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Overview

Let p be a prime number. The Roquette category Rp is an additive tensor
category with the following properties :

Every finite p-group P can be viewed as an object of Rp. The tensor
product of two finite p-groups P and Q in Rp is the direct product
P × Q.

In Rp, every finite p-group P has a direct summand ∂P, called the
edge of P, such that P = ⊕

NEP
∂(P/N). Moreover ∂P = 0 if Z (P) is

not cyclic.

In Rp, every finite p-group P splits as a direct sum P ∼= ⊕
R∈S

∂R,

where S is a finite sequence of Roquette p-groups.

If P and Q are Roquette p-groups, then ∂P × ∂Q ∼= νP,Q · ∂(P � Q),
where P � Q is another (explicit) Roquette p-group.

The additive functors Rp → Z-Mod are the rational p-biset functors.
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Applications

Computation of RK (P), where K is a field of characteristic 0.
Example : the group

(

SD2m

)∗n

has 2(n−1)(m−3) faithful irreducible
rational representations.

Computation of the torsion part of the Dade group of some p-groups.
Example : if P ∼=

(

(C2)n × D2n1 × · · · × D2nr

)

/N, then the Dade
group of P is torsion free.

Computation of the group of units of Burnside rings of some p-groups.
Example : if P is as above, then B×(P) ∼= RQ(P)/2RQ(P).

Main tool : Some isomorphisms in Rp, like

(D8)n ∼= 1⊕ (5n − 1) · ∂C2,

(Xp3)n ∼= 1⊕ (p2+p−1)n−1
p−1 · ∂Cp,

∂(P ∗ Q) ∼= ∂P × ∂Q (if |Z (P)| = 2).
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Theorem (Roquette - 1958)

Let G be a nilpotent finite group.

Let K be a field of characteristic 0.

Let V be a simple KG -module.

Then there exists S ,T ≤ G and W such that :

1 S E T .

2 W is a faithful simple K (T/S)-module.

3 V ∼= IndG
T Inf T

T/SW .

4 EndKGV ∼= EndK(T/S)W .

5 The group T/S has normal rank 1.

Such a subgroup S is called a genetic subgroup of G .
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Let G be a nilpotent finite group.

Let K be a field of characteristic 0.

Let V be a simple KG -module.

Then there exists S ,T ≤ G and W such that :

1 T = NG (S), and S is expansive in G.

2 W is a faithful simple K (T/S)-module.

3 V ∼= IndG
T Inf T

T/SW .

4 EndKGV ∼= EndK(T/S)W .

5 The group T/S has normal rank 1.

Such a subgroup S is called a genetic subgroup of G .

Serge Bouc (CNRS-LAMFA) The Roquette category Thurnau, march 20, 2012 4 / 18



Theorem (B. - Thévenaz -2011)
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Genetic subgroups of p-groups

Let p be a prime number, and P be a finite p-group.

Definition

When S ≤ P, define ZP(S) by ZP(S)/S = Z
(
NP(S)/S

)
.

The subgroup S ≤ P is called expansive if
∀g ∈ P, Sg ∩ ZP(S) ≤ S ⇔ Sg = S .

The subgroup S ≤ P is called genetic if it is expansive and NP(S)/S
is a Roquette group. The group NP(S)/S is called the type of S .

Define a relation ̂P
on the set of subgroups of P by

∀S ,T ≤ P, S ̂P
T ⇔ ∃g ∈ P,

{
Sg ∩ ZP(T ) ≤ T
gT ∩ ZP(S) ≤ S

.
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Rational representations of p-groups

If R is a Roquette p-group, then there is a unique faithful simple
QR-module ΦR .

If S is a genetic subgroup of a p-group P,

set

V (S) = IndP
NP(S)Inf

NP(S)
NP(S)/SΦ

NP(S)/S .

Theorem

Let P be a finite p-group.

1 If S is a genetic subgroup of P, then V (S) is a simple QP-module.

2 If V is a simple QP-module, then there exists a genetic subgroup S
of P such that V ∼= V (S).

3 If S and T are genetic subgroups of P, then
V (S) ∼= V (T ) ⇔ S ̂P

T , and it implies NP(S)/S ∼= NP(T )/T .

4 The relation ̂P
is an equivalence relation on the set of genetic

subgroups of P.
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Genetic bases of p-groups

Definition

A genetic basis of P is a set of representatives of genetic subgroups of P
for ̂P
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The Roquette theorem (slight return)

Let P be a finite p-group, and B be a genetic basis of P. Then

⊕
S∈B

Indinf P
NP(S)/S :

⊕
S∈B

∂

RQ
(
NP(S)/S

)

∼=

−→ RQ(P).

The same statement makes sense with RQ replaced by F ,
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The biset category of p-groups

Definition

The biset category Cp of finite p-groups is defined as follows :

The objects are finite p-groups.

If P, Q are finite p-groups, then HomCp(P,Q) = B(Q,P).

The composition of morphisms P → Q → R is obtained by linearly
extending the product (V ,U) 7→ V ×Q U of bisets.

The identity morphism of P is the (class of) the (P,P)-biset
IdP = PPP .

Definition

A p-biset functor is an additive functor from Cp to Z-Mod.

p-biset functors form an abelian category Fp.
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Let F be a p-biset functor.

We have three conditions :

we can define F (P) for any finite p-group P.

→ ok by definition.

we can define inflation maps and induction maps for F .

→ when N E P, let Inf P
P/N = F

(
P

(P/N)
P/N

)
: F (P/N)→ F (P).

If Q ≤ P, let IndP
Q = F

(
P

P
Q

)
: F (Q)→ F (P).

Let also ResPQ = F
(
Q

P
P

)
: F (P)→ F (Q).

we can define ∂F (R), at least for a Roquette p-group R.

→ for N E P, first define Def P
P/N = F

(
P/N

(P/N)
P

)
: F (P)→ F (P/N).

Then set ∂F (P) =
⋂

1<NEP

Ker Def P
P/N ⊆ F (P).

Lemma

There is an idempotent f P
1 ∈ B(P,P) such that ∂F (P) = F (f P

1 )F (P).
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Theorem

Let F be a p-biset functor.

Let P be a p-group, and B be a genetic basis
of P. Then :

1 The map

IB = ⊕
S∈B

Indinf P
NP(S)/S : ⊕

S∈B
∂F
(
NP(S)/S

)
−→ F (P)

is split injective, with explicit left inverse DB (i.e. DB ◦ IB = Id).

2 There exists γB ∈ B(P,P) such that γ2
B = γB, and

IB ◦ DB = F (γB) : F (P)→ F (P).
3 The following are equivalent :

IB is an isomorphism.
F (γB) = IdF (P).
F (γB′) = IdF (P), for any genetic basis B′ of P.

Definition

The p-biset functor F is called rational if for any P, there exists a genetic
basis B of P such that F (γB) = IdF (P).
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Alternative description of R]
p

Notation

Let X be a Sylow p-subgroup of PGL(3,Fp). Let L be the set of lines, and
P be the set of points of the projective plane over Fp. Denote by δ the
element L− P of B(X ).
Let Bδ denote the subfunctor of the p-biset functor B generated by δ.
If P,Q are p-groups, set Bδ(Q,P) = Bδ(Q × Pop) ≤ B(Q,P), and
(B/Bδ)(Q,P) = B(Q,P)/Bδ(Q,P).

Theorem

Let P and Q be finite p-groups.

1 HomR]
p
(P,Q) ∼= (B/Bδ)(Q,P).

2 If p > 2, then HomR]
p
(P,Q) ∼= RQ(Q × Pop).

3 if p = 2, then there is an exact sequence of abelian groups
0→ E (Q,P)→ HomR]

p
(P,Q)→ RQ(Q × Pop)→ 0, where E (Q,P)

is a finite elementary abelian 2-group.
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The Roquette category

Definition

Let p be a prime number.

The Roquette category Rp is the additive

idempotent completion of the category R]p.

The objects of Rp are formal finite sums ⊕
(P,e)∈P

(P, e) of pairs (P, e),

where P is a finite p-group, and e = e2 ∈ (B/Bδ)(P,P).

Morphisms are defined by bilinearity from

HomRp

(
(P, e), (Q, f )

)
= f (B/Bδ)(Q,P) e.
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Edges

Notation

Let P be a finite p-group.

The object (P, IdP) of Rp is denoted by P.

The edge ∂P of P is the object (P, f P
1 ) of Rp.

With this notation, if F ] : R]p → Z-Mod is a rational p-biset functor, then
F ] extends to F : Rp → Z-Mod by

F
(
⊕

(P,e)∈P
(P, e)

)
= ⊕

(P,e)∈P
F ](e)F ](P).

In particular F (∂P) = ∂F ](P).

Theorem

Let P be a finite p-group, and B be a genetic basis of P.

Then

P ∼=

⊕
S∈B

∂
(
NP(S)/S

)
in Rp.
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An example

type C1 −→ •

FFFFFFFF

xxxxxxxx

type C2 −→ •

FFFFFFFF

}}
}}

}}
}

• •

AA
AA

AA
A

xxxxxxxx

type C2 −→•

SSSSSSSSSSSSSSS ◦

HHHHHHHH ◦ ◦

vvvvvvvv ◦

kkkkkkkkkkkkkkk

◦

D8

D8
∼= 1⊕ 4 · ∂C2.
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Tensor structure

Theorem

Let P and Q be Roquette p-groups. Then

∂P × ∂Q ∼= νP,Q · ∂(P � Q),
where νP,Q ∈ N− {0} and P � Q is a Roquette group.

Examples :

∂Q8 × ∂Q8
∼= ∂C2

∼= 1.

∂Q8 × ∂C2m ∼= ∂C2m , m ≥ 2.
∂Q8 × ∂Q2m ∼= ∂D2m , m ≥ 4.
∂Q8 × ∂D2m ∼= ∂Q2m , m ≥ 4.
∂Q8 × ∂SD2m ∼= ∂SD2m , m ≥ 4.

∂Cpn × ∂Cpm
∼= φ(pn) · ∂Cpm , m ≥ n ≥ 0.

∂SD2n × ∂SD2m
∼= 2n−3 · ∂C2m−1 , m > n ≥ 4.

∂SD2m × ∂SD2m
∼= 2m−3 · ∂SD2m , m ≥ 4.
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Other identities

D8
∼= 5 · 1.

(Cp)n ∼= 1⊕ pn−1
p−1 · ∂Cp.

(Xp3)n ∼= 1⊕ (p2+p−1)n−1
p−1 · ∂Cp.

(Q8)n ∼= 1⊕ ( 5n+3n

2 − 1) · ∂C2 ⊕ 5n−3n

2 · ∂Q8.

∂
(
(SD2m)∗n

) ∼= 2(n−1)(m−3) · ∂SD2m , m ≥ 4, n ≥ 1.

(D2m)n ∼= 1⊕ (5n − 1) · ∂C2 ⊕
m⊕
l=4

(3+2l−2)n−(3+2l−3)n

2l−3 · ∂D2l , m ≥ 3.

Cp o Cp o . . . o Cp︸ ︷︷ ︸
n

∼= 1⊕ `n−1
p−1 ∂Cp, where `0 = 1, `n+1 = `pn+(p2−1)`n

p .
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