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Introduction

» Finite dimensional classical Lie algebras

» All finite dimensional representations are completely reducible
» Huge amount of possible embeddings

» Lie algebras gl(c0) and sl(o0)
> Representations are not completely reducible
» Characterization of the possible embeddings



Finite dimensional case

Gelfand-Tsetlin branching law
» Let us have the embedding gl(n — 1) — gl(n) given by

A (’3 8) for any A € gl(n—1).

> Let V{ denote the irreducible representaiton of gl(n) with
highest weight A = (A1,...\p), where \j — \jy1 € Z> for
i=1,....n—1.

Then
1
Vi gi(n-1) EBV"

where o = (01,...,0,-1) and
A\ — 0 € ZZO and o; — /\,'+1 € Zzo.



Finite dimensional case
Generalization of Gelfand-Tsetlin branching law

Let the embedding be gl(n) — gl(n + s) given by
A (A ) for any A € gl(n). Then

n+s
V/\ lgl(n) — @ m>\ 0'

where m3 _ are Gelfand-Tsetlin multiplicities.

m3, . is the number of sequences of weights

ol =(o},...,08 s 1),.... 05t =(07",...,05;]) such that
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Finite dimensional case
Diagonal embedding gl(n) — gl(2n), A — <A A>

> Let A and p be two non-negative integer partitions with p and
q parts, where p+ g < m.
> Let V", denote the irreducible gl( )-module with highest
weight ()\ )= (A1,...2p,0,...0, —pig, ..., —p11).
Then for m = 2n

o L) (V) n
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Finite dimensional case

Diagonal embedding
For the module V)?o with highest weight (A1,...,p,0,...0) the
decomposition is

)‘O\gl(n @ ¢ 7/8C /BVX

Generalization of the diagonal embedding gl(n) — gl(kn).
Then

kn ~ A N n
V)\:0|gl(n) - @ Cal,...akcal,...,ak VX,O

an,...o

Cé\l,...,ak are called generalized Littlewood-Richardson coefficients.



The Lie algebras gl(oo) and sl(co)
Definition

» Let V and V, be countable dimensional vector spaces with a
nondegenerate bilinear form <, > between them. Then
V ® V., is an associative algebra with respect to

(uRUu)(veav')=<u,v>ue v
for all u,v € V, u*,v* € V. Then we define
glioc) = V& V. sl(o0) = [gl(o0), gl(o0)]

V' and V. are called the natural and the conatural
representations of gl(cc0) and sl(co).

» Direct limit Lie algebras with respect to the upper left corner
inclusions

gl(oo) = Ii_r;n gl(n) sl(o0) = Ii_n)1 sl(n)



Classification of embeddings

Theorem (Dimitrov, Penkov)

Let g be one of gl(oo) and sl(co) and g’ be an infinite dimensional
semisimple subalgebra of g. Let V and V. be respectively the
natural and conatural represenations of g, and V', and V. of ¢'.
Then

socV = kV' & IV @ N, V /socV = N
socV, = IV @ kV. @ N, V. /socV, = Ny

where k,| € Z~q and N,, Np, N., and Ny are finite or countable
dimensional trivial g’-modules.



A family of sl(oco) modules

Definition
Let T = T(V & V), be the tensor algebra of sl(c0), i.e.
T = ®P20 >0 veP.a) where VE(PA) = V&P & VB9 A tensor

module is any subquotient of P, <, ve(p.a),

Theorem (Penkov, Styrkas)

Any simple tensor module of sl(c0) is a submodule of V&(P:9) for
some p and q. Moreover, it is a highest weight sl(oo)-module with
highest weight (A, 1) = (A, ..., 2p,0,...0,—pg, ..., —p1) where
(A, i) is a pair of nonnegative integer partitions. We denote this
module by V) .



Branching problem for sl(c0)

» Given an embedding g’ C g where g’ = sl(c0) and g = sl(o0)
and a simple tensor g-module V) ,, find the socle filtration of
V), over g



Branching problem for sl(c0)

» Given an embedding g’ C g where g’ = sl(c0) and g = sl(o0)
and a simple tensor g-module V) ,, find the socle filtration of
V), over g

Let the embedding g’ C g be of the general type. Then we
construct subalgebras g; and g of g such that g Cgo C g1 C g
and the following hold:

(1) The embedding g1 C g satisfies the properties:
socV = Vi & N,, V /socV = N,
socVi = Vi, & N V. /socV, = Ny
where N, and N, are the largest submodules of N, and N,
which pair trivially.
(2) The embedding g» C g satisfies the properties:

V1 = V2 ® Na2 V1>k = V2* S¥ ch

where N,, and N, are such that N; = N, & N, and
Ne = Ng @& N,.



Branching problem for sl(c0)

(3) The embedding g’ C g, satisfies the properties:

Vo 2 kV/ & IV Vo, 2 IV @ kV!



Branching problem for sl(c0)

(3) The embedding g’ C g, satisfies the properties:

Vo 2 kV @ IV! Vo 2 IV @ kV!
Lemma
Let the embedding " C ¢’ C g be of any of the described above

types. Then the socle filtration over g" of any simple g-module
Vi\. can be determined using the following formula

Y 1
socl, ,, = EB socl™ ,, socé7+ )V/\,u)

m+n=r

Here soc( 1V, , := soc 1V, |, /soc(DVy .



Branching problem for sl(c0)

Theorem
Let the embedding g1 C g satisfy the following properties:

socV = Vi & N, V /socV = N
socV, = Vi, @ N, Vi /socVi = Ny

where N,, and N, pair trivially. Denote dim N, = a1, dim Np = b,
dim N, = c1, dim Ny = d. Then for any Vy , C V®(P:9)

. b
soc(rt )V,\ @ @ @ M3\ Mz, M u W mu” fi1 V/\h#l

m+n=r X' u" |A\|=|\'|-m
lpi]=p"|=n

m3 y, are Gelfand-Tsetlin multiplicities if a is finite.
mi?)\// — ”ma_)oo mi)\//.



Branching problem for sl(c0)
Theorem
If the embedding g> C g1 satisfies the properties:
ViV Cand Vi, =2 Vo, dC

Then for any V/\lhm C V1®(p’q)

soct 1) V>\1,u1 @ m>\1 PYRLL u1 M2 V>\2 uz
[Ao|=p—r
lp2|=q—r
p—r q—r
@ @ m%\h)\2 mL1L17M2 sz,uz D @ @
k=1 |X\o|=p—r—k I=1 |X2|=p—r

|p2l=q—r |u2|l=q—r—1
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Branching problem for sl(c0)

Theorem

If the embedding of ¢’ C g1 satisfies the property that
Vi 2 kV' @& IV] and Vi, = IV' @ kV/, then for any simple
V):\L1 0 C V1®p we have

p
~ A
SOC(r+1) V)l\'ho = @ @ C>\/17// V)/\/“u‘/

m=0 |X|=m—r

| |=p—m—r
where
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Branching problem for sl(co) : modules V) g

Theorem
For the general embedding g’ C g and for any Vo C VP we get

p
1 A
s Vi@ D D D My Vs
M A=V m=0 [N |=m—r
|t |=p—m—r

p—1
A
S D D D mMumaG Ve
A A=A =1 m=0 |N|=m—r+1
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The end

Thank you for your attention!
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