o,
N p. i
" =exp [ (wal'(av+ 1){(ax + 1)) o+T Zamnnﬂ 1+Z;n—“jj+OR (n_a_ﬂ>
J:

for some 1 < M < N,, with — 1 > 19 > - >y > 0 running through £ and the pj through N

Proof. Let g(n) := no,. By Corollary 3.4 we have g € K( with exponent set

a+1)

1 n+1 1 R
L 1<i<NY=|-1 -5 “1)Ng | A =1 L
{vgj =5 = No} ATl P <a+1 > 0 [ +oz+1’oz+1>
R

Hence, for some 1 < M < N,, we obtain

e Mo No a R
_a ] ] s
e = exp ao‘g, notl 4 E 2| exp E —2J 4 Og (n a+1)
ol ) nYe.i

1
with —QLH <vgo < <vgm <0 <vyynyr <o <vygn, By Lemma 3.2 we obtain a“g}’l =

(waIl'(ar + 1)¢(a + 1))#1 Note that the exponents 0 < vy p11 < --+ < vy N, Tun through

Q@ JI ! R
a+1 HZ <a+1 1>NO m<0’04+1>'
R




By Lemma 2.4, exp(3_ M+1 —#% + Ogr(n~ a+1)) is in K(il) with exponent set

K
Q w1 R
9. K. b . -1
> bt Kby € Ny, 0, € o <a+1 >N0 (o +1>
HEPR

J=1

As o € Pg, this is a subset of N, so the above exponents are given by A/, proving the lemma. [
The following corollary is very helpful to prove our main theorem.

Corollary 3.9. Let f: N — Ny satisfy the conditions of Theorem 1.4. Then we have
L (0)

no e On a5 e N - B ~ R
" Gon) = — o OXP Ainett + E A;n® 1+ E i + Ogr (n a+1> ,
a aJrll 7j=2 j=1
—@1

with Ay defined in (1.11), g > a2 > > an = 0 running through £, and n; through M + .

4. PROOF OF THEOREM 1.4

4.1. The general case. The following lemma follows by a straightforward calculation, using (3.1)
and Lemmas 3.5, 3.1, and 3.6.

Lemma 4.1. Let f: N — Ny satisfy the conditions of Theorem 1.4. Then we have

M
enen (Q ) d; —min{ L+l Rta | at2
pf(n) = # Z n_jj + OL,R n mm{ a¥1’atl T 2(at])

i=1
1
for some M € N, d; = \/%H(waF(a + 1)((a + 1))t | and the vj run through
a+2 e w1 R+«
N — —1)Np | Nn|0 .
da+1) at1 T’ Z<a+l > 0 [’a—i—l)
HEPR
In particular, we have 1 = 2(‘?;21).

We prove the following lemma.

Lemma 4.2. Assume that f satisfies the conditions of Theorem 1.4 and that Ly has only one
positive pole . Then we have

non + P¢(on) = (Wal' (4 1)¢(a + 1))at1 (14 1) natt — L(0)log(on) + L’(0) + o(1).
Proof. By Lemma 3.2, we have
wal'(a)((a+1)

Dy(on) = e — Ly(0)log(en) + L7(0) + O (of0), (4.1)
where
—maxv  if PrN(—R,0) # 0,
Ry := { vEPrN(-R.0) (4.2)
R otherwise.

To show the lemma, we need an expansion for g,. We have, by (3.3) and again by Lemma 3.2,

—®(on) = walla J;aljf(a LE ino) +0 (o).
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By Corollary 3.4, we have an expansion for g, with an error o(1). We iteratively find the first
1

_ 1 .
terms. By Corollary 3.4 we have g,, ~ afg (m ot as n — oo. We next determine the second
1 !
a®t!
. - )1 — .
order term in o, = % + 5{722 + o(n™"2) for some Ky < a+r1 and Ky € C. We choose « in
nOé
—a—1 -1
K2 L0 1 K2
nll+———"—r - fl()naﬂ I+ ————| =n+0@")
a+1 K2— 537 a+1 a+1 K2— o7
G " @1 Ggr ™ "

as small as possible. One finds that

(04 V> e L) 4

T — ~T na+17
a1 a+1
g1 4 g1
and hence
“% 1 L¢(0) 1
_r f
= — . 4.3
e A O 6
Plugging (4.3) into ®¢ leads, by (4.1), to
1 1
+1
a_q 1 L(0) 1 “_'1 o L(0)
® s ! = —pe - 20 Li(0)] L4(0) +o(1
| o (3) | - e - L~ L0 okt + Ly(0) o)
As a result, using (4.3), we conclude the claim. O

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Theorem 1.4 follows from Lemmas 2.3 (2), 3.1, 3.5, 3.7, 4.1, 4.2 and Corol-
laries 3.4 and 3.9. O

4.2. The case of two positive poles of L;. If o > 0 is the only positive pole of L, then we can
calculate the single term in the exponential in the asymptotic of p;(n) explicitly, by Theorem 1.4.
In this subsection we assume that Ly has exactly two positive simple poles, o and 3. In this case,
Lemma 3.2 with k =1 gives
’ _a C2
—%5(x) =t g

c
+ =+ Or (127
with Ry from (4.2). Above we set ¢; := a_g for 1 < j < 3, i.e., by Lemma 3.2

ci =wol(a+1){(a+1), co=wgl'(B+1)((B+1), c3=Ls(0). (4.4)
In the next lemma, we approximate the saddle point in this special situation.

Lemma 4.3. Let f satisfy the conditions of Theorem 1.4. Additionally assume that Ly has exactly
two positive poles o and B that satisfy %5 <a< %ﬁ for some £ € N, where we treat the case
£ =1 simply as 20 < a. Then there exists 0 < r < O%l such that

£+1

Kj C3 —r—1
n = @) " 4.5
o= 2 st T o) o
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for some constants K; independent of n and c3 as in (4.4). In particular, we have

L c Ala—2 e (2% — 90 — 2a+ 982 + 38
Ky =™, K2:72L= K3:2(—€6)+1= Ky = 2( 35+2 )’
(a4 1)ef™! 2(a+ 1)2¢ 6(c + 1)3¢0™!
cA(60® — 44028 — 1502 + 9652 + 56aS + 6a — 645 — 4852 — 83)
K = o .

24(a + 1)4e,FT

Proof. By Corollary 3.4, the exponents of g, that are at most 1 are given by combinations

1 B+1 1
—1)(1— —— 1- <1
0z+1+(‘7 )< a+1>+m< a+1>_ ’

with j € N and m € Ny. A straightforward calculation shows that “71 B<a< ﬁ B if and only if

1 B+1
0< —+@U-|{1l-—=-) <1
a—|—1+(‘7 )< a+1>_

for all 1 < j <2+ 1 but not for j > £+ 1. Together with the error term induced by Corollary 3.4,

4.5) follows. Assuming ¢ > 5, K7 to K5 and the term —%+ can be determined iteratively. O
(a+1)n

We are now ready to prove asymptotic formulas if Ly has exactly two positive poles.

Theorem 4.4. Assume that f : N — Ng satisfies the conditions of Theorem 1.4 and that L; has
exactly two positive poles o > 3, such that %ﬁ <a< ﬁﬁ for some £ € N. Then we have

{41
C a B (k=18 | k=2 o
pf(n) = _nb exp <A1na+1 +A2na+1 + E Akn a1 +a+1+2 k>

k=3
M . [2L-a _R
X 1+Z%+0L7R <n_mm{m’a_+l ) , (n — 00),
j=2
with
A= (Tt e+ )7 (141), apee —2ROED g
0 (wal(a + 1o+ 1) a0

and for all k >3

1 . .
ari ¢ J1 Je
o Y m K. K
A, = K + 1a g <m> E < . >7m“—1
m=1 0<jtymjesm 1200 gt

it tje=m
‘]1+2j2+...+£‘](:k—1

¢ J1 Je
() S ()

i . . . _m .
Bep ™t m=1 " 0<j1,..je<m S 0250 0t it

- gibece=m
]1+2j2+...+£‘](=k—2

Here, C and b are defined in (1.11) and (1.12), the v; run through M + N, the K; are given in
Lemma 4.3, and c1, ¢, and c3 run through (4.4).
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Proof. Assume that g : N — C has an asymptotic expansion as n — oo and denote by [g(n)]. the
part with nonnegative exponents. With Lemmas 3.2 and 4.1 we obtain, using that L; has exactly
two positive poles in « and £,

My
C cl c9 a; —mind 2L=o _R
py(n) = —3 exp ([n@n ta T —6] ) 1+ n—gj +OLr <n min{ s —a+1}>
* j=2

n /BQn

with the ¢; running through M. With the Binomial Theorem and Lemma 4.3, we find

1 041 1 m
c ettt —« Kjc, “*! c3c e __a_
o (o () (£ o))
ap? « Siam = pU-D0-21)  (a+ 1)ne
By definition, [acha]* is the part of the expansion of 25 involving nonnegative powers of n, i.e., for
m > 2 in the sum on the right of (4.7) we can 1gnore the term
C —_c
31 + o <n a+1) .

(v + 1)y et

Applying the Multinomial Theorem to (4.7) gives

Y4 Ji | Je
o ca+1 _a 1 ca+1 —« m K K
agy o« atl —a L= \m J1,J2s -5 Je i

0<71,J2;--,.Je<m

Jittje=m
(1+2i0++24jp)B | j1+2d2++Ljg—1 . . P
< n ol + ol (1422 +bje—1) +o(1). (4.8)

Similarly, we have

4 J1 Je
C2 Co _B_ C2 —5 m K2 Kg_H
pa= et S () S ()

5Qn ot ot m=1 m 0< i1 o g < J1yJ25 - a+1
pei e R B
o R | IR L (1 2+ Le) o(1). (4.9)
Finally, we obtain, with Lemma 4.3,
: s c
* = K aLH K £1+a+1 —(m 1) —3 . 410
nodl. = Kinet + 3 Kpyan + 2 (4.10)
m=1
Combining (4.8), (4.9), and (4.10), we find that
|:Tlg n c1 +C_2:| <1+ 1> Pt Tpatt + +2Ak+1naﬂ T+ e (k- 1)
n
agh  Bonl, o i

where

S J1 Je
a+1 _ K . K
: ) m 2 141
0<J1,j2,--Je<m J1,725 -5 ¢ inr

Jit-+je=m
J1+2j2++Lie=k—1

17



¢ J1 Je

PR S ()
i . . . _m .
BT m=1 N o< s gesm DR JE e
Jit-tje=m

J14+2ja+ =k —2

Note that we have by definition of ¢1, co (see (4.4)), K1, and K» (see Lemma 4.3),

Ay = <1 - é) T = (1 + é) (wal'(a + 1)C(a+ 1)1,
e wl(B )
2= 8 3
505? (wWal'(a+ 1){(a+1))att

which gives (4.6). Hence we indeed obtain, as n — oo, for suitable M; € N

/+1
C o B (k=1 L k=2 _(}._o
n) = —exp [ Ainott + Agneo+i E Agn ot tar1i (k=2
pf( ) b p< 1 + Ao + k

My
Bj —min{ifL*a -
_J (a+1)’a+1
<1422 40w n
where the v; run, as in Theorem 1.4, through M + N. This proves the theorem. O

5. PROOFS OF THEOREMS 1.1, 1.2, AND 1.3

We require the zeta function associated to a polynomial P,

ZP(S) = Z P(il)s

n>1

with P(n) > 0 for n € N. In particular, we consider P = Py, where
(k —2)w? — (k — 4)w
5 .
The following lemma ensures that all the Py satisfy (P1) with L arbitrary large.

Pk(w) =

Lemma 5.1. Let k > 3 be an integer and let
A= {Py(n) : n € N}.
For every prime p, we have |AF\ (A¥ N pN)| = co.
We next show that (P2) and (P3) hold.

Proposition 5.2. Let k € N with k > 3.

(1) The function Zp, has a meromorphic continuation to C with at most simple poles in % — Np.
The positive pole lies in s = %

(2) We have Zp (s) < Qir(|Im(s)|) as [Im(s)| — oo for some polynomial Q.

Proof. (1) The meromorphic continuation of Zp, to C follows by [27, Theorem B]. By [27, Theorem
A (ii)] the only possible poles (of order at most one) are located at § — $Ng. Holomorphicity in
—Np is a direct consequence of [27, Theorem C]. Finally, note that Py(n) <) n?. Thus, as z — oo,

1;>>k2%-

1<n<z Pp(n)? 1<n<z

This proves the existence of a pole in s = %, completing the proof.
(2) This result follows directly by [27, Proposition 1 (iii)]. O
18



To apply Theorem 1.4, it remains to compute Zp, (0) and Zl’Dk (0), as well as Res,_1 Zp,(s).

1
=3
Proposition 5.3. Let k € N with k > 3.

(1) We have Zp,(0) = 5= and

70, (0) = % +log (r <%>> ~ log(2r).

(2) We have RGSS:% Zp.(s) = 2(k1_2)'

Proof. (1) Since the roots of Py are not in R>;, we may use [27, Theorem D] to obtain that
Zp,(0) = 5. For the derivative, one applies [27, Theorem E] yielding

70, (0) = % +log (r <%>> ~log(27).

(2) Since Zp, (s) = (25)° 3 (n — £=2)7*n~*, the result follows as the sum has residue 3 at s = 3
n>1

O

by equation (16) of [27].
The previous three lemmas are used to prove Theorem 1.1.

Proof of Theorem 1.1. We may apply Theorem 1.4 as Lemma 5.1 and Proposition 5.2 ensure that
conditions (P1)—(P3) are satisfied. Hence, one obtains an asymptotic formula for pg(n). The
constants occurring in Theorem 1.4 are computed using (1.11), (1.12), and Proposition 5.3. That

the exponential consists only of the term Aln% follows by Theorem 1.4, since Zp, (s) has exactly
one positive pole, lying in s = % Note that we are allowed to choose L and R arbitrarily large due
to Lemma 5.1 and Proposition 5.2 (1). O

We consider some special cases of Theorem 1.1.

Corollary 5.4. For triangular numbers, squares, and pentagonal numbers, respectively, we have

2
2%\/37‘(’71% P 2 2 ’ b 2%\/371'%71% P 2% 2 ,

Jk(G+k)(G+2k)
6

The next lemma shows that [[; ;>;(1 —¢ )~! satisfies (P1) for L arbitrarily large.

Lemma 5.5. Let f: N — Ny be defined by
o) += |{ k) e

Then, for all primes p, we have |[A\ (ANpN)| = oo.

JkG + k)G +2k) n}
: .

For investigating the function (s, (5), we need the Mordell-Tornheim zeta function, defined by
Cura(s1,82,83) == Y m T (m+n) %,
m,n>1

By [25], for Re(s) > 1 and some —Re(s) < ¢ < 0 we get a relation between (vt 2 and (go(5) via

65 c+ioco
Coo(5) (8) = T () /c_ioo T(s + 2)T(—2)¢ur2(s, s — 2,25 + 2)dz. (5.1)
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We have the following theorem.
Theorem 5.6 ([24], Theorem 1). The function {mT2 has a meromorphic continuation to C3 and
its singularities satisfy s1 +s3=1—¥f,s0+s3=1—4{,51 + so+ s3 =2, with £ € Ny.

Fix M € Ny and 0 < ¢ < 1. Let Re(s1),Re(s3) > 1, Re(s2) > 0, and so ¢ N. Then, for
Re(s2) < M + 1 — e, we have (see equation (5.3) in [24])

Plsatsg DU =82) oo fo )

CmT,2(81, 82, 83) =

F(Sg)
M-1 ,
+ mEZ:O ( 723)((31 + 53 +m)((s2 —m)
M —e+ioco I'(—
* ﬁ M—e—iso . J;Z;i) = C(s1+ 83+ w)((s2 — w)dw. (5.2)

The first two summands on the right-hand side of (5.2) extend meromorphically to C3, so to show
that (5.1) extends meromorphically, we consider (5.2). Note that Re(w) = M — . To avoid poles
on the line of integration, we assume that

Re(sg +w) > 0 < Re(sg) > e — M, (5.3)
Re(s; +s3+w) > 1< Re(s1) + Re(sg) >1— M +¢,
Re(ss —w) <1< Re(se) <14+ M —e.
Note that the final condition is already assumed above.
By Propostition 2.6 (2), the integral converges compactly and the integrands are locally holo-
morphic. Thus, the integral is a holomorphic function in the region defined by (5.3), (5.4), and
(5.5). Recalling (5.1), we are interested in (vt 2(s, s — 2,25 + z). By Theorem 5.6, this function is

meromorphic in C? and holomorphic outside the hyperplanes defined by 3s + 2 =1—¢,3s =1 — ¢,
and 4s = 2, where ¢ € Ny. With (5.2), we obtain

F'Bs—1)I'(z+1—-y9)
I'(2s+ z)

C(4s —1)

CmT,2(8,8 — 2,25 + 2) =

M-1
+ Z_:O <_2fn_ Z) (s +2+m)C(s— 2z —m)+ In(s; 2), (5.6)

where s € C\ {3, 3£}, and
1 M=o P(2s 4 2 + w)T(—w)
Torls: 2) e — 2 — w)dw.
M(8;2) ol (251 2) C(Bs+ z+w)((s — z —w)dw

The following lemma shows that I/(s; z) is holomorphic in z. To state it let

w=ppo =max{—1+0c—-M+¢e,1-30c—-M+¢e,—20 — M +¢}.

Lemma 5.7. Let s =0 +it € C, M € Ny, and 0 < ¢ < 1. Then z — Iy (s;z) is holomorphic in
Sy 00-

Proof. If z € S}, o, then Re(2s + 2 + w) > 0, Re(3s + z + w) > 1, and Re(s — 2 — w) < 1 for

w € C satisfying Re(w) = M — ¢, s0 I'(2s + z + w), ((3s + z + w), and ((s — z — w) have no poles

on the path of integration. As 0 < & < 1, we have M — ¢ ¢ Ny, so w — I'(—w) has no pole if

Re(w) = M — e. As a result, no pole is located on the path of integration, and by Proposition 2.6

(2) and the uniform polynomial growth of the zeta function along vertical strips we find that the

integral converges uniformly on compact subsets of S, . O
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The next lemma shows, that Ip; is bounded polynomially in certain vertical strips. A proof is
obtained using Propositions 2.6 (2) and 2.7 (2).

Lemma 5.8. Let 01 < 02 and 03 < 04, such that Sy, 5, C Sy 0o for all s € Sg, 5, and fir 0 <e <1
sufficiently small. In Sy, 5y X Sos.0, the function (s,z) — In(s;z) is holomorphic and satisfies
[T (s;2)] < P01702703,047M(|Im(3)|’ [Im(z)|) for some polynomial P01,02,037U47M(X’ Y) e RIX,Y].

Next we investigate (vt 2(s, s — 2,2s + z) for fixed s more in detail.

Lemma 5.9. Let s € C\ {3,3 — No}. Then 2z — (ura(s, s — 2,2s + 2) is holomorphic in the
entire complex plane except for possibly simple poles in z =1 — £ — 3s with £ € Ny.

Proof. As holomorphicity is a local property, it suffices to consider arbitrary right half-planes. By
Lemma 5.7, for M sufficiently large, Ij; is holomorphic in an arbitrary right half-plane. By (5.2),
possible poles of (v 2(s, s — 2,25 + z) therefore liein z=s—fandin 2z =—-3s—m— ¢, L eN. A
direct calculation shows that the residue at z = s — £ vanishes if £ < M — 1. Consequently, for a
fixed pole s — ¢, we can choose M sufficiently large such that we only have to consider the of (5.2).
This gives the claim. O

We are now ready to prove growth properties of (mr2. As we need to avoid critical singular
points, we focus on incomplete half-planes of the type Sy, 5, 5 (With 6 > 0 arbitrarily small).

Lemma 5.10. Let 01 < 09, 03 < 04 with 1 — 301 < o3 and 6 > 0 arbitrarily small. For (s,z) €
So1,02,6 X Sas,04, We have, for some polynomial Py, 5, 550,56 0nly depending on Sy, 5,5 and Sy 0,

‘CMT72(37 §s—2,25+ Z)‘ < P01,02,03,U4,5(’Im(3)‘7 ’Im(z)‘)
If o1 <0, for all s € U with U C Sy, 0., a sufficiently small neighborhood of 0, we have

(MT,2(87 s — 2z, 2s + Z)
I'(s)

where the polynomial Py, 5, v only depends on o3, o4, and U.

< P03704,U(‘Im(z)‘)7

We need another lemma dealing with the poles of the Mordell-Tornheim zeta function.

Lemma 5.11. Let k € Ny. Then the meromorphic function s — (ur2(s,s — k,2s + k) is holo-
morphic for s = — with £ € Ny and has possible simple poles at s = £ € Ng with 0 < £ < % In
=2

particular, s — T(s + k)Cura(s, s — k,2s + k)[(s) ™! is holomorphic at s = —¢ with £ € No.

Proof. Let s lie in a bounded neighborhood of —¢. We use (5.6) with s = k. Analogous to the
proof of Lemma 5.7, the function s — Ip;(s; k) is holomorphic in a neighborhood of s = —¢. The
analysis of the remaining terms is straightforward, and the lemma follows. O

The next lemma states where the integral of (5.1) defining (so(5) is a meromorphic function.

Lemma 5.12. Let ¢ > 0 be sufficiently small and let K € N. Then the function

1 K—e+ico
S ———— I(s+ 2)I'(—z)Cumr,2(s, s — 2,25 + 2)dz (5.7)
27”P(S) /K—E—z'oo
is meromorphic on the half plane {s € C : Re(s) > %} with at most simple poles in {%,% -

INo}\ (—No) (with Re(s) > =5£2) and grows polynomially on vertical strips with finite width.

Proof. We first show holomorphicity in Sy, 4,5 With PTK% < o1 < ogand 0 < § < 1. Since

Re(s) > % > —K + ¢, there are no poles of I'(s + z)['(—z) on the path of integration Re(z) =

K —¢e. By Lemma 5.9, z — Qur,2(8,s — 2,25 + 2) has no poles for s € Sy, 5,6, as Re(z +3s — 1) =
21



K — e+ 3Re(s) — 1 > 0. By Proposition 2.6 (2), Lemma 5.10, and Lemma 2.9, the integral is
holomorphic away from singularities and grows polynomially on vertical strips of finite width.

We are left to show that (5.7) has at most a simple pole at s = so, where sg € {2, %— %No}\(—No)
with s > I_TK% Recall the representation of (ym 2 in (5.6). By Lemma 5.8

K —e+io00
/ D(s+ 2)[(—2)Ip(s;2)dz

K—e—ico
converges absolutely and uniformly on any sufficiently small compact subset C' containing sg for
M sufficiently large. Similarly, by Propositions 2.7 (2) and 2.6 (2),

/K_E'HOO [(s+2)[(—2) MZ_:I <_2787L_ z) (Bs + 2z +m)((s — 2 —m)dz

K—e—ico m=0

converges absolutely and uniformly in C. In particular, both integrals continue holomorphically to
Sp. As s— ﬁ is entire, it is sufficient to study

I'(3s —1)C(4s — 1) /K_Hioo I(s+ 2)I'(—2)I'(1+2z—s)
F(S) K—e—ioco F(ZS + Z)
around sg. Again, by Proposition 2.6 (2), the integral converges absolutely and uniformly in C. As
T'(3s—1)¢(4s—1)
['(s)
the lemma is complete. O

dz

has at most a simple pole in sy and a removable singularity if sy € —Ng, the proof of

The following lemma is a refinement of Lemma 5.12 for the specific case that z € Z and follows
from Lemma 5.8, by using Propositions 2.6 and 2.7.

Lemma 5.13. Let k € Ng with 0 < k < K — 1. Then, for all o1 < o9, there exists a polynomial
Pk o1 0, Such that, uniformly for all o1 < Re(s) < o2 and |Im(s)| > 1,

[CQur,2(s, 8 = K, 28 + k)| < Pk g1,05(|Tm(s)]).

The following theorem shows that the function (.5 satisfies the conditions of Theorem 1.4 and
gives the more precise statement of Theorem 1.2.

Theorem 5.14. The function (5 extends to a meromorphic function in C and is holomorphic
in No. For K € N and 0 <e <1, we have, on Si-xic
3 b

K— 1 k‘
6° F (s+k
Cso )CMT,2(373_I<3723+/€)
k=0
65 K—e+ico
+ FT() /K o (s + 2)I'(—2)CuT,2(s, s — 2,25 + 2)dz. (5.8)

All poles of Cso(5) are simple and contained in {2, 3> %, —%, ... }. Furthermore, for all oy < o < 01

as |Im(s)| — oo, for some polynomial depending only on oy and o1,

’C50(5)(3)‘ < P00701(’Im(3)‘)'

Proof. Assume Re(s) > 1. By Lemma 5.9, the only poles of the integrand in (5.1) in S_ge(s),00
lie at z € Ny. By shifting the path to the right of Re(z) = M — ¢, we find, with Lemma 5.10
and the Residue Theorem, that (5.8) holds on Sj . By Lemma 5.12 the right-hand side is a
meromorphic function on S#,oo‘ By Theorem 5.6, the functions s — (ur2(s,s — k,2s + k)

only have possible (simple) poles for s; + s3 = 3s + k =1—-4¢ s9+s3 =3s=1—-14, 51+

So + s3 = 4s = 2, with £ € Ny, i.e., for s € {%, ;;,0 , %,—1,...}. However, by Lemma 5.11

the sum in (5.8) continues holomorphically to —Nj, SO the sum only contributes possible poles
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s €S = {2, 35— , :2,), 35 . }. Note that this argument does not depend on the choice of K.
On the other hand if we choose K sufficiently large, then the integral in (5.8) is a holomorphic
function around s = —m for fixed but arbitrary m € Ny, and it only contributes poles in S in

Si-k+e . by Lemma 5.12, where 0 < ¢ < 1. So the statement about the poles follows if K — oo.
3 b}

We are left to show the polynomial bound. With Lemma 5.13 we obtain the bound for the finite
sum, as we chose K in terms of og and o;. Lemma 5.12 implies the polynomial bound for the
integral. O

To apply Theorem 1.4 we require (yo(5)(0).
Proposition 5.15. We have (4(5)(0) = %.
Proof. Since Ip(s; z) is holomorphic in s for z € S, o by Lemma 5.8 and I'(s) has a pole in s = 0,

lim D (5:2)
s—0 F(S)

Let K € N. For z € C with Re(z) = K — 4 and m € Np, we have +(z + m) # 1. Hence,
S (_2S_Z)C(3s + 2+ m)((s — z —m) is holomorphic at s = 0. This implies that for z € C with

m

Re(z) = K — 3,

= 0. (5.9)

we have

lim =0.

s—0

<—2s - z> CBs+z+m)C(s— 2z —m)

m I'(s)

Using this, (5.8) with ¢ = 3, (5.9), Proposition 2.6 (4), and Lebesgue’s dominated convergence
theorem, we obtain, for integers K > 3,

6° K—%—l—ioo i K—%—l—ioo 1
lim ———— r (- 2 dz dz.
550 2mil'(s) /K—%—ioo (s +2)0(=2)Cura(s,s = 2,25 4 2) T2 —1ico sin(7z) ?
Since sin(7(z + 1)) = —sin(7rz) and
K+i—iL K—§+iL 4
lim ———dz = lim —dz =0,
L—oo Jg -1 i1 sin(7z) L—00 JK 4 L1iL sin(7z)
the Residue Theorem implies that
6 K—3+4i0c0 (—l)K
hr% SEINE)] /K - I(s+ 2)I'(—2)Cur,2(s,8 — 2,25 + 2)dz = 72 Res,—k W = ——. (5.10)
—5—100

In the following we use that ((s) does not have a pole in s = +m for m € N>2, implying that
s+ (725,1)¢(3s + m){(s — m) is holomorphic at s = 0. Moreover s  I'(s + k) (7% )C(3s +k+
m)((s — k- m) is holomorphic at s = 0 for (k,m) € (N x No)\{(l 0)}. Thus, using Propositions
2.6 (3) and 2.7 (3) and the fact that ((—1) = —7; and {(0) = 3, we obtain, with (5.6),

27
K-1 k
. 6° -)*T'(s+ k
k=0 ’
3 (—1)EH Rl (-1 1o Tu(sik)
=3 + s + hm In(s;0) 4+ 2 s_}(] T(s) (5.11)

Since, by Lemma 5.8, s — Ip/(s; k) is holomorphic at s = 0 for every k € Ny and ﬁ vanishes in
s =0, we have
Iy(s; k
lim 7M(S’ ) =

s—0 F(S)
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Applying the Lebesgue dominated convergence theorem gives lin%) Iy (s;0) = 0, yielding the claim
S—
with (5.8), (5.10), and (5.11). 0

Furthermore, we need certain residues of (g(s)-
Proposition 5.16. The poles of (o(5) are precisely 1o {%l ¢7:d<1 odd}. We have

3r (1)?
Res,_1 Co(5)(s) = %'

Moreover for d € Z<1 \ (—3Np),

Res,_a Cso(5)(3) =

S:§

‘ 1) (d 24
a1 - d()j!F (g§2 I (%) <§> (1 2 ) - (5.12)

In particular, we have

1
25+1 (1
Res 1 Go5)(5) = ¢ <_> '

33
Proof. With Lemma 5.12, near s = %, we can choose K =1 in (5.8) and obtain

Res,_1 Cso(5) (s)

2

1, -
1 s 5+i00
= 811_131% <s - 5) <6SCMT,2(S= s,2s) + %I‘(s) /;_wo I'(s+ 2)I'(—2)CvT,2(s, 8 — 2,25 + z)dz> .

Now, we have

1 Vi
lim (s — = |6° 8,8,28) = ——.
s—)% < 2) CMT72( ) 2\/5

On the other hand, we find

1, -
1 s 5 +100
lim <s - 5) 2772‘6F(s) /; (s + 2)['(—z)Cur,2(s, s — 2,25 + 2)dz

s—3 —ioo
1, -
, 1\ 6°T(3s — 1)¢(4s — 1) /2“00
=1 - = T I'(—2) 1- 1
sl_lg (8 2> ST (s) s (s 4+ 2)I'(—2)'(z + s)dz, (5.13)
since s — F(SJFZ)F(_ZIZCSSJFZ)C(S_Z) and s — F(8+Z)F1£(_S)Z)Il(8;z) are holomorphic if Re(z) = 3. Shifting

the path to the left and using [19, 9.113], Proposition 2.6 (1), 15.4.26 of [29], and Proposition 2.6
(4) we obtain that (5.13) equals

Vor g (L) Y
2v2 T\2'27 22 8T 22
This proves the first part of the proposition.
Now, let d € Z<1 \ (—3Np) and choose 0 < & < %, and also K, M > 1 — d. We have, by (5.8),

(s K (—1)FT(s+ ke
Ress:% C50(5)(S) = lln}i % Z %CMTQ(&S _ k723 + k)

s—%

(S . gl) 6° K—e+ico
+ lim —3/ / (s + 2)I'(—z)CuT,2(s, 8 — 2,25 + 2)dz.  (5.14)



Note that hm( )I M (s; k) = 0 because of holomorphicity of Ip; by Lemma 5.8 and

s—>§

d 1
lim <s — §> CBs+k+m)= gémzl_d_k.

S—>3

Thus we obtain, by (5.6) and (15.4.26) of [29],

(5= §) 6" A (=DM +9) _65¢(% 1)
i kZ:O el s~k k42 = oty
K-1 1—d
(DT (k41 - )T (k+ 9) < ANT(k+3)r(1-% - ))
X +
(k:o KIT (k + %) kZ:O I (4)
_6i(H -y (R DI (k19T (k4 9) Y Qg 1.2,
31— @)\~ R (k + 2) FIA=5) 2R (54 =151
GG I S e (R b R )
C31-a)r(9) & EIT (k + 22)
RETC N JLCTIC) N
25(1—d)'l" (& ) (%)
For the integral in (5.14), we obtain that
_d\gs pEK—etioo
811_{1};%/[{ o (s + 2)['(—2)Cv,2(s, s — 2,25 + 2)dz
L ()HES¢ (4 1) 1 Kt D (4 DT (24 1 4)D(—2)
- D %/K_E_m T dz. (5.16)

By shifting the path of integration to the left such that all poles of F(% )1 — 4§ —|— 2)[(—z)
except the ones in Ny lie left to the path of integration, we obtain with formula (9.113) of [19]

1 [(Ketio D (- (2 +1-9)I(-2)

- d
2m K—e—ioco F(Z+23—d) ¢
r(Hra-9 d d 2d EHEH T R+ DT (k+1-9)
:#2F1<§,1—§§ >+ | 2d
r (?) k=0 kT (k + ?)
CT-9r () FEDTrE+Hrk+1-9)
2T (4) P BT (k+ 22) ’

where the final equality is due to (15.4.26) of [29]. Equation (5.12) follows by this calculation

together with (5.14), (5.15), (5.16), and Proposition 2.6 (4). Finally note that (5.12) vanishes for
even d < 1. O

Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Note that by Lemma 5.5 and Theorem 5.14 all conditions of Theorem 1.4

are satisfied (with L and R ¢ %N arbitrary large). As (;o(5) has, by Proposition 5.16, exactly two
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positive poles a := % > % =: 3, Theorem 4.4 applies with £ = 3, and we obtain

N+1
C B.
Tso(5)(N) = 5 XP (Aln% + Agns + Agno + A4> 1+ Z -+ Oy (n_%> , (n— o).
=2

i1
n 9
So we are left to calculate ¢, b, A1, Aa, A3, and Ag. By Proposition 5.15, (5(5)(0) = % and by

V3I(5)? _ 23411
8\/% and W=7 (3). Hence, by (4.4), we get

clw, ¢ =373 (2% v 1) r <%> ¢ <%> ¢ <§> .

Moreover, by Lemma 4.3, we have

Proposition 5.16, ReSS:% Cso(5)(5), w1 =

2
KQZZ_C; Ky=——2_
3¢y 27¢)’
Now, we compute Ay, C, and b by (1.11) and As, A3, A4 by Theorem 4.4 and obtain
7 eSO (1y5 ¢ (3)12 331 (1)3 ¢ (3)3
_ _ 4 2 _ 1 2
b=—, C = o , A = 5 , (5.17)
12 2332 \/7_1 23
2
25 (25 +1) T (5) < (5) < (3) 2% (25 +1) T (3)°C(3)’¢(3)’
Ay = 7 4 2 ) Az =— 1 20 10 ) (5.18)
39T (7)° ¢ (3)° 39T (1) ¢(3)°
3
2 (28 +1) T3 ¢ @)
Ay = I S (5.19)
3T (3) ¢ (3)
This proves the theorem. O

6. OPEN PROBLEMS

We are led by our work to the following questions:

(1) Is there a simple expression for (] o(5) (0)?

(2) Can one weaken the hypothesis that f(n) > 0 for all n in Theorem 1.47 An important appli-
cation would be that the r(n) are eventually positive. There are many special cases in the
literature (see [11, 12, 13, 14]), but to the best of our knowledge no general asymptotic formula
has been proved.%

(3) In [18], Erdés proved by elementary means that if S C N has natural density d and 1g is the

indicator function of S, then log(p14(n)) ~ 7 MT". Referring to Theorem 1.4, can one prove

by elementary means that for any ¢ > 0

M
log (rf(n)) = Ayna+T + Y Ajn® + O(n)?
=2
(4) Can one “twist” the products in Theorem 1.4 by w € C and prove asymptotic formulas for the
(complex) coefficients of
1
I——

251 (1 _ qu)f(n)

6The one exception is in Todt’s Ph.D. thesis [33, Theorem 3.2.1]; however, there it is further assumed that r;(n)
is non-decreasing, which precludes the princple application of such an asymptotic.
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(30]
(31]

If f(n) = nor f(n) = 1, then such asymptotics were shown to determine zero attractors of
polynomials (see [3, 4]) and equidistribution of partition statistics see [5, 6]), and the general
case of |w| # 1 was treated by Parry [30]. Nevertheless, all of these results require that L¢(s)
has only a single simple pole with positive real part.

In Theorem 1.4, can one write down explicit or recursive expressions for the constants A; in
the exponent, say in the case that L¢(s) has three positive poles?

Can one prove limit shapes for the partitions generated by (1.7) in the sense of [16, 34]?
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