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Theorem

Theorem (Daenzer-van Erp, Bunke-N.)

G: compact Lie group, without B,C factors
G"L: Langlands dual Lie group

Then G and G* are (topologically) T-dual to each other.
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Dual Tori

T: Torus (abelian, compact, connected Lie group)
T=V/I2U@)".

T: dual torus
T :=Hom(HiT,U(1)) = V*/I* = U(1)"
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Dual Tori

T: Torus (abelian, compact, connected Lie group)
T=V/I2U@)".

T: dual torus
T :=Hom(HiT,U(1)) = V*/I* = U(1)"

P <~~~~ Poincaré bundle

| a(P)=>7,0;Ud;

TxT
/ \ 0; € H\(T)d; € H\(T)
T T
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Dual Tori

T: Torus (abelian, compact, connected Lie group)
T2 V/I=U@1)".

T: dual torus
T :=Hom(HiT,U(1)) = V*/I* = U(1)"

P <~~~~ Poincaré bundle

| a(P) =7 ,0;U0;

TxT
/ \ 0; € H\(T)d; € H\(T)
T T

Isomorphisms

K*(T) = K*dmT(T) a— q(p*aU[P])
HP*(T,Q) = Hp*—dim ?('AI', Q) a— q(p*aUch[P])
D(SkyT) = D(LocT) o g(pfa® P)
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Parametrised version: T-Duality

P <—~~~~ Poincaré bundle

Exgk B: parameter space
/ \ E,E: principal bundles
£ ¢ Plg,xg,: Poincaré bundle.
\ /
B
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Parametrised version: T-Duality

P <—~~~~ Poincaré bundle

ExgE parameter space
/ \ E: principal bundles
P|E «E,: Poincaré bundle.

\ B/

Problem: The bundles E and E have to be trivial!

Thomas Nikolaus Langlands Duality and T-Duality



Parametrised version: T-Duality

P <—~~~~ Poincaré bundle

ExgE parameter space

/ \ E: principal bundles
\ / P|E «E,: Poincaré bundle.

B
Problem: The bundles E and E have to be trivial!
Solution: Allow twisted Poincaré bundle.

gerbe/twist P <~~~ twisted Poincaré bundle
S Exgk §
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Twists and twisted vector bundles

o A twist over M is a U(1)-gerbe § — M
(classified by H?(M, U(1)) = H3(M, Z))

e For simplicity: open covering {U;} + cech 2-cocycle

8ijk U, n Ujﬂ U — U(l)
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Twists and twisted vector bundles

o A twist over M is a U(1)-gerbe § — M
(classified by H?(M, U(1)) = H3(M, Z))

For simplicity: open covering {U;} + cech 2-cocycle

8ijk U, n Ujﬂ U — U(l)

A twisted vector bundle is given by

@ vector bundles L; — U;

@ transition functions ¢ : Lily, — Ljly,

© st Yk = gik - ik °© i
Twisted K-theory K@(M): Grothendieck group of twisted
vector bundles
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T-Duality

Definition (Mathai et al., Bunke-Schick,...

A T-Duality is a diagram

gerbe/twist P <~~~ twisted bundle
9 E XB [E

We write (E,S) ~7 (E,9).
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T-Duality

Definition (Mathai et al., Bunke-Schick,...

A T-Duality is a diagram

gerbe/twist P <~~~ twisted bundle
9 E XB [E

We write (E,S) ~7 (E, ).

(E,S) does not determine (E, §).
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] (5370) ~T (52 X5171) 0 S3x st 1
Sl?}/ 52>l<51
sl 51
\ S2 /



Examples

© (53,0) ~7 (52 x S,1)

0 S3x St 1
53/ S2 % st

S2

Q (55,0) ~T ((CP2 X 51,C1 UQ)
Q@ (E,0)~7 (Bx T, GEU®;)
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Examples

O (S3,0) ~7 (5?2 x S4,1)

0 S3x st 1
53 / S2 % st
N\ /
52

(S5,0) ~7 (CP2 x S, ¢c; UH)
(E,0)~7 (Bx T, GEUB;)
(L(p,1),q) ~7 (L(q,1),p)

(83,2) ~1 (RP3,1)
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Examples

o (5370) ~T (52X51’1) S3x St

/\l
\

S22 x st
/
@ (55,0) ~7 (CP? x S, c; UW)
Q@ (E,0)~7 (Bx T, GEUB;)
9 (L(p,1),q) ~7 (L(g,1),p)
9 (S3,2) ~1 (RP3,1)
9 (5U(2),2) ~7 (50(3),1)

Physical interpretation/motivation: (E, T) ~7 (E, T)
~» WZW models with target E and E are equivalent
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Consequences

For (E,S) ~1 (E,§) we have isomorphism

K3(E) = Kz=om B (Bunke-Schick)
HP3(E, Q) = Hpz=m T(E, Q) (Mathai-Rosenberg)
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Consequences

For (E,S) ~1 (E,§) we have isomorphism

K3(E) = Kg—d'm T(E) (Bunke-Schick)
HP3(E, Q) = Hpz=m T(E, Q) (Mathai-Rosenberg)

o K§, (5% x S') = K'(S?)
° K[11](50(3)) = K[g](SU(z)) ~7/2
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Consequences

For (E,S) ~7 (E,§) we have isomorphism

(Bunke-Schick)

)
HP;(E,Q) = HPy~dm T(E, Q) (Mathai-Rosenberg)
o KO (S% x Sh) = KY($3) =z
° K[II](SO( ) E [2](5U( ))

12
N
~
N

| \

Theorem
D(SkyqT) = D(Locg ) (Ruderer)
Ki(E) = K* dim T £y (Kahle-Valentino)

N
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Theorem

Theorem (Daenzer-van Erp, Bunke-N.)

G: compact Lie group, without B,C factors
GL: Langlands dual Lie group
Then

(G7 9) ~T (GL7 g)
for suitable G and 9
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Theorem

Theorem (Daenzer-van Erp, Bunke-N.)

G: compact Lie group, without B,C factors
GL: Langlands dual Lie group
Then

(G7 9) ~T (GL7 g)
for suitable G and 9

Example
e (SU(n),2) ~1 (PU(n),1)
o (Eg, 1) ~7 (Es,1)

| A\

N
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Theorem

Theorem (Daenzer-van Erp, Bunke-N.)

G: compact Lie group, without B,C factors
GL: Langlands dual Lie group
Then

(G7 9) ~T (GL7 g)
for suitable G and 9

Example
e (SU(n),2) ~1 (PU(n),1)
o (Eg, 1) ~7 (Es,1)

”
Corollary

K*+9(G) o~ K*—rankG—l—é(GL)

| A\

A\

Thomas Nikolaus Langlands Duality and T-Duality



Sketch of Proof

General Method: E — B torus T = V//T bundle, Leray-Serre:

HP(B) ® N9(I'*) = HPT9(E)

G — E twist, [§] € H3(E)
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Sketch of Proof

General Method: E — B torus T = V//T bundle, Leray-Serre:

HP(B) ® N9(I'*) = HPT9(E)

G — E twist, [§] € H3(E)
o (E,S) admits T-dual < [G] € F2H3(E)
° {T—duals for (E, 9)}
& {Representatives (e, f) for [§] in HB & H?’B ® I'*}

o C,'E = f(9,)
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Sketch of Proof Il

@ G compact Lie, T C G maximal torus

@ R C t* roots, C C t coroots

o [ =Hom(T,U(1)) = H'T weight lattice
o ' =Hom(U(1), T) = Hi T coweight lattice
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Sketch of Proof Il

@ G compact Lie, T C G maximal torus
R C t* roots, C C t coroots
M = Hom(T, U(1)) = H' T weight lattice
I'=Hom(U(1), T) = Hi T coweight lattice
(C cTl,RCTI*) root datum of G
(aside: m1(G) =T/C, ZG = (I'"/R)*)
o (RcT* CcT)root datum of G-
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Sketch of Proof Il

@ G compact Lie, T C G maximal torus

R C t* roots, C C t coroots
M = Hom(T, U(1)) = H' T weight lattice
I'=Hom(U(1), T) = Hi T coweight lattice
(C cTl,RCTI*) root datum of G
(aside: m1(G) =T/C, ZG = (I"*/R)*)
o (RcT* CcT)root datum of G-

e H*(B) torsion free, even
H?B=T%  H*B =Sym2(Tc)l,
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Sketch of Proof Il

@ G compact Lie, T C G maximal torus

R C t* roots, C C t coroots
M = Hom(T, U(1)) = H' T weight lattice
I'=Hom(U(1), T) = Hi T coweight lattice
(C cTl,RCTI*) root datum of G
(aside: m1(G) =T/C, ZG = (I"*/R)*)
o (RcT* CcT)root datum of G-

e H*(B) torsion free, even
H2B=T%  H*B =Sym?(Tc)ly
@ If G has no B, C factors
Q IFf:t =t withflc: C = R.
Q@ IG/T = GYTt
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Sketch of Proof Il

Leray Serre for G — G/ T E>-page: HP(B) @ N9(I'™)

A3* 0 . 0 .
/\2r*0\ . 0 .
\
. 0 reere 0 .
\
. 0 . 0 Sym?(T'¢)%y
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Sketch of Proof Il

Leray Serre for G — G/ T E>-page: HP(B) @ N9(I'™)
A3* 0 ° 0 .

\

° 0 °

. 0 reere 0 .
. 0 . 0 Sym?(T'¢)%y

Take element in ' ® ™ = Hom(I'¢, ™) induced by

C——=[——=t

iflc if

R——TI"——t"
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Questions

@ G simple, simply connected
H3(G,Z) = Z = Cohomology of sequence

AT = T* @ T — Sym?(Te)ly

Level of f eI, ®T,7
e Why is T-dual of G — G/ T a group?
@ Relation to geometric Langlands correspondences?
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T-Duality isomorphisms

Question: T-Duality isomorphisms in other cohomology theories?
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T-Duality isomorphisms

Question: T-Duality isomorphisms in other cohomology theories?

Proposition

Every cohomology theory E* which admits T-Duality
isomorphisms can be expressed in terms of complex K-theory.
More precisely: E is a KU-module spectrum.

Proof uses Snaith’s Theorem E°K(Z,2)[b™] ~ KU.
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T-Duality isomorphisms

Question: T-Duality isomorphisms in other cohomology theories?

Proposition

Every cohomology theory E* which admits T-Duality
isomorphisms can be expressed in terms of complex K-theory.
More precisely: E is a KU-module spectrum.

Proof uses Snaith’s Theorem E°K(Z,2)[b™] ~ KU.

Corollary

There is an equivalence of categories between
{Cohomology theories with T-Duality isomorphisms}

and
D(Z[b,b™']) < derived category ,|b| = 2
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@ M: manifold, dimension n < 6, framed

o [M] element in Qf = 7t
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Beyond K-theory

@ M: manifold, dimension n < 6, framed
o [M] element in Qf = st
o H € H3(E) ~ new framing My € Q since:

H3(M) = [M, K(Z,3)] = [M, Spin,. ] — [M, Ox]

Thomas Nikolaus Langlands Duality and T-Duality



Beyond K-theory

@ M: manifold, dimension n < 6, framed
o [M] element in Qf = st
o H € H3(E) ~ new framing My € Q since:

H3(M) = [M, K(Z,3)] = [M, Spin,. ] — [M, Ox]

Assume (E,G) ~1 (E, 9) over B, B stably framed, dim E < 6.
Then

f fr
E[g] = E[g] € Q*
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Beyond K-theory

@ M: manifold, dimension n < 6, framed
o [M] element in Qf = st
o H € H3(E) ~ new framing My € Q since:

H3(M) = [M, K(Z,3)] = [M, Spin,. ] — [M, Ox]

Theorem (N.)

Assume (E,G) ~1 (E, 9) over B, B stably framed, dim E < 6.
Then
r fr
E[g] = E[g] € Q*

| \

Example

(SU(2),2) ~1 (SO(3),1) over S?
Qf 2 ngt 2 7Z/24v

SU(2)2 =v+2v
SO(3)1=2v+v

\
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Generalization

o & — SpecR elliptic curve with certain properties
~ elliptic cohomology theory

@ ‘Universal’ elliptic curve over Moy
~ cohomology theory tmf  (topological modular forms)
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Generalization

o & — SpecR elliptic curve with certain properties
~ elliptic cohomology theory

@ ‘Universal’ elliptic curve over Moy
~ cohomology theory tmf  (topological modular forms)

o 7, (tmf) known, but complicated (at p=2,3)
o m,(tmf) = 73t for x <6

e 3 morphism o : H3(M) — tmf’(M)  o(a+ b) = o(a) - o(b)
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Generalization

o & — SpecR elliptic curve with certain properties
~ elliptic cohomology theory

@ ‘Universal’ elliptic curve over Moy
~ cohomology theory tmf  (topological modular forms)

o 7, (tmf) known, but complicated (at p=2,3)
o m,(tmf) = 73t for x <6

e 3 morphism o : H3(M) — tmf’(M)  o(a+ b) = o(a) - o(b)

Conjecture (N.)
For (E,S) ~1 (E,§) over B, the classes

/E/Bo—(g) and /E/Ba(é)

in tmf~9m T(B) agree.
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