ASYMPTOTICS FOR RANK PARTITION FUNCTIONS

KATHRIN BRINGMANN

ABSTRACT. In this paper, we obtain asymptotic formulas for an infinite class of rank generat-
ing functions. As an application, we solve a conjecture of Andrews and Lewis on inequalities
between certain ranks.

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of a positive integer n is any non-increasing sequence of positive integers whose
sum is n. As usual, let p(n) denote the number of partitions of n. The partition function
p(n) has the well known infinite product generating function

oo . oo 1 B e q"2
(1.1) 1+;p(n)q _}_Ill_qn —anl(1_q)2(1—q2)2-~(1—q")2'

Hardy and Ramanujan showed the following asymptotic formula for p(n)
1 m\/2n/3
n) ~ e n — 00).
p) e (n = o)

Using the modularity of the generating function for p(n), Rademacher obtained an exact
formula for p(n). To state his result, let I5(x) be the usual I-Bessel function of order s, and
let e(z) := 2™, Furthermore, if ¥ > 1 and n are integers, then let

(1.2) Ap(n) = 1 K 3 xia(a) e (7).

12k
z  (mod 24k)
22=—24n+1 (mod 24k)

where the sum runs over the residue classes modulo 24k, and where

(13) wale) = (2)

x

If n is a positive integer, then Rademacher showed that

_or o Ak(n) (724 -1
(1.4) p(n)—(24n_1)3/4; k ’IS( 6k )
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The partition function also satisfies some nice congruence properties; the most famous ones
are the so-called Ramanujan congruences:

p(bn+4)=0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1lln+6) =0 (mod 11).

In order to explain the congruences with modulus 5 and 7 combinatorially, Dyson [9] intro-
duced the “rank” of a partition. The rank of a partition is defined to be its largest part
minus the number of its parts. Dyson conjectured that the partitions of 5n+4 (resp. Tn+5)
form 5 (resp. 7) groups of equal size when sorted by their ranks modulo 5 (resp. 7). This
conjecture was proved in 1954 by Atkin and Swinnerton-Dyer [5].

If N(m,n) denotes the number of partitions of n with rank m, then it is well known that

(1.5) R(w;q) =1+ Z Z N(m,n)w™q" =1+ Z (g q ——>

n=1m=—o0 n=1
where

(a;q)n = (1 —a)(1 —ag) --- (1 —ag" ™).
Obviously, by letting w = 1, we obtain (1.1). Moreover, if N¢(n) (resp. N,(n)) denotes the

number of partitions of n with even (resp. odd) rank, then by letting w = —1 we obtain
es] 00 an
1.6 1+ Ne(n) — No(n))g" =1+ .
( ) ;( 6( ) O( ))q ngl (1+q)2(1+q2)2(1+qn)2

In the following we denote this series by f(q) and its n-th Fourier coefficient by «(n). The
series f(q) is one of the third order mock theta functions defined by Ramanujan in his last
letter to Hardy dated January 1920 (see pages 127-131 of [14]). There Ramanujan claimed,
without including a proof, that

Dragonette [8] proved this claim in her Ph.D. thesis written 1951 under the direction of
Rademacher. Andrews [2] improved this in his Ph.D. thesis 1964, also written under Rademacher,
as

Vil (—1)55H Ay, (n — M)
I

™ 4
1

V24n — 1 ; k 3

Moreover Andrews and Dragonette made the following conjecture.

(L.7)  a(n) =

(W‘/T> +0(nd).
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Conjecture. (Andrews-Dragonette)
If n is a positive integer, then

_1\k
(—1)" 5 Ay, (n_w> ;

Mg

(1.8) a(n) = 1ok

o=

m24n — 1
(24n — 1)1 = ( > '

In [6] Ono and the author proved this conjecture using the theory of Maass-Poincaré series.
It turns out that ¢~ f (q24) is the “holomorphic part” of a weak Maass form (see [7] for the
definition of a weak Maass form). In [7] they showed that a similar phenomenon is true for

all functions
Cc7 1+ZA<7n)qa

where (, 1= e’ and 0 < a < c are integers. More specificly, R (¢%; ) is the holomorphic part
of a weak Maass form of weight % Using this deeper insight, in this paper, we are able to
obtain asymptotic formulas for all the coefficients A (%, n), which in turn implies asymptotics
for the rank partition functions.

Before we state our result, we need some more notation. We let & and h be coprime
integers, h’' defined by hh' = —1 (mod k) if k is odd and hh' = —1 (mod 2k) if k is even,
ki = ngl(“k’c), cy = WCW) and 0 < | < ¢; defined by the congruence [ = ak; (mod ¢;). If
g €(0,1)\ {3,4,2}, then define the integer s(b,c) by

0 if0<b<d
1 flob 1
(1.9) s(b,e) = 9, ngzgig’
La<sec<so
5 b
3 if g <2<1

In particular, set s := s(l,c1). Let wp; be the multiplier occuring in the transformation law
of the partition function p(n). This is explicitly given by

(1.10) wh i, == exp (mit(h, k)),
where

woe £ (@ON((5),
Here

0 if x € Z.

Moreover we define, for n, m € Z, the following sums of Kloosterman type

((2)) ::{ r—|z]—3 ifzeR\Z,

3riaZkqh’/ e ’
(1.11) Baeg(n,m) = (=1)*+1gin (“‘) Sk e i)
- c sin (”ah )
h  (mod k)* c



4 KATHRIN BRINGMANN
if c|k, and

(112) Da,c,k(n,m) pp— (_1)ak+l Z Wh k- e%(nh-&-mh/).
h  (mod k)*

Here the sums run through all primitive residue classes modulo k. Moreover, for ¢t k, let

2
1 1, 3(1 1 . I _1
—(*+7’)a+§<a) + H0< g <5
1.13 Ockor i= 51 3(1\? | 2 ! e 5 !
( ) G 261+§<a) +ﬂ—7’<1—a> lf6<a<1’
otherwise,

l 1 5 l
andfor0<a<gorg<a<1

( 3(12k2 + 6lak; — akicp — 312 + ley — 2arkyeq + 2lclr) if 0 <4 < 6,
( 6akici — 3a2k2 + 6laki + akicy + 6lcy if % < E < 1.
—312 — 2¢2 — lcy + 2arkycy + 2¢1(e; — D) )

Ma,ckyr "=

»—tw »—Aw

M

Remark. It is not hard to see that mg ¢k, € Z.
We obtain following asymptotic formulas for the coefficients A (%, n)

Theorem 1.1. If 0 < a < ¢ are coprime integers and c is odd, then for positive integers n
we have that

A(8) = 3 Bt (W2RST)

1<k<vn
clk

83 . sip (7@ B o, (24n — 1
$ 885 () 5~ Duerlotimachr) gy, (TV ks BIn = 1) | ey
A1 NG V/3k

Four remarks.
1) One can easily see that the second sum is empty for ¢ € {3,5}.
2) For a fixed choice of a and ¢, we can in principle obtain exact formulas for A (%, n) by
modifying an argument given in [6] to prove (1.8).
3) Similarly as in this paper, one can also prove asymptotic formulas for generalized ranks as
defined in [11]. Since the proof is basically the same, we do not give it here.
4) One could also generalize our results to the case that ¢ is even, but for simplicity we restrict
us to the case that c is odd.

If we denote by N(a,c;n) the number of partitions of n with rank congruent a (mod c)
then it is easy to conclude the following:
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Corollary 1.2. For integers 0 < a < ¢, where ¢ is an odd integer, we have

N(a,c;n) = 2 Z Ag(n) I T 24n — 1
c-v24n —1 k 2 6k

1

k=
c—1 .
1 i 44/3i Bj.rp(—n,0) . T
- aj . ’ h(—+v24n —1
+C;Q ( Fm_ldzk N sin <61<: n )

e
+ sVasin () Y Do micer) g \/ Perr =071 1 0, )
AT > T 3 k c .

ctk
8o for>0

This corollary implies some conjectures of Andrews and Lewis. In [4, 13] they showed
N(0,2;2n) < N(1,2;2n) itn>1,
N(0,4;n) > N(2,4;n) if26 <n=0,1 (mod 4),
N(0,4;n) < N(2,4;n) if 26 <n=2,3 (mod 4).
Moreover, they conjectured (see Conjecture 1 of [4]).

Conjecture. (Andrews and Lewis)
For all n > 0, we have

(1.14) N(0,3;n) < N(1,3;n) ifn=0o0r2 (mod3),
' N(0,3;n) > N(1,3;n) ifn=1 (mod 3),
A careful analysis of Corollary 1.2 gives the following theorem.

Theorem 1.3. The Andrews-Lewis Conjecture is true for all n ¢ {3,9,21} in which case we
have equality in (1.14).

Remark. From Corollary 1.2 we see that

(1.15) N(0,3;n) — N(1,3;n) ~ —

This directly implies the Andrews-Lewis Conjecture for n sufficiently large n. For example
for n = 1200, we have

N(0,3;1200) — N(1, 3; 1200) = —29873238925

whereas (1.15) gives
—29873204830.34.

The paper is organized as follows: In Section 2 we prove a transformation law for the
functions R ({¢; q). The behavior under the generators of SLa(Z) was also studied in [12] and
in [7]. However here we prove a more general result since we need the occurring roots of unity
and integrals explicitly for every element in SLg(7Z). In Section 4 we prove Theorem 1.1 and
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Corollary 1.2 by using the Circle Method. For this we need some estimates shown in Section
3. Section 5 is dedicated to the proof of Theorem 1.3.

ACKNOWLEDGEMENTS

The author thanks K. Ono, B. Kane, and F. Garvan for helpful comments to an earlier
version of the paper.

2. MODULAR TRANSFORMATION FORMULAS

In this section we prove a transformation law for the functions R ((¢;¢q). For this define

( +§: qw?”>.

" (1+¢") (2 — 2cos (22))
1 — 2¢™ cos (27””) + ¢

(2.1) N (%;q) =

In [12] it is shown that
R(¢tq) =N

Moreover let

m,—ma ﬂ(i’)m—&-l)—l—ms(b,c)—l—QLC

i (=1)™e™ e
%%®m<g; 1_62T

N(a,b,c;q) :==

q"

o0 wia m
6 c q 2

: : 27ia m— b

m=1 l—e e -q" ¢

(3m+1)—ms(b,c)— 2—50 )

Remark. Tt is easy to see that the above definition coincides with the definition, given in [7].

For each v € Z define

Ha c(l') - COSh(fE) _ ,
’ sinh (z 4+ ™) - sinh (z — ™)
3mzz? my W TZX
Ia,c,k,y z = / e k- Ha,c < _ ) dz
=) R k 6k k

It is easy to see that

H,.(—x)

)

Hgo(x)
(1+q)-q

1

2

Hg ()

2(1—2cos(2”a)q+q)

for ¢ = e?*. We show the following transformation law for the function N (%7 q).

Theorem 2.1. We assume the same notation as in the introduction. Moreover, let z € C

with Re(z) >0, ¢g:=e = i) gnd gy o= i (WD),
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(1) If clk, then

_1\ak+1; ; may a2k b/ . _ /
N(gq) _ &1 1s1nl(c2 Whi | amelan 1_2).N<ah;ql)
¢ sin (%) z2 c

. 9 (may g2 ;
2 () kg b Y e (),

k
v (mod k)
(2) If ¢t k, then
; k+1+1 | o ma o 211 L st 312
a 4'L _1 a sSIn ( — ) w _ 2mih’sa _ 3mia®h'ky | 6mwih’la 2 1
N (%q) = O o (st et e S7IF (oot
02 (Ta
lC 2Sln —_— (Uhk _ Tz 1 _37'rih,u2 mih/ v
x N (ah’,c,c; q |+ (k:C) e T 12k - g2 E (=) "% T Iyckw(2).
1

v (mod k)

Proof. We modify the proof of [2]. We easily see, using 1 — cos(2z) = 2sin(z)? that
) 3mi iz)n?
(22) (@) N (9;61) = sin’ (@) > (=1)" Hgp <mn(h+i2)> LT
¢ nez &

Cc

Writing n = km +v with 0 < v < k, m € Z and using that (h, k) = 1, gives that (2.2) equals

k—1 , »
wihy h ]{j wz(km u)2
(23)  sin? (Z5) 3 (-1)e T 30 ()" H (Wlk’/ _( mk+ V)Z> | smeteman?

C
v=0 meZ

Using Poisson summation and substituting « — kx + v gives that the inner sum equals

1 7T'th/ Tz mi(2n+1)(z—v) _3Trz12

neL

Strictly speaking for c|k there may be a pole at z = 0. In this case we take the principal
part of the integral. Inserting (2.4) into (2.3) we see that the summation only depends on v
(mod k). Moreover, by changing v into —v, x into —x, and n into —(n + 1), we see that the
sum over n with n < —1 equals the sum with n > 0. Thus (2.3) equals

2sin? (T 3mihy? mihy  wxz mi(2n+1)(z—v) _ 3wza?
(2.5) k() oo (-1re Z/RHQ,C(]{—]{)e P P d.

v (mod k) neN

To see where the poles of the integrant lie, we introduce the function
sinh(cyz)
Sack(x) =

sinh (% + M) - sinh (% — M)

c C

which is entire as a function of x. Using that ¢ is odd we can write the integrand in (2.5) as

mi(2n+1)(z—v) _37rz;c2 .
e k- Sack (moz — mihy)

(—1)" cosh (m,i”’ — ) e

sinh(mejzz)
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From this we see that the only poles can lie in the points
m
Ty 1= —— (m € Z).
Cc1z
We treat the cases with c|k or ¢ 1 k seperately.
If ¢|k, then ¢; = 1. One computes that each choice + leads at most for one v (mod k) to

a non-zero residue, and that this v can for € € {£} be chosen as

Ve = —h'(m — eaky).

m

We denote the corresponding residues by A, ,, (€ € {£}). By shifting the path of integration
through the points

(2n+1)i
Wp 1= )
62
we have to take those points x,, into account for which n > 3m > 0. Setting g := % and

rm = 1 for m € N, we obtain by the Residue Theorem

(4 @)oo - N (%;q) =>+>,
11 2

where
A7i sin? (Lc“) . 3mh<vm)2 >
= — €7 rm(=1)"m e A,
ce{x}
2sin? (Lg) sminn?
doo= el N (e
2 v (mod k)

Z OO‘H*’n mTihy TrZ 7ri(2’n+;)(zfl/) _ 37r:2z d
) e T.
ko k

neN OO+W7L

If ¢ 1 k, then a pole can only occur if m = tak; (mod c¢1). Writing ¢;m £1 instead of m with
m > 0 for the choice + and m > 0 for the choice — and [ as in the introduction, we see that
to each choice there corresponds exactly one v (mod k) and we can choose v for € € {£1} as

1
v, = —h (me (1 - ak1)> :
C1
As before, we denote the corresponding residues by A;, ,,,. By shifting the path of integration

> cimel

through the points w,,, we have to take those points x,, into account for which % o

One can see that this is equivalent to
n > 3mes,

where s was defined in (1.9). By the Residue Theorem we obtain

(4 @)oo - N (%;Q) => 4>,
12 2
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where ), is given as before and ), is defined as

477 sin? Lca 37r1h(z/m) V_ 37mh(um)
k< L[S e S At Y1 S A

m>0 n=3m-+s m>1 n=3m—s

We first consider the sums > ,; and ) ;,. We have

k

. 2
h mi(2n+1)(zm—v5,) _ Bmzay,
k- cosh(m” —%)-e k

€ —_ —
)‘n,m B mihvg TEmZ , Tia : mihvg T 2 mia\
7wz - cosh — T e . sinh - TmE T

From this one directly sees that

c 21 c .
At1,m = €Xp <k: (xm — Vm)> “Am-

Thus
o €
X = Smtr,m (r € {0,+s},e € {£}).
2 T (B o)

A straightforward but lenghty calculation gives

(—1)%+1jsin  3mia2ky ah!
Z = wah' ( ) ‘e ¢ '(ql;(h)OO'N —q ),
11 sin (T9+) 2 ¢
44 sin (T2 (_1)ak+l+1 _27rih’sa_3ﬂ'ih'a2k1 6mih’la sl_§ CL 2 le
Z = ( C)Z e c ceq + ccy qll 2( l) <q17q1>ooN (h/a,Cl,C;QI) )
12

Here we have to be a little careful since for c|k (¢ 1 k) we only have that hv is congruent to
m — eaky (meé(l — ak1)) modulo k£ but not necessarily modulo 2k if k is odd.

We next turn to the computation of ) ,. With the same argument as before we can change
the sum over N into a sum over Z. Making the translation x — x+w, and writing n = 3p+4¢
with p € Z and 0 € {0,%1} gives that

’7T

sin? (¢ 3mihv? a(6p+26+1)2  miv(6p+26+1)
g _70 E (—1)”6 % E e 12kz - %

v mod el

*° mihvy  mi(6p+25+1) 72z _ 3mza?
Ha c - - : d .
/ : < k 6k k)
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Now (h/, k) = 1 implies that —A'(v + p) runs modulo k if v does. Thus we can change v into
—h/ (v + p) which leads to

: Z(La) » 2 win (=302 4 (25+1)0)
s (3p+26+1)  _m(26+1)
09 R -BELE) 3 (e o, ot
2 At
pEL

o miv  wi(204+1) wzx _ 3mza?
Ha c\ 7 - ' .
/ : < k 6k k > ¢ rdr

—o00
Now the integral is independent of p and the sum over p equals
1p(3p+(26+1))
(2.7) > (1P g’ -
PEZL

If § = 1, then (2.7) vanishes since the p—th and the —(p + 1)-th term cancel. Changing v
into —v, p into —p and = into —z, we see that the terms in (2.6) corresponding to 6 = —1
and 6 = 0 are equal. Moreover in this case (2.7) equals (¢1;¢1)co. Thus

2 sin? (M) (q15G1) 00 - e T2z smik/v? | mikly
2= > e T nul2),
2 v (mod k)

Now the theorem follows easily using the transformation law

1 T (,—1_
(q1;G1)o00 = Whj - 22 cemr(7712) (¢;q)oo-

3. SOME ESTIMATES

In this section we estimate the function I, .1, (2), defined in Section 2, and some Kloost-
erman sums.

Lemma 3.1. Assume thatn € N, v € Z, z := %— k®i, —m <P < m, where
ha

% < % < %5 are adjacent Farey fractions in the Farey sequence of order N, with N := Ln%J
Then

1 1
z2 - Ia7cvk7’/(z) << k Tnd - gaycykﬂ/7

where o, = (min (6ke{¥% — o= + 2}, 6ke{¥ — & — 9}))_1, where {z} = x — |z] for

(4
x € R. Here the implied constant is independent of a, k, and v.

Proof. We write 7= = Ce* with C > 0. Then |A| < I since Re(z) > 0. Making the

substitution 7 = *£* gives

. . . .
(3.1) 2% Iyepy(2) = — / e Ha <7T/Z-cy G T> o
S

TZ2




AYMPTOTICS FOR RANK PARTITION FUNCTIONS 11

where 7 runs on the ray through 0 of elements with argument +A. One can see that for
0<t< A

(3.2) = ok

_ 3kRZe21t T Iy
a,c

e —:l:Reit>‘—>0 (R — o0).

Moreover, since ¢ is odd, the integrant in (3.1) can only have poles in points ir with » € R\{0}.
Thus we can shift the path of integration to the real line and get

1 k 3kt2 iy
22 Iy cpn(2) = /ewz-H,<——t>dt.
a,cC 14 7.‘_2% R a,c kj 6]{:

We can show the following estimates

2
| _ ey
my T
h{————¢t]|<é
COos < i 6k >'_€a
N E 73 i1 > 1,
k 6k c ‘sm(%—&i“—f)‘ ift <1,

. (7TV T +7m)H_ (7r1/ T wa)‘
sin A o c sin

: Ia,c,k,u(z) <

N
N|=
oy
——
~—
~—
x
[N
%\
®
w
>
~
¥
&
[¢)
—~
w =
~—
QU
~

(i ({ — g + 2} {F— o - 2

3kRe (1)
™

Making the substitution ¢ — -t and using the estimate

ORI

gives the lemma. O

[SIE
W=
o
I
N|=

1
<2i-n

D=

We next estimate certain sums of Kloosterman type.

Lemma 3.2. Letn,m € 7Z,0< 0y < o9 <k, D€ Z with (D,k) =1.
(1) We have

(3.3) ST wpp ek B ged(24n + 1, k)

h (mod k)*
01<Dh'<og

NG

k3te



12 KATHRIN BRINGMANN

(2) If clk, then we have

Ta w 3miaky b’/ i /
<7 %‘6740 1 .BQT(thrh m) < gcd(24n+1, /{:)% 'k%+67
c sin (L)

h (mod k)*
01<Dh'<oy

C

where the implied constants are independent of a and k.

Proof. Equation (3.3) is basically proven in [2], thus we only consider (3.4). We set ¢ := ¢ if
737ria.2k1hl
k is odd and ¢ := 2¢ if k is even. Clearly W only depends on the residue class of A’

(mod ¢). Thus we can write (3.4) as

_37ria2klcj
ak+1 _: Ta € ¢ 278 (hn+-h'm
(—1) sin (?) Z _— =) E Wh ek ( ).
Cj S c h  (mod k)*
o'lgDh’So'2

h/ECj (mod ¢)

where ¢; runs through a set of primitive residues (mod ¢). The inner sum can be rewritten

as
1 2mi 2mir
- Z wh ) - € & (nthm) Z e e (W—cj)
Cc
h  (mod k)* r  (mod ¢&)
algDhlgaz
1 2mire; 2mi kr
== > e Y wppeek UmH ),
¢
r  (mod ¢) h  (mod k)*
01<Dh'<oqy
Using (3.3) now easily gives (3.4). O

Remark. If a = 1 and ¢ = 3, then it is not hard to see that the left hand side of (3.4) simplifies

to
Z <;L> *Whk - e%(hmrh’m).

h  (mod k)*
o1 SD}’L/SO'Q

4. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. For the proof of Theorem 1.1 we use the Hardy-Ramanujan method.
By Cauchy’s Theorem we have for n > 0

a \_ 1 [N(%9)
A(Gn) =50 /anﬂ 4,

where C' is an arbitrary path inside the unit circle surrounding 0 counterclockwise. Choosing
2m 2w 3
the circle with radius e~ » and as a parametrisation ¢ = e~ » 727 with 0 < ¢ < 1, gives

1
A <E.n) :/ N <Q,€—27"+2m't) L 2r—2mint gy
) ) .

¢ 0

Cc
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Define
1 1
W= =
WE T Rk 4+ k) T E(ky + k)

where 1 < < hQ are adjacent Farey fractions in the Farey sequence of order N := Lnl/ ZJ.

From the theory of Farey fractions it is known that

1 1
< i =1.92).
k+k — N+1 (G =12)

(4.1)

We decompose the path of integration in paths along the Farey arcs 19h S @< 19h » Where
®=t—"and 0<h<k<N with (h,k) = 1. Thus

9!
a _ 2mihn h,k a 271 2mnz
A<7;n> = E ek N<f ek (h+’z)> ek do,
Cc Y C
h,k h,k

where z = % — k®i. Applying Theorem 2.1 gives

1"

a .. ak+1 smia?kyh omibn [Vhk 1 2ms (n—d )45
A(ﬁn)z@Sln( ) g Wh h' e c 3 272 ek 31) T 128z
I TI'(I )

!
_ﬂh,k

!
3mih a2k1 6mik’la _ 27wihn

ah/ a 727rih’sa7
N (ﬂl) d® = disin (ﬂ )th,k (—1)kt e e e
C C
h,k

ctk

sl 312

Ok 1 27z 1 1 262 {

) _1 2mz (1 Y\, _m c 2 C . ma

/ 272 .¢ek (n—31)+ 1352 -qll TN <ah’,,c;q1> d® + 2sin® (7
C1

"

3wih/v2 | wik'v ﬁhvk Tz
Z (—1)" e_SZJrZ/ o (n=291) . 4% Mg (2)d® =: Z+Z+Z_
1 2 3

/
v (mod k) L

To estimate ), we write

/
reN
where m, is a sequence in Z and the coefficients a(r) are independent of a,c, k, and h. We
treat the constant term and the term coming from from r > 1 seperately since they contribute
to the main term and to the error term, respectively. We denote the associated sums by 5]
and Sy, respectively and first estimate S3. Throughout we need the easily verified fact that

1 1 _1 " .
Re(z) = %, Re (1) > %, 272 <n2 k72, and ) + 0y, < W Since k1,ky < N, we

can write

’9;: N+k B k(]\fl+k) k(k1+k)
(4.2) / ! / / + / ’
—9 1 1

k(N+k) GEED) E(NTk)
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and denote the associated sums by S51, S92, and Sa3, respectively.
We first consider S5;. Using Lemma 3.2 gives

oo .2 / . . /
ma w 3wia“k1h 2mwih 2 h
S21 < Z Z Dl Sin( ) Z hkh e e TR
ma
r=1 h

clk ¢ Sln( c )

1
[ b ek o) ] S o S !
k

_m
« ¥ BT Y aten
d|(24n—1) k<N d|(24n—1)
d<N —d d<N

Since S22 and So3 are treated in exactly the same way we only consider Soo. Writing

/ k(N-Hc) / k(l+1)

1
k(k+k1) l=k1+k &l

N+k 1

we see
> N+k ! k(l+1) 1 2 1 2 1
z
(4.3) 522<< E a(r / _§-e_£(r_ﬁ)+%(”_ﬂ)d¢)
r=1 clk I=N+1
Ta w 3miaZkyh’/ 2mihn  2mimph’
(—)Hsin (T2) 30 R T e
C

A 7
sin (74%)
N<k+ky<l

It follows from the theory of Farey fractions that

k1 =—-h" (mod k), ke=h"(mod k),
N—-k<k <N, N-k<ky<N.

Thus we can use Lemma 3.2 and estimate (4.3) as in the case of Sa;. Therefore ), equals

1"

ak+1 smiakh  omihn  [Uhik 1 ors
Zsm( )Z Whik * mzh 'e_c‘k/ 3 SE) R 4d 4 0 (n)
/
=) 0,
c|k

The sum ) , is treated in a similar manner, we make some comments about necessary mod-
ifications. One can show that one can write

(4.4)
2
sl _ 3l
_ 2mih'sa _ 3mwih'a k1 +67r1h la,+ i_ﬁ , l 27r7.mrh TIT
e c ceq ccq 12kz . a 1 ah',—,c;q1 = E b T 12ke2z
C1

T>T0
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where m,. is a sequence in Z, ro € Z. A lengthy but straightforward calculation shows that
the terms with r negative, i.e., the the part that gives a contribution for the main term, can
only arise if s € {0,3}. If s = 0, then the contribution is given by

2
32

i _3min'a®ky | 6rik'la _ miah! | _x 22 +261 ah'r -

—e ccy ccy c 12kz ., q 1 e — q 1

2 ! c b

‘Sc,k,r>0
If s = 3, then the contribution is given by
51 _ 312
1 _67T7lahla_37"'ih/a2k1 +67rzh la,+7'r7,ah 4z 2¢]  2:2 ahlr ( —%)7”
_ c cc ccqy 12kz , 1 . 1
e 1 qq e qq .
2 c
T
Se o >0

One can write the sum over k in groups in which the k’s have the same values for ¢; and [ and
thus the same values for d.j ,, where 6., was defined in (1.13). In each class the condition
d¢,k,r > 01is now independent of the k in this class; in every group there are only finitely many
terms with d.j, > 0, and the number is bounded in terms of c¢. Moreover the coefficient b(r)
is independent of k and a in a fixed class. Now the terms with negative exponents can be
estimated as before, thus ), equals

1"

9
ma 2mi h,k 1 2 1 2
2sin (—) E (—l)akH E whvke:z("h*ma,c,kmh/)/ 2756%(”_ﬂ)+?§58,k,rdq)+0 (n°).
¢ o, h L
ctk
éc,k,r>0

We turn back to the estimation of ) ;. We can write

" 1
/ﬁh, / / k(k+k1) /kN
e Sk - 1

1
&N E(kt+ka)

and denote the associated sums by Si1, Si2, and Si3, respectively. The sums S12 and Sis3
contribute to the error terms. Since they have the same shape, we only consider S12. Writing

k+k
k(k+k1) g 1 R (EE)]
1 _1
EN ki
gives
N+k—
k<l+1> _1l = +m(n,g)
S1a < Z Z 2e12kz ' k 24 ) dd
1
ck 1=N T
ma Wh k 737ria2k1h/ _ 27ihn
(—1)7%+1 gin (—) g € o e k.
c sm(’”’ )
C

I<k+k;—1<N+k—1
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Using Re(z) = %, Re (1) < k, and |2> > 2—2, this sum can be estimated as before against

O (n€). Thus, using (1.11),
kN Tz T
S =iY Buarl-n,0) [ b O de 40 ().
1 clk TEN
In the same way, we obtain, using (1.12),
W
N TZ s
Z = 2sin <ﬂ> Z Da,c,k(_n7ma,c,k,r>/ zi% . @%(”_i)*‘%&,k,r d®+0 (nﬁ) :
c 1
2 k,r “EN

ctk
8¢ k>0

To finish the estimation of ) ; and ), we have to consider integrals of the form

kN
Substituting z = % — 1k® gives
1 %J’_ﬁ 1 27 1 T
(45) Ik:,r = ]{;7 z 2. eT(Z(niﬂ)+§) dz.
v JE_ i

We now denote the circle through % + ﬁ and tangent to the imaginary axis at 0 by I'. If
z = x+iy, then I is given by 22 4+y? = ax, with a = %+Ni2k Using the fact that 2 > a > %,
Re(z) < %, and Re (%) < k on the smaller arc we can show that the integral along the smaller
arc is in O <n7%>. Moreover the path of integration in (4.5) can be changed by Cauchy’s
Theorem into the larger arc of I'. Thus

Ikr = i 27% . 6%(z(n—i)+£) dz + O (nfg) .
’ ]CZ T

Making the substitution ¢ = 2,% gives

1 .
2m (2 2 1 [rfee a :
I;M:—W - / t72 et dt—i—O(n*%),
’ k k 211 ~—ico

where v € R and o = g%;’(zzm —1). By the Hankel integral formula we now get

Iy, = —4\/§ sinh ( 2r(24n - 1) W) +0 <n_%> .

[N

’ k(24n —1) 3 k
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Thus we obtain, estimating the Kloosterman sums with the same arguments as before and
using Lemma 3.1,

Z+Z 4\[2 Z aCk - sinh (&\/W)

8 Ta -Dac — 1 g, ck,r 256 T24 —1
M 5 wmw.mhw =B D2) 4 o).

V24n -1 4= VEk 3 k

ctk
6c,k,r>0

To estimate ), we split the path of integration as in (4.2) and estimate the sums in the
same way as before, using that

D Gaeky < 2:%<%?

1<v<k 1<v<6¢k
O
Proof of Corollary 1.2. Corollary 1.2 follows directly from the identity
c—1
1 4 .
4.6 N( - ~Y - R(C
(4.6) }: a,c;n)q E:p n)q +02;Q (&4
and (1.4). O

5. PROOF OF THEOREM 1.3

Here we prove the Andrews-Lewis conjecture. Using equation (4.6) and
1 2
N|=:q)=N|{=;
(:0) =~ (5:)

1
N(0,3;n) <N(1,3;n)<:>A(3;n> < 0.

easily gives that

Thus Theorem 2 follows from the following.

Proposition 5.1. We have for all n ¢ {1,3,7}

1
(5.1) A <3; 3n> < 0,
1
1
(5.3) A<3£n+2 < 0.

Remark. For n € {1,3,7}, equation (5.2) and (5.3) still hold and in (5.1) we have equality.
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Proof. With MAPLE we compute that the proposition holds for n < 3000. Thus in the
following, we may assume that n > 3000. Actually we only need that n > 300.
We first consider the main term given by

By sx(
(5.4) (24n mpY: 3|Zk \[ - sinh <6k V24n — )

Using definition (1.10) it is easy to see that
™ 2mn
B —n,0) =2isin| — — — | .
173,3( n, ) 7 S11 (18 3 >

Thus the term corresponding to k = 3 is given by

8s1n (ﬁ — Z’TT") sinh ( V24n — 1)

(24n — 1)

Using the trivial bound for Kloosterman sums gives that the remaining terms can be estimated
against

L Z k%-sinh<18km>

1
(240 = 1) , 52

Next we make the O-term in Theorem 1.1 explicit. For this we use the same notation as in
the proof of Theorem 1.1. Instead of using Lemma 3.2, we estimate the Kloosterman sums

trivially. The contribution coming from N ( 3 ,ql) can be estimated against

2. 62”+24 > 1
LS o X w

N
1<k< ¥

Computing the first few coefficients and then using that for n > 1

p(n) < exp <7r 2;)

oo
> la(r)]-e”™ < 0.06.
r=1

In the same way we can estimate the contribution coming from N(h',1,3;q1) by

43N o) e ST kT
r=1

1<k<N
3tk

easily gives that

Moreover, distinguishing the cases [ = 1 and [ = 2, we get

> Jb(r)] - e < 0.353.
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By making the path of integration symmetric, we introduce an error that can be estimated
against

2\/§-ezﬂ+%-n_% Z k%

Integrating along the smaller arc of I' gives an error that can be estimated against
87 €231 .1 Z k.

Moreover the estimate in Lemma 3.1 can be made explicit as

g etet (v oL 1) v I
3 " 6k 3['\k 6k 3 '

This easily gives

. L1 v o1 1 vo1 1 -1
s o S (o) )
3

k v=1

o

Combining all errors one can show that the term in (5.4) is dominant for n > 300. O
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