SOME EXAMPLES OF HIGHER DEPTH VECTOR-VALUED QUANTUM
MODULAR FORMS
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ABSTRACT. In this note, we continue our study of generalized quantum modular forms initiated
in [4, 5]. We construct further examples of depth two quantum modular forms generalizing several
results in [4]. In a special case (corresponding to p = 2) we present a more detailed analysis. In
particular, a rank two higher depth quantum modular form for the full modular group is constructed.

1. INTRODUCTION AND STATEMENT OF RESULTS

For p € N, define the following sl false theta function

F(q) — Z min(ml’mQ)qg(m%+m§+m1m2)—m1—m2+% (1 _ qml) (1 o qmg) (1 o qm1+m2) )
my,ma>1
m1=mgo (mod3)
This function was introduced in [3] as the numerator of the character of a certain W-algebra
associated to sl3. A more direct connection between the series and Lie theory can be readily seen
from its coefficient min(mq,ms) - the value of Kostant’s partition function of sls.
In [4] we decomposed F' as

F(g) = ;FI (@) + 25 (¢7). (11)

where Fy and Fh are generalizations of quantum modular forms. Roughly speaking Zagier [12]
defined quantum modular forms to be function f: Q@ — C (Q C Q) such that the “obstruction to
modularity”

F(r) = (er+d) " f(M7) M= (2})€SLy(Z)

‘nice”. One can show quantum modular properties of the F; by using two-dimensional Eichler
27ri7')

is ¢

integrals. For instance, as 7 — % € Q, Fy agrees with an integral of the shape (¢:=e

dZUdel,

7 Juy —i(wr +7)y/—i(we + 7T)
where f € S% (x1,) ® S% (x2,I") (xj are certain multipliers and I' C SLy(Z)). Throughout we

write vectors in bold letters and their components with subscripts. The modular properties of the
integral in (1.1) follow from the modularity of f which in turn gives quantum modular properties of
Fy. We call the resulting functions higher depth quantum modular forms. Roughly speaking, depth

two quantum modular forms satisfy, in the simplest case, the modular transformation property with
M= (27) €SLa(2)

F(7) = (er + d) * f(M7) € Qu(D)O(R) + O(R), (1.2)

where Q(T") is the space of quantum modular forms of weight x and O(R) the space of real-analytic
functions defined on R C R. In [5], we proved that F} and Fy are components of vector-valued
quantum modular forms of depth two, generalizing (1.2).
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A natural question that arises is what the other components of the vector-valued forms are as
g-series. To investigate this, we define, for 1 < s1,s9 < p € N,
2 2
P (mi—21) +(mo—22) 4 (m,—51 m_g)
Fy(q) := Z min(ml,mg)qg(( ! P) ( 2 p) ( ! p)( 2 p)
mi,ma2>1

mi1=msa (mod 3)

X (1 _ qm181 _ qm282 + qm151+(m1+m2)52 + qm252+(m1+m2)51 _ q(m1+m2)(51+52)) )

Note that F;1)(¢) = F(q). As discussed in [3] these series are in fact parametrized by dominant
integral weights (s; — 1)wy + (s2 — 1)we for sl3, where w; are fundamental weights (dual to simple
roots a1 and ag).

We may decompose g as in (1.1) (see Lemma 2.1). The corresponding functions F; s and Fy 4
are again generalized quantum modular forms. More precisely, we have.

Theorem 1.1. The functions Fi s and Fa ¢ are depth two quantum modular forms (with respect to
some subgroup) of weights one and two, respectively.

To prove Theorem 1.1, we show that [y ¢(7) asymptotically agrees to infinite order with a certain
Eichler integral & 5(7) defined in (2.1). Similarly, F2s(7) asymptotically agrees with an Eichler
integral £2,5(7) given in (2.2).

We next restrict to the special case p = 2. It turns out (see Lemma 2.2) that for p = 2 all Fo 4
vanish. Thus we only need to consider Iy .

Theorem 1.2. For p = 2, the space spanned by & (11) and &, (1) is essentially invariant under
modular transformations. By this we mean that the only terms appearing in the modular transfor-
mations which do not lie in the space are simpler (see (2.6) and (2.7) for the case of inversion).

Motivated by representation theory of the W-algebra W9(p)a, studied in [3, 8], we raise the
following.

Conjecture. After multiplication with n?, the characters of W°(p) a, given in [3, Section 5] (which
also includes the series Fg) combine into a vector-valued quantum modular form of depth two.

The second goal of this paper is to determine the asymptotic behavior of & s(it) as ¢ — 0.
It is well-known that asymptotic behaviors of vector-valued modular forms (as ¢ — 07) can be
computed by applying the S-transformation 7 +— —%, and then analyzing the dominating term.
This method is widely used for studying quantum dimensions of modules of vertex algebras (and
affine Lie algebras) as their characters often transform invariantly under SLo(Z). In this paper we
work with functions (coming also from characters) that transform with higher depth error terms so
their asymptotics are more interesting and harder to analyze. We show that asymptotic behavior
of double Eichler integrals can be also analyzed by using a similar approach. We do this directly
from the integral representation of the error function. In the body of the paper, we show that it is

enough to study

Ei (1) =4lq 3 (1) and  Eyq2)(7) = 201 1)(7) + 21(1 5)(7), (1.3)
where the theta integrals Iy, are defined in (2.3). We prove the following.

Theorem 1.3. We have, ast — 0T,
. 1 ) 3
El,(m)(lt) ~ 1 ]El,(l,2)(lt) ~ 1

Note that the asymptotics in Theorem 1.3 agree with the answer which one obtains from [5] by
using two-dimensional false theta functions.
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2. PROOF OF THEOREM 1.1 AND THEOREM 1.2

To prove Theorem 1.1 and Theorem 1.2, we let

Fra(q) =Y esla) Y "+,

acESs nEN%

where Q(z1,12) := 322 + 3z172 + 22 and where

s ;_{<82—S1,1_82)’<1_82—81,1_81>’<2$1—i-3271_sl—i—32>7

p
259 + 81 1_81+82> (1_81+282 82> (1_82+281 81)
3p P ’ 3p 'p)’ 3p 'p)’
3p

(251-1-82 1_51> <2$2+S1 1_$2> <1_$1+282 51-1-82)
M p b 3p ) p M 3p ) p M
<1_82+281 51+82> <52—81 51> <1_52—81 82>}

3p 7 p )\ 3 "p)’ 3p 'p))’
S$2—S1 S2. _ s1t2s2 s2 2s9+57
ol ) (1 3p p)( B ol p)’
1 — s2=s1 81’52>}
_ s2—s1 s1 _ 524251 51 2s1+s2
1 3p 1 - p)’(l 3p ’p)’< 3p 1- p)’

82—S81 81
3p ’p ’

2s1+5s2 11— 81+82) (282+81 1— S1+82> <1_81+282 S1+82>
M ) M

S92 ifOéG{

S1 ifaE{

—(81+82) if x € {

m
V)
—~

R
S~—

I

3p P 3p p 3p 7 p
1— S2+281’ 81+82> }
\ 3p p
and
Fas(q) :== Z ns(a) Z (n2 + a2) qQ(n+a),
acds neNZ
where
1 fae{ (o 1-2), (1- 21— 0), (221 -0),
(1- s1+2s27m) 7 (1 _ Mjm) }7
773(04) — 3p P

s1+s2 1— 511259 s2
P ’ 3p ’>p)>

p
_ sa=s1 s2
(== %) )

3p
3p
D

1— So2+2s1 S$2—51 ﬂ)
3p )

S1
3p 2p )7

2s2+s

(B51-%).

(281+82 1— 81+82> <282+S1 1—
3p P ’



Remark. We have

Fpp)(q) =1.
Thus we may throughout assume that s # (p, p).

Similarly as in the case s = (1,1), a lengthy calculation gives.
Lemma 2.1. We have

1
Fs(q) = ZFI,S (@) +F25 (")

The following theorem states quantum modular properties of the functions Fq s and Fa 5, using
the method of [4]. Let

5175(7_) = Z Es(a)gl,a(pT)a (2.1)

acSy

A ((2a-2) (o) (B2 2).
3p D 3p D 3p P

<282+81 1_82> <1_81+282 81+82> (1_52+281 S1+52>}
3p 7 p)’ 3p 7 p 3p 7 p ’

Moreover, the Eichler integrals & o are given as

ﬁ ico  rico 01(c; w) + O2(a; w)

where

Eralr) = - dwaodwq
) 4 )7 Jw N =i(wr +71)y/—i(w + 7)
with
772774211)
01 (o w) = Z (2n1 +Tl2)n2€ 5 (2n1+n2) 2w +—% 27
nea+72
37rzn2w
b2(; w) = Z (3n1 + 2n2)nle T (3n142n2) 2wy +———2
nea+72
Finally let
Ea,s( Z E2,a(pT). (2.2)
acSE
Here
Eon(T) = \f/ / 3(a; w) — 04(a; w) dwduy
87 = Jun =ilwn + ) (—iwn + 7))
/ / 05 (a; w) dund
wodwW1
i i(wy +7))2 /=i(ws + 7)
with
7\'7/712'!1)
03(c; w) := Z (2n1 + na)e 328 (201 +ng) w1+ 2 27
ncoa+72
777/712'(0
94(@7 ’lU) = Z (3n1 + 2”2)6 5 (3n1+2n2)2w +37127
nea+72
0 ( ) Z (3n1+2n2)2w1+m
5loGWw) 1= nie 2
nca+72
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Furthermore define, for v € {0,1}, h € Z, N, A € N with A|N and N|hA, the theta function
studied, for example, by Shimura [11]

m2
©,(Ah,N;T) = Z m"q/;N2 .

meZ
m=h (modN)

We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1 (Sketch): We start with F; 5. Write

]Fl,s (627”%_t> ~ Z Aah,k(m)tm (t — 0+) .
m>0

Using the Euler-Maclaurin summation formula (in the shape stated in (28) of [4]) one can prove,
following the proof of Theorem 7.1 of [4], that

it h m
1El,s <27r - k‘) ~ ngoAs,h,k(m)(_t) (t - O+) .
Here 1
Eis(7) := 3 Z es(@) Z M> (\/g, Nz <2\/§m1 + \/gnz,ng)) q*Q(”)7
aEe Sy nea+72

where w € R? and k € R with ws, w; — kws # 0, we set

1 efﬁtffﬁtgf27ri(t1w1+t2’LU2)
2 /u@—m ta(tz — Kt1)

T
In particular, E; 5 agrees with F; s on Q. Proceeding as in the proof of Lemma 6.1 of [4] one can

then show that
-
Eis(7) = &1, <>
s(7) s\

To determine the transformation behaviour, we rewrite the theta functions in & s in terms of
Shimura theta functions to obtain, as in the proof of Proposition 5.2 of [4]

dtidts.

My (k;w) = —

.
3p‘gl,s <p> = (251 + 52)‘](32,324-251)(7-) + (252 + Sl)J(sl,sl+252)(T) + (52 - 51)‘](314-32,31—82)(7—)7

where

. V3
Ji(7) = Z Ly yopatsp) (T) - With  I(7) := ———1Ig, (2p k1 ,2p:),01 (6p,ka,6p,) (T)- (2.3)

6e{0,1} 4p

Here, for modular forms f and g of weights x1 and ko, respectively,

I Ll e f(wi)g(ws) woduw
)= [ e it

Now the transformation properties follow as in the proof of Proposition 5.2 of [5].
For the function [F5 5, we proceed in the same way. Writing

]FQ’S (QQﬂi%_t> ~ Z Bs7h7k<m)tm (t — 0+)

m>0

we may show in a similar manner as in the proof of Theorem 7.2 of [4], using the Euler-Maclaurin

summation formula, that
it h m
Eg (% - k‘> ~ Z B p i (m)(—t)™.

m>0
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Here
EQ(T) =E27S(T>
1 I .
= 2 2 [6 <M2 <\/§; V3u(2n1 + ny), Vv (n2 _ 2miz) m(2)>> ez’”””ﬂ g,
4mi 0z v -0
acSr nea+72 Z

Following the proof of Lemma 6.2 of [4], one may then prove that

Eo(7) = Eos (;) .

To finish the proof one may show that, proceeding as in the proof of Proposition 5.2 of [4].

2
E2,S(T) = ;) (_~7(51+52,51—52) (T) + ~7(52,251+52) (T> + \7(51,252—1—51) (T)) )

where
. V3
Te(m) = Y Lk spokoiaps)(T),  with () = =g L0120.k1,2p5),00 (6p.k2,65) ()
5€{0,1}
Again the transformation properties follow as in the proof of Proposition 5.5 of [5]. O

We now restrict to p = 2. The following lemma shows the vanishing of [F5 5 in this case.
Lemma 2.2. For p = 2, the functions Fa s and Ea s vanish identically.

Proof: We start by proving that Fy 3 = 0. It is enough to consider s € {(1,1),(1,2)}. The claim
for s = (1, 1) follows directly by plugging in the definition of F 2,(1,1) and canceling terms.
We next consider Fy (1 5). By definition

€S (1 2) neNZ
where
: 1 5 1 2 1 5 1 3 1 3
N2)(a) {1 el (o2) (o2). (09 (e2). o 2)
: -1 ifaef{(3-3),6-3) 61 G32) (G32) G}
Note that
Hu(q) := Z (ng + an) qQ(n+a) Z (ng +ag — 1) qQ(n—l—(octh—l))
neN2 neNg
= (1-ag)qile=t’ S P
n€a1+a2271+N0
Thus
Fa1.0)(9) = —H 1 1y(@) + Hs 1y(q) + Hz 1y(a) = His y(@) + Hia sy(g) + Ha 5)(a)
AP ICEET D S TN VI T ST
ne ﬁ‘i’NO ne %+N0 n€§+N0 nes +Np

To see that Eo ¢ = 0, it is sufficient to prove

7L7(81+82,81—82) + ‘7(82,281-1-82) + *7(81,2824-81) =0,
which is a straightforward computation with theta series. O

We are now ready to prove Theorem 1.2.



Sketch of proof of Theorem 1.2: We write
V3 i pice 3 gee(a) (01(a; 2w) 4 62(a; 2w))

Eis(r) = —— > dwodw; .
° 2 )= Ju V—i(wy +7)/—i(ws + 7)
We next show the identities in (1.3). We start with s = (1,1). We use the theta relation
1 1
3 D e(a) (01(a;2w) + b3(c; 2w)) = 501(4,1,4;w1)01(12,3,12; wp). (2.4)
acS

(1)
Equation (2.4) yields

I531,(1,1)(7') = \g/

which is the first identity in (1.3).
We next consider E; (1 9) and use that

dwadwy = 41 3)(7),

7

/ioo @1(47 17 4a w1)®1(127 37 12) w2)
wi A/ —i(wy +7)y/—i(we + T)

1
Z E(a) (91 (a; 2w) + 92(0&; 2w)) = 5@1(4, 1, 4; 'w1) (@1(12, 1,12; wz) + @1(12, 5, 12; ’wg)) .
acs
(1,2)

(2.5)
Thus

& (r) = REN /“’0 O1(4,1,4;w1) (01(12,1,12;ws) + ©1(12,5,12; ws))
L(1.2) 4 o V—i(wy + 7)\/—i(ws + 7)
=2(I(1,1)(7) + L(1,5(7)),

which is the second identity in (1.3).
We next use Lemma 5.1 of [5], to obtain

() = (i) WZ n (752) fasg (1) + el

where Ag contributes the snnpler terms mentioned in Theorem 1.2, and is explicitly given by

A(r) = e /“’" O1(4, k1, 4;w1)01 (12, k2, 12; wo)
e —i(w1 + 7)\/—i(wa +T)

dwgdwl

-7

d’wg dw1

\/3

3
- §I@1(4,k1 ,4;-)(T)Tel(lz,k2,12;-)(7') + ?7’61(4&1,4;-)(T)T@1(12,k2,12;-)(7—)7

where, for f a holomorphic modular form of weight k,

re(T) = ; fw)(=i(w + 7))*2dw.

In particular

1 1 1
Eiqn(r) = m <2E1,(1,2) (—T> —Eia <—T>) +4Aq 3)(7),

1 1 1
Ey (1,2)(7) = m <E1,(1,1) <—T> +Eq,1,2) (—T)> + 28311y (7) + 241 5 (7).

Inverting and reordering gives

diT

1 1T
El,(l,l) <—T> = —%(QEL(LQ) (1) — El,(l,l) (7')7) - % (A(1,3) (1) — A(1,1)(7') - A(1,5) (7')) , (2.6)



21T

1 iT
]E1,(1,2) <—7_> = —7(E1,(1,2) (7) + EL(1,1)(7’)) +—= (A(1 1)( T) + A(1,5) (7) + 2A(1,3) (7')) .

V3

The claim follows using that

Eiqn(m+1) =-E q1)(7), Ejaqa(t+1)= 67%1@1,(1,2)(7)-

5

3. THE ASYMPTOTIC BEHAVIOR OF H

To prove Theorem 1.3 we need to compute

where, for a € R?,
H1 . \[/ZOO /wo 01 (OC w) i 92 (a w) dwgdwl.
(w1 + 7)y/—i (wg + 7)

Proposition 3.1. Assume that oy, as are not both in Z. We have

in(2raq) sin(2mrag) .
f(l csos(27raa11))?1 costzgrrag)) Zf Qaq, Q2 ¢ Z,
Hy = #\(/2377@2) ifay € Z,a0 € 7,
; if o € Z, 0 € L.

(1—cos(2ra1))V3
Proof: We first rewrite Hj (7). By Theorem 1.2 of [5], we have

Hl,a(T) = /2gl,a(w)e2m7—Q(w)dwldw2.
R

Here we define

2gal (wl)ga2 (w2) - 2~Fa1 (wl)}—fm (w2) if o, g ¢ Z,
gLa(w) = —2f0(w1)fa2 (wz) + m2ul‘7: (w2 + 3w1) if a1 € Z, ao ¢ Z,
—2Fu, (w1) Fo(wz) + 72-Fay (w1 +§) ifa; ¢ Z, az € Z,
setting
o sinh(27x) o sin(2ma)
Fal@) := cosh(2mx) — cos(2mar)’ Galw) := cosh(2mx) — cos(2mar)’
Applying the two-dimensional saddle point method gives that
H. — _ 9, a(o O)
“ V3

Explicitly computing ¢1,«(0,0) yields the claim of Proposition 3.1.

4. PROOF OF THEOREM 1.3.

Inverting (2.6) and (2.7) gives

1 1 1
E1,(1,1)(7') = m <2E1,(1,2) <—T> — Ely(l,l) <_T>>

it on () o () -



b5t () 5 ()
_ ¢§(2_W) (A(M) (—i) +Ans) <—i) + 205 <—i>) .

We next rewrite the first summand of A ;), denoting it by B(; ;). For this, we again use the
theta relations (2.4) and (2.5). This yields

& Y c@Ha(),  Buym+Bugm =g O e(a)Hia(r)

aES ) aey(l 2)

IB3(1,3)(7) =

Thus

1 1 1
) = J5 g (Bron (1) - (7))

e [ S e (2) - 5 e (-2)
€700

1 1 1
o 2(—’i7‘) 191(47174) _; —Te1(4,1,4) _;
1 1 1
X <r91(12,3,12) (—T> ~Te1(12,1,12) <—T> —To1(12,5,12) (—T>) )
1 1 1
Eraa(r) = V3(—ir) <E1’(1’2) <_T> +E1 a1 <_T>>

_Nﬁ(l—z‘f) S e(@)Hia <—i>+ > e(@)Hia <—z>

ac. /(*1 1 ae/(*l 2)

1 1 1
+ 4(_17_) 191(4717471) _; - T@1(4,174) _;
2 ! 1 1
X\ 2Tey(12,3,12;) T +re,(12,1,12;-) = +76,(12,5,12; ) = )

Letting 7 = ¢t — 0 yields

h3 — hy1 — hs), (4.1)

El,(l,l)(it) ~ 8\1/§ Z —2 Z

aef(*l 1 aey(l 2)

(1,1) (1,2)

where

E17(172) (it) ~ _8\1/3 Z Hqo + Z ) —(2h3 + h1 + hs), (4.2)
ac s} acs

| .

1 ¢
hj = %1_{1(1) ;T@1(414 ) < >T@1 (12,5,12;-)



We have

g c(@)Ho =52H sy—sy . 5o\ T S1H [, syosy o 51\ +S1H f251450 . 51\ + 52H (25015, sy
T’1_7 1_T’1_7 T’l_7 T’l_7
oSy

- (81 + 82)H<1751225275142»52) - (81 + 82)H(1752~2251 ,51;52>-
In particular, using Proposition 1.1, we evaluate

S c(o)Ha = 53 3 c(e)Ha = \1/% (4.3)
acSs ) aceS”

(1,1) (1,2)

To compute limy_ tiﬁrel(N’aﬁN;,)(%) we employ Lemma 3.2 of [5] to obtain

N .2

<Z> @\/ﬁ . <27ra) / e ¢ ¥ d
r -] = sin iy
O1(N.a.N;-) | 7 2 N ) Jg sinh (72 + Z2) sinh (rz — Z2)

The saddle point method then yields that

TO1(N,a,N;-) (;) =1Vt cot (%) .

Thus

In particular

T om
h1——cot<12> hg = —1, hs = — cot <12)

Plugging this and (4.3) into (4.1) and (4.2) gives the claim.

5. SIMPLIFICATION FOR p = 2
We first recall the one-dimensional situation for p = 2. There is a unique false theta function

Z sgn (n + ;) qQ(WFi)Q7

nez
whose corresponding Eichler integral is (see [3])
oo 61(43 17 47 ’UJ)

01(4,1,4;7) = n(7)3, (5.1)
this integral transforms as a scalar-valued quantum modular form of weight %
In the two-dimensional case, a similar ”higher depth” picture emerges. Observing (5.1) and

Fio(7) = —2i dw.

Noting that

3
01(12,3,12;7) = 39(37)%,  ©1(12,1,12;7) + ©1(12,5,12;7) = 3n(37) + 1 (%)

we obtain that the space spanned by E; (1 1)(7) and EL(L2) (1) is also spanned by

w2

nlw)nGuey)* nn (%)
/ wy \/ w1+7'\/ (w2+7)d 20W1, / w1 \/ i(wy +7) \/—i(w2+7)d 20001

(5.2)
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The next result can be found in [10, Corollary 6.6] (it can be also derived by using representation
theory of sl3 as discussed in [2]).

Proposition 5.1. We have

T

3
D D e G ] € G T DI AL TCO R

m,ne”L m,nEL

. 2,,2 1 2,,2
According to [9], >, ez @™ T ™ and g3 Y, L cp ¢ T T are numerators of two char-

acters of irreducible highest weight s?Ig—modules of level one. Therefore modular properties of the
double Eichler integrals in (5.2), modulo correction factors, are identical to modular transformation
properties of the span of characters of the level one simple affine vertex algebra of 5A[3. It would be
interesting to understand a possible connection from a purely representation theoretic perspective.
This is closely related to a conjecture of Creutzig and the third author [8] pertaining to quantum
modular properties of characters of W9(p) 4,, representations of affine Lie algebras, and represen-
tations of quantum groups at a root of unity (see also [1, 6, 7] for other appearances of this and
related vertex algebras).

[1]

(10]
(11]
(12]
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