EXACT FORMULAS FOR COEFFICIENTS OF JACOBI FORMS
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ABSTRACT. In previous work, we introduced harmonic Maass-Jacobi forms. The space of
such forms includes the classical Jacobi forms and certain Maass-Jacobi-Poincaré series, as
well as Zwegers’ real-analytic Jacobi forms, which play an important role in the study of
mock theta functions and related objects. Harmonic Maass-Jacobi forms decompose nat-
urally into holomorphic and non-holomorphic parts. In this paper, we give exact formulas
for the Fourier coefficients of the holomorphic parts of harmonic Maass-Jacobi forms and,
in particular, we obtain explicit formulas for the Fourier coefficients of weak Jacobi forms.

1. Introduction and statement of results

In 1985, Eichler and Zagier [5] systematically developed a theory of Jacobi forms. That
theory has since grown enormously, establishing deep connections to many other areas of
mathematics and physics, such as the theory of Heegner points (see Gross, Kohnen, and
Zagier [6]), the theory of elliptic genera (see Zagier [10]), string theory (for example, see
Cardy [4]), and more recently, mock theta functions (see Zwegers [11]). In [2], we initiated a
theory of harmonic Maass-Jacobi forms, which includes the holomorphic Jacobi forms of [5],
the real-analytic Jacobi forms in [11], and certain Maass-Jacobi-Poincaré series as explicit

examples. Of particular interest is jzu;lp , a distinguished subspace of harmonic Maass-Jacobi
forms, which we will briefly review in Section 2. If ¢ € jzuslp , then ¢ = ¢ + ¢~ , where

(1) ot ()= 3 )¢
=

is the holomorphic part of ¢, while the non-holomorphic part of ¢ is given by

3 D
) 9= X enr (3w )
S

Here and throughout the paper, 7 = z + iy € H (the usual complex upper half plane),
z=u+iv € C, q:=e¥7 (:=e¥* D =712 —4nm, and [(s,2) == [e 171 dt is the

x

incomplete Gamma-function. In particular, if ¢ € jiufnp is holomorphic, then ¢ = ¢T is a

weak Jacobi form. If in addition, the Fourier series in (1) is only over D < 0, then ¢ is a
Jacobi form as in [5] and if the Fourier series in (1) is only over D < 0, then ¢ is a Jacobi
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cusp form. Note that our notion of weak Jacobi form is slightly more general then the one
in [5], where weak Jacobi forms have an expansion as in (1) with the additional condition
that n > 0. If T is as in (1), then we call

(3) Pyt (1,2) := Z ct(n,r)q"¢"
n,reZ
D>0

the principal part of ¢.

In this paper, we extend ideas of [1] to obtain exact formulas for the coefficients of ¢* in
(1). It turns out that the principal part Py+ in (3) dictates the coefficients of ¢* for D < 0,
as explained in the following theorem, which is the main result of this paper.

~

Theorem 1. Let ¢ € J;"P with holomorphic part ¢ as in (1). If k < 0 is even and
D' =717 —4mn’ <0, then

1
) = sy Y e ),
2

where I'(+) is the Gamma-function and
(4) ' 1) = bR (') + (—)FB (! =)
with

kE_3
D\% 4 VID'D
o) (1 7Y = V2miFm 2 <| ‘) E 2K, (n,r, n', 7, s <7T"> :
2

n,r D —~ mc
C

Here Is(x) is the usual I-Bessel function of order s and K.(n,r,n’,r’) is the Kloosterman
sum
K.(n,r,n',7") := eame(—r7") Z €c (Jm)\Q +n'd—r'\+dn+ JN\) ,
d (mod ¢)*
A (mod ¢)

2mix

where e.(x) :=e < and the sum over d runs through the primitive residue classes modulo
c and d is the inverse of d modulo c.

In Section 2, we follow Bruinier and Funke [3] to define a pairing of harmonic Maass-
Jacobi forms and skew-holomorphic Jacobi forms. We find that this pairing is determined
by the principal part of the holomorphic part of a harmonic Maass-Jacobi form. In Section
3, we recall the Maass-Jacobi-Poincaré series from [2]. Given a harmonic Maass-Jacobi form,
linear combinations of such Poincaré series allow one to construct a new harmonic Maass-
Jacobi form whose holomorphic part has the same principal part as the given one. This
is the key idea in our proof of Theorem 1. Finally, we give an explicit application of our
results. The ring of Jacobi forms of even weights is generated (over the ring of modular
forms) by certain weak Jacobi forms of index 1 and weights —2 and 0, which we denote by
¢—21 and ¢q 1, respectively (see §8 and §9 of [5]). We show that ¢_; can be expressed as
Jacobi-Poincaré series. It is likely that ¢ 1 can also be realized as a Jacobi-Poincaré series,
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but this requires the existence of a Maass-Jacobi Poincaré series of weight 0, which we have
not constructed yet.

2. THE PAIRING
In this section, we introduce a pairing between skew-holomorphic Jacobi forms and har-
monic Maass-Jacobi forms, which is vital to our proof of Theorem 1 in Section 3. Let J,‘j’“m
denote the space of skew-holomorphic Jacobi forms of weight k and index m and let .J ,jk;;fu‘gp

be the subspace of cusp forms (for details, see Skoruppa [8, 9]). If ¢, ¢ € Jg’j;pr, then the
Petersson scalar product of ¢ and 1 is defined by

_ armu?

(6,0) = / o(r, ) P(rD)e 5 ykav,
T/\HxC

where T'Y := SL5(7Z) x Z? is the Jacobi group and dV := % is the T'/-invariant volume
element on H x C (for details, see Skoruppa [7, 9]). Note that skew-holomorphic Jacobi

.. . . _mDy sk
forms have a theta decomposition, i.e., if ¢(7,2) = >, ez c(n,r)e” ™ ¢"¢" € J, then
D>0

k,m>

p# (mod 2m)
where N
hu(7) o= Z cu(N)gam
N>0
with
c(==N r) for r€Z, r=p (mod?2m), and N = p? (mod 4m
(6) cu(N) = am
g ‘ 0 if N # u? (mod 4m)
and
7,2
(7) Omu(T,2) = Z qim ("

rel
r=p (mod 2m)

If (7, 2) = 3 b (7)0mu(7, 2) € Jiot"™P and (7, 2) = 3 gu(7) (7, 2) € Jioc™P, then
analogous to Theorem 5.3 of [5], one finds that

(s) (6.0 = /f S hu(r)ga(r)y* > 2dady,

w (mod 2m)

where F is the standard fundamental domain for the action of SL2(Z) on H.

We wish to review the definition of harmonic Maass-Jacobi forms of [2]. Therefore, we
need to recall the slash action for Jacobi forms and a certain differential operator which is
invariant under that action. If ¢ : H x C — C, then

2
L 2ﬂim(7m+)\27'+2/\z)

at +b Z+/\T+M>(CT+d) . e

cr+d er+d

O (0hd) (r2)i= 6 (
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forall A=[(2%),(\ p)] € I'/. Furthermore, if 8, := % for a variable w, then

(1 —7)2

km— 2 —7)20 — 2k — 1) (1 —7
C (1 —7)*0= — (2k )T —T)0+ e

TZZ

+ k(r —7) Oyz + (r-7)(=-72) Ouaz — 201 = T)(2 — 2)0pz + k(z — 2)05

Amim, 47sz
+@87—%+ ( —2)° LA =7) %+maﬁ
4mim 2 4mim 4mim

which (up to the constant % + M) is the Casimir operator with respect to the action in

(9)-

Definition 1. A function ¢ : H x C — C is a harmonic Maass-Jacobi form of weight k
and index m if ¢ is real-analytic in T € H and z € C and satisfies the following conditions:

(1) For all A€ T, (6], ,4) = .
(2) We have that C*™(¢) = 0.
(8) We have that ¢(7,z) = O(e“yezmeQ/y) as y — oo for some a > 0.

Of particular interest are harmonic Maass-Jacobi forms, which are holomorphic in z; the
space of such forms is denoted by Jp .

The differential operator
& =y (—2iy€# — 20005 + Lf&)
4dmm

plays an important role in this context. It maps harmonic Maass-Jacobi forms that are
holomorphic in the Jacobi variable z to skew-holomorphic Jacobi forms. Moreover, with
j;f‘;p C jkﬂm we denote the space of harmonic Maass-Jacobi forms, which appear in the
pre-image of skew-holomorphic Jacobi cusp forms under & ,,. The next proposition was
proved in [2].

Proposition 1. ([2]) The map

~

. Teusp sk,cusp
fk,m ' “]]k,m - J3—k,m
18 surjective.

~

If o € WP and ¢ € Jgﬁfﬁp , then we define the (non-degenerate) pairing

(10) {0, 0} == (&km(9), ¥) .

The following result extends Proposition 3.5 of [3] to Jacobi forms and shows that the pairing
in (10) is determined by the principal part Py+ of ¢.



EXACT FORMULAS FOR COEFFICIENTS OF JACOBI FORMS 5

Proposition 2. Let qﬁ = QS* +¢ € JC"‘QP with ¢ and ¢~ as in (1) and (2) and let
Y(1,2) =D nrez d(n,r)e m q”CT ;quﬁp If k is even, then
D>0 ’

{¢aw} = Z c+(n,7“)d(n,r).
r (mod 2m)
D>0

Proof: Let
with

be the theta decomposition of 1. It is easy to see that elements in JCUSP and hence also

their holomorphic and non-holomorphic parts have theta decompos,ltlons More precisely,
we have

G(r2) = > hu(T)0mul(r,2),

u© (mod 2m)
where h, = hl‘f + s

hi(r) = 3 ¢l (N)g i,

N<KLoo

_ _ 3 nNy _ N
)= e or (- w0 ) i,
N>0
and 5 (N) is as in (6).
We now follow the proof of Proposition 3.5 in [3]. First, if &k is even, then one verifies that

(11) Z hugy dr is an SLy(Z)-invariant 1-form on H.
o (mod 2m)
Set Ly := —2iy?0- and &, := y*2L;. From (8) we have

4m—1

(6.0} = Jim Z / &1 () (Fgullyt ™ dudy,

Fi

I ( mod 2m)

where each

ft,j = {T cH

1 1
|T—J'|21,0§£C—j§§,y§t, Or’T—j—1\21,2§ﬂf—j§17y§t}

is a translation by j of the truncated fundamental domain F; := {7 € F | y < t}, and where,
in addition, the “left half” is “cut and pasted” to the right. Let dw := dxdy denote the usual
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invariant volume form on H. With the help of Stokes’ Theorem, we find that

4m—1

Z /f &1 () (T)gu(r)y? " dady

Jj=0 t],u(mod2m
dm—1

Z / Ly (hy) T
Fi

I ( mod 2m)

4m1

h,g,d
Stokes 4m Z /8 ngu a7

Tt o (mod 2m)

im -
(11) 4m/ > hulz+it)gu(e +it) de

(mod 2m)
— o [ 3 TNt
> c,tuv)du(N) bY G (3-mT0),
v (mod 2m) w# (mod 2m)
N>0 N>0

where the last equation follows from inserting the Fourier expansions of h, and g,. Finally,

r(3-k=™H =0 <(“Nt);_k eﬂn\z]t) as t — 0o, which shows that

m

(o= > MWd(N)= > ctnr)dn,r).
u© (mod 2m) r (mod 2m)
N>0 D>0

3. MAASS-JACOBI-POINCARE SERIES AND THE PROOF OF THEOREM 1

In [2], we investigated Maass-Jacobi-Poincaré series, which we will now recall after in-
troducing necessary notation. Let M, , be the usual M-Whittaker function. Let D =
r? —4dnm # 0, and for s € C, k € $Z, and t € R\ {0}, define

Mie(t) = [t]7% Mgy o1 (1)

and

qbl(:?;:;)s(,r’ Z) = Ms,kfé

Set 'L, := {[(;7),(0,n)] | n,n € Z}. Then the Poincaré series

2
. mDy p2mirz— T4 2min
m

(12) P2y i= 30 (0 L A)(72)
Aer I\
converges absolutely and uniformly for Re(s) > and P,y:nr s € il km if 5 = 5 — Z> k>3 or

r)

n,r
) which features a

if s = % - g, k < 0. In [2], we determined the Fourler expansion of P,g
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(

certain theta series 19,:%. It is not difficult to see that

7'2
(13) K (72) = a5 (O (7,2) + (<1) O, (7,2) )
For brevity, we will only recall the part of the Fourier expansion, which is needed for the

+
purpose of this paper. Let P,g;nr)s denote the holomorphic part of PIEZI)S If D> 0 and
s=2— %k <0, then Corollary 1 of [2] and (13) imply that

(14) Pé%”l* =T (Z — k:> q’% <0m,r(7, 2) + (= 1)k (T, z)) + Z Cgf,)n(n/,r’)q”’ ¢
n' r'€Z
D'geo

where (as before) D' = r"? — 4n'm. If D’ < 0, then cgf?n(n’,r’) is as in (4).

Proof of Theorem 1. Let ¢ € jzu;p (k < 0) with holomorphic part ¢ as in (1) and principal
part
N
Pyi(7,2) = Z CI(N)Q*RGWM(T, z)

1 (mod 2m)
N>0

with ¢} (N) as in (6). Equation (14) together with the identity ¢*,(N) = (=1)F¢} (V) shows
that the holomorphic part of

2_nN
1 + (n,r) 1 + <#4m ’“)
= P - N)P
’ 2r (g n k) r (m%Qm) ‘ (nyr) k’m’%_g 2t (% - k) I (H§2m) C“( ) k’m’%_%
D>0 N>0

~

has the same principal part as ¢*. Consider ¢ (= ¢ — ¢ € JZ?;” . Suppose that ¥
has a non-trivial non-holomorphic part. Then &, (¥) # 0 and hence {¢, &g (¢¥)} =
(€km (), E&m (¥)) # 0. On the other hand, Proposition 2 expresses {, & ()} in terms
of the principal part of ¢, which is zero by construction. This gives a contradiction and thus
1) is necessarily holomorphic, i.e., ¥ is a weak Jacobi form. Again, the principal part of ¥
is zero and hence v is a holomorphic Jacobi form (as in [5]) of weight k£ < 0. We conclude

that ¢ = 0 and Theorem 1 follows. O

We end with an explicit example. Let ¢_o1(7,2) =( —2+ (" +... be the weak Jacobi
form of weight —2 and index 1 alluded to in the introduction. Note that
2

r—-1 _1
Z q"¢" = Z g T (" =q 1611(7,2)
nl,)TEZ r=1 (mod 2)
=1

1 (0,1)
(3 g

appears as the principal part of ¢_5 (7, 2) and also of (1,2). Hence we find

that .
P(Ozl)

(G

P21 =
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