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Theorem (Gabriel)
Let A be a finite dimensional K-algebra. Then A is basic if and
only if A= KQ/Z is a bound quiver algebra.

Bound quiver algebra A = KQ/Z where Z = (p1,...,pm)
o Q=A{1,...,n}, Qi={a|a:i—jisan arrow}

@ KQ = spany {paths}

@ product on KQ is the concatenation of paths
t

° relationp:Zc,.p,, pr=(i— - —))
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The dominant dimension of A is > 2 if there exists an exact sequence
0 — pA— L — I, where I1, |, are projective - injective modules
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Let A= (KQ/Z,<) be a 1-quasi-hereditary algebra and j, k € Qp.
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The quiver and relations of a 1-quasi-hereditary algebra

Let A= (KQ/Z,<) be a 1-quasi-hereditary algebra and j, k € Qp.

o dimx Exty(S(j), S(k)) = { L itjakorjvk

o letpel, thenp:(j—>-~—>k)—Zc,--
i2j,k

Let j,i,k € Qo with i > j, k

plik)=(G— - —i—-—k€EQ

{P(J'a i k)‘ i€ Qo, i}j,k} is a K-basis of P(j)
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N := {factor algebras of type A(i) for Ac BC X'}
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Blocks of the BGG Category O(g)

> g is a finite dimensional semisimple Lie-algebra / C
> g=n, dhPn_ isa Cartan decomposition

> $U(g) is the universal enveloping algebra of g

Definition (Bernstein, Gelfand, Gelfand)

The category O(g) is the full subcategory of g-modules M with
@ M is a finitely generated,
@ M is h-semisimple,
@ M is locally n-finite, i.e. dimci(ny).m < oo for all m e M.

> W is the Weyl group, (w, \) — w-X the dot-action on (h*, <)
> Wy C W such that w-\ is comparable to A for all w € W),

> Ox(g) is the full subcategory of modules in O(g) whose simple
composition factors corresponds to the weights in Wy-\ C h*
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O(g) decomposes into a direct sum of blocks Oy (g)
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*] O,\(g) W)\ )\<—>{ P(W)\) }<—>{ V(W)\) }

> Ax(g) i= Endy (@ P(w-2)

Ox(g) ~ mod—Aj(g)

@ The algebra Ay(g) = CQ/Z with (Qo, <) is quasi-hereditary
o Wi <5 Qo
@ w-A > v-\ with respect to the Bruhat order «~ 1, < iy,
{a iy & iv}

o V(w-A) — A(iy)

° = p(w,v) [a coefficient of K-L polynomial]
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X := {basic K-algebras of dominant dimension > 2}

V- {[B, ] ‘ B is a basic K-algebra }

M is a mult.-free generator-cogenerator of mod-B
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Let [B,M] € ®(I') and A= Endg(M)°P = KQ/Z the correspon-
ding 1-quasi-hereditary algebra. The following are equivalent:

(i) B is commutative.
(i) A= A%P.
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Let [B,M] € ®(I') and A= Endg(M)°P = KQ/Z the correspon-
ding 1-quasi-hereditary algebra. The following are equivalent:

~

(i) B is commutative.
(i) A= A%,
(i) >j_yce-pe €L ifandonly if > ;4 ¢t - op(pe) € .
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Let [Al €T.
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Let [A] € I'. Then the following statements are equivalent:
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Let [A] € I'. Then the following statements are equivalent:
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o R(A) is I-quasi-hereditary.
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Let [A] € I'. Then the following statements are equivalent:
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o R(A) is I-quasi-hereditary.
o A(i) is 1-quasi-hereditary for all i € Qu(A).
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Let [A] € I'. Then the following statements are equivalent:
o R(A) is I-quasi-hereditary.
o A(i) is I-quasi-hereditary for all i € Qp(A).

o T(i) = P(1)/ (ng,- P(j)) for all i € Qo.
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Let [A] € I'. Then the following statements are equivalent:
o R(A) is I-quasi-hereditary.
o A(i) is I-quasi-hereditary for all i € Qp(A).

o T(i) = P(1)/ (ng,- P(j)) for all i € Qo.
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§(A) > M, then M has a A-good filtration,
§(V) > M, then M has a V-good filtration.

Theorem (Ringel)

Let A= (KQ/Z,<) be a quasi-hereditary algebra. Then there

exists (up to isomorphism) an uniquely determined A-module T
with:

o R(A) := (Enda(T)%,>) is quasi-hereditary,

T = @ T (i) is called the characteristic tilting module of A;
i€Qo

F(A)NF(V) =add(T) = P T()™ | ni € No
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§(A) > M, then M has a A-good filtration,
§(V) > M, then M has a V-good filtration.

Theorem (Ringel)

Let A= (KQ/Z,<) be a quasi-hereditary algebra. Then there

exists (up to isomorphism) an uniquely determined A-module T
with:

o R(A) := (Enda(T)%,>) is quasi-hereditary,

T = @ T (i) is called the characteristic tilting module of A;
i€Qo

FA)NF(V) = add(T) = ¢ P T()™ | ni € No
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The algebra R(A) is called Ringel-dual of A.



Ringel-dual of quasi-hereditary algebras

§(A) > M, then M has a A-good filtration,
§(V) > M, then M has a V-good filtration.

Theorem (Ringel)

Let A= (KQ/Z,<) be a quasi-hereditary algebra. Then there

exists (up to isomorphism) an uniquely determined A-module T
with:

R(A) := (Enda (T),>) is quasi-hereditary,
R(R(A)) = A

T = @ T (i) is called the characteristic tilting module of A;
i€Qo

FA)NF(V) = add(T) = ¢ P T()™ | ni € No
i€Qo
The algebra R(A) is called Ringel-dual of A.



