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Let 7 : G — U(H) be a smooth unitary representation, i.e.
H> :={veH:gr— m(g)v smooth} is dense in H.

@ derived representation:

d

drm:g— End(H™), dn(x)v= P

m(exp(tx))v

—idm(x) is the self-adjoint generator of t — 7(exp(tx)).

o 7 is called semibounded if 3U C g non-empty and open, s.t.
the operators id7(x) are uniformly bounded above for x € U.
B :={x € g : idm(x) is bounded above}

(Co-)Adjoint action: Ad: G xg—g, Ad":Gxg —4¢.
e Coadjoint orbits: O, := Ad*(G)\ for A € ¢
e E C ¢ is called semi-equicontinuous if the map
se: g — RU{oco}, x — —inf(E, x) is bounded for x in a
non-empty open subset of g.
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v : R — Sp(V) defining a smooth action R x V — V.

o Heisenberg group: Heis(V,w) =R x,, V,
(£, x)(t/,x') = (t+ t' + Jw(x,x'), x + x').

o Oscillator group: G = G(V,w, ) := Heis(V,w) x4 R.
Lie algebra: g = heis(V,w) xp R with D := +/(0).

G := G(V,w,~) oscillator group.
General assumption: V sequentially complete.

Let m: G — U(H) be a semibounded representation. If all
semi-equicont. coadjoint orbits in g’ are trivial then T|rx p(v)x {0}
is trivial. Thus, if in addition D(V) C V dense = repr. of R.
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@ C*(A) := space of y-smooth vectors in H, equipped with
C>-topology (given by norms x — ||Akx||, k € Np).
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C>(A) is a Fréchet space and (C*°(A),wa) is a symplectic space.

Definition

Ga = Heis(C*°(A),wa) x4 R is called a standard oscillator group.
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Theorem (Extension to standard oscillator groups)
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orbits. Then, after possibly replacing v by v~ 1:

(a) 3 a standard oscillator group G and a dense embedding
L1V — C*®(A) such that . : G — Ga,(t,v,s) — (t,i(v),s)
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(b) Assume DV C V dense and v(R) C End(V) equicontinuous.
Then every semibounded repr. m of G extends to a (unique)
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Let m: Ga — U(H) be a semibounded representation.

Proposition (Central disintegration)

Suppose C*°(A) and 'H are both separable. Then m = fR Tadu(N),
where Ty : Ga — U(H) is semibounded with 7(t,0,0) = e 1.
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ga = R @y, C°(A) xp R is the Lie algebra of G4, D = iA|ceo(a).
t := R x {0} x R maximal abelian 2-dimensional subalgebra.
Let W be a proper open Adg,-invariant cone in ga. Then:

o W is determined by the 2-dim. cone W N t.
o W C W, where W4, :=R x C*(A)x]0, ool
o If W C Wy then ]0,00[x{0} x {0} c WnNt

W.lo.g. W C W4. Define

Wy i={(t+ %IxI% x,5) €ga:s>0,t +ds >0} ford € R,

Proposition

The non-empty open invariant cones W in ga with W C Wy, are
given by Wy for d € R :=R U {o0}.
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Complexification of standard oscillator groups

Let V := C*(A) and Ga = Heis(V,wa) x, R. We define:

R > t+— 7(t)v extends to a cquioped
holomorphic map C — V. quipp
with its natural topology.

@ For X C Ga=R x V xR weset XO:=XnN(Rx VP xR).
Then:
0 1 : C x (VO)¢e — (VO)c holomorphic extension of ~.

o V9 .=!{vevV

o VO C V dense w.r.t. C*®-topology.
We obtain:
o complex Fréchet-Lie group: Gc := (C X (4. V(g) X C.
@ open complex subsemigroups: Sy := GY expGC(iWc?) C Gc
for d e R.



Holomorphic extension of a semibounded representation

Proposition (Polar decomposition)

Vi G x WP — Sy, (g, w) — gexp(iw) is an analytic
diffeomorphism for every d € R.




Holomorphic extension of a semibounded representation

Proposition (Polar decomposition)

Vi G x WP — Sy, (g, w) — gexp(iw) is an analytic
diffeomorphism for every d € R.

— Involution on Sy: (gexp(iw))* := g Lexp(i Ad(g)w)



Holomorphic extension of a semibounded representation

Proposition (Polar decomposition)

Vi G x WP — Sy, (g, w) — gexp(iw) is an analytic
diffeomorphism for every d € R.

— Involution on Sy: (g exp(iw))* := g~ exp(i Ad(g)w)
Let 7 : G4 — U(H) be a semibounded rep. with By D W,.
Then: idw(w) is bounded above for w € W,.



Holomorphic extension of a semibounded representation

Proposition (Polar decomposition)

Vi G x WP — Sy, (g, w) — gexp(iw) is an analytic
diffeomorphism for every d € R.

— Involution on Sy: (g exp(iw))* := g~ exp(i Ad(g)w)
Let 7 : G4 — U(H) be a semibounded rep. with By D W,.
Then: idm(w) is bounded above for w € Wy. Define:

#(g exp(iw)) := 7(g)e ™) € B(H) for (g, w) € G x WY.
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Proposition (Polar decomposition)

Vi G x WP — Sy, (g, w) — gexp(iw) is an analytic
diffeomorphism for every d € R.

— Involution on Sy: (g exp(iw))* := g~ exp(i Ad(g)w)
Let 7 : G4 — U(H) be a semibounded rep. with By D W,.
Then: idm(w) is bounded above for w € Wy. Define:

#(g exp(iw)) := 7(g)e ™) € B(H) for (g, w) € G x WY.

Theorem

For every d € R the assignment T — 7 yields a bijection

semibounded reps. 7 of . non-deg. holomorphic reps.
Ga with By O Wy 71 (Sd,*) — (B(H), *)

which preserves commutants, i.e. m(Ga)' = 7(Sq4)’.
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(b) Hom,(S, B(H)) denotes the space of holomorphic reps.
m: S — B(H) with ||7(s)]| < a(s) and 7(s*) = 7(s)*.

Proposition (Neeb)

For a locally bounded absolute value o on S there is a C*-algebra
C*(S,«) and a holomorphic map n: S — C*(S, «) such that:
n* : Hom(C*(S, a), B(H)) = Hom.(S, B(H)).

| \

Corollary

Let C*°(A), H be separable. Every semibd. rep. w: Ga — B(H) is
a direct integral of semibd. factor representations.

\
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The case inf SpecA > 0

Fock representation: g : G4 — U(F(C*>°(A))) defined by the
pos. def. function ¢(t,x,s) = e~ (AX) (with GNS-construction).
Fact: wF is irreducible and semibounded.

Theorem

Suppose inf SpecA > 0. Let m: Ga — U(H) be semibounded.
(a) The C*-algebras C*(Sq4, ) are postliminal.

(b) m is type I.

(c) Let m(t,0,0) = et1. Then

(m,H) = (7F @ v, F(CZ(A)) @ K),

where v(t, x,s) = v(s) is a semibd. repr. of R on K. If 7 is
irreducible then dim K = 1, hence v(t, x,s) = e/%°1,3 € R.
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Definition

A representation 7 : Heis(V,w) — U(H) is called regular if
7(t,0,0) = €'l and R 5 t — m(tv) is strongly cont. for all v € V.

Fact: 7 regular = 7 smooth (V with direct limit topology).
Let a := {ap}nen be a sequence in R-g. Define:

e H, := Hilbert space with ONB e, := \/ane,, n € N.

® 7, : R — U(H,) defined by v,(t)e, := ente,.

@ A := self-adjoint generator of ,.
Then (V,w) C (H,,wa) is a symplectic embedding.

For every regular repr. w : Heis(V,w) — U(H) there exists a
sequence {an}nen, an — 0 such that 7 extends to a semibounded

repr. # 1 Ga — U(H) with #(Gp)' = w(Heis(V,w))".




