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Theorem

Theorem (Daenzer-van Erp, Bunke-N.)

G: compact Lie group, without B,C factors
GL: Langlands dual Lie group
Then G and GL are (topologically) T -dual to each other.
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Dual Tori

T : Torus (abelian, compact, connected Lie group)
T ∼= V /Γ ∼= U(1)n.

T̂ : dual torus
T̂ := Hom

(
H1T ,U(1)

) ∼= V ∗/Γ∗ ∼= U(1)n

Example

P

��

Poincaré bundleoo

T × T̂
p

ww

q

''
T T̂

c1(P) =
∑n

i=1 θi ∪ θ̂i

θi ∈ H1(T ) θ̂i ∈ H1(T̂ )

Isomorphisms

K ∗(T ) ∼= K ∗−dim T̂ (T̂ ) α 7→ q!(p
∗α ∪ [P])

HP∗(T ,Q) ∼= HP∗−dim T̂ (T̂ ,Q) α 7→ q!(p
∗α ∪ ch[P])

D(SkyT ) ∼= D(LocT̂ ) α 7→ q∗(p
∗α⊗ P)
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Parametrised version: T-Duality

P

��

Poincaré bundleoo

E ×B Ê

vv ''
E

T

((

Ê
T̂

vv
B

B: parameter space
E , Ê : principal bundles
P|Eb×Êb

: Poincaré bundle.

Problem: The bundles E and Ê have to be trivial!
Solution: Allow twisted Poincaré bundle.

gerbe/twist

��������

P

��

twisted Poincaré bundleoo

G

��

E ×B Ê

vv ))

Ĝ

��
E

T

((

Ê
T̂

uuB
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E , Ê : principal bundles
P|Eb×Êb
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Ê
T̂

uuB

Thomas Nikolaus Langlands Duality and T -Duality



Parametrised version: T-Duality

P

��
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Twists and twisted vector bundles

A twist over M is a U(1)-gerbe G→ M
(classified by Ȟ2(M,U(1)) ∼= H3(M,Z))

For simplicity: open covering {Ui} + cech 2-cocycle

gijk : Ui ∩ Uj ∩ Uk → U(1)

A twisted vector bundle is given by
1 vector bundles Li → Ui

2 transition functions ϕij : Li |Ui → Lj |Uj

3 s.t. ϕik = gijk · ϕjk ◦ ϕij

Twisted K -theory K 0
G(M): Grothendieck group of twisted

vector bundles
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T-Duality

Definition (Mathai et al., Bunke-Schick,...)

A T -Duality is a diagram
gerbe/twist

��������

P

��

twisted bundleoo

G

��

E ×B Ê
p

vv

q

''

Ĝ

��
E

T

((

Ê
T̂

ww
B

P is p∗G− q∗Ĝ-twisted

P|Eb×Êb
is Poincaré-bundle.

We write (E ,G) ∼T (Ê , Ĝ).

Warning

(E ,G) does not determine (Ê , Ĝ).
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P|Eb×Êb
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Examples

1 (S3, 0) ∼T (S2 × S1, 1) 0

��

S3 × S1

ww ((

1

��
S3

S1

((

S2 × S1

S1

uu
S2

2 (S5, 0) ∼T (CP2 × S1, c1 ∪ θ)

3 (E , 0) ∼T (B × T̂ ,
∑n

i=1 ciE ∪ θ̂i )
4 (L(p, 1), q) ∼T (L(q, 1), p)

5 (S3, 2) ∼T (RP3, 1)

6 (SU(2), 2) ∼T (SO(3), 1)

Physical interpretation/motivation: (E ,T ) ∼T (Ê , T̂ )
 WZW models with target E and Ê are equivalent
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Consequences

Theorem

For (E ,G) ∼T (Ê , Ĝ) we have isomorphism

K ∗G(E )
∼−→ K ∗−dim T̂

Ĝ
(Ê ) (Bunke-Schick)

HP∗G(E ,Q)
∼−→ HP∗−dim T̂

Ĝ
(Ê ,Q) (Mathai-Rosenberg)

Example

K 0
[1](S

2 × S1) ∼= K 1(S3) ∼= Z

K 1
[1](SO(3)) ∼= K 0

[2](SU(2)) ∼= Z/2

Theorem

D(SkyGT )
∼−→ D(Loc

Ĝ
T̂ ) (Ruderer)

K̂ ∗G(E )
∼−→ K̂ ∗−dim T̂

Ĝ
(Ê ) (Kahle-Valentino)
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Theorem

Theorem (Daenzer-van Erp, Bunke-N.)

G: compact Lie group, without B,C factors
GL: Langlands dual Lie group
Then

(G ,G) ∼T (GL, Ĝ)

for suitable G and Ĝ.

Example

(SU(n), 2) 'T (PU(n), 1)

(E8, 1) 'T (E8, 1)

Corollary

K ∗+G(G ) ∼= K ∗−rankG+Ĝ(GL)
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Sketch of Proof

General Method: E → B torus T = V /Γ bundle, Leray-Serre:

Hp(B)⊗ Λq(Γ∗)⇒ Hp+q(E )

G→ E twist, [G] ∈ H3(E )

Lemma

(E ,G) admits T -dual ⇔ [G] ∈ F 2H3(E ){
T-duals for (Ê , Ĝ)

}
1−1←→

{
Representatives (e, f ) for [G] in H3B ⊕ H2B ⊗ Γ∗

}
ci Ê = f (θi )
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Sketch of Proof II

G compact Lie, T ⊂ G maximal torus

R ⊂ t∗ roots, C ⊂ t coroots

Γ∗ = Hom(T ,U(1)) = H1T weight lattice

Γ = Hom(U(1),T ) = H1T coweight lattice

(C ⊂ Γ,R ⊂ Γ∗) root datum of G
(aside: π1(G ) = Γ/C , ZG = (Γ∗/R)∗)

(R ⊂ Γ∗,C ⊂ Γ) root datum of GL

Facts

H∗(B) torsion free, even
H2B = Γ∗C H4B = Sym2(ΓC )∗W

If G has no B, C factors
1 ∃f : t

∼−→ t∗ with f |C : C
∼−→ R.

2 ∃G/T ∼−→ GL/T L
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Sketch of Proof III

Leray Serre for G → G/T E2-page: Hp(B)⊗ Λq(Γ∗)

Λ3Γ∗ ((

((

0 • 0 •

Λ2Γ∗

((

0 • 0 •

• 0 Γ∗C ⊗ Γ∗

))

0 •

• 0 • 0 Sym2(ΓC )∗W

Take element in Γ∗C ⊗ Γ∗ = Hom(ΓC , Γ
∗) induced by

C //

f |C
��

Γ // t

f
��

R // Γ∗ // t∗
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Questions

G simple, simply connected
H3(G ,Z) = Z = Cohomology of sequence

Λ2Γ∗ → Γ∗ ⊗ Γ∗ → Sym2(ΓC )∗W

Level of f ∈ Γ∗ ⊗ Γ∗?

Why is T -dual of G → G/T a group?

Relation to geometric Langlands correspondences?
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T-Duality isomorphisms

Question: T -Duality isomorphisms in other cohomology theories?

Proposition

Every cohomology theory E ∗ which admits T -Duality
isomorphisms can be expressed in terms of complex K-theory.
More precisely: E is a KU-module spectrum.

Proof uses Snaith’s Theorem Σ∞+ K (Z, 2)[b−1] ' KU.

Corollary

There is an equivalence of categories between

{Cohomology theories with T-Duality isomorphisms}

and
D
(
Z[b, b−1]) ← derived category , |b| = 2

.
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Beyond K -theory

M: manifold, dimension n ≤ 6, framed

[M] element in Ωfr
n
∼= πstn

H ∈ H3(E )  new framing MH ∈ Ωfr
n since:

H3(M) ∼= [M,K (Z, 3)] ∼= [M,Spin∞]→ [M,O∞]

Theorem (N.)

Assume (E ,G) ∼T (Ê , Ĝ) over B, B stably framed, dimE ≤ 6.
Then

E[G] = Ê[Ĝ] ∈ Ωfr
∗

Example

(SU(2), 2) ∼T (SO(3), 1) over S2

Ωfr
3
∼= πst3

∼= Z/24ν
SU(2)2 = ν + 2ν
SO(3)1 = 2v + v
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Generalization

E→ SpecR elliptic curve with certain properties
 elliptic cohomology theory

‘Universal’ elliptic curve over Mell

 cohomology theory tmf (topological modular forms)

π∗(tmf) known, but complicated (at p = 2, 3)

π∗(tmf) ∼= πst∗ for ∗ ≤ 6

∃ morphism σ : H3(M)→ tmf0(M) σ(a + b) = σ(a) · σ(b)

Conjecture (N.)

For (E ,G) ∼T (Ê , Ĝ) over B, the classes∫
E/B

σ(G) and

∫
Ê/B

σ(Ĝ)

in tmf− dimT (B) agree.

Thomas Nikolaus Langlands Duality and T -Duality
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σ(Ĝ)

in tmf− dimT (B) agree.

Thomas Nikolaus Langlands Duality and T -Duality


