PARTITION STATISTICS AND QUASIHARMONIC MAASS FORMS
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ABSTRACT. Andrews recently introduced k-marked Durfee symbols, which are a generalization of
partitions that are connected to moments of Dyson’s rank statistic. He used these connections to
find identities relating their generating functions as well as to prove Ramanujan-type congruences for
these objects and find relations between.

In this paper we show that the hypergeometric generating functions for these objects are natural
examples of quasimock theta functions, which are defined as the holomorphic parts of harmonic Maass
forms and their derivatives. In particular, these generating functions may be viewed as analogs of
Ramanujan’s mock theta functions with arbitrarily high weight. We use the automorphic properties
to prove the existence of infinitely many congruences for the Durfee symbols. Furthermore, we show
that as k varies, the modularity of the k-marked Durfee symbols is precisely dictated by the case
k = 2. Finally, we use this relation in order to prove the existence of general congruences for rank
moments in terms of level one modular forms of bounded weight.

1. INTRODUCTION AND STATEMENT OF RESULTS

Modular and automorphic forms play an important role in many different areas, including mathe-
matical physics, representation theory, the theory of elliptic curves, quadratic forms, and partitions,
just to mention a few. Many important generating functions are modular forms, and the modu-
lar transformation properties can often be used to prove arithmetic properties for the underlying
combinatorial objects [17]. There are many other examples of modular forms to be found in the
realm of hypergeometric g-series, such as the infinite products in the Rogers-Ramanujan identities.
Until recently, however, there were few known examples of more general automorphic forms arising
from similar “arithmetic” generating functions. Work of the first author and Ono [9, 10] (see also
[5, 7, 8, 11]) constructed several infinite families of harmonic Maass forms of weights 1/2 and 3/2,
whose holomorphic parts were based on Ramanujan’s mock theta functions and also more general
hypergeometric functions.

With the benefit of retrospect, we may view the error terms in the mock theta transformations as
suggesting that the appropriate functions to consider were not modular forms, but the more general
harmonic Maass forms. In this paper we study higher weight analogs that are based on Andrews’
work on Durfee symbols [1]. The main result of this paper is that the associated generating functions
can be written in terms of automorphic functions of higher weights, namely the derivatives of Maass
forms. Although these derivatives are difficult to understand on their own, we show that there are
cancellations among certain linear combinations of derivatives of different orders, and are able to
successfully describe the analytic behavior of the moment functions. Furthermore, this allows us to
better understand the arithmetic of the coefficients; as a sample application we prove the existence
of congruences.
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In order to define the new objects at hand, first recall the generating function for the partition
function,

(1.1) P(q):= > p(n)q" = g2in(z) "1,
n=0

where n(z) := qi [152,(1 — ¢") is Dedekind’s n-function, a weight 3 modular form, and g := ™.
Of the the many consequences of the modularity properties of P(g), some of the most striking are

the three congruences due to Ramanujan, namely
p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).

To explain the congruences with modulus 5 and 7, Dyson [12] introduced the rank of a partition,
which is defined to be its largest part minus the number of its parts. Dyson conjectured that the
partitions of 5n + 4 (resp. 7n + 5) form 5 (resp. 7) groups of equal size when sorted by their ranks
modulo 5 (resp. 7). This conjecture was proven by Atkin and Swinnerton-Dyer [3]. If N(m,n)
denotes the number of partitions of n with rank m, then we have the generating function

o0 2

R(w;q) =1+ > > N(mnuw"qg" =1+ 7 :(1—w)z

oyt = (wggn(w g (G0 2,

(_1)nq%(3n+1)

)

1 —wq™

where (a;q), = H;l:_[)l(l —aq’) and (a; q)oo := lim,, (a3 q)n. In particular

R(l;9) = Pla),
' B B [oe] qn2

The function f(q) is one of the mock theta functions defined by Ramanujan in his last letter to Hardy.
The first author and Ono shed light on their mysteries by showing that if w is a root of unity, then the
rank generating functions R(w;q) (and in particular f(q)) are the “holomorphic parts” of harmonic
Maass forms [10] (we say more on these results and recall the notion of a harmonic Maass form in
Section 3). The theory of harmonic Maass forms proved to be very useful for understanding the
arithmetic of the coefficients, leading to many notable results. These include, for example, an exact
formula for the coefficients of f(q) [9], asymptotics for N(m,n) [6], identities for rank differences
[11], and congruences for certain partition statistics [10].

Here we consider infinite families of harmonic Maass forms of arbitrarily high half-integer weight
that also arise from combinatorial hypergeometric functions. To state those results recall that An-
drews introduced in [1] the symmetrized k-th rank moment function

(1.2) mn) = 3 <m+k[:kzl]>N(m,n),

m=—0o0

which are linear combinations of the k-th rank moments

(1.3) Ni(n) == Z m*N (m,n)
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considered by Atkin and the second author [2]. Using the rank symmetry N(—m,n) = N(m,n),
Andrews showed that 72x+1(n) = 0, and thus we need only consider even rank moments. For these
we define the rank generating function

Rii1(g) ==Y mor(n) q".
n=0

The function Rz(q) was studied in detail by the first author in [5]. One of the key results relates
R3(q) to a certain harmonic Maass form (see Section 3), but the connection is more complicated than
in the case of usual ranks due to double poles in the generating function. This leads to expressions
involving quasimodular forms, which are meromorphic functions f : H — C that can written as a
linear combination of derivatives of modular forms. Furthermore, asymptotics and congruences for
n2(n) are obtained as applications of the modularity of the generating function.

In the present work we consider the case of general k. The functions that arise in this setting
require yet a more general analytic definition; we say that f : H — C is a quasimock theta function if
there exists a quasimodular form h(q) such that f(q) 4+ h(q) is a linear combination of derivatives of
the holomorphic parts of harmonic Maass forms. Moreover we call linear combinations of derivatives
of harmonic Maass forms quasiharmonic Maass form.

Remark. The authors thank Don Zagier for pointing out that the forms considered in this paper lie
in the differential closure containing Fy and Fb, where Fy is defined in [20]. This can be understood
analogous to the classical situation of quasimodular forms which can be defined as differential closure
of the ring containing modular forms and Fs [16].

Theorem 1.1. The function ¢! Ry41(¢**) is a quasimock theta function.
Remark. The highest weight component includes a harmonic Maass form of weight 2k — 1/2.

The idea of the proof of Theorem 1.1 is to relate certain rank and crank moments via a differential
equation (see Section 4), and then argue inductively, using the fact that the crank moment generating
functions are quasimodular forms. The base case k = 1 is considered in [5], although our induction
step actually requires a new “twisted” version of those results.

Theorem 1.1 has many applications. We only address some of these here. We first consider
congruences for partition statistics. For this we let N Fi(r,t;n) be the number of k-marked Durfee
symbols of size n with full rank congruent to » modulo ¢ (see Section 2). We show that the full rank
satisfies infinitely many congruences, just as the first author and Ono proved for Dyson’s original
rank [10]. The case k = 2 of the following theorem was proven in [5].

Theorem 1.2. Let t be a positive odd integer, suppose that j € N, k > 3, and let Q 1 6t a prime.
Then there exist infinitely many arithmetic progressions An + B, such that for every 0 < r < t, we
have

NFy(r,t;An+B)=0 (mod Q7).

For the proof of Theorem 1.2, we employ the fact that the rank generating functions are holomor-
phic parts of harmonic Maass forms, and also the conclusion from Theorem 1.1 for Rg. Additional
complications arise in our proof if ¢ has a prime divisor p; that is small relative to k (specifically,
pt < 2k). To resolve this case, we extend a result from [5] and prove the modularity of a certain
“twist” of the second moment function (see Sections 4 and 5).

One nice consequence of Theorem 1.2 is a combinatorial decomposition of congruences for nax(n).
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Corollary 1.3. Let j € N and QQ > 3 a prime. Then there exist infinitely many arithmetic progres-
sions An + B such that

Mk(An+ B) =0 (mod Qj).

To illustrate the nature of these arithmetic progressions, we give some of the simpler examples

n2(113n +479) =0 (mod 11),

na(1ln) =0 (mod 11),
n6(49n +19) =0 (mod 7),

n8(13°n 4+ 162) =0  (mod 13).

See [13] for a detailed explanation of the method used to find these explicit congruences. A signif-
icant part of the technique is in showing that the rank moment generating functions are congruent
modulo @ to modular forms over a restricted set of coefficients. This is of independent interest, and
is described precisely in the following theorem.

Theorem 1.4. Suppose £ > 3 is prime. Define 1 < By < € — 1 such that 243, = 1 (mod ¢) and let
2481
re 1= T

(1) The generating function for the second rank moment satisfies

D No(fn+ Be)g* ™t = 0t (242)Gp(242)  (mod £),

n=0

where Gy 2(2) is a sum of level 1 modular forms with £-integral coefficients, each of weight at

(-3
(2) F0r2§k§ 5

> Nop(tn+ B) g™ = ¢, > No(ln + B) g™ + 17 (242)Gyox(242)  (mod £),

where ¢, is an integer, and Gy ap(z) is a sum of level 1 modular forms with (-integral coeffi-
cients and weight at most k(€ + 1) — 1+ 3(€ — ).
(3) Finally,

o o
D O Nea(tn+ B ™ = e Y Na(ln + Bo)g™* ™7+ 07 (242) Gl g1 (242)
n=0 n=0

+ %77”(242) (Hi1,(242) — Hap(242))  (mod ¢),

where Gy y_1(z) is a sum of level 1 integral modular forms of weight at most WH)%M;

Cr—1
is some integer; and Hi¢(z), Hay(2) are integral modular forms of weight W_l)%e_l and
w respectively such that

Hi(z) = Ha4(z) (mod ).
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We illustrate parts (1) and (2) of this theorem for the case £ = 11 (see [13])

o
> Ny(1in + 6)¢* "1 = 3p'%(242)  (mod 11),

n=0

> Ny(11n+ 6)¢*" 1 = 7'¥(24z)  (mod 11),

n=0

D Ng(1ln +6)g*" 1 = n'3(242) (4 + E4(242))  (mod 11),

n=0

> Ny(11n+ 6)g* ™18 = n'3(242)(5 + 6E4(242) + 6E6(242))  (mod 11).

n=0

The theory of harmonic Maass forms can also be employed to show identities for differences of
rank moments. Relations between non-holomorphic parts are responsible for the existence of such
identities. To state our results, let

o0

R, a(a) = 3 (NEL(r it + )~ NEL (o titn + ) 20001

T,8,t,d
n=1
We show that in certain cases this function is a weakly holomorphic modular form whose poles (if
there are any) are supported on the cusps. Similar results for Dyson’s rank were shown in [11].

Theorem 1.5. Assume thatt > 5 is a prime, 0 < r,s < t, and 0 < d < t. Then the following are
true.

(1) If (I%Md) = —1, then RT(’{?,ECZ(Q) is a quasimodular form on T'y(576t%). If k < B, then it is
weakly holomorphic.
(2) If (1%2“) =1, and 2r,2s # 3(1—d+2u) (mod 2t), r,s # 2+3u, 1+3u,2—3d+3u,1—3d+3u

(mod t) for all 0 < u < d—1, then R£?£1t73d(q) is a weakly holomorphic modular form on

I'1(576t9).
One can use Theorem 1.5 along with the valence formula to prove concrete identities.

Remark. For each t there exists at least one 0 < d < ¢t such that the statement of Theorem 1.5 is
nontrivial.

The paper is organized as follows. In Section 2 we recall facts about marked Durfee symbols. In
Section 3, we give the connection between rank generating functions and harmonic Maass forms. We
then relate rank and crank moments via a differential equation in Section 4. Next, in Section 5 we
introduce a certain twisted moment function that shows up in the case k > %. Section 6 is devoted
the proofs of Theorems 1.1 and 1.2. In Section 7 we prove Theorem 1.4 by first making a detailed
f-adic analysis of the rank-crank moment relation. Section 8 provides identities for rank differences.
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2. COMBINATORIAL RESULTS ON MARKED DURFEE SYMBOLS

Here we give some of the facts about marked Durfee symbols shown in [1]. Recall that the largest
square of nodes in the Ferrers graph of a partition is called the Durfee square. The Durfee symbol
consists of 2 rows and a subscript, where the top row consists of the columns to the right of the Durfee
square, the bottom row consists of the rows below the Durfee square and the subscript denotes the
side length of the Durfee square. The number being partitioned is equal to the sum of the rows of
the symbol plus the number of nodes in the Durfee square. Note that the parts in both rows must
be non-increasing. As an example, the Durfee symbol

(),

represents a partition of 2 + 3 + 3 + 1 + 42 = 25.

Andrews defined k-marked Durfee symbols by using k distinct copies (or colors) of the integers
designated by {11,21,---}, {12,29,---},--+ , {1k, 2k, - }. We form Durfee symbols as before and
use the k copies of integers for parts in both rows. We additionally demand that:

(1) The sequence of subscripts in each row are non-increasing.

(2) Each of the subscript 1,--- ,k — 1 occurs at least once in the top row.

(3) If My,--- , My_q are the largest parts with their respective subscripts in the top row, then all
parts in the bottom row with subscript 1 lie in [1, M;], with subscript 2 lie in [My, Ma], - - -,
and with subscript k lie in [My_1, S], where S is the side of the Durfee square.

The size of a k-marked Durfee symbol is simply the size of the partition that is obtained by ignoring
the colors; we let Di(n) denote the number of k-marked Durfee symbols of size n.
In [1] Andrews showed that k-marked Durfee symbols arise naturally in the combinatorial study
of the rank moment functions; in particular, for £ > 1,
Dipy1(n) = na(n).

He also proved some striking congruences for Durfee symbols, including

Dy(5n+a) =0 (mod 5) a € {1,4},

Dy(Tn+a)=0 (mod 7) a€{1,5},

D3(Tn+a)=0 (mod 7) a€{l,5}.

Following Dyson’s lead, Andrews next associated a collection of “ranks” to k-marked Durfee
symbols. For such a Durfee symbol ¢, we define the full rank FR(J) by

FR(5) = p1(5) + -+ + kpald),
where the i-th rank p;(0) is given by

| m(0) = pi(0) -1 forl<i<k,
pid) = { n0) - Bi(6)  forimk

Here 7;(6) (resp. [(i(6)) denotes the number of entries in the top (resp. bottom) row of § with
subscript i. We let NFj(m,n) denote the number of k-marked Durfee symbols of size n with full
rank m, and NFy(r,t;n) denote the number of k-marked Durfee symbols of size n with full rank
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congruent to r modulo ¢. Finally, define the generating function

[e.9]

Ry(w;q) = Z Z NFEi(m,n)w™q".

n=1meZ
In particular

Ry (1;9) = Ri(q).
3. RANKS AND HARMONIC MAASS FORMS

Here we recall results of [10] and [5]. Let us first give the definition of a harmonic Maass form. If
ke %Z \Z, z =z + iy with z,y € R, then the weight k£ hyperbolic Laplacian is given by

0? 0? 0 0
3.1 A= | == + =— ky | — +i— ).
(3.1) k Y (ax2+ay2>—|—z y(ax—i—zay)
If v is odd, then define €, by

(3.2)

1 ifv=1 (mod 4),
€y 1=
i ifv=3 (mod 4).

Moreover, we let x be a Dirichlet character.
An harmonic Maass form of weight k with Nebentypus x on a subgroup T' C T'g(4) is any smooth
function g : H — C satisfying the following:

(1) For all A= (2%) €I and all z € H, we have

c 2k
o42) = (£) &) e+ @ g(2)

(2) We have that Apg = 0.
(3) The function g(z) has at most linear exponential growth at all the cusps of T

Now let 0 < a < ¢ and define

-l
/N
ole

=)
N—
i

-5 (%Z> +qHR (Cg;q£°) :
(e isin (T2) 2 [0 © (2 £,7)
G =i L. gy

2mi

where £, := lem(2c¢?,24), (. := e , and © (%, T) is a certain weight % cuspidal theta function (for
the exact definition see [10]).

dr,

Theorem 3.1. If 0 < a < ¢, then D(%;q) is a harmonic Maass form of weight % on I'y =
<(é by, (é (1)>> If ¢ is odd, then it is on I'y (6fglc), where f. := ﬁ. Its non-holomorphic part
has the expansion

—\37? sin (%) Z (—=1)™ sin <7m(67:+1)> Z r (;, 8022y> qi%v

m  (mod f¢) n=6m+1 (mod 6f.)

where -
Do x) = / e bt dt.
X
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We next turn to Ra(q). Define
R(q) == Rs (¢**) ¢,

L d [ p(247)
(3.3) N = 1 /_ e

and
1 Ey(24z)

(3.4) M(z2) :==R(q) — N(2) — 21242 + $n(242)°

where as usual
o0
Ey(z) :=1-— 24ZJl(n) q"
n=1

with o1(n) := >_4,, d. This function is a quasimodular form.
The following result is shown in [5].

Theorem 3.2. The function M(z) is a harmonic Maass form of weight 3 on T'o(576) with Neben-
typus character x12 := (2) Its mom-holomorphic part has the expansion

1 2
N(z) Z F(6k +1)T <—; 47 (6K + 1)2y> g~ (Ok+1)7,
4f kEZ 2

4. RELATION BETWEEN RANK AND CRANK MOMENTS

In this section we recall certain relations between rank and crank moments and consider twisted
generalisations. For details we refer the reader to [2]. The j-th rank moment N; is defined in (1.3).
Note that the symmetrized moment ny;(n) can easily be written as a linear combination of Naj;(n)
with j <k (again, Noj11(n) = 0 due to symmetry). Define the generating function

> Nj(n)g"

n>1

We will see that these functions are related to certain quasiharmonic Maass forms.

We next consider crank moments. Recall that the crank of a partition is defined to be the largest
part if the partition contains no ones, and is otherwise the difference between the number of parts
larger than the number of ones and the number of ones. For n > 1, we denote by M (m,n) the
number of partitions of n with crank equal to m, and define the boundary values by M(0,1) := —1,
M(—-1,1) := M(1,1) := 1, with M(m,1) := 0 otherwise. The generating function for the crank is
then

o

1_
:ZZM(m,n)w IH 1—wq Q)w—lqn)'

n>0mezZ

This function is essentially a modular form when w is the root of unity ¢?. The numerator is
n(z)q_l/ 24 and the denominator is an algebraic integer times a weight zero Siegel function of level
2¢? (see [14]); this implies that ¢~'C (g“g; q24) is a weight % weakly holomorphic modular form on
I'1(2 - lem(c?,288)).
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Analogous to the development above, define the j-th crank moment as

Mj(n):=>_ kK M(k,n),
kEZ

which again satisfies Ma;41(n) = 0. Denote the crank moment generating function by

Cila) = Y Mj(n)q"

n>1
Now define the differential operators
d 1 d
Sy =0, = gam=
1 dq 2midz
d
0w = wW—.
wdw

In [2], Atkin and the second author derived a recurrence relation for the functions C,:

2

(4.1) Culg) = 2 (2‘;—_ 11> B —1(q)Ca-2;(q) + 2®0—1(q) P(q).
j=1

Here
(o)
®aj-1(q) = Y o9j-1(n)g",
n=1

where oj(n) =) din d’. These functions are simply a rescaling of the classical weight j Eisenstein
series minus their constant terms, since

where Bj; is the jth Bernoulli number. For even j > 2, the function E;(z) is a modular form of level
1, whereas FEs(z) is a quasimodular form. Thus we conclude inductively from (4.1) that ¢~'Cqy(¢?*)
is a quasimodular form.

Atkin and the second author also proved a differential equation for the crank and rank generating
functions, called the “rank-crank PDE”:

42 ol R = (30— wPs + 50 - wPa - L - Dba+ ) Rluwig)
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For our current purposes, we are most interested in an identity that they derived by repeatedly
applying J,, to (4.2) and setting w = 1, namely that for a > 2,

a/2—1

a a—2i _ a—
(4.3) ; (22> a+5§:azi <a7 Bﬁ) Ca(2)C5(2) 0 (2)P2(2) — 3(2971 — 1)Ca(2)
a,B,7>0 even
a/2—1
= %(a—l)(a 2)+6 Z ( ) (22771 = 1)64 (Ra—2(2))

E e s

Therefore modularity properties of R, can be inductively concluded from modularity properties of
C, and R9. In particular, the functions R, are related to the quasiharmonic Maass forms that we
describe in more detail later.

We next turn to twisted rank and crank moments. We have

0w (C(w; q)) = L(w; q) C(w; q),

where
L(w;q):= Y (w™¢"™ —w™"q"").
n,m>1
Thus
(14) BLLi )] = 3 (g™ — (—m)i ™).
n,m>1

Now recall the theory of Eisenstein series on congruence subgroups (see section II1.3 in [15]). The
(0, a) Eisenstein series of weight j + 1 and level c is given by

Gg(jﬁ)( ) - ijrl +C]+1 Z Zdj ( ad - )ACC_ad> qn,

n>1 \ dln
where
R T e
n>1 n>1
n=a (mod c) n=—a (mod c)
and

. 2+ 1)(— )]C(]‘f'l)
o At By

These Eisenstein series are in M;41(I'1(c)) for j > 2 (as before, they may be quasimodular at weight
2), and thus the series from (4.4) is again a rescaled quasimodular form minus its constant coefficient.
Note also that the constant bﬁ? /cj+1 must be an algebraic integer since all of the other terms in
the rescaled series are.
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Using (4.3) and results from Section 5, one can prove modularity properties of the twisted moment

functions
Rjaclq) = ZRj (%;n) q"
neN
Ciaclq) = ZC']- (%;n) q"
neN
where
Ri(Lin) = ST KC*N(k,n)
(o) =X
i (Zin) = S KCFM(K,n).
(o) =X

5. A TWISTED MOMENT FUNCTION
Define for coprime integers 0 < a < ¢ the twisted second moment rank generating function
a -1 n+1q%(3n+l) 3a 1 n—i—lqé" (n+1)
(51) R2 ( ,q) 5 CjQC Z ( )1 — 4 ?20 Z ( )
(6900 S (1= C24") (@ Do 2 (1= Coqn)?
We relate this function to a harmonic Maass form. For this, let

Ma(z) =R (%;q) + Na(z).

c

(2) = o)
() o

100 @a c
o\ 64\/37/ (—i(r +2))2
where d. := lem(6, ¢), and where

Ogc(T) = Z (=™ 2mim’T.

mz%idi‘l (mod d.)

Here

dr,

Theorem 5.1. The function M%(z) is a weight % harmonic Maass form on I' (96d2).

The first step in proving Theorem 5.1 is to show a transformation law for Ro (%, q). Due to double
poles, we cannot work directly with this function, but use a function of an additional parameter w
that is related and only has single poles. Define

Tiw (_1)n+1q2 (3n+1)
(1 _ <g€27rzqu) '

a (&
R (L) = g
¢ (49 5,

This function is connected to Ro (%, q) by
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where for a function g that is differentiable in some neighborhood of 0, we define

L(g) = [;maig(w)]w:o.

We prove a transformation law for Ra (%, q; w) and then apply L. Some of the calculations are similar
to those in [5], therefore we skip some of the details here and refer the reader to that paper.

We begin with some useful notation. For ¢ ¢ {0, é, %, %}, let

if 0 <
el
lfg<
1f6<

s = s(a,c):=

alealenlaol!
at

w N = O

Moreover define

wh i := exp (mit(h, k)),
where we have denoted the standard Dedekind sum by

wn= Y () (%)),

© (mod k)
with
_Ja—|z]-3 ifzeR\Z,
(@) = { 0 if 2 € Z.
Let
L (3m+1)tms
a . — +miw :i: _1\ym q?
T <27Q7w> = Z< 1) 1— e:t?ﬂzwqic+m
m2>0
_37rzx2
k
It zZyw) = :i:/ c dzx.
kuac( ) RSlnh(ﬂ-ZI—f‘*—M:Fﬂ’Z(w—i‘%))

Theorem 5.2. Assume the notatzon above. Moreover for coprime integers h and k, with k > 0 and
27 /

either k = 1 or 2¢2|k, let q := e FOFE) gnd g = ek (h +z), with z € C, Re(z) > 0, where k' =0

for k=1, and hh' = —1 (mod 2k) and k' =1 (mod 2¢?) for 2¢*|k. Then

1

Ry (%,Q;w> S1— 2kwhk€ T2k Z (—1)”67”h( i +”)I,;tyac(z;w),
v (mod k)
where ) . , \
8 e —wf?eﬁ(;kw Z)W <_“1]+E)+ s(wrd) p (c,qn S ) ifk=1
—f%wh et (T 2 Ry (%,q1; %) f 2¢* |k
Proof. Let

( 1)n+1qg(3n+1)
(1 _ Cge%rzqu) :
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Poisson summation yields

37rz¢2 + s’ (277,—}-1)(%—11)

~ /a 1 1/ 37”}“’
(5.2) Ry (qu;w) = ok Z (= Z/R sinh (T2 — mihv (w+%)) dx'

v (mod k) TR T
+

We shift the path of integration through w,, := (2 "6+ )i . Using the residue theorem yields

Rz( y 4 ):ZI:—FZQ:.

Here

S o=omi Y,

1 residues

where the sum runs over all residues of the integrand in (5.2), and where

2 .
3”;” +ﬂ(2n+1)(m—u)

> = T Z/R sy

v (mod k) 750 I Rtwn smh — B F
+

To compute )., we observe that for the computation of ), in [5] one does not need the fact that
w is small, therefore we may change w — w + ¢. This yields

Z _ _(ql;qug)oo Vi Z (—1)”em (=302 +”)I,;tyac(z;w)-
2 v (nj:od k)

We next turn to ) ;. First we consider the case kK = 1. In this case poles of the integrand can

only lie in points ’
xi =" <mi (g—i-w)).

If we shift the path of 1ntegrat10n through wn, we have to take those 2t into account for which
n > 3m =+ s and m > (1 F 1). We denote the residues of each summand by )\n’m. Then one can
easily see that

6—37rza:7j,:12 +mi(2n+ 1)z$

+ _
nm :F27rz cosh (wzxi F i (w + %)) )
Using that )‘n—i-l m= mem)\fm, one can compute that

]. 3l(w+g) 2ws(w+ ) e z z z z c
E = — z c g —1 m
/I:Ze ( ) 6_2777(w+g)_27rm

1 m>0 1-

P 2
3mm 2rsm _ m™m | T a
—3mm | 2mem _ M4 T (442 )

- Z(_l)m - L:(er;)me

o 1—eFlore) =%

We next consider the case 2¢?|k. Define the entire function
sinh(z + mikw)

+ o
S (@) = sinh (% + Wiw) ’
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From this one can see that poles of the integrand in (5.2) only lie in points

+
m

T = E(m:t kw),
z

and a non-trivial residue occurs for at most one ¥ modulo &k, which we may chose as

ve = —n' (m:F ak) .
c

Shifting the path of integration through w,, we have to take those m into account for which n >
3m > %(1 F1). A lengthy calculation using the same methods as before gives

T (3m+1)
1 smkw? | rw (—1)m+1 g2
21: = e ) :

Now the theorem follows using

a 2nw m
meZ 1_Cc€ 2 qq

™

1w
(q1;91)00 = wp pz2eT2R\*

(772) (g; ¢) oo

O
Next we realize the integrals occurring in Theorem 5.2 as theta integrals. For this let

9 :Fﬂ'iz
+ . o  miw FIL — Smiz® e =
Ia,c(w’z) T Cch ets /6
R

: 1— ex"{+2m’(w+%)¥w dz.
As in [5], we show.

z

Lemma 5.3. We have

3iu
3(—i 2 o] @mc (j)
L(I;fc(w;z)—i-I;C(w;z)) M/ —QdCSdu.
4m 0 (—i(iu+2))2
To finish the proof of Theorem 5.1, we change in Theorem 5.2 z —

% and apply the operator L
on both sides. Observe that
. a . a)2 . +2
627rzs(w+z)z—3mz(w+z) +mizw B orisd o 3 (S _ 3?(1 + %) q;ﬂ c
L  X%im e ‘ e m+2 2
1— €:|:27rzwzq1 c 1— a c (1 —q c)
In the sum over the — sign, we change m — —m, yielding
. a . a sa a2
) (627rzs(w+z)z—37rzz(w+z)2 T2 (97 q; Z’LU)) — qu_ZCQ T2 (g7 q) ,
c c
where
m 3m
a 1 3a “ q5(3m+1)+ms 3a qT(erl)erS
() = o () S ek S
c (4 @)oo c mze:Z( " gnte 2 (1)

o 2
meZ (1 — qm"'E)
Now Lemma 5.3 implies the following decomposition of the second rank moment; the subsequent
lemma describes the corresponding theta integral component.
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Corollary 5.4. We have

[SJIe]

. . \3 (e} _iu_
. . 2 [e.e]
a —1z _ miz | wisaz _ . :a°z a 1 —12)2 a,c (16d2>
R ( ) Qe 288+ 12c g2 12 <—7q24) -+ ( ) = d

RN 64V3 Jo (it )t

3 .
2

Lemma 5.5.

Ne(z41) = Na(2),

1 i [ Oac <1§dg) i [ Oac (1&%)
— ) = ———F ——————dT + 5 dt.
z 64v3m /7 (—i(r+2))2  64V3m o (—i(z+it)):
By work of Shimura it now follows that O, <—F}l2z> (—iz)% is a modular form of weight 3 on
I'y (64d2). Moreover observe that

I <e—37ri'yw2zR2 (g’q; —zw)) =—zRy <E§Q> .
c c

That M is annihilated under Az can be seen as in [5]. Combining the above now easily gives the
c 2

0\@2‘

theorem.

6. PROOF OF THEOREMS 1.1 AND 1.2

6.1. Proof of Theorem 1.1. First observe that the function Ry (q) is a linear combination of the
functions R;(q) given in Section 4. We use the rank-crank relation (4.3) and the modularity of the
occurring functions. The functions C,(¢?*)¢g~! are quasimodular forms and 7(24z) is a modular
form. Since Ro (q24) ¢~ ! is a quasimock theta function, it follows inductively that the functions
R, (q24) g~ ! are also quasimock theta functions.

For the readers convenience we give more details in the case k = 3. We obtain from (4.3)
3Ra(q) = —2(30, + 1) Ca(q) + 8Cu(q) + 3 (—12d¢ + 1) Ra(q)-

Since
n2(n) = %Ng(n), and
min) = i (Na(n) — No(m).

this implies that

(6.1) 36¢ 'R3 (q24)
9 1 3 3
= =30 102 () = g0g (a7 Ca () + 447 Cu (¢*) = 507 Ra (¢) = 50 (0 Rz (¢*)) -
From Section 4, we know that the functions q_le (q24) are also quasimodular forms. This fur-

ther implies that the function 4, (q_1C2 (q24)) is as well, since differentiation preserves the space of
quasimodular forms. Moreover

1 Ey(24z)
24n(24z)  8n(24z)°
Therefore ¢ 'R (q24) can be written as the sum of a quasimodular form and the derivative of the
holomorphic part of a harmonic Maass form, and is thus a quasimock theta function.

g 'Ry (¢**) = R(q) = M(z) + N(2) +
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6.2. Proof of Theorem 1.2. Denote by Di(my, mso, - ,mg;n) the number of k-marked Durfee
symbols arising from partitions of n with ith rank equal to m;. Let

e}
m m m
Ry(z1,--,z5q) i= Y Y Di(ma,ma, - ymyin) 2252 20"

mi, ,mpE€ZL n=0
In particular
Ry, (w;q) = Ry, (w,wz,'-- ,wk;q) :
If z; # x; and z;2; # 1, then Andrews showed that the generating function for the Durfee symbols
is actually a linear combination of rank functions [1]:
k

Z R(x;;
(62) Rk(xhx%... 7xk;Q) — p ( [ Q) )
1
i=1 Hj:l(SUi — aij) (1 — -Z’i.z'j)
J#i

Standard techniques for dissections of g-series then give

oo 1 t—1 ' ‘
6.3 E NE,(r,t;n) ¢ == | Ry, (¢** +§ ( —rj —1Rk( J, 24)
(6.3) P ( )q ; (q ) P G 'q Giiq

Thus, if ¢ # ¢ and ¢/ £ 1 for all 0 < I # m < k, which is guaranteed if k < 2, then we
obtain by (6.2)

lj.
(6.4) Ry, (¢f:a) =§k: R(t )

Ty (@) (-6 )

Otherwise, for “large” k we need a modified version of (6.2). Namely if z; = x; or z;2; = 1,
then Ry(x1,xo, - ,xk;q) can be related to R(z;q) via analytic continuation of (6.2). One can show

that the new function is a linear combination of [mgjﬁ;q)

x1x9 # 1, then

} . For example if £k = 2, 1 = x9, and
Y=xq

a
&Ry q)]
. R(x1; R(zo; {39 ’ —
RQ(x17x2;q) — IILTI; (‘/El Q) " + ($2 Q) . — 1 72y T1
2—T1 (-Tl — x2) (1 — x1$2) (xg — $1) (1 — $1$2> ( — T )
In general, Ry(x1,...,zx;q) will be a linear combination of various derivatives of R(y;q) for any

values assigned to the z;. This can be seen by comparing the two sides of (6.2); since the left side
has no poles, all of the singularities on the right side must be removable, and thus L’Hospital’s rule
can be applied (at most 2k times).

We largely restrict our argument to the case that k < £, and then make some comments on the
general case. Fix a prime p > 3 with p {1 t. We treat the two summands in (6.4) separately. From
Subsection 6.1, we know that R, (q24) ¢! is a quasimock theta function. Moreover one can conclude
from Theorem 3.2 that the holomorphic part of the associated harmonic Maass form is supported
on negative squares. Thus the restriction to coefficients lying in

Sp = {nGZ: <24’;;1> :_<—p1>}
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is a weakly holomorphic modular form on I'y (96dgp2). Moreover from the work of the first author
and Ono [10], we know that the restriction of R (Ct] ; qzt> qf% to those coefficients lying in S, is a

weakly holomorphic modular form on I'y (6 fthth). Finally, work of Serre implies that quasimodular
forms are actually p-adic modular forms, and the proof concludes as in [5].

To prove the general case, we first consider the function [%R(w; q)]w: ca which is again the base

case for induction. We have

0 1 (—DgE @1 )
— R(w; _ _
[310 v q>:|w—§g (¢; @)oo 7% (1—¢2q™) (43 @)oo % (1— Cagn)?

(1)

Since we know that R (%, q) is related to a harmonic Maass form, it is enough to consider the function
Ry (%, q) defined in (5.1). Theorem 3.2 implies that R (%, q) is the holomorphic part of a harmonic
Maass form. Moreover as in [10], one can compute that the non-holomorphic part is supported on
negative squares. Now we argue as before, utilizing the easy shown technical result that for these
Maass forms, the quadratic twist operator commutes with differentiation (due to the form of the
non-holomorphic coefficients). For higher derivatives, it is enough to relate the functions R 4.c(q) to
quasiharmonic Maass forms. For this we apply 9%, to (4.3), set w = (%, and then argue inductively.
The case k = 2 again begins the induction. The claim now follows, using the relation of the functions

Cja,c(q) to quasimodular forms, and the modularity of the twisted Eisenstein series Gﬁﬁ) (2).

7. EXPLICIT DIFFERENTIAL OPERATORS AND RANK MOMENT DIFFERENCES

In this section, we show more explicitly how the modularity and holomorphicity of the higher rank
moments Rop are determined by the derivatives of Ro. We describe the differential operator that
naturally acts on R, and then prove Theorem 1.4 by considering the operator £-adically. Throughout
this section we assume that ¢ > 3 is prime.

7.1. Higher rank moments and derivatives of Rs. We begin by defining by what we mean by an
“f-integral quasimodular form of level 1.” We consider functions E(z) Fy(z), where Fy(2) € Mp(1),
the coefficients in the g-expansion of Fj(z) are ¢-integral and have bounded denominators, and a
and b are nonnegative integers. We call such a function an f-integral quasi-modular form of weight
2a + b. Let k be a nonnegative integer. In general, an £-integral quasi-modular form of weight k and
level 1 is sum of such functions where 2a + b = k. For k an even nonnegative integer, let X} denote
the set of functions that are sums of /-integral quasi-modular forms of weight < k. Let

PX, = {GP G e Xk}
In equation (4.3), replace a by 2k and denote the left side by Ya, so that

k—1 .
(7.1) Yo, := Z <22];> Z (2;:5 il> C, Cg 07 P 2_3 <22k71 _ 1) Cy.

i=0 o+ B+y=2k—2i
a,B,y even >0
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With this notation, the relation (4.3) can be solved for R, yielding

k—1
k .
(12 Ra= GrooT "~ w0 (Z6(22> (2271~ 1) 6,(Rog )

=1

k—1
2k . [ 2k 2k
221+1_1 _221 o |-
+;[<2@'+2>( ) 2it1) T\ )| R

An easy induction argument shows that the differential operator that acts on Ry is a polynomial
Py (6,4) with rational coefficients and degree k — 1, so that

K
(7.3) Rok = Pu(6g) Ra + > Qu.j(84) Va5,
=2

where Q ; € Q[z] has degree k — j.
We now focus on Py (z); we will see shortly that the other terms in (7.3) may be absorbed into
the quasimodular component of Roy.

Proposition 7.1. Let Py(z) := 0 and Pi(z) := 1. For k > 2 we have the recurrence relation
Pi(z) = (1 — 122) Py_1 () — 3622 P_o(x),

and the explicit formula

m(@:zl*’“%“k >(1—24m)j: ! ((”m)%—(l‘m>%>.

—\2j +1 V1 =24z 2 2
Proof. From (7.2) and (7.3) we see that for k > 0,
k-1

Py(z) = — @ 1§(k Y ; <6:n (2’;) (251 —1) + (;ﬁ 2) (2241 — 1))
-2 <2z'2f 1> * (221{» Pii(@).

‘M”:ﬂ(if>‘

Using some elementary (though lengthy) binomial sum evaluations and an induction argument, one

can show that o o
1 142 1—2z
\%’ = - — .
o= - (%))

From this one can conclude that for k > 2,

Vi(2) = (1 222> Vi-1(z) — <1 _422>2 Vi_a(2).

Letting z = v/1 — 24z (taking any fixed branch of the square root), we obtain the results. O

For k > 0 we define

By letting 2k = ¢ + 1 and reducing the formula from Proposition 7.1 modulo ¢ we obtain the
following result.
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Corollary 7.2. For k > 2 the polynomial Py(x) has integer coefficients. If £ > 3 is prime then

41 =1
PHTl(:ﬂ) =5 <1—|—(1—24:U) 2 ) (mod ?).

We will need precise expansions of the rank and crank moments into ¢-integral components.

Proposition 7.3. Let £ > 3 be prime.
(1) For k>0 even we have 64 (X)) C Xjyo.
(2) For k >0 even and m > 0 we have ;" (PXy,) C PXjyom-
(3) For1<j < HTl except j = 6771 we have Cyj € PAXy;.
(4) Cyp—1 =2PPy_o + PG for some G € Xy_1.
(5) For1<j< % we have Yo € PXy;.
(6) Yo_1 =6PD;, o+ PG for some G € Xp_1.

Proof. Suppose £ > 3 is prime and k > 0 is even. Our goal is to write the crank moments Cs; and
hence the Y5; in terms of /-integral quasimodular forms. Throughout the proof, we will only write
the components that are not obviously f-integral, with trailing ellipses representing the remaining
terms which are f-integral quasimodular forms.

(1)  This result is well known. It follows from the fact that

120,Ey = E3 — Ey and 120,F — kEsF € My, o if F € M.

(2) From [2, (2.11)] we have
(7.4) 6,P = ®1P = 3;(1 — E3)P € PX>.
The result follows from (1) and (7.4) by an induction argument.

(3)  Suppose 1 < j < éfTS. Then ®9;_; = %j(Egj — 1) € Xy; by the von-Staudt and Kummer
congruences [4], [18, p.20]. Hence Cy; € PA>; by (4.1). Similarly, Cyq1 € PXpy1 by (4.1), since

Coy1 =20)P+20C)_1P1 4 -+ - 4+ 2Py_oCY,
=20,P + 8(Py_oPy + - -

and
{By_4
2(0-1)
again by the von-Staudt and Kummer congruences.

(4)  The result follows from (4.1) and (3).

(5)  The result follows from (7.1) and (3).

(6) The result follows from (7.1), (3), (4) and since

Y1 =3C_ 1+ =6y 9P +---.

Dy o1 =

(1—E;—1)P1 € Xpyo,

0
We can now prove that the f-adic behavior of the higher rank moments comes from that of Rs.

Theorem 7.4. Let £ > 3 be prime. Then
(75) R£+1 — Pf+71 (5q)R2 € P/Yg+1.
2
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Proof. The idea of the proof is to use (7.3), and rewrite the Y5; in terms of /-integral quasi-modular
forms, keeping track of when ¢ occurs in denominator of a coefficient. We consider the equations
(7.2) for 2 < k < Z"'Tl In these equations the only time ¢ occurs in a denominator is when k = %,
and only the term of the right side which is not ¢-integral is the term involving Y,11. We note that
all coefficients in the sum are f-integral. The only term which could rise to a non-/-integral quasi-
modular form is the term with ¢ = 1. Equation (7.1) gives Y41 in terms of crank moments. We
wish to write %}/[_A'_l in terms of quasi-modular forms identifying which terms that are not /-integral.
As usual, we will only write the components that are not obviously ¢-integral, with trailing ellipses

representing the remaining /-integral portion. We find that
Y41 =2 (Crp1 — Co) + 30+ 1)Cr1CoP ™1 + 3(£ + 1)Cq + -
=8P (0 — 1) + 18(0 + 1)@p_o®1 P+ 3(£ + 1)y oP + - -
Therefore by (7.1), (7.2), (7.3), and Proposition 7.3

2 (€4 1)(726, + 762 — 370 + 42)
(t+1)/2
=Fi+ > Q;(0))PZy;,
j=2

where the 62&]- are polynomials of degree £ — j with integer coefficients, the Zy; € Xp; (2 < j < “Tl),
and

( (I)l —I— 18(€—|— 1)‘I’g 2@1P—|—3(£+ 1)(1)5 QP)
(e 1)(726, + 702 — 37¢ + 42)
B, P
6123  0%=2h)
=P+ %F&

where Fy € X1 and after some calculation we find that

Fy = (% — 125(1);?@_113 + 12Ez+1p - §E2E€—1P'

Here we have defined the ¢-integral modular forms Eg_l( )= 55 0 —{Py_o and E£+1( )= (Zﬁ)
®,, and we have used the von-Staudt and Kummer congruences /By = —1 (mod ¢), and 12Byy; =1

(mod ¢). Since Ep € My_1(1),
V, =126,E_1 — ({ — 1)E2Ey4
is an f-integral modular form of weight (¢ + 1). Now
126,F¢ 1P = 12 (5(,1}4_1) P +12E 16,P = V;P + (( — 3)EyFy P+ LE, P,

Hence
Fy = (—Vy+ 12E1)P — (B>, P.
Now
—V;4+12Ep 11 = —FyFy 1 +12E4,, =0 (mod /),
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by the well known congruences 22?4_1 =1 and 24E’g+1 = F3 (mod ¢), and we note that —V, +
12FEp4q1 € Myy1(1). Hence

Fl = F4Pa
where Fy € Xpy;. The function
(C+1)/2
> Qu(8)PZy
j=2
has the same property by Proposition 7.3, and the result (7.5) follows from (7.6). O

For ¢ > 3 prime and € € {—1,0,1} we define the operator U:E, which acts on g-series by

y (Z a(n)qn> = Z a(n)q".

g )=
The following corollary of Theorem 7.4 follows from Corollary 7.2.

Corollary 7.5. Let £ > 3 be prime and suppose € = —1 or 0. Then
;e (Re) = :Z (G¢P) (mod ¢),

where Gy € Xp41.

Proof. Let € = —1 or 0. We define

Gl if e=0,
Cel ' = 2
' 1 if e=—1.

If (%) = ¢ we have

(7.7) (1 - PngQl(n)) =c., (mod 0),

by Corollary 7.2. Since Ry41 = Ro (mod ¢), from Theorem 7.4 we have

r <(1 — Pg+1(5q)> 7?,2> =U/ (G¢P) (mod ¢),
2
where Gy € Xp11. Finally by (7.7) we have
(1)) Re) = X (1= Paa)) N
2 1—24n 2
)=
= Cey Z N2(n)q" = ce Uy (R2) (mod ),
)
and the result follows since c. ¢ Z 0 (mod ¢). O

The following theorem describes the relation between Rox and Rso for other k. The proof is entirely
analogous to Theorem 7.4, with an extra term that is not ¢-integral appearing when k = (£ — 1)/2.

Theorem 7.6. Let £ > 3 be prime.
(1) For1<k< E%S we have Cop, € PXoy, whereas Cy_1 = 2P®y_o+ PG¢ for some Go € Xp_q.
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(2) For2<k< 4_73 we have
Rop — Pk(5q)'R2 € PXyy,

whereas
Ro—1 — Pu ((5q)R2 =2P®,_5 + PGgr
2

for some Gr € Xp_1.

7.2. Proof of Theorem 1.4. We are now ready to prove Theorem 1.4 by combining the above
results with the theory of /-adic modular forms.
(1) By Corollary 7.5,

US’K(RQ) = US:((G@P) (mod f)

for some Gy € Xypy1. By reduction mod ¢ we may assume that all forms involved have integer
coefficients. The function G¢P is a sum of functions of the form

2

~a ~a 1 a(Z)
E,FP=FE, FP=q24 B (mod ¢),
n(z

where Ey = % Ey and F(z) is an integral modular form F' € My(1), with total weight 2a+b < £+ 1.
~ ~Qa
Define the associated ¢-adic modular form F;(2) := Epy(2)F(2) € Myqqq41)(1), which has weight

~

at most %(6—1—1)2. Define the coefficients p (%’, n) by > . p (%’, n) q" = (52’;})@ . By standard arguments

using Hecke operators (see [13]), we have

> No(tn+ g™ tre= > N p (Fb tn + m) g1 = )"0 (242)Go(242)  (mod £),
n=0 2a+b<l+1n=0

where G&Q S X(@2+3g,ré,1)/2.

(2)  This claim follows immediately using the same arguments as above and the relation between
Roi and Ro found in Theorem 7.6.

(3) To find ¢-adic modular forms associated with Ry_1, we again use Theorem 7.6. The difference

is that there is now an extra term that is not f-integral, namely 2P®,_o = % <£B"_1 — ZEg_l> P.

(¢-1)
Define oy such that ap = ifﬁ; (mod ¢?), so that the first part of the contribution from 2P®,_,

is

> 1 1 nfa)\' | A (242)
2n—1 _ _ _ 2
* ;p(n)q ~ M) T ) (mwz)) =y )
This implies that
> AE=D/24242) | U(¢)

24n+ry — 2

Qy nzz;)p(én + Be)gq =y (212) (mod £7).

Observe that A=1/24(z) € §; (1), and recall that T'(¢) = U(¢) (mod ¢), so

3(2-1)

Fo(z) = AL | T0) = (¢ L) | T) = esg™ + -
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where Ay := %, and cs is an integer. Since Hecke operators preserve spaces of modular forms,
it must be that fy(z) = AM(2)H1(z) for some Hi(z) € Ml(f(é D 1)(1). We conclude that
(U1 =re—
- 24n-+ry AN (24Z)H1 (242) ) 2
ay Zp(én + Be)q = (212) =n"(242)H(242z) (mod £).
n=0

We proceed in a similar fashion for the term QEg,lP. Define the coefficients e;_1(n) so that
2B, 1P =32 er-1(n)g" (mod ¢?). As before, we find that

> AE=D/2494)E, 1 (242)
24n—1 _ -1 2
nE:O er—1(n)g =2 (2402) (mod ¢),

and

AE-D2424 VB, (242) | U(0)
n‘(24z)

0" (242)Ho(242) (mod £?),

(mod 22)

AM(2)Ho(2) = 2A(£271)/24(Z)Eg,1(2) |U() (mod £%).

Since 2B, 1 =y =1 (mod £), we have Hy(24z) = H2(24z) (mod £), so the overall the contribution
to the congruence for Ug,(Re—1) is

%777"2(242) (Hy(242) — Hy(242))

as claimed, completing the proof.

8. PROOF OF THEOREM 1.5

Using (6.3), we observe that

00 t—1
S~ (NFilr, tim) = NFls i) ¢ = 257 (677 = ) a7 Re ().
n=0 J=1

Without loss of generality, we assume that k < £, the general case is proven similarly. In this
case we may use (6.4). The functions R (g‘g ; qet> qf% are the holomorphic parts of harmonic Maass
forms on I' (576t4). One can generalize the usual Atkin U(#?)-operator to harmonic Maass forms.
This gives that ¢~ 'R (Cg ; q24) are the holomorphic parts of harmonic Maass forms on I'y (576t4).

Moreover by Theorem 3.1, the non-holomorphic parts of those forms are supported on negative
squares. Generalizing the theory of twists of modular forms to twists of harmonic Maass forms,
we obtain that the restriction of those form to the coefficients supported on arithmetic progression
congruent to d modulo ¢ satisfying (1%%) = —1 is a weakly holomorphic modular form on I'y (576t6).
Thus (1) follows.
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In order to conclude (2), we have to show that the restriction of the function

t—1 ' ' o | |
> =) d?(;”j — (R (i) =o' R (@P5))

to those arithmetic progressions stated in the theorem doesn’t have a non-holomorphic part. The
correct group follows as in (1). Using Theorem 3.1, we see that this is equivalent to the identity

t—1

0 0= 76 i (o () (22) () m (52

j=1

Since sin(z) = 3 (¢ + e~™*), identity (8.1) is equivalent to

— —rj _ ~—8] _ ,3dj
52 0=y « (Clt J>3g; ) go-s (1= (d+ar) (@ +@™)).
i=1 -

This is further equivalent to

t—1

(83) 0= Z (Ct—Tj _ Ct_Sj> 235'(1761)

j=1
(1 n Ctgj T +gt:sj(d—n) (1 _ <g§3d+1) _ %'t(—Sd—i-l) _ Cgt(:sd—n _ C2—tj(3d+1)) .

Identity (8.3) can be verified using the conditions in the theorem and the standard orthogonality of
roots of unity.
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