CONGRUENCES FOR DYSON’S RANKS

KATHRIN BRINGMANN

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of a positive integer n is any non-increasing sequence of positive integers whose
sum is n. Let p(n) denote the number of partitions of n (with the usual convention that
p(0) := 1, and p(n) := 0 for n & Np).

Ramanujan proved that for every positive integer n, we have:

p(bn+4)=0 (mod 5),
(1.1) p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).

Using theta functions and g¢-series identities, Atkin [7] and Watson [17] later on showed
generalisations of (1.1) for powers of 5, 7, and 11. In a celebrated paper Ono [14] treated
these kinds of congruences systematically. Combining Shimura’s theory of modular forms
of half-integral weight with results of Serre on modular forms modulo ¢ he showed that for
any prime ¢ > 5 there exist infinitely many non-nested arithmetic progressions of the form
An + B such that

p(An+B)=0 (mod /).

Ahlgren and Ono [1] and [2] extended this phenomenon to prime powers.

In order to explain the congruences in (1.1) with moduli 5 and 7 combinatorically, Dyson
[11] introduced the rank of a partition. The rank of a partition is defined to be its largest
part minus the number of its parts. Dyson conjectured that the partitions of 5n + 4 (resp.
™+ 5) form 5 (resp. 7) groups of equal size when sorted by their ranks modulo 5 (resp. 7).
This conjecture was proven in 1954 by Atkin and Swinnerton Dyer [6]. Thus, if for integers
r and ¢, we denote by N (r,t;n) the number of partitions of n whose rank is » modulo ¢, then
Dyson’s conjecture reads as

4
N(r,5;5n+4) = 1’(5”;),
N(rT;Tn+5) = p(7”7+5).
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In [10], Ono and the author showed that Dyson’s rank partition function satisfies congru-
ences of Ramanujan type.

Theorem 1.1. Let t be a positive odd integer, and let £ 1 6t be a prime. If u is a positive
integer, then there are infinitely many non-nested arithmetic progressions An + B such that
for every 0 < r <t we have

N(r,t; An+ B) =0 (mod ¢*).

In this paper, we consider the case t = ¢™ (m € N) and show that a similar result as in

Theorem 1.1 holds. For this we define for a prime £ > 5 the integer d; := £-1 and €p 1= (_76).

24
Moreover we let
Sy = {Ogﬁgé—l; (5:55) :—e@}.

We show the following Theorem.

Theorem 1.2. Suppose that £ > 5 is a prime, m,u € N, and 3 € Sy. Then a positive
proportion of primes p = —1 (mod 24¢) have the property that for every 0 <r < ™ —1

p3n +1
24

for alln =1 — 243 (mod 24¢) that are not divisible by p.

N <r,£m; > =0 (mod ¢*)

This directly implies the following corollary.

Corollary 1.3. If £ > 5 is a prime, m,u € N, then there are infinitely many non-nested
arithmetic progressions An + B such that

N (r,0™;An+ B) =0 (mod (%)
forallO <r <™ —1.

Two remarks.
1) The congruences in Theorem 1.2 may be viewed as a combinatorial decomposition of the
partition function congruence

p(An+ B) =0 (mod ¢*).

2) Corollary 1.3 was conjectured in [10].

The paper is organized as follows: In Section 2 we recall facts about modular forms and
weak Maass forms, in Section 3 we show certain properties of rank generating functions, and
in Section 4 we prove Theorem 1.2.

2. MODULAR FORMS AND WEAK MAASS FORMS

Let us recall some basic facts about modular forms of half-integral weight. For this, we
let I' be a congruence subgroup of SLy(Z), A\, N € N, and x a Dirichlet character modulo N.
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Denote by MA+% (T, x) (resp. 5’)\+% (', x)) the vector spaces of modular forms (resp. cusp
forms) of weight A + % with Nebentypus character x for I'. In particular, we let

r) = {(3 7)esi@ =0 @moam}.

T{(N) = {(7 g) € SLy(Z) ’ <‘;‘ g) = <(1) 1‘) (mod N)}.

For brevity, let MM—% (T1(N)) := MM—% (T'1(N), x0) and S’/\_% (T1(N)) == S)\+% (T1(N), x0),

where xq is the trivial character modulo N. Moreover we denote by M ;\+ , (T, x) the vector
2

Q

space of weakly holomorphic modular forms of weight A+ % with Nebentypus character x for
I'. We call a meromorphic modular form weakly holomorphic if its poles, if there are any, are
supported at the cusps of I'. Moreover we denote by |, the usual weight k slash operator.

Next we recall the definition of Hecke operators for modular forms of half-integral weight for
I'1(N). If p is a prime, then the Hecke operator T'(p?) for f =32 | a(n)g" in S)\Jr% (T'1(N))
is defined as

21  f|TE% = g:l <a (p°n) +p** <(_1p))\n>a(n) +p?a <;)> q".

It is well known that f|T" (p®) € Sy, 1 (T1(NV)).
2
Moreover we consider certain quadratic twists of modular forms. For this we let for a

2miv
prime p the Gauss sum with respect to p be given as g := Zg: (%)eT, and define for

f(z) =22, a(n)q"

(2.2) (2)p = j;g () r&|(07)-

This definition is independent of the weight of the slash operator. Moreover it is not hard
to see that f(z), is the p—quadratic twist of f, i.e., the n-th Fourier coefficient in the

g—expansion of [ is multiplied by (%) It is well known that if f € M, 1 (T'o(N), x), then
f(z)p € M/\Jr% (Fo(Np?), xx0), where xo is the trivial character modulo p.
Moreover we need the fact that if f(z) =Y 2, a(n)q™ € SAJF% (T'1(N)), then for m € N

and 0 <r <m — 1, we have
(2.3) Z a(n)g" € S)\Jr% (I (Nm2)) .
n=r (mod m)

The following theorem, which is shown in [10], follows from Serre’s theory of modular forms
modulo M.

Theorem 2.1. Suppose that f1(z), f2(2),..., fs(z) are half-integral weight cusp forms, where
fi(z) € 55,1 1(T1(Ni)) N Oxe[lg]],
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and where Ok is the ring of integers of a fized number field K. If £ is prime and j > 1 is an
integer, then the set of primes p for which

Fi(2) | T () =0 (mod ),
for each 1 <i < s, has positive Frobenius density.

Remark. The primes p in Theorem 2.1 can be chosen to satisfy p = —1 (mod Nj ... Ny)

1

Next we recall the definition of a weak Maass form of weight k := A+ 5. For this we define

for an odd integer v

(2.4) o 1 ifv=1 (mod 4),
' AR P if v=3 (mod 4).

Moreover if z = x 4+ iy with x,y € R, then the weight k hyperbolic Laplacian is given by

0? 0? 0 0
2. Ay = ==+ =— ky | — +i— | .
(2.5) k y <3x2+8y2>+Z y(axﬂay)
A weak Maass form of weight k on I'g(N) with Nebentypus character y is any smooth function
[+ H — C satisfying the following:
(1) For all A= (2%) € ['o(N) and all z € H, we have

C

2k
Fa) = x(@ (5) e s+ ) 1o,

(2) We have that Ay f = 0.
(3) The function f(z) has at most linear exponential growth at all the cusps of T'o(V).

It is not hard to see that we can define twists for weak Maass forms as in (2.2) and that the
twist changes the level and the Nebentypus character in exactly the same way as for modular
forms.

3. PROPERTIES OF RANK GENERATING FUNCTIONS

If N(m,n) denotes the number of partitions of n with rank m, then it is well known that

e¢] 2

(3.1) R(w;q) =1+ Z Z N(m,n)w™q" =1+ Z ( ¢

wq; Q)n(W g q)n’

n=1m=—00 n=1
where

(a;@)n = (1 = a)(1 —aq) - (1 —ag"™").
In [10], Ono and the author showed that if w # 1 is a root of unity, then R(w;q) is the
holomorphic part of a weak Maass form (see [10] for a precise version). Here we need its

transformation law under all elements of SLy(Z). For this we define the theta function
O (%;7) by

(3.2) e (%;7) = Z (—1)™sin (7ra(6m+1)> -0 <6m +1,6f; i) ,

C
m  (mod fc)
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where f, := m, and where
(3.3) Ola, Bir) = Y. e
n=a (mod B)
Moreover we define the period integral
a . _isin(%) [ O(57)
(3.4) S (E,z> = — dr.

Letting (. := eQT and q := ezmz, define D (%, z) by
(35) D (%Z) =5 (%;Z) +q 2 R(C%q)-

If g € (0,1)\ {%, %, %}, then define the integer s(b, c) by

0 if0<?<i,
1 if § <b< i,
8(1),6)— el Q 5
2 if 5 <2 <32,
3 if 3 <b<1

Moreover let

. ® —xia e 1)4+ms(b,c)+ =
i (=1)me= " . g2 Bmt 2
N(a,b,c;q) := 2(¢:q) (Z _2mia b
q;4) m—0 1—e ¢ -q ¢
i (_1)me7rz'a . qrg(:}m«kl)ms(b,c);c)
- 2mia b ’
m=1 l—e-e _qm ¢
where
(a5 q)o0 := lim (a;q)n-
n—oo
Define
N(a,b,c;q) = 4sin (L“) o2 amit (1) | (=b L gBtO-3E3 . N(a,b,e;q)
c
and

sin (22) (3. [ © (a,b,¢;7)
203 ) it t2)

where for . := lecm(c, 6) the theta series O(a, b, ¢; 7) is defined as

O(a,b,c;7) := Z (=)™ sin(

m  (mod t.)

S(a,b,c;z) = — dr,

™

3 (2m + 1)) XM . g (2cm + 6b + ¢, 2cty; 247?> .

Now define
D(a,b,c;z) :==N(a,b,c;2z) — S(a,b,c; 2).
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Moreover let wy, , be given by

wh, = exp (mit(h, k)),

wo= % (@)

where

Here

Lot g
S R S A

Combining the results of [8] and [10] gives the following transformation law for the function
D (%, z).

Proposition 3.1. Assume that (3?) € SLy(Z), a,c € N with 0 < a < ¢ and ¢ odd.

Moreover let ¢; = m, 0 <l < c1, such that | = ay; (mod c¢1) where v = m,
s:=s(l,e1).
(1) If c|y, then
1) L gin (T2 . a2 i
D g;az—i_ﬁ = (=1)*i Sm(sc) wé”y.e3 5716.6_m(a+6).(72+5)%.l) @;Z .
¢ yz+06 sin (722) c

(2) If ct7, then

_ Cl,’y—‘—ll 3 Ta i 3mia2s T
<a; oz + ﬁ) _ (—1)"7T Smd( c )W&’YeschJrTﬂe_m(aM)(fyz%—&%D <—a5, lﬁ,c; Z) :
¢ yz+4 sin (742) “

For the proof of Theorem 1.2, we apply a certain twist to “kill” the non-holomorphic part
of D (%, z). For this we need to know on which arithmetic progressions its non-holomorphic
part is supported. Similarly as in [10], we obtain

Proposition 3.2. For integers 0 < a < ¢, we have

o0 oo
a _ 1 _ 1
D(%2) =g H 43 3 Nammcrg

n=1m=—o0

_ 28“:/5:) S (~1)™sin (W) Y oor (; Wgy> i

m  (mod f¢) n=6m+1 (mod 6f.)

where

[(a;x) ::/ et dt.
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4. PROOF OF THEOREM 1.2

For brevity we set ¢t := £™. Using the orthogonality of roots of unity easily gives

t—1
(4.1) ZNTtTL Zp n)q +1zlctrjR(Cg;q>.
=

Define the function

gr(z) =1 i N(r,t;n)q" o ﬁ (1 - qen)g.
n=0 n=1

Then (3.5) and (4.1) imply

(4.2) gr(2)

95 (0(3) s (3

where 7(z) = g1 [1,2; (1 —¢™) is Dedekind’s eta function. We denote the two summands
by f(z) and f(2), respectlvely We now define for a function h(z) := ) a(n)g”

h(2) := e (h(2) — egh(2)0), -
Clearly

(43) e = Xl (1 — e (;})) (g) .

The main step in the proof of Theorem 1.2 is the following Theorem.

Theorem 4.1. For every u > 0 there exists a character x, \,\' € N, and modular forms
h(z) € Sy,1 (Lo (5766%) . x) and hy(2) € Sy o1 (T1 (576'¢%)) such that
G (242)
nt(244z)
The proof of Theorem 4.1 is given in Section 4.1. We first show how Theorem 1.2 follows
from Theorem 4.1.

= h(z) + hy(2) (mod £%).

Proof of Theorem 1.2. We easily see that

9r(242) sy o
240) 2t (n)Z: N(r,t;n— ) - q .
7)==«

Now we consider for 3 € Sy the series

+1
=-2t > Nntin—&) ¢ =2 ) N(rt 202 g
gr.3(2) t (ryt;n —0p) - q t r,t; o7 q
n=0+08,+4m n=248—-1 (mod 24¢)
mMmEZ

Theorem 4.1 gives that
grp(2) = hp(z) + hrp(z)  (mod £%),
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where hg(z) and h,g(2) denote the restrictions of the Fourier expansion of h(z) resp. hy(z)

to those coefficients n with n = 248 — 1 (mod 24¢). By (2.3), we have that hg(z) €

Syi1 (T (2123%7)) and h,3(z) € Sy 1 (T1(2'23%52)). Due to Theorem 2.1 a positive
2 2

proportion of all primes p = —1 (mod 24¢) satisfy for all r
hr’g(z)\T(p2) = hg(z)|T(p2) =0 (mod ¢*).
Thus we have for all r
grﬂ(z)|T(p2) =0 (mod ¢*).

Replacing n by pn in (2.1) gives that for all n = 1 — 243 (mod 24¢) that are not divisible by
p, we have

3n+1
—2tN (7, t; il 0 (mod ¢%).
24
Dividing by —2t directly gives the Theorem since u is arbitrary. 0

4.1. Proof of Theorem 4.1. If a is a positive integer, then define

e z
Eé,a(z) = Z(ﬁizi

€ My (To(£"), xt,a) s
2

where xy4(d) = (M). It is well known that FEy,(z) vanishes at those cusps of

I'p(£*) that are not equivalent to oo and that for all u > 0

gufl

(4.4) E,, (2)=1 (mod £*).

We now treat the summands in (4.2) separately. Since f(z) € M1 (To(¢), (3)) we have that
. 2

f(2) € Mea (To(€), (%)) For sufficiently large u’ the function
2

F(2) = F(2) - ELs (2)

is a cusp form on I'g(¢°) with character x5 - (3) satisfying

f'(z) = f(2) (mod £*)
ordeo (f'(2)) > 6¢ + 1.
f'(z)
n‘(£z)
form for 'y (57665) with some character y.
We next turn to f,(z). Let us recall the transformation law for Dedekind’s eta function.

For (a 6) € SLy(Z) we have

)
az+f3
vz 40

/'(242)
n?(24£z)

24
Thus for v’ sufficiently large ( ) vanishes at oo which implies that is a cusp

(4.5)

) = wogy - (<) (y2 +0)8 - e (),
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Combining the fact that f(z) € M1 (Io(¢), (;)) with Proposition 3.1 and (4.5) directly
2

gives that
p(%i2)at e = (%) nte) - L1

is a weak Maass form of weight “Tl on T'y(2t%). From Propositon 3.2 we see that its non

holomorphic part is supported on exponents of the form q7%+%+m£, where n € Z with
n =1 (mod 6) and m € Ny. Now (4.3) easily gives that the non holomorphic part of f,(z)
is vanishing, thus fr(z) is a weakly holomorphic modular form of weight ”Tl on I'y (2t2€4).
Since Ey 2,,(2) vanishes at each cusp % with ¢2 { v if we take v’ sufficiently large, the function

F1(2) = Bl (2) £ (2)

is a weakly holomorphic modular form on I'y (2t2) that vanishes at all cusps % with t2 { 5
and satisfies

f1(2) = fr(2)  (mod £).

f;(z)
7 (£2)

2
with #2|c. If (f: g) € Ty(t?), then the g-expansion of 773(€z)|5/2 (: g) starts with qgj (times

o

vanishes also at those cusps 5

Therefore to finish the proof it remains to show that

a non zero constant). Thus we have to prove that the g—expansion of ﬁn(z) starts with ¢®
with b > g—i. In the following we need the commutation relation for v/ = §?v (mod /)

o G )ED- N6 )

with
(a/’ ﬂ/’) _fa-w gy ix,/é,au € To(t?)
v 0 v 6+ 1~

Combining this with the fact that | ((1) _1V7> doesn’t decrease the order of vanishing we

show that the order of vanishing of tﬁe holomorphic part of
(1) - a0l (3 )
is bigger than 2—1. This follows if we show that the order of vanishing of the holomorphic part

of

(i) = s s ()

is bigger than 5;. Here

frs(2) =D (%) )
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From Propostion 3.1 easily gives that the holomorphic part of f; j(2)|e+1 (C; g ) is given by
2

- sin (%2 smig?us (8
(4.7) (U”-Sm((éﬁ))-e i -<t>-fr,ja(z)-

To compute the holomorphic part of e f; j(2)] (f; g ) we use again (4.6). Using Propostion

3.1 it is not hard to see that the holomorphic part of € fy j(2)¢|e+1 (f; ? ) is given by
2

48) e (-7 fé% = ()9S (Do () 7).

t

2_
Since the holomorphic parts of the g-expansions of (4.7) and (4.8) start with q£2741 and have

KQQZl—th coefficients coincide. But this follows

integer exponents, it is enough to show that the
directly from

21 _

€ g v\ _2mi/@P-n/2 g g VEFY e gg
_ 7 ] ¢ == =1,

/ Z <£>e / Z ( v )€ /

v (mod £)* v (mod £)*

This proves Theorem 4.1.
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