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GENERALIZED L-FUNCTIONS RELATED TO THE RIEMANN
ZETA FUNCTION

KATHRIN BRINGMANN, BEN KANE, AND SRIMATHI VARADHARAJAN

ABSTRACT. In this paper, we construct generalized L-functions associated to mero-
morphic modular forms of weight % for the theta group with a single simple pole in
the fundamental domain. We then consider their behaviour towards ico and relate
this to the Riemann zeta function.

1. INTRODUCTION AND STATEMENT OF RESULTS

Arithmetic information ¢(n) for n € N can be naturally encoded in a so-called
Dirichlet series, defined for Re(s) sufficiently large,

n=1
One calls the function L a (classical) L-function if it satisfies the following three
properties:

(1) It has a meromorphic continuation to the whole complex plane.
(2) It has an Euler product, for Re(s) sufficiently large,

1) =Tl !

» p (p~*) ps

where the product runs over all primes and f, is a polynomial.
(3) There is some archimedean information L. (s) such that the function

A(s) := Loo(s)L(s)
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satisfies, for some k and € = £1, a functional equation
A(k — s) = eA(s).

In [1], the first two authors constructed functions L, via regularized Mellin transforms
of weight two meromorphic modular forms on SLy(Z) with a single simple pole at one
point z in the fundamental domain (not on the imaginary axis). These functions
satisfy a functional equation and their behaviour as z — 700 was shown to be related
to a classical L-function (see |1, Theorem 1.1 and Theorem 4.3|), so they were named
generalized L-functions.

Slightly more formally, for k € 3Z we call a collection of functions s — L.(s)
defined for s € C for almost all z € H generalized L-functions of weight k if they
satisfy the following properties:

(1) We have the functional equations
L.(k—s)==xL.(s).
(2) There exist “simple” functions Cy s and D, s such that, for almost all x € [0, 1],

ylggo (EZ(S) - Z Cos(a)y™™" — Z D&s(@yk—s—e) (1.1)

>0 >0

is a classical completed L-function.
We call the classical L-function whose completion one obtains from the limit (1.1),

the L-function associated to L,(s).
Letting jy be the Hauptmodul for I'y, explicitly given in (3.3), we (formally) define

1 ‘ o V(it)
F.(s) :=s (— - s) jg(z)/ — "t (1.2)
2 o Julit) = jo(2)
The main result in this paper is the fact that the functions F, give a collection of
generalized L-functions related to the Riemann zeta function in the sense that (1.1)

is the Riemann &-function

s(s—1) /s
6(9) = =T (3) <o),
which satisfies the functional equation
€(1—s) = £(s). (1.3)

Here T(s) is the I-function, defined by I'(s) = [7t""te~'dt for Re(s) > 1 and
extended meromorphically to the entire complex plane.
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Theorem 1.1. The functions F, are a collection of generalized L-functions related
to the Riemann zeta function in the following sense:

(1) If z is not T'y-equivalent to a point on iR, then the integral in (1.2) converges
for all s € C.
(2) If z is not T'y-equivalent to a point on iR™, then we have

F, (% — S) = F.(s).

(3) With Cys(x) and Dy s(x) defined in (4.12) and (4.13), respectively, the limit (1.1)
is £(2s).
The paper is organized as follows. In Section 2, we recall the properties of the
theta function and the zeta function. In Section 3, we construct the Hauptmodul jy
for I'y. In Section 4, we show that F, converges absolutely for all s € C under a mild

assumption on z and then finally, for z = x + iy with x ¢ Z fixed, take the limit
y — 0o to prove Theorem 1.1.
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2. PRELIMINARIES
2.1. The theta function. Define the theta function (q := e*™'")

I(7) = Z qn72.

ne”L

It is well-known that 1 is a modular form of weight % for the theta group

rﬁ::<S,T2>:{<‘CL Z)GSL2(Z):aEd (mod 2) and ¢ = b (mod2)},

where S := ({7') and T := ({1). The theta function has the following growth
behavior.

Lemma 2.1. Let 7 = u + .
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(1) As v — oo, we have
Hr)=1+0(e™).

(2) Asv — 07, we have

ﬁ@@::i%+4)(ié).
Proof.

(1) The claim follows directly from the Fourier expansion of 4.
(2) It is well-known that we have

ﬁu):(—wy%ﬁ<—1). (2.1)

T

Taking 7 = it and plugging in the Fourier expansion for 19(%) yields the claim. O

2.2. A regularized Mellin transform of the theta function. We recall the fol-
lowing well-known relation between the theta function and the Riemann zeta function
that goes back to Riemann.!

Lemma 2.2. For any tqg > 0, we have

2 T e o/ 1Y . tstf)_%
m5(25)_/150 (9(it) — 1)t 1dt+/0 (ﬁ(zt) \/%)t Yat — 8+8_%.

2.3. Asymptotics for special functions. For y > 0 and s € C we define the
incomplete gamma function by

['(s,y) ::/ t5tetdt.
Yy

Denoting, for ¢ € N, the rising factorial by (a), := Hﬁ t(a + j), we require the
following asymptotic behavior for I'(s, y), which may be found in [2, 8.11.2].
Lemma 2.3. For s € C and N € N we have, as y — oo,
N-1 1 (-1y(1—s);
L(s,y) (Z +0 (y—N)> .
7=0

ISee [3, Subsection 2.6] for a modern reference.
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We also require bounds for the confluent hypergeometric function ; F;. Assuming
that s ¢ Z, [2, 13.7.1] implies that, as y — oo, for any N € Ny

se? = (1—3); —N-1
1F1(S;S+1§y)’“7 207]. + O N (y ) :
‘]:

Y

3. CONSTRUCTION OF MEROMORPHIC MODULAR FORMS

In this section, we construct meromorphic modular forms 4, whose regularized
Mellin transforms give the collection of generalized L-functions that are used to prove
Theorem 1.1.

3.1. The Hauptmodul jy for the theta group. In this subsection, we construct
a Hauptmodul for the theta group I'y and discuss its properties. We recall that a
Hauptmodul for a congruence subgroup I' C SLy(Z) is a I'-invariant meromorphic
function jr for which every I'-invariant meromorphic function may be written as a
rational function in jr. For this, we require the modular lambda function

_ ba(n)*

A7) = i

where

) 2
Os(7) := Z 6m(n+%) .
nez
It is well-known that A is a Hauptmodul for I'(2) and satisfies the identities

A(-%):px(f), /\(T+1):%, A(liT)zl_lMT). (3.1)

We have the following growth towards the cusps.? For this, let H* := HU QU {ico}
and C* := C U {ioo}.

Lemma 3.1.
(1) As v — oo, we have

) . 1 6—7r2'7—
A(T) = 16e™7 4+ O (e7*™), W: 16 +O(1).

2There are three cusps of I'(2), namely, 0, 1, and ioco, each with cusp width 2.
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(2) As v — oo, we have

1 _ _ T —27v 1 _ e_mT
A(—;)-l 16e™ + O (e7*™) CO -1 16 +0(1).

(3) As v — oo, we have

T e—ﬂ'iT
A<7+1)_ 16 +0Q).

(4) The function X is a bijection from I'(2) \ H* to C*.

Proof.

(1) The statements follow immediately from the Fourier expansion of A.

(2) The first claim follows from (3.1) and part (1) and the second follows by subtract-
ing 1 from both sides and dividing.

(3) Similarly, we combine the first and second equations of (3.1) to obtain

A (T JTr 1) - A(lf)‘ (32)

The claim now follows immediately from part (1).
(4) This follows since a I'-invariant meromorphic function is a Hauptmodul for I" if
and only if it is a bijection from I' \ H* to C*. U

Define
1

PO TP YE))

We now show that jy is a Hauptmodul for I'y, and give its growth towards the cusps.

(3.3)

Lemma 3.2.

(1) The function jy is U'y-invariant.
(2) As v — oo, we have

o (=2) = utr) = 5 + o)

In particular, as v — 07,



GENERALIZED L-FUNCTIONS RELATED TO THE RIEMANN ZETA FUNCTION 7

(3) As v — oo, we have

Jo ( T ) = —256e*™ 4+ O (e°™).

T+ 1

(4) The function jy is a bijection from T'y \ H* to C*. Every meromorphic modular
function on T'y \ H can be written as a rational function in jy.

Proof.
(1) Tt is enough to show that jy is invariant under the generators of T'y, S, and T2,
which follows from the first equation in (3.1) by a direct calculation.
(2) The first identity follows immediately from (1). For the second identity, we first
note that, by (3.1),
1

1 — (1)

Combining (3.4) with (3.2) and Lemma 3.1 (3), we conclude that, as v — oo,

=140 (). (3.4)

1 1 €—7Ti7' ) €—7ri7'
‘ = = o) | (140 (™)) = O(1).
) = XH T ( T ())( FO() = =g + o)
(3) A short calculation using (3.2) and (3.4) shows that
: T TIT —3mv
]19(7__'_1):—25662 +O(€3 )
(4) To show surjectivity, let ¢ € C*\ {0}. Then we have

Go(T) = c & M1)? = \(1) + % = 0.

By Lemma 3.1 (4), for any root a of the polynomial 22 — z + 1 there exists 7 € H
such that A\(7) = a.. For ¢ = 0, letting 7 — doo in part (3) implies that jy(1) = 0. So
Jv 1s surjective.

To show that jy is injective, suppose for contradiction that jy(71) = jg(m2) with 7
and 75 not ['y-equivalent. Then

A(m) (1= A(n)) = A(r2) (1 = A(12)) .
Setting o := A(71) and g := A(72) and rearranging, we have
a5 —ag+a; —ai =0, (3.5)

Since we have a quadratic equation in «sg, this has exactly two solutions (counting
multiplicity) in C. One directly checks that as = a7 and ay = 1 — «; are both
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solutions to (3.5). If ay # %, then these are distinct solutions, while for o; = % we see

that (3.5) becomes a3 — ay + i =0, in which case oy = % =qa; =1 — « is a double
root. We see that in both cases the two solutions (counting multiplicity) to (3.5) are
s = and ap =1 — ay.

If ay = ay, then by Lemma 3.1 (4) we conclude that 7 is I'(2)-equivalent to 7.
Since I'(2) C I'y, this contradicts the assumption that 71 and 7, are not I'y-equivalent.
Hence aiy = 1—ay. From the first equation of (3.1), we conclude that A(rp) = A(—%).
By Lemma 3.1 (4), there exists v € I'(2) such that

—1
Ty =7— =705T.
T
Since v € I'(2) € Ty and S € T'y, we have v o S € T'y, which contradicts the
assumption that 7 and 7, are not I'y-equivalent. We therefore conclude that jy is a
['y-invariant meromorphic function and is a bijection from I'y \ H* to C*. Hence it is
a Hauptmodul for T'y by the equivalence noted in the proof of Lemma 3.1 (4). O

3.2. Definition of the meromorphic modular forms. For z € H, define

_ Je(2)d(7)
H. (1) := ],—19(7_) — .

A direct calculation yields the following properties of H..

Lemma 3.3.

(1) The function M. is modular for Ty of weight 3. Moreover, it has a pole at T = 3
iof and only if 3 is I'y-equivalent to z.

(2) The function z — H,(7) is ['y-invariant.

(3) For t € H fized, we have

lim H.(1) = J(7).

4. REGULARIZED MELLIN TRANSFORMS AND THE PROOF OF THEOREM 1.1

In this section, we investigate the properties of F, defined in (1.2) and prove The-
orem 1.1.
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4.1. Convergence and functional equation. We first show that, under a mild
assumption on z, the function F, converges for all s € C.

Proposition 4.1. The function F, is well-defined for z € H that is not I'y-equivalent
to any point on iR*. Moreover, we have

F (% _ ) — F.(s). (4.1)

Proof. We first show that F, is well-defined. Since jy is ['y-invariant, we may assume
that z lies in the fundamental domain Fy := FUT'FU(=T~'SF) for T'y, where F
is the standard fundamental domain for SLy(Z). Since z # it by assumption, Lemma
3.2 (4) moreover implies that

Jo(it) — jy(z) # 0.
Hence the integrand is finite for every ¢t > 0 and therefore, for any 0 < t; < t5 < o0,

the integral
to .
/ T Y ,ﬂ(m. =t
n Jo(it) = jo(z)

is well-defined and finite. Taking t; = le,l) and ty = 2(y + y~1), it remains to
show that
Wi (it %0 I(it
/2(y+y ) #ts_ldt < 0 and / #ts_ldt < Q.
0 Jo(it) — js(2) o(y+y-1) Jo(it) — jo(2)
For 0 <t < m, Lemma 3.2 (2) implies that

1

Joit) = jo(2)

Combining this with Lemma 2.1 (2) hence yields, that for t — 07,
V(it)

Jolit) = js(2)

where here and throughout o := Re(s). Therefore

/Wﬁyl) Ait) o
0 Jo(it) — jo(2)

-
t

Le

tS—l

s
t

3
Lt e,

1
oro—D) .
dt < /Q(M Y3 Tdt < oo
0
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Similarly, for ¢ > 2(y +y~'), Lemma 3.2 (2) implies that, as t — oo,
1 1 1 L
(@) = o) S T =TI+ 0m) S e —ex S
Combining this with Lemma 2.1 (1) hence yields that for ¢ — oo
o)
Jo(it) — jo(z)

< to—l €—7rt )

Therefore
/ o J(it)
2y | Jo(it) = Jo(2)
The functional equation (4.1) now follows by the change of variables ¢ — 1, (2.1),
and the invariance of jy under inversion.

tS—l

dt<</ 1730t < 0.
2y

4.2. Proof of Theorem 1.1. To show Theorem 1.1, we require the following.

Proposition 4.2. For every x ¢ 7, we have, with z = x + iy,

1 ! 1 < (1 - s)é—l ; ¢
Z}gglo F.(s) + 578 Y syt — s 55 Ziﬁé Li, (™) y*~

Proof. We split, for some ty > 0,

1
R =5 (37 5) (o0 Fop6) + Fanal9) + Frunl).
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where for 0 < y; < 9y < 00 we define

Fz,yl,yz(s) = ]19( )/yl jﬁ(T) —jg(z)t dt.

Since both sides of the claim are invariant under s +—» % — s by Proposition 4.1 and
(1.3), we may assume without loss of generality that o > 1.
We claim that in this case, we have
Ed (3
2 S5 6)5—1 < —miz) , Los—
Foo1(s) = > p Lip (™) 527" + 0,,4(1), (4.2)

(=1

_1 .
1_g t; 2 L11 (ewzx)

to ) 1 . y§
FZ,%,to(s) = —ﬁ (19('&1’:) — %) t 1dt + 1 1 st 1 +0x78(1), (43)
v 2 ’

$—3 ST3 my

S S

! ] s—1 h Y
Fetoy(s) = = | ((it) = Dt~ dt 4 -2 — 7

to S
lo)
(1 B S)g_l : mix\ , s—
B ZZ:; ont Li, (e ) Y £ 0z,5(1),

o]
s+1— €) - : —TiT s—
Flyools) = % Liy (e7™) y* " + 04,4(1). (4.4)

s
(=1

The proofs of (4.2)—(4.4) are all similar and also analogous to the proofs of |1,
(4.5)—(4.8)]. We hence only show (4.3) (we choose the case (4.3) instead of (4.2)
to demonstrate how the Mellin transform of ¢ naturally appears), leaving the other
cases to the interested reader. We split

_ fo ]19(2) (ﬁ(lt) B %) s—1 o ]19(2) g—3
R R e mi ) Mo

RO - [ )
FZ’“*’(S)_/M 50t — e | dt*/mjﬁ(z’t)—jﬁ(z)t dt.

< |-

Rewriting
W) jalit)
0t — o) T et —ju(d)
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in (4.5) yields

Fo1(s) =~ /to (ﬁ(z’t) - %) 57 dt + [0 ottt (ﬁ(it) _ %) 5t

L Jo(it) — js(2)
to . to i (it )
—/ t8—3dt+/ 1O
1 L Jy(it) = Jo(2)

The first and the third term contribute the first three terms in (4.3).
We next claim that

- podalit) (96) — )

— ‘ 7 Ldt = 0. 4.7
y=oo J1 Jo(it) — jo(2) (4.7)

We split the integral into two parts, one from i to % and one from % to tg, and
then use Lemma 2.1 (2) and Lemma 3.2 (2). For the integral from Ly to to, Lemma

7
3.2 (2) implies that
™Y

emy — e™VY

Jo(it)
Jo(it) — jo(2)

& e TYFTVY,

Combining this with Lemma 2.1 (2) yields, as y — oo,

to jo(it) (0(it) — L
/ . ( . */z> Nt g qy €TV 5 0, (4.8)
1 Jo(it) = 5o (2)

Lemma 3.2 (2) implies that for i <t<tp

jﬁ (Zt) B eﬂ(%-i-iz)

go(it) — jo(z) _1 _ om(i+iz) (

Lemma 2.1 (2) and (4.9) then gives that

jolit) (Vi) = %) en(1+i2) PRI
NOECEE ”(m (rofem))re ) (4.10)

1+0 (e 7)). (4.9)
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We then note that, for ¢t > i and x ¢ Z, we have

T /1,\ <<m 17
1 o ew(?-‘rzz)

Therefore (4.10) becomes O, ( ~™19-3). Hence, as

75 Jo(i (it) — ) 7
/ Vi) sy <y e—“y/ T3 dt — 0,
1 Jo( Zt —Jﬁ( ) 1

where we use the fact that [ lﬁ o3 dt grows at most polynomially in y. Combining

this with (4.8) establishes (4y7)
To evaluate the final term in (4.6), we plug in (4.9) to rewrite it as

' to 6#(%—1—2’2) . s
—Ell:.’él+ _ s)ym(l“_O(e t))t 2dt

Making the change of variables t — -, this becomes

2t’

. (1-0%  2m(t+%)
—227° lim _
e—0+ % 1— €2ﬂ(t+%)

0

(140 (7)) ¢t~ zdt. (4.11)

Up to the factor —2%_3 in front, this is precisely [1, (4.13)] with s — s+ 3, 2 — 2
and to — 2ty. If 0+ 2 > 1 (i.e., 0 > —3), then we can follow [1, (4.14)- (4 17)] and
use |1, (2.4) with x |—> —z| to obtaln that the integral in (4.11) equals the second and

third terms in [1, (4.6)] with s — s + 2 and z — £, giving that for o > —3

(1-e)% 627r(t+%) 1 g1
1 - - —2mt —s—1 . i y 2
E]i%l+ 1 1 _ 27r(t+%z) (1 + O (6 )) dt 27T Lll (6 ) (2) + Ow,s(l)-
2t €
This completes the proof of (4.3). O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Parts (1) and (2) are given in Proposition 4.1. Taking k = 1
and

C&s(l’) = {

if ¢ =0,

((s+1—=40)p_1 Lig(e7™*) — (1 — 8)p_1 Lig (e7™®)) if £ € N, (4.12)

3o e
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Dys(x) = Cp1 (), (4.13)
the statement of part (3) is precisely the statement of Proposition 4.2. O
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