RAMANUJAN TYPE CONGRUENCES AND JACOBI FORMS

KATHRIN BRINGMANN AND BERNHARD HEIM

1. INTRODUCTION AND STATEMENT OF RESULTS

Finding congruences between different arithmetic objects has always been a challenging
task. From Kummer we have beautiful relations between the Bernoulli numbers B,, which
have a wide range of important applications to different areas of mathematics. If n,m are
even positive integers and p is a prime with (p—1) f n and n = m (mod p—1), then Zn = Bm
(mod p). This leads directly to congruences for the Riemann zeta function ((s)

(L1) ((1—n)=¢(L—m) (modp)

and was the foundation for the construction of the p-adic L-function. Using Kummer con-
gruences for generalized Bernoulli numbers this has been generalized to the abelian Dedekind
zeta function [Le, Cal.

Another type of congruences involves the coefficients of modular forms. The most famous
ones are due to Ramanujan, and they assert that if n is a non-negative integer, then the
following congruences hold for p(n), the number of partitions of n,

p(bn+4) = 0 (mod 5),
p(Tn+5) = 0 (mod7),
p(1ln+6) = 0 (mod 11).
These congruences can be explained by the fact that certain Hecke operators annihilate

specific modular forms modulo p. Moreover Ramanujan showed congruences involving the
coefficients of the A-function

A(z) =) ()" =q ] -q)*,
n=1

n=1

where ¢ := €?™* with z € H, the Poincaré upper half-plane. For example Ramanujan proved
that

T(n) nog(n) (mod 5),

7(n) = nos(n) (mod 7),

(mod 691),
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where oy, is the usual k-th divisor sum. For a complete list of these congruences we refer
the reader to [BO, SD]. One can show these congruences using identities between modular
forms. For example the congruence modulo 691 follows from the identity

762048

E§(2) = E1a(z) —
6(’2) 12(’2) 691 (Z)?
where for k > 4,
2k
Ey(2) =1~ 5~ > or-1(l) - e(lz)
Fi=
is the usual weight k Eisenstein series. Here e(z) := €2™*. Moreover these congruences

can be explained by the theory of f-adic Galois representation developed by Deligne, Serre,
and Swinnerton-Dyer. For details we refer the reader for example to [Ka2, Ri, Se, SD|. It
is known that these type of congruences are also related to special values of the standard
L-function (which will also play an important role in our paper) and the relations between
the denominators of certain L-functions. For example the famous Ramaujan 691 congruence
is related to the special value of the Rankin-Selberg zeta function attached to the Hecke
eigenform A. The above congruences can be used to prove that for allmost all integers
n, 5-7-691 divides 7(n) (see for example [Mo]). In 1978 Doi and Hida [DH1] discovered
nontrivial congruences among the Hecke eigenform (see also [DH2]). Recently progress has
been made also in the context of Siegel modular forms by Katsurada [Kal], Mizumoto [Mi2],
and Bocherer and Nagaoka [BN].

In certain special cases congruences between modular forms of half-integer weight can
also be deduced from congruences of modular forms of integral weight (see e.g. [Ko, AK])
by “inverting” the Shimura map. To the authors knowledge there exists no general theory
which can be used to obtain congruences for half-integral weight modular forms from integer
weight ones in each single case. In the situation of Jacobi forms one could similarly as in
[Ko] find single congruences. Here we choose a different approach which leads to infinitely
many congruences. In Theorem 1.1 and Theorem 1.3 we obtain congruences between Jacobi
Eisenstein series and Jacobi cusp forms. Using results of [Tr] and the correspondence between
Jacobi forms of half-integer weight, one could also obtain that infinitely many coefficients of
Jacobi cusp forms are congruent to 0 modulo p for each prime p # 2,3. Congruences for
Jacobi forms were also for example considered in [G1, G2|. In Theorem 1.4 we show that the
congruences for Jacobi forms considered in Theorem 1.1 are "optimal”. In Theorem 1.5 we
prove congruences between special values of different kind of L-functions (Hecke- and Rankin
type) attached to elliptic cusp forms of different weights .

Let us illustrate our results with an example. Let f be the primitive elliptic cusp form of
weight 22 with Fourier coefficents a/ (n) and x12.1 the Jacobi cusp form of weight 12 and index
1, normalized such that the Fourier coefficient associated to the fundamental discriminant
—3 is 1. Then Theorem 1.5 implies that

¢(22) > 7(n)?n”* =394 - 593 Yol (n)n? (mod 593).

1.2
(1.2) OLANNE T a1 P
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Moreover

@) T2, rnpP
N

See also [Kal].

In the following assume that m is a positive square-free integer. We let k£ and g be positive
integers with k even, and k > g+ 2 and let (7,2) € Hy x C9, where H, denotes the Siegel
upper half plane of genus g. We define the Jacobi Eisenstein series of weight &, index m, and
degree g as

Bl (r2) = > Aemy(2),

YETLATY

where Fg denotes the usual Jacobi group, |k, is the slash operator for Jacobi forms, and
I'7is the stabilizer group of the function 1 in Fg . Moreover for a non-positive discriminant
D = Dof? (f € Ny, Dy a fundamental discriminant), we define for s € C with Re(s) > 1

[ ¢(2s-1) if D=0,
18 Lpls):= { Lo () S ()Xo (d) d™* 0125(f/d) if D #0.

Here Lp,(s) := > _,~0 XDo(n) n™*, where xp, is the primitive Dirichlet character associated
to Do, and pu(-) is the usual Mébius function. The function Lp(s) has an analytic continuation
to the whole complex plane and the values Lp(2 — k) for k even are known to be rational
and non-zero (see [Za] page 130). If g = 1, then we drop the index.

We now take the following basis for J,E:flp , the vector space of Jacobi cusp forms on H x C
(see also [Hel]). For djm, we let (®;, 4);, be a primitive Hecke eigenbasis for the space of

new forms J79". As is well-known, this subspace is isomorphic as a Hecke module to a

subspace My "y (m) of elliptic cusp forms (see [SZ] page 138 (ii)). Define the function
Ujd = ®j,qlT- (%), where T_(-) is a certain Hecke type operator defined in [He]. Then
(W),.d)j4,d is a Hecke eigenbasis for Jgﬁp. Each ®;, 4 corresponds to an elliptic cusp form f;,
under the above described correspondence. In [He] (see Definition 2.4), the L-series L(s, ®;, )
is defined in such a way that it coincides with the Hecke L-series L(s, f;,), where for a primitive
new form f(z) = > -7, a(n)q”, we define L(s, f) := > o2 a(n)n™%. If m = 1, then we also
write (®;); and f;, where now f; is the primitive Hecke eigenform that corresponds to ®;
under the Saito-Kurokawa correspondence. In the following we mean by a =  (mod p°)
for ., 5 € Qp, e € N that p°|(a — ). More generally we consider congruences modulo ideals
p lying above p in the sense of ideals in O, the ring of integers of some number field K.
Usually we take Of, where for we denote for a Hecke eigenform f € Sy by K the totally real
number field generated by the Hecke eigenvalues Ay of f. We now state our first theorem.

Theorem 1.1. Assume that m is a square-free integer and that k > 8 is even. Then there

o || Br=zoxa(m) gng p | Bokcz yhere By, is the k—th

exists a prime p and o € N such that p



4 KATHRIN BRINGMANN AND BERNHARD HEIM

Bernoulli number. Now define

(=1)2(2k — 4)loy_o(m/d) - d¥2
Ck,m,d *= 23k—5 ’

Then we have for % — 4nm < 0:

14 > dkflLTQ_dénm(z—k:)paEk,m(T,z)

d|(n,r,m)
dim, Jpey Lk 3.0, )
= ch,m,d Z p 2k—3 fa.d P} cidyd(nar) : \Ilid,d(Tv Z) (mOd pa)7
2 2 P
|m ld—l
where c'@4(-) denote the Fourier coefficients of V;, 4. Here || - || is the usual Petersson norm

for Jacobi forms. Note that both sides of (1.4) are in Zy.
From this we conclude.

Corollary 1.2. If m = 1, then we have for Dy := 1> —4n < 0
LDO (2 - k') 'paEk:,l(Ta Z)

Jeusp
k,1

PL(2k — 3, f .
= (~1)*/? 2732k — 4)! Z 723 [ B, ”%) d(n,r) - ®;(r,2) (mod p%).

dim J

We now illustrate Theorem 1.1 with an example (for details see Section 5). We let
X10,1(7, 2) € J; P be the unique element with (1,1)-th Fourier coefficient equal to 1. Then
Theorem 1.1 implies the congruence

43867F0,1(T, 2) = 16564 - x10,1(7,2) (mod 43867).

Following McGraw and Ono [MO] we call a prime p a congruence prime for a primitive Hecke
eigenform f(z) € Si if there is another primitive Hecke eigenform f;(z) € Sy for which

f(z) = fi(z)  (mod p)

for some prime ideal p above p in the ring of algebraic integers of a suitable large number
field. Congruence primes are rather rare. According to numerical data of W. Stein one has
for example that the only prime p < 10* that is a congruent prime for any primitive Hecke
eigenform in Spy1 is p = 389. If p is not a congruence prime for any f € Si, we also call p a
non-congruence prime for Sg.

Let us first consider the case of elliptic modular forms. We put G(z) := _B—Q"'k Eir(z). Let p
a prime number which divides By /k and let p be a prime ideal above p. Then there exist a
primitive Hecke eigenform f € S such that

Gr(z) = f(2) (mod p).
This depends mainly on the fact, that Fourier coefficients are equal to the eigenvalues and
that the algebra of elliptic modular forms is generated be F; and Eg. In the setting of
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Jacobiforms or modular forms of half-integral weight, the situation is different. It is an open
question in the theory of Jacobi forms and Siegel modular forms (this is related to the Maass
conjecture of Siegel modular forms [Ma]) if p®E} ; is not congruent to zero modulo p*
general. On the other hand if if p®FE} ; is congruent to zero modulo p* we can by trivial
reasons always find an eigen cuspform ¢ € J, ;Tp which is congruent to the “deformed” Jacobi
Eisenstein series. Therefore, we assume in the following that p*Ej 1(7,2) # 0 (mod p®). In
contrast to the case of elliptic modular forms where for a Hecke eigenform one can choose the
first coefficient to be 1, there is no uniqe normalization for coefficients for Jacobi forms. Let
Dgy := r? —4n < 0 then we fix a certain normalization attached to Dy of Jacobi Eisenstein
series of index 1:

GkDﬁ(Tv z) = Lp,(2 — k) - p" B 1(7, 2).
Theorem 1.3. Let k be an even positive integer. Let p a prime number which divides 2?:22
and which is a nmon-congruence prime for Sor_o. Let p be an ideal above p in the number
field generated by all the Hecke eigenvalues of the primitive Hecke eigenbasis of Sor_o. Then

there exists a Hecke eigenform with totally real coefficients ® € J,S“fp such that we have for
all Do
(1.5) GPo(r,2) = L(2k — 3, f)PP0 - P (n, 1) ®(1,2)  (mod p),

where f € Soi_o is the form corresponding to ®, and where we put for simplification

p*L(2k —3, f)

L(2k — p.Do . (_1\k/2 953k (9. _ 41
L(2k — 3, f)P70 := (—1)% = 2°7°F(2k — 4)! |2

EKf.

In particular there exists a Dy such that
Gi(r,2) = L(2k — 3, f)PP0 - &(r,2)  (mod p),

Moreover if we evaluate the congruence (1.5) at the Fourier coefficient ¢(n,r) we get a
congruence for the special value L. Tt is maybe worthwile to note that the normalization
constant to get an explicit congruence is given by a certain special value of a L-function of
Hecke type. For Jacobi forms of general index a similar statement would be possible. Since
this would lead to more technical complications, we chose not to address this question here.

We next show that for infinitely many k,m, and D = r? — 4nm that Theorem 1.1 is
optimal, i.e., the (n,r)-th coefficient of the left-hand side of (1.4) is an element of Z.

Theorem 1.4. There exist infinitely many positive integers k and m, such that for a prime

p with p* || 22'“ 2 we have for infinitely many discriminants D = r? — 4nm < 0
L(2k — 3,®;, )
(1.6) (2k —4)! ZZ D\ W, 4 ||;dn2k 3CZd’d(n,T)2 =e¢ (mod p%),

dlm iq

where € € Z,, is explicitely computable, and where w(d) denotes the number of prime divisors
of d.
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To state our next theorem which gives congruences between L-functions, we define for
f(z) =>07  a(n)g™ € Sk the Dirichlet series

(25 — 2k +2) )
D = s,
7(8) C(s—k+1) Z::
Theorem 1.5. Assume that k > 8 is an even integer and p a prime with p® || Eéi’“:;, where

a € N and (p, %) = 1. Let further Dy < 0 be a fundamental discriminant such that
vp(Lpy(2 — k)) = 0. Let {®;}, be a primitive Hecke-Jacobi eigenbasis of J,?fp, which is
ordered and normalized in such a way that for d;. € N we have that ¢ (Do) = 1 if and only

if 1 < j <dj and 0 otherwise. Here ¢/ (Dy) is the Fourier coefficient of @ corresponding to
the discriminant Dy. Moreover let (gj); be a primitive Hecke eigenbasis of Sy,. Then we have

dim Sk
D, (2k — 2)
(1.7)  erppy (k—2)!1(2k — 3)! Z m
=" 9
G Lk—3,f)
= (2]{;—4)'ZPQW‘£T‘2 awq)j(l) (mOd pa)7
j=1 /

where a"V®i (1) is the first coefficient of ®(t,0), and
k
Ekp.Do = (—=1)2Tp* 277 (3 = 2k) " Lp, (2 — k) € Z;,.

Remark. Formulae of type (1.7) which involve congruences between special values of L-
functions of different type seem to be new. From the proof of the theorem the existence
can be expected without going into concrete calculations. But the pattern behind our result
is not clear and will hopefully give inspiration to further study of such congruences. We
believe that applying the method used in the proof of theorem 1.3 will reduce the sum on
the left side of (1.7) to single special value by going to congruences to prime ideals above p.
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2. BASIC FACTS ABOUT JACOBI FORMS

Let us recall some basic facts about Jacobi forms. For details we refer the reader to [EZ]
and [Zi]. The Jacobi group Fg =Ty x (29 x Z9), where g € N and I'y := Sp,(Z), acts on
Hy x C9 via

(M, (A, p)o(r,2) = ((AT+ B)(CT+ D) ', (2 + A+ p)(CT + D) 1)
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Let k and m be positive integers, and ® a complex valued function on H, x C9. If
’yZ((é[B)) )Efg we define

Qg (T, 2)
= det(C7 + D) *e (=m(C1 + D) 'C[(2 + A7 + )] + m7[\] + 2mA2t) - @ (y o (7,2)),

where A[B] := B*AB for matrices of compatible sizes and e(A) := €™ 4 for a square matrix
A. Let J,f . be the space of Jacobi form of weight k, degree g, and index m with respect to

FJ, i.e., the space of holomorphic functions ® : Hy x CY — C satisfying ®|; ,,,y = ® for all
v E Fg that have a Fourier expansion of the form

(2.1) O(1,2) = Z c(n,r)e(nt +rz),
(7;;2 Tn/f)eAgH

where A, denote the set of half-integral, symmetric, semi-positive g x g matrices. Moreover
J ,gfr? °P denotes the vector space of those Jacobi forms for which in (2.1) the sum only runs
over positive definite matrices. If g = 1, then we drop the index.

The space J,f:g;l *P is a finite dimensional Hilbert space with the Petersson scalar product

(P, W) := /I‘J\Hq ) ®(7,2) - (1, 2) - (det v)F exp (—4mtr (mv_l[yt])) dVg‘],

where 7 = u+iv, 2 =z + iy, and dV;] := (detv) "9 dz dy du dv.

Let ® € J ,zusP be a Hecke Jacobi elgenform and for simplificity we let m be square-free. Let
Kg be the totally real field generated by its Hecke eigenvalues. Then by standard arguments
(see for example [Ga] and [Mil]) one shows that it is possible to normalize ® in such a way
that all its Fourier coeflicients lie in K. Such Hecke-Jacobi eigenforms we call primitive. In
this setting we say that Ko is the coefficient field of ®.

3. JACOBI AND SIEGEL EISENSTEIN SERIES

Here we recall basic facts on Jacobi and Siegel Eisenstein series and explain their connec-
tion. For details we refer the reader to [Kl] and [Zi].
Define for Z € H, and even k > g + 1 the Siegel Eisenstein series

EY(Z) = > det(CZ + D)~*
(é, f))el‘oc\l“g

where I'yo := {(’61 g) € I‘g} . This series is absolutely and locally uniformly convergent and
an element of Mj(T'y), the vector space of Siegel modular forms of weight k and genus g. We

denote its Fourier coefficients by AZZ(T), where T € A,. Here AFL(0) = 1. Siegel [S1, S2]

proved that the coefficients A% (T') are rational and have bounded denominators. If g = 1,
then we drop the index.
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Let
k—
R § )
p|Dag—g
p‘DZk—g
p=3 (mod 4)

where Dy, denotes the denominator of By, and where vy(n) for a rational number n is the
p-order of n. Moreover let

293% Hf»i}l)/z Bl;;_i% if g is odd,
E 1 9/2 k—i e
Dy g = QQENSk,g 9 B%j% ifg=0 (mod 4),
-1 k 2 k—j . o
2 1EN5£—g H’gil B?kai ifg=2 (mod4).

Bécherer showed that Dy, 4 is a common divisor of all aPi (T) with T positive definite. This
generalizes the case g = 2 done by [Mal]. For odd g it is known that Dy 4 is the greatest
common divisor of all a (T') with T positive definite. The case that g is even is still open
but numerical evidence suggests that Dy 4(T") is also a greatest common divisor of ABL(T)
with T positive definite. We also need the common divisors of A% (T) with rank(T) < g. If
rank(7") = r < g, then there exists a unimodular matrix U such that T[U] = (7(;1 0g°4) with

T7 positive definite and we have
AFL(T) = APR(TY).

In particular Dy, is a common divisor of APU(T) with rank(T) = r.
Let us next consider Jacobi Eisenstein series. Define for k,m,g € N with k even and
k > g+ 2 the Jacobi Eisenstein series of weight k, index m, and degree g as

Bl (r2) = > Aemy(2),

YETLNLY

where T'/, := {((é g) , (0, ,u)) € Fj } . This series is absolutely and locally uniformly conver-

g
gent and an element of J7 . We denote its Fourier coefficients by Ak (n, 7).
To see the connection between the Jacobi and Siegel Eisenstein series we consider the
Fourier-Jacobi expansion of the Siegel Eisenstein series. Writing (; Zt), we get

;

00
1 ~
EIZ+ (Z) ::Zezm(Tvz)'qmv

m=0
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where ¢ := e(7). Clearly e}, (7,2) € J{ . For square-free m and n,r such that (Tt"/Q %2) €

Agi1, we have (see [Zi] Section 4.4)

(3.1) AP (n, ) = (—zok1<m>)l AR ((50)

In this case, we have (see [EZ] Section 6)

2k — 2
3.2 APkm () = — d* 'L .o, (2—k).
(3.2) (n,7) Bor—a - 051 (m) d(;;m) 2 ( )

4. PULLBACK FORMULA OF JACOBI EISENSTEIN SERIES

Define the Witt operator W : J}?,m — Smeka by

wa) (72D = (5 2).3).

If &(1,2) = > c(n,r)-e(nt+rz), then the ((n1,r1), (n2, r2))-th Fourier coefficient of W
related to ((7,2),(7,2)) equals >, ¢(ny,r), where r = (r1,72) and [ runs through all integers

such that n; = (nl l/2> and (') € Ag.

1/2 na r m

Proposition 4.1. Let k > 4 be even and let m € N be square-free. Let (®;); be an orthogonal
normalized Hecke eigenbasis of J'". Then we have

(4.1) WE . = Epm @ Egn + > 0:®; @ 0,
7

where
(=1)k2x 2=k 72 (k, ®;)
m(k—3/2) || @ |?

Here Z7 (s, ®;) := Y., AN(®;,n) n=° with \(®;,n) the eigenvalue of ®; under the n-th Hecke-
Jacobi operator.

Q; =

Proof. We recall the basic fact that WE,%m € Syszk,m. This was first observed by Witt
in the context of Siegel modular forms of genus 2. Projecting WEI%,m against ®; shows by a
result of Arakawa (Theorem 2.8 of [Ar])

L (_1>k/27r 21*]@
(4.2) (®i(), WER,,, (-7,2),-)) = m(E—3/2) Z7 (k, ®;) ®4(T, 2).
This gives that the proposition is true up to the Eisenstein series part. Here we used the
technical assumption that the involved Jacobi forms have totally real Fourier coefficients

which leads to ®(—7,%) = ®(7, z). Comparing the constant term shows the proposition. [

In [He] it has been shown that «; # 0, hence we have
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Corollary 4.2. Let ®; be as in the proposition with coefficient field Kg,. Then
WZJ(ka (I)’L)

| @ |2
If ®; is a primitive new form with related elliptic cusp form f; of weight 2k — 2, then

7L(2k — 3, f;)
C(2k —2) || @ |12

€ Kg,.

€ K.
For the case m = 1 see also Yasushi Tokuno [To].

5. PROOF OoF THEOREM 1.1

5.1. Proof of the Theorem.

. We apply

Proof. Since ‘%) > 1 for k > 14 there exists always a prime p such that p| ‘%

Proposition 4.1 and use as a Hecke eigenbasis the functions (; Uhd)id o defined in the intro-
(—D)* 2w 27 (k,Wi,,4)

2F=2m-(2k=3)[[¥; a1’

4.1. Moreover we conclude from [He] Theorem 3.1

le% (1 +p*(k—2))

Z7 (k, W;,q) = L(2k — 3,®;, 4).
(k:Yisa) = wop [ (1 p 1) ( )

duction. Then «;, g = where we write «;, ¢ instead of ay in Proposition

This gives that

(=1)k/2 (2k —2)!- dF=2 . 54 _o(m/d) - L(2k — 3, ®;,.4)
23k=5 . 2k=3 . (2k — 3) - op—1(m) - Bog—2- || ¥i,a [I?>

Qiyd =
Now formula (4.1) leads to

AL ((n1,71), (na, 2))

dim J,?’C[;"
= AEk’m (nl7 Tl) AEk’m (’I’LQ, TQ) + Z Z Qjy.d Cid’d(nl, 7"1) . Cid’d(TLQ, 7"2),
dlm  ig=1

2 .
where A" Fim (-) denote the Fourier coefficients of WE,%m Now let p® || %ﬁz’l(m) with

p|gzk_‘22 be given. From [Ma] and [Bo] one can see that

(5.1) p* AVEEm ((ny,11), (n2,12)) € Z,.
. e . n1 /2
For this we distinguish the possible ranks of 1; := (l /2 ny ,»2) € Ag and show that

T T2 m

(5.2) pO‘AE’%vm ((;;12 lrf) ,(7‘1,7“2)) € Zy.
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If rank(7;) = 1, then Tj[U] = (§ ¢, ) for some unimodular matrix U and ¢ € N and
By, op—1(t)
A (12 iy = = gy = 2210
/2 n2 ) (7‘1,7“2) Qkak_l(m) ( ) 0‘16_1(771)7

which directly implies that (5.2) holds. If rank(7;) = 2, then T;[U] = (gool) for some
unimodular matrix U and a positive definite matrix 7', and we have

(5.3) AP (Y2 () = _%‘i(m AZE(T),
From [Bo] it follows that (5.3) equals
2k —2) Bk~ 1)
P or_1(m) - Bop_a(k — 1)’
where wy, is in Z,, nr is some character, and B(k — 1,n7) is a generalized Bernoulli num-

ber. From the properties of generalized Bernoulli numbers [Ca, Le] it is well-known that

w € Zy. Here we need that (p — 1) { 2(k — 1) which follows from the assumptions in

the theorem. This gives (5.2). If rank(T) = 3, then (5.2) follows since D} } - ABN(T) € Ly if
T is positive definite.
Using (3.2) and (5.1) gives that

2k — 2
o A"V pPLe g (2= k) - ABRm (g
P BQku'U’kfl(m)d Z P ;21 ( ) (12,72)
[(n1,r1,m)
dim Jpey
=p*® Z Z i, d- Pl (ny, ) - 4 ng, ) (mod p®).
dlm ig=1
This leads to the Theorem. 0
Proof of Corollary 1.2. It follows from Arakawa [Ar] Section 6.1 that
L(2k -3, f)
77k, ®)) = 0,
(k. @5) C(2k —2)
Thus we get
—1)*2(2k — 2)!- L(2k — 3, f;
(54) aj — _( ) _( ) ( af])
25 723 (2% — 3) - Boy_o- | &; P
which implies the corollary. U

5.2. Example. We apply Theorem 1.1 with k = 10 and m = 1. We have that dimJj;7 = 1
and we let x10,1(7, 2) be the unique element in Ji3°” normalized with ¢X191(1,1) = 1, where

cX10.1(.) denote the Fourier coefficients of x10,1 (see [EZ]). We have that Big = 4?7’327, and let
p = 43867, « = 1. Theorem 1.1 gives that

L(17,x10,1)

5) 4 - L_3(—8) - AFo1 =4 ' To
(5:3) AT Lg(=8) - AT (1) S AT cho i

X101 (n,r) (mod 43867).
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We have in particular for n = r = 1, using that AF10.1(1,1) = —18]“57;5_8),
18 L(17, x10.1)
— 43867 — L% 5(—8) = 43867 - c101.1——--"2_  (mod 43867).
By Y O T et )

Plugging this back into (5.5) gives that
—18-798 - L_g(—S)X1071(T, Z) = 43867 - E1071(T, Z) (mod 43867).
Here L_3(—8) can be calculated with Pari and gives the value %. Thus

16564 - x10,1(T, 2) = 43867 - E10.1(7,2) (mod 43867).

6. PROOF OF THEOREM 1.3

Proof. Assume the notation in Theorem 1.3. Corollary 1.2 implies that

d
(6.1) Gﬁ)o (1,2) = ZE(W{ =3, fj)PPoc®i(n,r) - @;(1,2) (mod p),
j=1

where d := dim Soi_o. Without loss of generality we may now assume that f; = Gi’?o (1,2)
(mod p), i.e., we have for all n

Af(n) = o9—3(n) (mod p).

Moreover, since p is a non-congruence prime for Sox_o, there exists [y € N such that

As () # A (L) (mod ).
Applying the T7(I1) Hecke operator to equation (6.1) gives

0= (o2k-3(l1) — A (1)) - GZ:?O (1,2)

()\fj (1) = A, (1)) L(2k — 3, fj)p’DO - (n, r)®;(1,2) (mod p).

Il
.M&

<
||
N

Next choose I; € N (2

IN

j < d) such that

Ara(li) # Ag; (1) (mod ).
Succesively applying the 7/(l;) Hecke operator and subtracting Ay, (lj) times the previous
equation gives

d—1
H (/\fd(lj) - Afj(lj)) z(21{ -3, fd)p’DO - (n,r)®q(1,2) =0 (mod p).
j=1

By the choice of the [; this leads to
L(2k — 3, f)PP0 . ¢®4(n, 1) Dy(7,2) =0 (mod p).
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Plugging this back into (6.1) gives

U

1
Gy (r,2) = ) L(2k =3, f5)7P0c% (n,7) - ®5(7,2)  (mod p).
1

<.
Il

In the same way, we show that for 2 <j <d-1
L(2k — 3, f;)PP0 i (n,r)®i(1,2) =0 (mod p).
This yields
GL1°(1,2) = L(2k — 3, f1)P"P0c® (n,7) - ®1(7,2)  (mod p)

as claimed. O

7. PROOF OF THEOREM 1.4

As before we have for nq,n9,r1,r9 € Z with r? —4n;m <0 (i=1,2)

2
(7.1) AVEE ((n1,71), (n2,72))
dim JRy

= AEk,m (n17rl) AEk,m (n2’ 7"2) + Z Z Qiyd - Cid’d(nl, 7’1) . Cid’d(ng,rg).

dim ig=1

Bagy—2
2ko—2
p that does not divide Lp,(2 — ko) and construct from this a sequence of infinitely many
integers k with this property. For example we can take kg = 12 and Dy = —3 which can

be checked using Pari. Indeed: let p be a prime dividing %, then p is either 131 or 593.

Moreover L_3(—10) = —2'1??47, thus L_3(—10) € Z;. Now assume that p* || gi’;o__;. Let

k := ko + rp® 1 (p — 1) with r € Z. We claim that p® || 2222 and p { Lp,(2 — k). Indeed,
since p|% and k = ko (mod p*~!(p — 1)) we have (see [Ca, Le])

Lp,(2—k) = Lp,(2—ko) (mod p),

Now fix a fundamental discriminant Dy and a weight kg such that

has a prime divisor

_3\ DBoar_2 _3\ DBok,—2
1 — p2k 3) — (1_ 2k 3) 0 d ™).
( b 2% — 2 b oo —a (modp?)

o H Bog—2

sr— and p { Lpy(2 — k) as claimed. For a fixed triple
(k,p, Do) with this property we now construct infinitely many discriminants D and positive
integers m such that the claim of the theorem holds. In order to do so, let f and m be coprime
integers that are the product of distinct prime divisors congruent to 1 modulo p®|Dp| such
that d(m), the number of divisors of m, is not divisible by p. Clearly there are infinitely
many such m and f. We write now Dy =: r3 — 4ng and D := Dy f?m? = r? — 4nm, where
n = f?>mng and 7o := rofm. We have by (3.2)

2k — 2
Bok_o - 0j—1(m)

In particular, we have that p

(7.2) AP (ng f2m, o fm) = D AL by 202 (2 - K).
2

dlm d
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Since m is square-free, we have

or—1( H or-1( 2w (m) (mod p%).

qlm
q prime

Moreover by (1.3) we have
_ m
(73) LDOj'2m2 (2 — k) = LDO (2 - k}) Z N(Z)XDO (l) lk 2 O02k—3 ({ll) .
d2

Now the sum over [ is multiplicative in me since me is square-free. Moreover for a prime

fm = ¢ with ¢ =1 (mod p*|Dy|) we have

> )Xoy ()12 oa1 (%) =o2,-3(¢) —1 =1 (mod p%).
lg
Thus we get from (7.3)

Lpys2m2(2—Fk)=Lpy(2—k) (mod p%).
42
Thus (7.2) gives
(26— 2) - d(m) - Lpy(2 — k)
22(m) - Boy,_o

Moreover since p t o,_1(m), we see as in the proof of Theorem 1.1 that

p* AV Em ((nof?m,romf), (no f>m,rofm)) € Zy.

Using the above results, we can conclude from (7.1)

—2w(m « 2k —2 ?
— 9 2m) 2 )2 ( ) L%0<2—k>

Bay_»

AFkm (ngf2m, rofm) = —

(mod p©).

k/2 . zd 2
9 (=1)FE(2k —-2)! (nof?m mfro)) N
= 2]{: - 3 (I)’L m d .
b 923k— 5(2k 3 ng 9 ZZ Qw (d) H \I/ wd ”2 ( ) dvd) ( od p )

From this the claim follows dlrectly.

8. PROOF OF THEOREM 1.5
Proof. We let p and « be chosen as in the theorem. Similar as before we get
—p®Ej1 @ p*Epy = p** Z a;j®; ® P; (mod p©).
J
Using (3.2) and the fact that p{ Lp,(2 — k), this leads to

(8.1) u;k = Zp2aajcj(Do)2 (mod p%),
J
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where uy,, € Zy. Since the left hand side of (8.1) is in Z; there exists at least one jo such
that ¢°(Dg) = 1. Thus

d/
Lpy(2 —k)(2k — 2 -
pa Do( )( )paEk,l Ep2azaj(1)j (HlOd pa)'
Bag—2 o
For a Jacobi form ® on H x C there is also a Witt operator W defined by
(W®) (1) := &(7,0).
We first show that

(8.2) WEg1 = By + Zﬁz‘] i

where (g;); is a primitive Hecke eigenbasis of Sj and

g 1 (b =212k =)Dy, (2% )
b | gj ||? 24F=673k=3Bgy,_o

It can be deduced that the 63-] are algebraic (see also [Za]). Clearly

dim Sk

WE1 = aEy + Z B; 9
j=1

with some constant a and with Bj given by
(WEk1,95) =B Il g 1* -
Since AF*m(0,0) = AF*(0) = 1 we have that a = 1. Moreover from [Ga] it is known that

52 ((g 2)) = Bn) BN + 3 6 01y 7).

The (3; can be explicitely computed (for details see also [Bo]) as

k(2k — 2) Dy, (2k — 2)

B; = =277 (kK — 2)1(2k — 3)! .
! (k=2 ) By Bag—2 353 || g; |12

This directly implies that

(53) (25 ) o)) =mlal

Moreover, for Z € Hy (see [EZ] Section 6), we have the Fourier Jacobi expansion

(e}
E{(2) =) exa(r,2)Vi ',
1=0
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where V; is defined in [EZ] page 41, and where ey, 1|Vy = Ej. Here the Jacobi Eisenstein series
shows up:

2k & ~
ENZ) = —B—kZEk,1<r, AV g
=0

It is well-known how [-th Hecke operator for My, (I € N) T; and W interchange
W (Er1[Vi) = (WEg ) [T1.

Using that T; is self-adjoint and g; is a Hecke eigenform, gives

o 0 2k o~y 2%k
<Ek (0 ;> 79j(')> = _Bk; q (WE1|Ty, g5) = —gkgj(T) (WE1,95) -

Here we used the orthogonality of Eisenstein series and cusp forms. Thus

(5.4 (22 (5 ) o)) =2 oy I (WERw.5).

Setting (8.4) and (8.3) equal gives that

By,
(WEZ 1, 95) = 50 1195 [
which implies (8.2). Writing W®; =" ~; ; g; gives
d,

oL, (2—k)
Dg 2k) ZW"QFZ szaamj gi  (mod p%).
i \j=1

Plugging in o; and 37 we conclude:

 WLp,(2— k) > o (k= 2)!(2k = 2)1 Dy 2k =2)
4(3 _ Qk‘) 24k76B2k—2 3k=3 || i ||2 t

k/2(2k—2) L(2k — 3, f;)
— 200 s JJ o ) a
; Z 93k— 5 .2 (2]€ 3) BQk—Q' || (I)j ||2/717J gi (mOd p )

A short calculation now implies

k2 Loy (2= k) - (k= 2)!(2k — 3)! “O2* Dy, (2K - 2)
R R S D PR P

—p* (-1
j=1
G L@k-3, 1)

= (2k — 4)! ZPQWMI;]-TP a™®i(1) (mod p®),
j=1

which leads to the desired result. O
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