UNIMODAL SEQUENCES AND “STRANGE” FUNCTIONS: A FAMILY
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ABSTRACT. In this paper, we construct an infinite family of quantum modular forms from
combinatorial rank “moment” generating functions for strongly unimodal sequences. The
first member of this family is Kontsevich’s “strange” function studied by Zagier. These
results rely upon the theory of mock Jacobi forms. As a corollary, we exploit the quantum
and mock modular properties of these combinatorial functions in order to obtain asymptotic
expansions.

1. INTRODUCTION AND STATEMENT OF RESULTS

A sequence of integers {a; }5:1 is called a strongly unimodal sequence of size n if there exists
an integer k such that

(1.1) O<ay<ag<--+<ap>agp1>>as>0

and a; + - - - + a; = n. A number of familiar sequences are strongly unimodal, for example,
the sequence of binomial coefficients {(jfl) ;‘ill with n even. Attached to strongly unimodal
sequences is a notion of rank, analogous to the well known notion of the rank of an inte-
ger partition. For more on partition ranks, see for example original works by Atkin and
Swinnerton-Dyer [9], Dyson [19], and Ramanujan [27], and the more recent joint work of the
first author and Ono [15] related to mock modular forms. The rank of a strongly unimodal
sequence is equal to s —2k—+1, the number of terms after the maximal term minus the number
of terms that precede it. For example, there are six strongly unimodal sequences of size 5:
{5}, {1,4}, {4,1}, {1,3,1}, {2,3}, {3,2}. Their respective ranks are 0,—1,1,0,—1,1. By
letting w (resp. w™!) keep track of the terms after (resp. before) a maximal term, we have
that u(m,n), the number of size n and rank m sequences, satisfies

(1.2) Ulwsq) ==Y Y w(m,n)(—w)"q" = > (wg; q)n(w "¢ q)ng",

where for n € Ny, (w;q), := H;.L;é(l —wg).
Recently, Bryson, Ono, Pitman, and the third author [16] studied this function in the
special case w = 1, namely !

U(lig) =Y > (=)™u(m,n)g" = (ue(n) — uo(n)) ¢,

Note. The function U(w;q), given in (1.2), is equal to the function U(—wj;q) as defined in [16].
1
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where u.(n) (resp. u,(n)) denotes the number of unimodal sequences of size n with even
(resp. odd) rank. They showed that for every root of unity ¢,

U(L;¢) = F(¢T),
where Kontsevich’s “strange” function is defined by

o0

F(g) =) (¢; @)

n=0
Prior, Zagier [31] proved that this function satisfies the “identity”
2

(1.3 R =330 (2) o,

n=1

where () is the Kronecker symbol. Neither side of the identity (1.3) makes sense simulta-
neously. Indeed, the right hand side of (1.3) converges in the unit disk |¢g| < 1, but nowhere
on the unit circle. The identity (1.3) means that at roots of unity ¢, F({) (which is clearly
a finite sum) agrees with the limit as ¢ approaches ( radially within the unit disk of the
function on the right hand side of (1.3). Moreover, Zagier proved that for x € Q \ {0}

o(-1) - L

T 2 Jo

N

(1.4) o(x) + (—ix)~
where ¢(z) := e~ 2 F(e™2™@) and n(w) := ez [[°2,(1—e?"™*) is the Dedekind eta-function.
Note that the constant v/3i/27 in (1.4) is given explicitly in [16]. There, the authors also gave
a new proof of (1.4), using the fact that U(1;q) is a (weak) mixed mock modular form for
lg| < 1. Here, we slightly modify the definition of “mixed mock modular form” given in [18]
to mean functions that lie in the tensor product of the general spaces of mock modular forms
and weakly holomorphic modular forms (up to possible rational multiples of ¢ powers). In
particular, we do not require (as in [18]) these functions to be holomorphic at the cusps. Weak
mixed mock modular forms in this sense occur in a variety of areas including combinatorics
3], algebraic geometry [29], Lie theory [23], Joyce invariants [25], and quantum black holes
(18, 24].

The similarity between (1.4) and the usual modular transformation formula of a modular
form in part motivated Zagier [32] to introduce the notion of a quantum modular form. A
weight k € %Z quantum modular form is a complex-valued function f on @, such that for all

v =(2Y) € SLy(Z), the function h, : Q\ v *(c0) — C defined by

(15) ho(a) == [(@) — e()cx + d)*f (j;)

satisfies a “suitable” property of continuity or analyticity. The () in (1.5) are suitable
complex numbers, such as those in the theory of half-integral weight modular forms when
kesZ\Z.

This paper gives an infinite family of quantum modular forms from the “moments” of the
unimodal rank statistic. In general, such moment functions are of both number theoretic
and combinatorial interest. For example, in their celebrated work [8], Atkin and Garvan
discovered a partial differential equation relating the bivariate generating functions for the
partition statistics rank and crank, leading to exact linear relations between rank and crank
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moments. In [4], Andrews provided a beautiful combinatorial interpretation of partition rank
moments in terms of “k-marked Durfee symbols”. Andrews also discovered a relationship
between partition rank moments and the “smallest parts” partition statistic in [5], which has
led to further work by Garvan [22], for example. In addition to intrinsic combinatorial inter-
est, moment functions have been shown to satisfy modular properties. For example, works
including [2, 12, 13] exhibit relationships to weak Maass forms and mock theta functions.

To state our results, we define for r € Ny the following “weighted” moment functions,
where throughout ¢ := ™"

(1.6) ¢r(7) m%“Zj: mu(m, n)Qy (m2m — %) "o,

n=1 meZ
and Q,.(X,Y) € Q[X,Y] is the polynomial
(1.7) Q(X.Y) = Y e O)X'Y" € QX,Y],
0<p<r
0<l<r—pup

with rational coefficients cr(u,ﬁ) defined in (1.9). For example, the first few polynomials
(normalized, with Y — Y — 5L) are given by

1
O (X, v — — 4(X +2Y)
24
1 4
O, (X y—— :——(10X+35X2+6Y+180XY+108Y2>
24 105
1 4
XYy - — :——<X 140X2 + 154X3 + 2V + 420XY
Qg(, 24) 2ie (7 L40X? 4 154X° + 2V +420

4 1260X2Y + 120Y2 + 2520X Y2 + 720Y3).

Note that in particular the first member of the family ¢,.(7) is (up to a constant) the
“strange” function studied by Zagier and Kontsevich discussed above. That is, ¢o(7) =
—2mig-2aU(1; q) = —2mig(7). It is not difficult to see that the functions ¢,(7) may also be
written in terms of the “twisted” unimodal moment functions wu,., defined for integers r > 0

by

[e.e]

= Z Z(—l)mu(m, n)ym”q".

n=1 meZ
The moments > u(m,n)m” of the unimodal rank statistic are analogous with the rank
and crank partition moments, functions which have drawn wide combinatorial interest since
Atkin and Garvan famously introduced them [8]. There is a vast literature on such ob-
jects, including asymptotic questions and congruence properties. While the unimodal rank
moments are exponentially large for even r [14], it is surprising that the twisted moments
Yo (=D)™u(m,n)m", as a consequence of our results, are only polynomially large in n. We
have chosen to handle the more complicated expressions Y. (—1)"u(m,n)Q,(m? n —1/24)
because the generating functions for these numbers have a fixed weight as modular objects
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as seen in Theorem 1.1, while the generating function for the twisted moments will have a
mixed weight. To relate these generating functions ¢,(7) to the twisted unimodal moments
u,(7), by symmetry, we note that wus,.,1(q) = 0 for integers r > 0. In particular, using (1.6),
we find that

-, 0) oM 1
19 o) = 5 Sl o (o)
0<t<r—p

where we define
=226 (4 + 2r — )
T (3 +2r) pl(20)1(2r — 2p — 20 + 1))

(1.9) cr(p, ) := € Q.

The coefficients ¢, (i, f) are indeed in Q, as it is well known for integers k € Ny, that
r (% + k:) € /- Q. The twisted moment functions also naturally extend the unimodal
function U(1;q) discussed above; namely, ug(q) = U(1;q) = —qi(%ri)_lqﬁo(ﬂ.

To state our first result, we define another polynomial

(1.10) P (X,Y)i= Y b (N,M)XNyM

0<N<r

0<M<3r
where the coefficients b, (N, M) are given explicitly in (3.14). Our first theorem establishes
that the unimodal moment functions ¢, are quantum modular forms on Q\{0}, and that
their transformation law also extends to H. The function H, below is defined in (3.15).

Theorem 1.1. Let r € Ny. If 7 € HUQ\{0}, we have that

(111)  6ul(r) — (—ir) F2g, (——): [ P o iy e SR

T cosh(mw) dw+H (7).

where H, (1) =0 for 7 € Q\{0}. In particular, the functions ¢, are quantum modular forms.

Remarks.
1) The transformation law given in (1.11) in the case 7 € H essentially establishes the mock
modular properties of the unimodal rank moment functions ¢, (7).

2) In the course of proving (1.11) in the case 7 € Q \ {0}, we show that for each integer
r > 0, the function ¢, is defined for 7 € Q. Moreover, in Theorem 5.1 of §5, we pay special
attention to the case r = 1, and establish an explicit finite value for ¢, (%) (h,k € Z) as the
value of a polynomial in the root of unity e?7/¥,

3) Our functions naturally arise from mock Jacobi forms. It would be interesting to investigate
whether a theory of quantum Jacobi forms could be developed that contains functions arising
in this paper as special cases.

Our next theorem exploits the automorphic properties given in Theorem 1.1, and estab-
lishes the asymptotic behavior of the moment functions u,. While such properties are of
independent interest, we also point out that these functions are related to the quantum mo-
ment functions ¢, by (1.8). To describe their asymptotic behavior, we use the Bernoulli
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polynomials By(z) and Euler polynomials Ey(z), defined by the generating functions

P o0 Zk
1.12 = B i
(1.12) w7 = 2 By
2e** > 2k
1.13 = E —
(1.13) er + 1 Zk:o K@) 7T

respectively.
Theorem 1.2. For non-negative integers r, as t — 07, we have that

=t Con 32+l N (3wt )” 2r + 1\ . o, 1 5
e12 Uy, (e 2 t) = (2r i 1) Z X Z ( m >3 2 By, <§> Eori1iok—2n (6) )
k=0

0<n<r

In particular, we have that

s g 267 2 5
€12 Uy, (e 2 t) e <B2r+1 (g) + Borq1 (6)) .

The paper is organized as follows. In Section 2 we provide relevant background information
on modular forms, Jacobi forms, and mock Jacobi forms, as well as Bernoulli and Euler
polynomials. In Section 3 we prove Theorem 1.1, and in Section 4 we establish Theorem 1.2.
In Section 5 we pay special consideration to the moment function ¢;.
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2. PRELIMINARIES

Here, we provide preliminary information on automorphic forms in §2.1, and Bernoulli and
Euler polynomials in §2.2.

2.1. Automorphic forms. In this section, we recall some fundamental properties of certain
modular and (mock) Jacobi forms. We start with the well known transformation law for the
Dedekind n-function.

Lemma 2.1. Fory = (%%) € SLy(Z), we have that
1
(2.1) n(y7) = x () (er + d)2n(7),

where x () is a 24th root of unity, which can be given explicitly in terms of Dedekind sums
[26]. In particular, we have that

U (—%) = v/—irn(7).
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Here and throughout the square root is defined by the principal branch of the logarithm.
Moreover, we require the usual Jacobi theta function, defined for z € C and 7 € H, by

(2.2) Izr) = Y rwimrami(sts),

veEZ+Z
This function is well known to satisfy the following transformation law [26, (80.31) and (80.8)].
Lemma 2.2. For \,u € Z and v = (*Y) € SLy(Z), we have that

Vz+ AT +pu7) = (= 1)““(] T e Y (20 7),

ﬁ(CTid;fyr) = () (c¢+d)%e:ﬁd19(z 7).

In particular, we have that

1 ﬂ"LZ
9 (E;——> = —iv/—ite T U (z;7).

T T
The Jacobi theta function also satisfies the well known triple product identity (w = €2™%)
Iz 7) = —igsw 2 H 1-¢")(1—wg" ") (1—w'q").
n=1

Additionally, we require the following classical Taylor expansion (see for example [30]):

2k
(2.3) V(z;7) = =27z - (1) exp ( QZG% 27”2 ) :

Here for even integers k > 2, the Eisenstein series are defined by

B o0
Gi(7) :—2—2"'2%—1(”)(] 7
n=1

where oy(n) :== 3,4, d’ and By, denotes the kth Bernoulli number.
We also make use of Zwegers’s functions A,(z1, z2; 7) [34] (see also [7] and [10]), defined for
teN,7TeH, 2€C,and z; € C\ (Z7 + Z), by

(_1)Zn In(nt1) 2minzy

q 2 €
1— qn€27rizl

(2.4) Ay(21, 295 7) 1= €T3 Z

nez
These functions may be “completed” into non-holomorphic Jacobi forms by setting
A\g(zl, 2923 7') = Ag(zl, 29, 7') + R@(Zl, 29, T).
The non-holomorphic completions of these higher level Appell functions are defined by
-1
i (-1 (-1
Ry(z1,29;7) == 3 ;0 e(kz)v (zg + kT + 5 67) R (ﬁzl — 29 — kT — — €T) ,

21z and where (7 = u + iv)

R(z7)= ) (Sgn(n) —E ((n - %) \/%)) (—1)"bg~ % e 2minz,

nE%JrZ

where e(x) :=e
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with E(z) :==2 [ e~ dt. Proposition 2.3 below shows that the so-called “error to modular-
ity” of the function R(z;7) is the Mordell integral, defined for z € C and 7 € H by

e7rz'7—w2—27rzw
2.5 h(z;7) = [ ————dw.

(25) (z:7) /R cosh(rw) v
Proposition 2.3 (Zwegers, [33]). For z € C and 7 € H, we have that
R(z+1;7) = —R(z;7),

1 miz?
R (f; ——) =v—ite” * (=R(z;7)+ h(z;7)).

T T

Moreover, the completed higher level Appell functions Ay(zy, z2; 7) transform as follows.

Proposition 2.4 (Zwegers, [34]). For ny,ng,mi,mg € Z and v = (¢ 4) € SLy(Z), we have

~

Zn2 o~
Ag(z1 + T +my, 20 + noT + Mo T) = (—1)é(m+ml)€(z1(5n1 — ng) — nlzz)qu_mmAe(Zb 2957T),

~ 21 29 c(—022 +22129)\ ~
A —_— = d A 7).
¢ (CT+d’CT+d’7T> (e7 + )e( 2(ct +d) o212 7)

We further require “dissection properties” of the functions ¥ and R (see [11, 28, 34]).
Lemma 2.5. With notation as above, we have forn € N

n—1 —1\2
T\ (e-251) omi(0-251) (2+1) n—1 n—1
19<Z,E>—Zq n e Y({nz+|{— 5 T+ 5 ‘nT |,

=0

2.2. Bernoulli and Euler polynomials. In this section, we recall certain properties of
the Bernoulli polynomials By (z) and Euler polynomials Ej(x), defined in (1.12) and (1.13),
respectively, as well as their special values

1

One property we make use of is a “dissection” property of the Bernoulli polynomials. Namely,
for m € 2Ny + 1, it is well known that (see Chapter 23 of [1])

(2.6) Biy(mz) = mF! mzl By, <a: + %) :

Another “splitting” property that we use is the following:

(2.7) 2" By, <x ;L y) = zk: (k) Bj(x)Ei—;(y),

=0

which follows easily from the definition of the Euler and Bernoulli polynomials, using the fact

that
27 - elzty)z ze"? 2eY*

-1 -1 41
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Here and throughout, we let (y := e2™/N for N € N. The next lemma expresses derivatives
of secant in terms of Euler polynomials.

Lemma 2.6. With notation as above, we have that for c € Ny

5
secetD) <Z> _ (_1)0\/3_62c+1E20+1 (_) '

3 6
Proof. This follows quickly from Theorem 2 of [17]. Namely, using the facts that Fs. 4 (%) =
—Fs.1 (%), and Esy._1 (%) = 0, gives the claim. L]

A fourth property that we use expresses the Euler numbers as integrals. Namely, it is
known (see (18) on p.42 of [21] for example) that for k£ € Ny,

w2 .

2.8 ———dw = (21)“" Eyy.
(28) /R cosh(mw) w = (20) o
Note that Fy,_1 = 0 for &k € N.

3. PROOF OF THEOREM 1.1

Here, we ultimately conclude Theorem 1.1 from Proposition 3.6, Proposition 3.7, and
Proposition 3.8 below. In §3.1, we establish properties of mock Jacobi forms related to the
unimodal rank generating function, and in §3.2, we construct mock modular forms from its
Taylor coefficients. In §3.3, we establish quantum modularity and prove Theorem 1.1. Until
otherwise indicated, throughout this section, we take 7 € H.

3.1. Mock Jacobi forms and unimodal ranks. Here we establish properties of mock
Jacobi forms associated to the unimodal rank generating function. We begin by writing
U(w; q) in terms of the Appell functions A,(u,v;7) defined in (2.4). Throughout, for w, wy €
C, we let

U(wy;ws) = Ule(w); e(ws)).

Lemma 3.1. Let w = e(z). With notation as above, we have that
1

(w% - w‘%) (4 @)oo

Proof. Entry 3.4.7 of “Ramanujan’s lost notebook” (see p.67 of [6]) gives with a = —w,b =
—w™! that U(z;7) equals

Uz ) =

(Al(z, —z;7) —w Az, —T; 7')) .

oo 2

1 q" 1 (=D"¢ 2 w™"
&1) (1—w)(l—-w) 2 T @0 21 wer

. —1,.
= (wg; q)n (W 'q;q),, ~

We note that second sum on the right hand side of (3.1) is easily seen to be equal to
1

(w% - w*%) (4 @)oo

Using these facts, the result follows after applying the identity [9]

Ai(z,—z;7).

= 3 q"2 = - ! 2, —T;T
(1—w™) (1 —w) &= (wg; Pn(w™g; Q)n <w% _ w—%) (¢; q)ooAg( ) -

n=0
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Next we define a normalization of the function U(z; 7)
1

(3.2) YT (z;7):=— (w% — w_5> q_i Uz 1) =n"17) (U)_lAg(Z, —7;7) — Ay(z, —z;T)) ,

where the second equality follows from Lemma 3.1. Using Proposition 3.3, we now establish
a transformation law for Y*, which is a key step in showing quantum modularity of the
functions ¢,. To state this, we define

Uh(227) — g(z:7),

H(z;7):= 5

where h(z;7) is given in (2.5), and

o m”" QTerSth( 3 )
g(z;7) \/_/ cosh (x )dw.

Proposition 3.2. With notation as above, we have that

ey (E- —1) Ly (z;7) = H (% 7)
T 1) N =it ’ .

To prove Proposition 3.2 we rather work with a second normalization of the function
U(z; ), namely

3722

XH(z;7) = —6_% (w% —w %> (¢;9)clU(z;7) = (w_lAg(z, —7;7) — Ai(z, —Z;T)) e 2,

Moreover we need the completed function

(3.3)

X(z;71) = <w_1/Al3(z, —T;T) — gl(z, —z; T)> e

3wz2

<A3<Z 0;7) — Xl(z,—z;7)> 6_3352,

where the second equality in (3.3) follows from the first transformation in Proposition 2.4.
Using Proposition 2.4, it is not difficult to establish the following modularity result for X (z; 7).

Proposition 3.3. With notation as above, for v = (2Y) € SLy(Z), we have that

~ z ~
X (m’—f—d’m—) =(ct+d)X(z;7).

From Proposition 3.3, we can establish the following transformation property of X *(z; 7).

Proposition 3.4. With notation as above, we have that

X+(§; _%) X (2 7) = (%19(2;7‘) h (22 7) + ﬁ () S £h (z 4 %; %)) =

Proof. Using Proposition 3.3 we obtain that

(20 (B-2) =X ain)) 2= A + ),

T T
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with

1 3 571'z7' 27miz ]. 3
‘ ::fl9 _——— vT -1 :i:j:T :i:———
R L W

—4J(7;37)e

Z +e2"* R (32 T 73 37),

1 2 1 227 22
fo(z;7) =0 (E; __> g <_Z; __> e BT = (7 R(2zm) e B

We next simplify f; and f;. Firstly, using Lemma 2.2 and Proposition 2.3, we obtain that

3z

2
(3.4) fo(z;7)= =0 (2;7) h(22;7) e 20 .
Next Lemma 2.2 and Proposition 2.3 yield that

]. 3 37rz7‘ 2miz 1 3
I —=—= or T 1Y e R + ;=
(o) TR (T T>

1_@ 1.7' 1 1.7'

Now Lemma 2.5, the fact that ¥(0; 7) = 0, and Proposition 2.3, give that

( ) 2i sm q619(7 37),
(z + 2 ) “5e2(=3) R (32 — 7:37) + R(32;37) — ¢ ve 2 (F)R (32 + 7537) .
Thus
1 2 1 ,
S R win ) =2isin (o )¢5 Y £ePTER (32 F 7537,
3 3 3
+ +
and hence
Ii 1 1 T 3722
3.5 2;7) = ——=q8v (1; 37 thlzt ;= )e 2.
(35) i) =~ it s Y (= 1)
Combining (3.4), (3.5), and the fact that 9(r;37) = —ig~sn(r) gives the claim. O

Proof of Proposition 3.2. First note that
Zj:h (z + - —) = 2iV3 - g(2;7).

The result now follows immediately from Proposition 3.4 and Lemma 2.1, using the fact that

2

n(7)

YT(27)= (7).
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3.2. Taylor coefficients and unimodal ranks. Next, using the results from §3.1, we con-
struct mock modular forms from the Taylor coefficients of the unimodal rank generating
function. The fuctions H(z;7) and Y (z;7) are holomorphic in z, and it is not difficult to
see that they are both odd functions in z, so we may write

(3.6) Y (27) =) an(7)2"H,
(3.7) H(z7)= Z hoy (7) 2% 1,

The next lemma describes the modularity properties of the Taylor coefficients as,.(7) of
Y (z;7).

Lemma 3.5. With notation as above, we have that

aar (=2 ) (=im) 32 = 5 B i )+ 7).

Y
g o5z 19!

Proof. Proposition 3.2 directly yields

v (5; —1) — e i (Y (1) + H (7))

T T

Inserting the Taylor expansions (3.6) and (3.7), and Taylor expanding the exponential func-
tion, gives that

—3miz?
ad 1\ sz\2rb0 2 <T > .
2 (‘?) () =vrE T> 2 (azy(r) - hay(r) 227"
r=0 /=0 7=0
iy e S B i (agy(5) + hag(7)
- = (r =) v
r=0 0<j<r
Equating the coefficients of z2"*! gives the claim. 0

To prove the transformation law for the functions ¢,, we define for r € Ny

(3.8) bor(r) = 3 <3m>;(rl<i ;?;1_ By ().

0<p<r

We will later show that ¢,(7) = be,.(7). The functions bs,.(7) transform as described in the
following proposition, a fact which follows as in [20], using Lemma 3.5.

Proposition 3.6. With notation as above, for r € Ny, we have that

" (_1) (iry 3 (1) = (i CTT G2 2

1
T oo L2

X Z Br)y (1) o ((—iT)j+r_“+%h2j(7')).

— =)
0<j<r—p (r=p=jt or
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Our next proposition shows that the “errors to modularity” ho. are C*, a fact we use
in the course of establishing the quantum modularity of the unimodal rank functions ¢, in
Theorem 1.1. In doing so, we split the Taylor expansion of H(z;7) into two pieces

(3.9) H(z;7) = Hi(2;7) + Ha(z; 7),

with

=3 ha(r)et = Do)

T) = Z ho o (T)2% T i= —g(2; 7).
r=0

Proposition 3.7. The functions hy, are C* on R. To be more precise, hy 2, (T) vanishes to
infinite order for T € Q, and we extend this function to equal O on all of R. Moreover, for
T € HUQ, the function hy g, satisfies

: 2
(27r)2r+1 / 6’”"’37“’211)27’—&-1 sinh (%) dw.

ho 2 (1) = ﬁm R sinh(mw)

Proof. Firstly, we have that

1 =0 2"
Hi(z7) = 505 Z:; o V(T (257
e 27‘+1 r or +1 82Z+1 a2r—2€
2 vl (QeH)WW (7m0 e [ (225
so that
i T 1 H+1 H2r—2¢
marr) = 305 2 iy i~ 2 U E o gz (125,

It is not hard to see that h(2z;7) is C* as a function of 7 near z = 0. Moreover by (2.3), we
see that
i a%—i—l
o(r) DA [9 (25 7))

gives a linear combination of Eisenstein series multiplied by 7%(7). It is well known that the
Eisenstein series satisfy

G (_l) =7"GL(1) (k>2even), Gy <__> — 2Gy(r) + T

T T At

This implies that the function hy,(7) and its derivatives vanish exponentially for 7 € Q. The
second claim follows directly by inserting the Taylor expansion of e~2™*7, ([l



A FAMILY OF QUANTUM MODULAR FORMS 13

3.3. Quantum unimodal ranks. Building from the results in §3.1 and §3.2, here we prove
Theorem 1.1.

Proof of Theorem 1.1. We first relate the Taylor coefficients of Y*(z;7) to the unimodal
moments uy,. Using the definition of us,, it is not difficult to verify that

> (2miz)?r
(3.10) U(zT) = ;OU2T(Q)W

Using the Taylor expansion of sin(7z) we find that

222 2r

Yt (z;7) = _2jq 1 sin(mz)U (z;7) = —(2miz) ; (2miz)? ; qu—%% + 1)

yielding

as (1) Uze(q)g 2T
(3.11) @ri)z _O;T (26)6!(27* o0+ 1)

2% 2r

Using (3.11), the definition of ¢,(7) in (1.6), or its equivalent formulation given in (1.8),
as well as the definition of by,.(7) in (3.8), it is not difficult to see that for each r € Ny,
bor(7) = ¢(7). Combining this with the fact that ho;(7) = hi2;(7) + ha2j(7), Proposition
3.6 yields

T

r=J(_1)i#T (L _
= (=i Y (3m)" I (—1)7iT (5 + 2r — ) 0"
oS F( —|—27’)u(r—p j)  or#
0<j<r—p
By continuation, (3.12) and what follows hold on HU Q \ {0}.
We first consider the first summand. We have by Proposition 3.7

- <(—2'T)j+r_“+%h272j (T)>

ot

NN ~ (1) Y et 00 (e o sinh (%)
B %(23' +1)! /]Réz(; ) ort (<_ZT) ) okt <€ )w cosh(mw) dw

; 5
= Z(—1)fi“+17r2j+1+,u7522j+136—;#% (u) U (j+r—p+3)
0) @i+ (j+r—p+3—0)
: 2w
X (_Z'T)j-‘rr-i-%—p—é / w2j+2M_2£+1ewn§27 sinh ( )
R cosh(mw)

(3.12) ¢, (—1) (—iT) 7272 — 6,(7)

((—”)j”_“% (h12;(7) + h2,2j(7))> :

dw.

We now define the numbers

i(_1)j+e+u22j+17Tr+j+u+143r+e—u—j—%F (% +9r — ,u) T (j tr—p+ g)
2j+ )N —Olr—p—NT E+20) T (Gj+r—p+32-0)

b'r”(lj“7j7 K) =
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and let

(3.14) b(N M) = > Y b 0).

0<p<r 0<j<r—p
0<t<p
N=j+p—~t
M=pA-Ltr—j

Moreover, we define

(3.15) -
,(r) = (miry oy BT (5+2r—n) 0

0<pu<r F(%"'%) p(r —p—g) ot
0<j<r—u

((_iT)j+r_“+%h1,2j(T)) '

Note that #H,.(7) = 0 for 7 € Q\ {0}. We have thus shown for 7 € HUQ \ {0},

i o (1) —o0) = [ B o in ) I Ly ),

as claimed in (1.11).
Finally, under translation 7 — 7 + 1, it is clear using the definition of ¢,(7) in (1.6) that

¢ (T + 1) = e T2¢,(7). With the proof of Proposition 3.8 below, using (1.8), Theorem 1.1
now follows. U

We are left to show existence of the moment function and their derivatives.

Proposition 3.8. For r,n € Ny, the moment functions

@8;; [qfiUm(Q)]

are defined for every root of unity ¢ = ¢ and lie in Z|[(].

Proof. For ease of notation, we let

0
Da = Oéa—a,
In(w;q) = (g Qm(W ¢ q)m-

To finish the proof it is enough to show that for m sufficiently large, and every n,r € Ny, the
function

(3.16) Dy (Dy, [ (w3 q)]p1)

vanishes for ¢ = (.
It is not difficult to see that for m € N

-1k

(3.17) Dy (Jm(w; q)) - Z w—qk + Z % =: Ry (w;q).

Jm (w3 q) —1-wq —w'g
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We further relax notation and let J := J,,(w;q), R := R,,(w;q), and R™ := D R for r € N.
Using (3.17), we find that

D,J=JR,

D2J =J(R*+RWY),

D3}J =J(R*+3RRY + R®),

Dy J =J(R*+4RR® + 3(RM)* + 6R*RY + RY)

Note that each D) .J can be expressed as J multiplied by a sum over the partitions or . That
is, given a partition m = l1(7) - 1+ lo(m) -2+ -+ L _y(w) - (r — 1) + £.(7) - of r (where
each /;(m) € Ny) we may assign the product

H (D{;lR)Zj(W) ‘
1<5<r

Conversely, every such product appearing as a summand as above for D; J corresponds to a
partition of r. In general, we have that

Dl [n(w; )],y = (0% Y (@) T] (D [Run(w; )], )™

Tr 1<5<r

where we sum over all partitions = of r. The exponents ¢;(m) correspond to the number of
parts of the partition 7 of r, and the constants ¢(7) = ¢,.(7) also depend on the partition 7
of r. Now using the definition of R,,(w;q) in (3.17), we may write

i £ (m PET
(318)  >oelm) [T (O [Rulwi),u)" ™ = 3 Hg_l(’l(_q)qkj)r — Ryn(9),

—

ke 1<j<r F=(k1,...rke)

where ¢ = ¢, € N depends only on r, and P; € Z[g]. Next we apply the operator Dy to

(¢; q)%, multiplied by R,,,(¢) in (3.18) above. Using the product rule, we have that (3.16)
equals

> <ZL) Dj (@ a)m) Dy~ (B (a)) -

0<j<n
It is not difficult to see that

Dul@as) _ 5~ k'

= Tm q),
(¢ 9)2, —~1-q @
and for [ € N, that
—1 . = Qk,l(Q)
k=1 q

with Qk(q) € Z[g]. Therefore, we may conclude that (3.16) has the shape

P_,
(Gan > 7 frnl9)

kT’
]Z:(kl 77777 kd) H]:l (1 q J)
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i € Zla]. Now if ¢ = ¢, then (¢; 9)3;
(M € N) vanishes at ¢ = ¢ of order > 2|77 |. On the other hand each term

Py (@)
HJ . (1 . q )r+n

vanishes at ¢ = ¢ of order at most d(r + n), which is a constant independent of m. Thus, the
claim follows.

where d = d,,, € N depends only on r and n, and P;

O

4. PROOF OF THEOREM 1.2
To prove Theorem 1.2, we recall (3.2). It is not difficult to see from Proposition 3.2 that
YH(z;it) = —H(z;it) + Zﬂr(t)z
r>0

with

2

Br(t) <, e”

for some N > 0. To find the asymptotic expansion of H(z; it), we split as in (3.9) and bound
using (2.3)

hl,gr (’Lt) < €7¥

for some M > 0. Thus we are left to determine the asymptotic expansion of Hy(z;it). For
this, we write

—%—27?11}2 sinh (%Tw>

i
7 ‘ cosh (mw)
(4.1) _ Z —2m2)"" i (-2 / wt# sinh (352)

' \/_ @r+1)! &= kg cosh (mw) ’

where the identity in (4.1) refers to an asymptotic expansion. Thus, to determine the asymp-
totic expansion of Hy(z;it), we are left to evaluate explicitly for a € Ny

w2a+1 sinh (27rw) 1 w2a+1 (Q%Tw — eiQWTw> 0 (271')27" 1 w2a+2r
Ca::/ dw:—/ dwzz 3 / dw.
R R :

cosh(mw) 2 cosh(mw) — (2r — 1)! Jg cosh(mw)

From (2.8), we have that the integral above equals (2i)72*"%" Eyq 0., yielding
C. = (_Zi)anfl i (%)2T_1 E — (_Qi)fZafl i (%)TE
a " (27” _ 1)' 2a+2r s rl 2a+r+1-

The second equality above holds due to the fact that £; = 0 for j odd.
We are thus left to understand > 7 %ETH, for positive integers b and v = %. Set

o0

Fv) = Z%U — sech(v),
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where the second equality above is simply the definition of the Euler numbers. Then

[e.9]

E» b
f(b)(v) = 2% r;r v,
Thus
(4.2) C, = (—2i)~ 2 L gech@etD) (%) = 972071 gpc(2t) <%) .

Next we deduce from (1.12) that

l
2

i - . \2n—1
Py Z o)l (2miz) :

n=0

Combining the above, we have established that the asymptotic expansion of U(z; it)e% as
t — 071 is given by

L e Ba(D) () S (D)
ﬁ;@m) SOIDY (Qn()!)(Qr—Qn—i—l)!g( k:!) Crnk:

0<n<r

Thus, using (4.2), we have the asymptotic expansion as t — 0"

G @ONCE S e
(4.3) etzuy, (e77™) = 7 kzk! (—3) 2

lihl(1>22n
< D 2n N2 — 2n + 1)

0<n<r

Using Lemma 2.6 together with (4.3), we have that

o Con 3+l SN (3mt)* 2r + 1\ . o, 1 5
(44)  eBuy () = 525 > e X ( o )3 " (5) Farsaiiz (6)
k=0

0<n<r

gec(2r—2n+2k+1) (g) _

which concludes the proof of the first statement of Theorem 1.2.
Next we prove the claimed asymptotic for the main term. Since Bs, 4 (%) = 0, we may
rewrite the £ = 0 summand of (4.4) as

32r+1 o 41 1 5
> 3B, (=) Eypurn (2]

or 4+ 1 < n ) (2) 2l (6)
0<n<2r+1

Now we use (2.6), which yields that

1 2 1 a
B,[=)=3"' B, [-+-].
(3) =52 (5+3)
Thus, (4.5) equals

32 2 o + 1 1 a 5
1. B (=+2) By [2).
(4.6) 2r+1Z 2 ( n ) "(6+3) ”“”(6)

a=0 0<n<2r+1

(4.5)
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Using (2.7), (4.6) reduces to

26" - 5
Mz v (24+2).

1) =0, we find that as claimed, as ¢ — 0%,

t 262" 2 5
R () ~ oy (B (3) £l (a)) |

5. AN EXAMPLE: THE MOMENT FUNCTION ¢;(7)

Noting again that By, 11 (

In this section, we give an exact value for the quantum moment function

(5.1)
$1(7) = dndiq 2 Z Z n) (m*+ 2n) ¢" = 47°iq o (u2(q) — iﬁ_lé%uo(q)).

n=1meZ
To describe this, we define for positive integers n the polynomials

(5.2) dn(q) = n(q;0)a_14" — 24" (g; q)n quj ! H (1-4¢") € Z[g),

k=1
k#j

(5.3) = ”+1Zq H 1—¢")* e zlq.

j=1 k=1
bt

Theorem 5.1. If h, k € Nywithged(h, k) = 1, we have that
L k 2%—1

o (3) =it (Y €0 - o))
n=1 n=1

Remark. Theorem 5.1, together with (1.11) in the case 7 € Q\ {0} of Theorem 1.1, gives an

exact value for the integral
xirw? SINh
/P1 (w, (—iT) ) e 5 #dw
R

cosh(mw)

To prove Theorem 5.1, we first establish Proposition 5.2 and Proposition 5.3 below. These
propositions give alternate expressions for the functions defining ¢;(7) (see (5.1)), which we
subsequently evaluate for ¢ = (, where ( is any root of unity.

Proposition 5.2. With notation as above, we have that

guo =27 Z dy(

n>1

Moreover, if ged(h, k) = 1 we have that

9 k
r [10(@limqe =271 ()
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Proof. The first statement follows by straightforward differentiation, using that wug(q) =

U(0;7), definition (1.2), and the fact that 2%”.% = qdiq. To prove the second statement,

we observe that d,(q) is of the form d,(¢q) = (¢;q)n_1dn(q), where Jn(g,g) < 00. The state-
ment now follows, observing that for n > k + 1, the factor (q;¢),—1 of d,(q) vanishes when

q= G O
Proposition 5.3. With notation as above, we have that
. 0? .
(2mius(a) = 5 (7))o = —2(270) 3 bul0)
n>1

Moreover, if h,k € N, with ged(h, k) = 1, we have that
2%k—1

(2mi)*uz(Gr) = —2(270)° > b (C1) -

Proof of Proposition 5.3. The first statement follows by straightforward differentiation, using
definition (1.2), and the fact that ﬁ% = w% for w = 2™, To prove the second statement,
using the first statement, we see for n > 2k, the jth summand defining b,(q) (for any j > 1)
contains either the factor (1—¢*) or (1—¢*) (or both), both of which vanish when ¢ = (. O

Proof of Theorem 5.1. Theorem 5.1 now follows from the definition of ¢(7) (see (5.1)),
Proposition 5.2, and Proposition 5.3. 0
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