ON JACOBI POINCARE SERIES OF SMALL WEIGHT

KATHRIN BRINGMANN AND TONGHAI YANG

1. INTRODUCTION AND STATEMENT OF RESULTS
In this paper we study Poincaré series of small weight for the generalized Jacobi group
Iy = SLy(Z) x (29 x Z9) (g €N).

We show that they form a generating system for the vector space of Jacobi cusp forms Jzﬁp.
As two applications, we estimate Fourier coefficients of Siegel modular forms and construct
lifting maps from J,:};ip to a subspace of elliptic modular forms. It is likely that one can
generalize our results to certain congruence subgroups as done in [Br2].

In the following, let k and n be positive integers, r € Z9, and m a positive definite
symmetric half-integral (i.e., 2m has integral entries and even diagonal elements) g X g matrix
such that D := det (27? 27“;1) is positive. For s € C and (7, 2) € H x C9, we define the Jacobi-

Poincaré series of exponential type

v * n,r
(1.1) Pk,m;(n,r),s(Tv z) = Z <|c7'—|—d‘2> -e™

7€(7) \y

k,m7(7-7 Z) .

Here ™' (1,2) = e(nt + rtz) = e2milnT+r's), (F;)oo = {(({D).0,p) | nelZ, pne %,
v :=Im(7), and |y, is the usual slash operator for the Jacobi group defined in Section 2. One
can show (see [Brl]) that this series is absolutely and locally uniformly convergent on H x C9
if 0 :=Re(s) > 3(g—k+2). If s = 0 and k > g+2, then we obtain the usual Jacobi-Poincaré
series as defined in [GKZ] and [BK]. By construction we have

(1'2) Pk,m;(n,'r),s’k,m’Y(T’ Z) = Pk,m;(n,r),s(Tv Z) (fOl" allfy € F; ) (7-7 Z) € H x (Cg) :

In Section 3 we show that the Poincaré series Py . (n,r),s have an analytic continuation to o >
2 (4 — k+2) following [BK] and [Br2]. Then we observe that the corresponding Petersson
coefficients formula holds in this range too via analytic continuation, a point missed in [BK]

and [Br2]. This enables us to extend their results to a larger domain with a shorter proof.

Theorem 1.1. Assume the notation above.

(1) The series Py p.(nyy,s has an analytic continuation to o > 1 (% — k:—|—2) given by
its Fourier expansion. Moreover, if s + k — % + 1 4s not a non-positive integer, and

O(1,2) =3 e r)e (W't +1''2) € J,P, then one has
(13) <¢7 Pk,m;(n,r),s> = )\k,m,D,s : c(n, T)a
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where

Mo Dg i= 2 F=sH1.T (k _ g 14+ s) k=S (det(2m))hm 83+ L prktgtlos,
(2) If k > §+2, then the series Pyomitnr) = Prmy(n),0 generate the space of Jacobi cusp

forms J'F and we have for ¢(1,2) = 32, . c(n',r)e ('t +1"'z) € TP

(14) <¢’ Pk,m;(n,r)> = )\k,m,D : C(n’ T‘),

where Agm,D = Akm,D,0-

In Section 4, we estimate the Fourier coefficients by, , (Pk,m;(m’)) of the Poincaré series
Pimsny) for k> g+ 1 and g > 2. The case k > g + 2 is contained in [BK] and [Br2].
These estimates require using Theorem 1.1 and then estimating sums involving Kloosterman
sums and Bessel functions. In the case k = g + 1 refined estimates for Kloosterman sums
are required. We spit the sumation into more ranges than in [BK] and [Br2], use different
estimates for Kloosterman sums in each range, and then optimize the cutoff points. This
enables us to obtain estimates of the same quality as in [BK] and [Br2]. We show

Theorem 1.2. If k> g+ 1 and g > 2, then
(15) b (P | e 1+ D3 - det(2m) =5+,

Section 5 contains the main result of this paper. We enlarge the range for estimates to
k > 4 4 2. The ideas used here are fundamentally different from those contained in [BK]
and [Br2]. We employ the theta decomposition to reduce the estimation of the the Poincaré
series Py om:(nr),s (7,2) to the estimation of the Fourier coefficients of certain one dimensional
Poincaré series. The difficulty here is that those Poincaré series involve multiplier systems
which are not characters. We show

Theorem 1.3. If k > § 42, then

(16) [brr (Prnsnan)) | < 1+ e -

As an application of Theorems 1.2 and 1.3, we obtain estimates for Fourier coefficients
of Siegel modular forms for a much wider range than known before. Let us first describe
what is known. Let F be a cusp form of weight k with respect to the Siegel modular
group I'y := Sp,(Z) C GLgy(Z) with Fourier coefficients a(T'), where T' is a positive definite
symmetric half-integral g x g matrix. It is well-known that

a(T) <p (detT)g.
Resnikoff and Saldana (cf. [RS]) conjectured that for every € > 0
(1.7) a(T) <ep (det T)2— "5 T,

For g = 1 this conjecture is true (cf.[De] and [DS]), but for arbitrary g there are known
counter examples (cf. [K2]). For k > g + 1, the best known estimate is

(1.8) a(T) <cp (det T)2cote,
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where
Cqg = % ifg:?) [Bre]’
2+ (1-%)ay ifg>3 [BK] [Br2].
Here
B g—1 2
L LAl - D)4 T
(1.9) Qg G-+ [ 2 :|+g—}—2

One directly sees that ¢, — 0 for g — oo (i.e., far from (1.7)).

To see how we can use Theorems 1.2 and 1.3 to obtain estimates for a(7T"), we write Z € Hj,
as /Z = (; jf), where 7 € H, z € C97! and 7’ € Hgy—1. Then the function F'(Z) has a so-called
Fourier-Jacobi expansion

F(Z) — Z ¢m(7_’ Z) e2mitr (mT’)7
m>0

where m runs through all positive definite symmetric half-integral (g — 1) x (¢ — 1) matrices,
and where the coefficients ¢,, (7, z) are Jacobi cusp forms. Since the estimates in Theorems
1.2 and 1.3 are uniform in m, we can use them to obtain estimates for a(7"). This was first
observed by Kohnen [K1] for ¢ = 2, and generalized to general g by Kohnen and Bécherer
for k > g+ 1. The case k = g + 1 was considered in [Br2] using the ”Hecke trick”. Here we
enlarge the range of weights to k > #. For k = g, we obtain estimates of the same quality
as in [BK]. For # < k < g, we have a slightly weaker bound. Using Theorem 1.2 and 1.3,
we show

Theorem 1.4. We have for k > g:

k 1 1
(1.10) o(T) < (det 7)5 3~ (173 ) ke
Theorem 1.5. We have for k > %:

o(T) < (det 7Y~ (175) ke,

As another application of Theorem 1.1, we generalize results of [GKZ] and [Br3] and
construct lifting maps from the vector space of Jacobi cusp forms to a certain subspace of
elliptic modular forms. In their paper “Heegner points and derivatives of L-series I1 7 [GKZ],
Gross, Kohnen, and Zagier constructed certain lifting maps in the dimension 1 case of Jacobi
forms, to obtain deep formulas relating height pairings of Heegner points to coefficients of
Jacobi forms. In [Br3| lifting maps for higher genus were constructed for & > #. Using
Theorem 1.1, we can extend this to & > 3, independent of g. Armed with the result of
[Br3] and the one obtained here, following the approach of [EZ], one should then be able to
develop a theory of newforms and hopefully use the Eichler-Shimura trace formula for elliptic
cusp forms to compare the Hecke actions on these spaces in a nice compatible way. One
then expects explicit formulas that express the central critical values of Hecke L-functions of
elliptic Hecke eigenforms as squares of Fourier coefficients of generalized Jacobi forms.

Here we consider the case of general genus and all weights £ > 3. In the following, let
no, k,g € Nwith g =1 (mod 8), and m a positive definite symmetric half-integral g x g matrix

ro € 29, Dy := det (2;;0 M 7(:)1 ) > 0 (under certain additional restictions given in Section 7).
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For an integer [, let Sk(I)~ be the subspace of elliptic cusp forms with respect to I'g(l) that
have eigenvalue —1 under the Fricke involution. We define the following lifting maps.

Definition 1.6. For ¢ € J™P and w € H, we define

k+%l,m
B 3 —D - n2 n TinW
8D () (w) 1= 217 Z Z (CZO> d IC¢ <d2n07 dr0> e? )
n=1 \ dn

where cg(n,r) is the (n,r)—th Fourier coefficient of ¢, and where (3) denotes the usual
Kronecker symbol. For f € Soi (3 det(2m))” and (7,z) € H x C9, we define

. k—1
* ¢ mi(nt+riz
SDo,ro (f)(T,2) = (det(Qm)) E :rk,%dot(2m),DoD,ro(2m)*rt,—Do (f)- Tt ),
D>0

where D := det(%fl 27;’;), n € N, r € Z9, and where Tk,%det(2m),DOD,ro(Qm)*rt,—Do(f) s a
certain cycle integral, defined in Section 7.

Using Theorem 1.1, we show as in [GKZ] and [Br3]

Theorem 1.7. Assuming the hypotheses in Section 7, the following are true:
(1) If ¢ is an element of J-*°F then the function Spyr,(¢)(w) is an element of

k—&—%l,m’
Sgk(% det(2m))_.
(2) If f € Sor (5 det(2m)) ", then the function S}y, (f)(7,z2) is an element of J;"°)

k+%l,m
(3) The maps Sp,,r, and Sporo are adjoint with respect to the Petersson scalar products.

The paper is organized as follows. In Section 2 we recall basic facts about Jacobi cusp
forms. In Section 3 we show the analytic continuation of the series Py p,.(n.r),s(7, 2) to o >
% (% —k+ 2) and prove Theorem 1.1. In Section 4 we consider the case k = g 4+ 1 and show
Theorem 1.2, refining arguments used in [Br2]. In Section 5 we prove Theorem 1.3. Using
the theta decomposition, we reduce the estimation of the Poincaré series Py, (. r),s(7; 2) to
the estimation of the Fourier coefficients of certain one dimensional Poincaré series. This
approach differs from the one used in [K1], [BK], and [Br2]. In Section 6 we combine the
results of Sections 3-5 to obtain Theorems 1.4 and 1.5. Section 7 is devoted to the construction

of the lifting maps and the proof of Theorem 1.7.
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2. BASIC FACTS ABOUT JACOBI CUSP FORMS

Here we recall some basic facts about Jacobi cusp forms. For details we refer the reader
to [EZ] and [Zi]. The Jacobi group I“gl acts on H x CY in the usual way by

a b _faT+b 2+ AT+
<( d),u,m)o(nz).— (md, A )
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Let k € %Z be a half-integer, m be a positive definite symmetric half-integral g x g matrix,
v = ((‘; fl) , (A, ,u)) S Fg, and ¢ : H x C9 — C. Then we define the following action

Glkmy(T,2) == (cT+ d)7F - e(=cler +d)rmlz + A1 4 p] + m[NT + 20 mz)) - ¢(y o (1, 2)),

where e(w) := €™ (Vw € C), and where A[B] := B'AB for matrices A and B of com-
patible sizes. Moreover we write w2 = NiE % if w=r-e% with —7 < ¢ <.

A holomorphic function ¢ : H x C9 — C is called a Jacobi cusp form of weight k£ and index
m with respect to Fg, if for all v € F_;}] we have @[ mY(T,2) = ¢(7,2), and ¢ has a Fourier
expansion of the form

o(t,2) = Z c(n,r)e (nt+r'z),
D>0
where D := det (2;‘ QT:n) with n € N and r € Z9. Let us denote by J,g};ip the vector space of
these Jacobi cusp forms. It is a finite dimensional Hilbert space with the Petersson scalar
product

<¢7 ¢> = / ¢(7—7 Z) ’ ?,Z)(’T, Z) : Uk - eXp (747Tm[y] : U_l) d%Ja
LJ\HxC9
where dVg‘] =v 9 2dudvdzdy, T = u+iv, and z = x + iy.

3. ANALYTIC CONTINUATION OF Py pn.(nr),s AND PETERSSON COEFFICIENT FORMULA

In this section we show the analytic continuation of the Poincaré series Py ,.(n r),s defined
in (1.1) and prove Theorem 1.1. The proof is basically the same as in [Br2] except for the
simple observation in Lemma 3.3. For the convenience of the reader, we outline the argument
here and refer to [Br2] for more detail.

Lemma 3.1. ([Br2], Lemma 3.1 and Theorem 3.4) The Poincaré series has an analytic
continuation to o > % (% —k+ 2) given by the Fourier expansion

Pk7m?(”’7")75(7—’ z) = Z glj;m;(n,r);sw(n,’ re(n't + T,tz)a

n! €z
r’cz9
where
Tiemstnr)is T = Gmstnryss,o (0 7") 4 (1) Gy )i (0, =17).
Here
//,_55 o H /’(I) o —k—2s
gk,m;(n,r);s,v(n T ) =v m(nv r,n,r ) + Z m,c(nara n,r ) ’ k,m,c,v(n T ,S) - C )
c>1
where
;. |1 4fD'=D,r=r (mod2mZ9),
Om(ny 10, 17) o= { 0 otherwise
It
with D' := det ( o ) . Finally
r . 2m
Hpo(nyron' r') = Z ec((mfz] +rlx 4+ n)y + n'y + r''z).

z (mod c)
y (mod ¢)*
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Here x© and y run over a complete set of representatives for 729 /cZ9 and (Z/cZ)*, respectively,
y denotes an inverse of y (mod c), and e.(z) := e (£). Moreover

‘bk,m,c,v(n’, 7"/’ 3) = (det(Qm))_% . i_% . U%—k—s—i—l ) €2c(7‘tm—1’r,)
) )5 ks )8 -1 / . D
X (u+1)2 (u—1)"%-e| —(2det(2m)) D'v(u+ i) + e du.

We next show that in the case s = 0 the Poincaré series are Jacobi cusp form.

Lemma 3.2. For k > § 42 the function Py () (T, 2) = Ppmi(n),0(7,2) is an element of
J]?:ZP, It has the Fourier expansion

Premisn) (1, 2) = ngm (1) (', 7" e(n'T +r"2),
D’>0
where
gl:ﬂt,m;(n,r‘) (nlv 7"/) = Gk,m;(n,r) (nlv T,) + (_1)kgk,m;(n,r) (n,a _T,)a
with

gk,m;(n,r) (n/7 TI) = 5m(n7 T, nlv 7’/) + 27rik : (det(Qm))fé : (D’/D)%*%*%

( 27V D'D ) .
— | c .

X Zegc(rtm_lr’) D - N (T OF VT L R P det(2m)

c>1

ke
|

Proof. The fact that Py .5, (7, 2) satisfies the correct transformation law under F; follows
directly from (1.2). Plugging s = 0 into Lemma 3.1 gives that it has the correct Fourier
expansion. One can show exactly as in [Br2] that the Fourier coefficients of Py, ,:(n.) (7 2)
are independent of v = Im(7) and are 0 unless D’ > 0. Now the proof follows as in [BK]
page 504. g

We next show that the Petersson coeflicient formula holds.
Lemma 3.3. Formulas (1.3) and (1.4) are true.

Proof. From the proof of Theorem 3.4 in [Br2] it follows that the Fourier coefficients of
Py mi(n,r),s have at most polynomial growth and the coefficients of Py, ,.(, ) have exponential
decay. Together with (1.2) and Lemma 3.2, this implies that the left hand sides of (1.3)
and (1.4) are well defined and absolutely convergent. For ¢ > (g — k + 2) formula (1.3)
follows by the usual unfolding argument as in [Br2]. The series Py . (n,r),s has an analytic
continuation to o > % (4 — k+2). On the other hand, the right hand side of (1.3) clearly
has a meromorphic continuation to the whole complex plane, with at most simple poles at s
satisfying s + & — § +1 < 0 is an integer. Now the lemma is clear. U

Lemma 3.3 implies that P ,.(n,) form a generating system for Ji P whenever k > 4 5+ 2.
Moreover we obtain an estimate for the Fourier coefficients of a Jacobl cusp form.

Lemma 3.4. Suppose that k > § 42, and ¢ € kaifbp with Fourier coefficients c¢(n,r). Then
we have

N

le(n, )| <k [bnr (Prmi(n) |
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Proof. Using (1.4) and the Cauchy-Schwarz inequality we find

le(n,r)? = )\kinD K(Z% Pk,m;(n,r)>‘2
)‘k;an o '<Pk,m;(m)’Pk,m;(n,r)> - )‘klnD b (P mi(nr))- || ¢ I*

which immediately gives the lemma. O

IN

4. THE CASE k = g+ 1 AND PROOF OF THEOREM 1.2

In this section we estimate the Fourier coefficients of the Poincaré series Py ;. (5, for the
special case k = g + 1 with ¢ > 2. By Lemma 3.2 we have to estimate

2w D
Py— _3_1 S i /a N\
(4.1) S = (;C * | Hme(n, 7, ) ‘Jé’ <det(2m) )

Estimating (4.1) requires more care than was necessary for the estimates in [Br2]. We use
more refined estimates for Kloosterman sums, and split the summation into 3 ranges. In
each range, we use different estimates for Kloosterman sums and Bessel functions and then
optimize the cutoff points. This enables us to obtain estimates of the same quality as in [BK]
and [Br2].

We need the following two estimates on Kloosterman sums which can be found in [BK] and
[Brl] (implicitely in the proof of the analytic continuation of the Poincaré series), respectively:

(4.2) |Hypo(n,7ym, £7)| < 97 (D, e),

(4.3) |Hyp o(n, 7y, £7)| < (2det(2m)D)) % - c2F1Fe,
Moreover, for I,z > 0, we have (see [Ba] pages 4 and 74)

(4.4) Ji(z) < min {x*%,ml} .

Now write

mnr Z Z gil ‘Hm,dC(na r,n, j:’f')‘ ’J )

(2)

[MS]

dD c>1
(e,D/d)=1
with A = #@m). We first estimate
(4.5) B = Z (cd)" 27V [ Hyp ge(n, rym, £7)| | Ja 4
. m,n,r,d * — m,dc\"t 5 Tty g - .
(6,57d):1

For this we split the sum into three parts. A part with ¢ < A, a part with A < ¢ < B and
a part with ¢ > B, where B := (D - det(2m))*. To estimate the sum with ¢ < A we use the
first estimate in (4.4) and (4.2). Thus we can estimate the contribution to B, 4 against

SIS

N[
N|=

d¥re Y chobre g b

c<A

(4.6) A~ te=d
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Next we estimate the sum in the range A < ¢ < B. For this we use the second estimate in
(4.4) and (4.2). This shows that the contribution to By, ,, , 4 can be estimated against

(4.7) dite AR YT eMedbte AL Bl
A<c<B

To estimate the sum with B < ¢ we use the second estimate in (4.4) and (4.3). This shows
that the contribution to By, , ,q can be estimated against

(4.8)  (det(2m)D)% - A4 Bt < d - (det(2m)D)? - A% BTETITE
c>B
Recall our choice B = (D - det(2m))*. Combining (4.6), (4.7), and (4.8) gives
Bpra < d2t - ARTE (det(2m)D)* < D3Fe - det(2m) 2T,

Thus
S € det(2m)~ET DEFY 1< det(2m)HTE - DEFE
d|D

This immediately gives (1.5) in Theorem 1.2.

5. THETA DECOMPOSITION OF POINCARE SERIES
In this section we study the Poincaré series defined in (1.1) by using its theta decomposition.

Let T = (:;2 112) be a positive definite half-integral (¢ + 1) x (¢ + 1) matrix with D =

det(2T) = t (n— ym~[r]) > 0 and t := 2det2m. For | € Z9/2mZI, we define the theta
series

. L1 IR
(5.1) Oi(7,2z) == )\%Z:ge (m [)\ + 3™ l} T+ 2 ()\ + Zm l) mz> .

This theta series is known to be a Jacobi form of weight § for the principal congruence Jacobi
group I'(t) x (Z9 x Z9). In fact, the vector-valued theta function

(5.2) O(r,z) := (Ou(r, 2))z€zg/zng

has the following transformation law for every M € SLo(Z)

(5.3) Ol M (7, 2) := (@A%,mM(T, z))lezmng = U(M)O(r, 2)

for some unitary matrix U(M). Let X;(M) be the (i, 7)-th entry of U(M).

Lemma 5.1. Assuming the notation from above we have:
(1) ;M) <1
)

(2) U(yM) = U(M~) = U(M) for v € I'(t).
(3) X[ ((§%) M) = e(=52) xj (M)
(4) X5(=M) =i™9x_;(M)
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Proof. (1) is clear from the fact that U(M) is unitary.
2) follows from the fact that ©; is a modular form for I'(¢).
3) follows from the fact that ©|,/ (§%) = AO, where A is the diagonal matrix with the

(
(
Db
(n,l)th entry being e ( = ) with Dy :=t (n — 2m=1[l]) .
(4) follows from ©|g/o(—1) = i79©_, where I is the identity matrix. O

By Lemma 5.1, it is easy to see that the Poincaré series

(5.4) Poy(r) :==v° Z XJ(M) - (e +d) ™5 Jer +d|7> e <

D (at + b))
MeT\I'

t(er +d)
is well-defined and is a (non-holomorphic) modular form of weight k — £ for I'(t). We remark

that it is not a modular form for SLy(Z) since x] is not a character. The following proposition
describes how this Poincaré series is related to the Jacobi Poincaré series Py n:(n,r),s(T; 2)-

Proposition 5.2. One has

Pk,m;(n,r),s(Tv Z) = Z @l(Tv Z)PS,Z(T)'

l€Z9 /2mZ9

In particular, by (P m:nr),s) = bo (Ps;), with bg (Ps,) the %—th Fourier coefficient of P ,.
t

Proof. We choose the elements ((23),(aX,b))) as a set of representatives of (I'J)oc\I'y,
where ¢,d € Z with (¢,d) = 1, A € Z9, and where, for each pair (¢, d), we have chosen a,b € Z
such that ad — bc = 1. It is not hard to see from the definition that

(a7’+b
ct +d c7’—|—d

,US

Pommra(m) =5 5 (ertd) 5D fer 4 a7 (

t
MeT(t)oo\I'

Z e ((m[A] +r'A) 7+ 2X'mz) |2 M
AEZI
Rewriting

1
S e ((ml+r8) 74+ 2xmz) = (gt [ 7'z ©,(r,2)
NEZI
one sees from (5.3) that Pk,m;(r,n),s(Ta z) equals

v® 2s (D(aT+b)\
p S (er+d) "D fer +d)” <t e T ) Orlg mM (7, 2)
MET (t)oo\I'

> Or,2) Pulr),

1€7.9 /2mTZ9

as claimed. Since P;; is independent of z, it is easy to check the identity between the Fourier
coefficients in the proposition. ]

Proposition 5.2 leads to the study of the one variable Poincaré series P (7). As usual, we
break the sum in P, into three parts: ¢ =0, ¢ > 0, and ¢ < 0. For ¢ # 0 we use the identity

ar+b a 1

cr+d ¢ 2(r+9)
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and write d as d+ Atc with A € Z and d running modulo ct. Here we need Py (7 +t) = Py (7),
which follows from Lemma 5.1. A simple calculation gives

(5.5) Psy(r) =0° (1 + (—1)k> e <Dt7—>
s AT S (e + (0Ned) B+ 4.

c>0 d (mod tc)
(d,e)=1

Here for M = (¢ %) € SLy(Z)

led) = xine (1),

te
is well-defined (independent of the choice of M) by Lemma 5.1, and
D
: Fy(r) = M) D x| e (- )
R SV LSO Gt

Lemma 5.3. The function Fs(7) has Fourier expansion
.
Fy(r) = Z Qo e, 8) - € (,uT) ,
MEZ
with

1 T
(5.7) Dpep(pns) = v FHEH 2

1 D
N —(k—2+s) S _+ =z
/R(u—i-z) 2 (u—1) e< ; (Mvu—i_c%(u—kz’))) du.
Moreover,

(1) If o > % (1 +2 - k), then the coefficients @y, ., (1, s) are holomorphic functions in s.
If K is any compact set in the right half plane o > % (1 + 4 - k:), then we have for
se K

21 pv .
Dot 8) Krcppge b 0759

where vy s a positive constant.
(2) The function Fs(T) has an analytic continuation to o > 3 (1+ % — k).
(3) If k > § + 1, then Fy(7) is a holomorphic function of T with Fourier expansion

Lig+2—2k) ~
(5.8) Fo(T):27Tigk+2-tlz(]j>4 -c’f*%*-Jk_g_l <4W D“) ce(uT).

ct
u>0

Proof. Clearly F,(7) has period ¢ and thus a Fourier expansion

Fu(r) =Y au(v)-e (5.

HEZ
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Making the substitution u — uv gives (5.7).

Claim (1) follows directly from Lemma 3.5 of [Brl] with ¢; = k—§, c2 = %, and ¢c3 =
(2) follows from (1).
(3) If k> § 4 1, then one has

1 1U+00 . 1 D
(I)k,c,v(ﬂ’o) = / Téik - € <_ (NT + 2)) dr.
i—o0 t c4T

. 1/2
For p > 0, the substitution 7 = % - <—> -w gives

k
v’ +i0o 27/ D
/ wg_k-exp< Fct a (w—w_1)> dw

tc2v”

~~

1|
(I)k’,C,v(NaO) = ;

1]

t|c

477@)

2mi - Jy_g
™ k_gl< ct

as claimed. The vanishing of the Fourier coefficients for ;1 < 0 can be established if we deform
the path of integration up to infinity. O

From this we obtain the Fourier expansion of Ps;(7). Combining the following theorem
with Proposition 5.2 gives another proof of the analytic continuation of the Poincaré series

Pk,m;(n,r),s (T? Z) .

Theorem 5.4. (1) The function Py (1) has an analytic continuation too > 1 ($ +2 — k)
with the following Fourier expansion:

P(r) = v Y be(Po) e (5F)

MEZL
with
b% (Ps,l) = (1 + (_1)k) ) 5#7D + Z C%_k_% ’ Kﬂ(c7 tC) : CDk,c,v(/'La S)'
c>0
_J 1 ifp=D,
Here 0,.,p := { 0 otherwise,
pd o, r
K,(c, te) := Z e (tc) (Xl (c,;d) + (=1)*x", (e, d)) .
d (mod tc)
(e,d)=1

(2) If k > § +2, then P.(7) := Py, (1) has the Fourier expansion:
uT
Pi(r) = bu(P) e (7)

t
n>0

tc

c>0

D L(g+2—2k)
> te

bu(P) = <1 + (—1)k> “Ou,D — omik (

u W>'

1
Z fK‘u(C, tC) . Jk—g—l <
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Proof. (1)  The Fourier expansion of Ps;(7) follows from (5.5) and Lemma 5.3 for
o> 32 (—k+%+1). Notice that
(5.9) |K (e, te)| < 2te.

Now, using the Fourier expansion and Lemma 5.3 (1), one sees that for o > % (% +2— k:)

27 pv . « 21 pv .
b% (Ps,l)‘ <<K,’U,D,t 5U7D —|— e t” (1fslgn(ﬂ)v1) ZC%*Fl*kaO' <<K71)7D7t 6M7D + e t“ (1fs1gn(,u)v1).
c>0
Thus
27|l
Pot(m)] <acwpp 14+ e o,
HEZ
which is absolutely convergent. This proves (1).

(2) By Lemma 5.3 and (1), one sees that P,(7) is a holomorphic function of 7 in the upper
half plane. The Fourier expansion formula follows from (1) and Lemma 5.3. O

Corollary 5.5. (Theorem 1.8) Assuming the hypothesis above, we have

D
Lg l+ —-—

b (Prgms(nr.s) | = ‘b%(P 0.r) det(2m) -

Proof. The first identity is already contained in Proposition 5.2. Set A := @. Similarly to
the proof of (1.5), Theorem 5.4, (5.9), and (4.4) give,

A D
<<k 1 + Z[:) Jk—%—l <C>' <<k 1 + M

‘bg (Po,r)
t

6. PROOF OF THEOREMS 1.4 AND 1.5
Here we prove Theorems 1.4 and 1.5. For this we recall the following Lemma from [BK].

Lemma 6.1. If ¢y, is the mth Fourier Jacobi coefficient of a Siegel cusp form F, then we
have

| G l1<er (deb2m)seo™,
where oy is defined in (1.9).
Define
mg—1(T) :=min{T[U]y—1 |U € GLy4(Z) },
where T'[U]|4—1 denotes the determinant of the leading (g — 1) rowed submatrix of T'[U]. To

ot
prove Theorems 1.4 and 1.5, we may assume that 7' = (T: 7721) with det m = my_1(T) since
2

both sides of the estimates are invariant under replacing 7" with T'[U] with U € GL4(Z). Now
by Lemma 3.4 (with g — 1 instead of g) and Lemma 6.1

1
(6.1) o(T) < [bnr (Posmsgny) |2 - DE477 - (det(2m)) 72700k,
We now use this estimate to prove Theorems 1.4 and 1.5. Recall D = det(27).
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Proof of Theorem 1.4. From Theorem 1.3 we get
by (Pimin)) < det(2m)~ (det(?m)% + D e det(2m)€> :

Combining this with (6.1) gives

N

a(T) < det(2m)3—s+e. p5—§-7 (det(2m) + D5 e det(2m)6>
Using reduction theory we can assume that
(6.2) detm =my_1(T) < (det T)l_%.

This directly gives Theorem 1.4. O

Proof of Theorem 1.5. By (6.1) and Corollary 5.5, we have

NI

a(T) < det(2m) i~ D211 (det(2m) + D)= .
Theorem 1.5 now follows directly using (6.2). O

7. PROOF OF THEOREM 1.7

In this section we construct lifting maps from the vector space of Jacobi cusp forms to a
subspace of elliptic modular forms. Since we have shown the properties of the Poincaré series
given in Theorem 1.1, we can proceed as in [Br2]. For the reader convenience we recall the
arguments here. First we recall some facts from [GKZ] about quadratic forms, the generalized
genus character, and geodesic cycle integrals. For a, b, c € Z let us define the integral binary
quadratic form

[a,b,c|(z,y) := az® + bry + cy.
The group SLa(Z) acts on these forms in the usual way by

[a,b,c] o (3?) (z,y) :=[a,b, c](ax + By,vx + 0y) (z,y € Z).

Let A > 0 be a discriminant (of a binary quadratic form) and denote by Da the set of
integral binary quadratic forms with discriminant A = 4ac — b> > 0. Furthermore for a
positive integer [, denote by D; A the subset of D of all quadratic forms with the additional
condition that @ = 0 (mod [). Moreover for integers p (mod 2I) with A = p? (mod 4l), let

Dinp:={la,b,c]JeDala=0 (modl),b=p (mod2l)}.

Both sets D; o and Dy, are I'g(l) invariant. For a fundamental discriminant —Dj that
divides A with —Dgy and —DAO are squares (mod 41), define for @ = [al,b,c] € Dy A the
generalized genus character:

(—DO) if (a,b,¢,Dp) =1,
XDo (@) == { 0 otherwise.

Here n is an integer coprime to Dy represented by the form [aly, b, clz] for some decomposition
l=1Uly,1l; >0 (i=1,2). It is easy to show that such an n always exists and that the value

of (77?0) is independent of the choice of l1, s, and n.
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Define for f € Soi(I) and @ = [a, b, c] € Dy A, the cycle integral

T, (f) = f(2) - Q(z, 1) dz,

7Q

where 7 is the image in T'o(1)\H of the semicircle a|z|*> + bz +c = 0 (z = Re(z)), orientated
from —bg(;/Z to _b;g/z if a # 0 or, if a = 0, the vertical line bz + ¢ = 0, orientated from —7

to 100 if b > 0 and from ico to —7 if b < 0. It is not hard to see that the above definition
makes sense (i.e., the integral is invariant with respect to the subgroup of I'y(l) preserving
@) and depends only on the T'y(l) equivalence class of Q. Furthermore, we define

Th1A,p,D0(f) = Y (@) mrao(f)

QD a,p/To(l)

Next we define a kernel functions for the cycle integrals

frinp.00(2) = Z m (z € H).

QEDyA,p

It is known from [GKZ] that the series fi; A ,.p,(2) is absolutely and locally uniformly
convergent for k£ > 1 and is an element of Soy(1)~. Moreover for k = 1 the series is continued,
using the “Hecke-trick”, and again is an element of Sox ().

Lemma 7.1. The Fourier expansion of fria pp,(2) (k> 1) is given by

00
fk,l,A,p,DO (Z) = Z le,l(ma A, p, D0)627mmz’
m=1

where
C;;l(m7 A?/)a DO) = Ck,l(m, A7p7 DO) + (_]‘)k+1ck,l(m7 Aa —pP, D0)7
with
k _ _1
cei(m, A, p, D) := ik (—1)_% . (liQW)l)‘ . (m2/A)% . [DO 2. ¢(m, A, p, D)
1
+’le+1 ST \/Q . (m2/A)Z . Z(la)_% . Sla(m’ A’ P, DO) . Jk,% (71-/'7;;/5>
a>1
Here
—Dg . _ 2. f2 _ —
A p Dy = | () HA=DE (5> 0), flm, ~Dof=p (mod2)
0 otherwise

2 — A mb
Sla(maA,p, DO) - Z XDO <|:al,b’ 4la:|> - e <2la> .

b(2la)
b=p(21)
b2=A(4la)

The following theorem is known from [GKZ].
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Theorem 7.2. For f € So (1)~ we have

2k -2 _ _
(f, FrpapDe) =T (k: ] ) L972k+2  A—R+1/2 Tht,A,0.00 (f),

where < -,- > denotes the usual Petersson scalar product for elliptic cusp forms with respect
to Fo(l).

Proof of Theorem 1.7. Before we give the proof, we state the needed conditions precisely as
follows:

(1) =Dy is a a square (mod 3 det(2m)) and is a fundamental discriminant.

(2) If p|ged (5 det(2m), Dy), then ord,, (3 det(2m)) < ord,(Dy).

(3) If 2 # plged (5 det(2m), D), then there always exists a matrix U € GLo(Z), such

as (2m)[U] = diag(m1,- -+ ,mg—1,0) (mod p). We require [[,;, m; to be a square
(mod p). -
Quadratic forms with the above conditions indeed exist (for an example see [Brl]). It can
easily be shown that the last two conditions are satisfied if det(2m) - Dy is square-free.
Moreover it can be shown for ¢ = 1 that the conditions are equivalent to the conditions given
in [GKZ].
To prove Theorem 1.7, define
1
(7:1) Q. Dy o (W3 T 2) = Chm. Dy Z DM 'fk,édet(zm),DoD,r@m)*ré,Do (w) - e(nT +7'2),
D>0

where 1
(_21')]671 . DO 2
(5 des(zm)" " - (37)
Here for a matrix A we denote by A* the adjoint matrix of A. One can easily see, using
the Fourier expansion of fk,%det(2m),DoD,r(2m)*T6,Do (w), that the series Qg . po.ro (W5 T, 2) is

Ck,m,Dg *=

absolutely convergent. As a function of w it is clearly an element of Sy (% det(2m))7. On
the other hand, the same argument as in [Br3], Section 3 gives

k—1 k
"1 - (2r)
(7.2)  Qpn,Doro (W3 Ty 2) = Chm,Dy - NCE
(3 () (re)) et
d k“l’gTH»m»(nOdQ’rOdl) 7_’ ’
>1 dd'=l

This shows that € m, p,.r,(w; T, 2) is a Jacobi form in the variables 7 and z. Now for f €
Sk (% det(2m))~ we have by Theorem 7.2 and (7.1) that

(73) SEO,’I"O (f)(Tv Z) = <f7 Qk,m,DQ,TQ('; -7, _2)>
is a Jacobi form, proving Theorem 1.7 (2).
Next, for ¢ € JP _» we have by Theorem 1.1 and (7.2)

+1
k+gTv

(7‘4) SDo,?“o (¢) (w) = <¢7 Qk,m,Do,To(_(Dv ) )> )

proving Theorem 1.7 (1). Here we also used the fact Q 1, po.ro (W5 =T, —Z) = Qp i, Dg.ro (—W; T, 2).

Theorem 1.7 (3) is now clear from (7.3) and (7.4).



16 KATHRIN BRINGMANN AND TONGHAI YANG

REFERENCES

[Bre] Breulmann, S.: Abschitzungen fir Fourierkoeffizienten Siegelscher Spitzenformen vom Geschlecht 3.
Doktorarbeit, Universitdt Heidelberg (1996).

[Brl] Bringmann, K.: Applications of Poincaré series on Jacobi groups. Ph.D. Thesis 2004. University of
Heidelberg

[Br2] Bringmann, K.: Estimates of Fourier coefficients of Siegel cusp forms for subgroups and in the case of
small weight. Journal of the London Mathematical Society, 73 (2006), 31-47.

[Br3] Bringmann, K. : Lifting maps from a Vector Space of Jacobi cusp forms to a subspace of elliptic modular
forms, Mathematische Zeitschrift, 253 (2006) 735-752.

[BK] Bocherer, S., Kohnen, W.: Estimates for Fourier coefficients of Siegel cusp forms. Math. Ann. 297,
499-517 (1993).

[De] Deligne, P.: La conjecture de Weil. I. Publ. Math., Inst. Hautes tud. Sci. 43, 273-307 (1973).

[DS] Deligne, P., Serre, J.-P.: Formes modulaires de poids 1. Ann. Sci. Ec. Norm. Supér., IV. Sér. 7, 507-530
(1974).

[EZ] Eichler, M., Zagier, D.: The theory of Jacobi forms. Progress in Mathematics, Vol. 55. Boston-Basel-
Stuttgart: Birkhauser (1985).

[GKZ] Gross, B.; Kohnen, W.; Zagier, D.: Heegner points and derivatives of L-series. II. Math. Ann. 278,
497-562 (1987).

[K1] Kohnen, W. : Estimates of Fourier coefficients of Siegel cusp forms of degree two. Compos. Math. 87,
231- 240 (1993).

[K2] Kohnen, W. : On the growth of Fourier coefficients of certain special Siegel cusp forms, Math. Z. 248,
345-350 (2004).

[RS] Resnikoff, H.L.; Saldafia, R.L.: Some properties of Fourier coefficients of Eisenstein series of degree two.
J. Reine Angew. Math. 265, 90-109 (1974).

[Zi] Ziegler, C.: Jacobi forms of higher degree. Abh. Math. Semin. Univ. Hamb. 59, 191-224 (1989).

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN 55455, U.S.A.
E-mail address: bringman@math.umn.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706
E-mail address: thyang@math.wisc.edu



