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Cherednik algebras

K: a field of characteristic zero.
G C GL(V): a finite irreducible reflection group over K.
S: the set of reflections of G.

For each s € &:
e choose 0 # as € im(idy —s).
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Cherednik algebras

K: a field of characteristic zero.
G C GL(V): a finite irreducible reflection group over K.
S: the set of reflections of G.
For each s € S:
e choose 0 # as € im(idy —s).
v

e let o) € V* be the unique element with s(v) = v — (v, a)as
forall v e V.
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(Vo V)R x RG
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(V @ V*)R x RG by the ideal generated by

[x,x]1=0=]y,y] forall x,x" € V,y,y' € V*
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(V @ V*)R x RG by the ideal generated by

[x,x]=0=y, Y] forall x,x" € V,y,y' € V*
X, y] =D sesC (S) Wyos) s for all x € V,yeV~

aaV

Ulrich Thiel (TU Kaiserslautern) On restricted rational Cherednik algebras for CRGs



Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(V @ V*)R x RG by the ideal generated by

[x,x]1=0=]y,y] forall x,x" € V,y,y' € V*
Y] = Sses () “Gilihiels forallx e Voy € V™.

<Ots,0t;/>
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(V @ V*)R x RG by the ideal generated by

[x,x]1=0=]y,y] forall x,x" € V,y,y' € V*
Y] = Sses () “Gilihiels forallx e Voy € V™.

<Ots,0t;/>

For R = K = C the representation theory of the algebras H. helps
to understand the geometry of (V & V*)/G.

Ulrich Thiel (TU Kaiserslautern) On restricted rational Cherednik algebras for CRGs



Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(V @ V*)R x RG by the ideal generated by

[x,x]1=0=]y,y] forall x,x" € V,y,y' € V*
Y] = Sses () “Gilihiels forallx e Voy € V™.

<Oé5,0t;/>

For R = K = C the representation theory of the algebras H. helps
to understand the geometry of (V & V*)/G.

Theorem (Etingof-Ginzburg, 2002; generalized)
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Cherednik algebras

Definition (Etingof-Ginzburg, 2002; generalized)

Let R be a commutative K-algebra and let ¢ : S/G — R be a map.
The rational Cherednik algebra of G in c is the quotient H. of
T(V @ V*)R x RG by the ideal generated by

[x,x]1=0=]y,y] forall x,x" € V,y,y' € V*
Y] = Sses () “Gilihiels forallx e Voy € V™.

<Oé5,0t;/>

For R = K = C the representation theory of the algebras H. helps
to understand the geometry of (V & V*)/G.

Theorem (Etingof-Ginzburg, 2002; generalized)

S(V)R ®@r RG ®g S(V*)R =2 H. as R-modules.
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Restricted Cherednik algebras

Recall: S(V)R @r RG @5 S(V*)R = H. as R-modules.
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Recall: S(V)R @r RG @5 S(V*)R = H. as R-modules.
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Restricted Cherednik algebras

Recall: S(V)R @r RG @5 S(V*)R = H. as R-modules.

Theorem (Gordon, 2003; generalized)

(a) The image m of S(V)E’R ®R S(V*)E’R is contained in Z(H,).
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Restricted Cherednik algebras

Recall: S(V)R @r RG @5 S(V*)R = H. as R-modules.

Theorem (Gordon, 2003; generalized)

(a) The image m of S(V)E’R ®R S(V*)E’R is contained in Z(H.).
(b) The induced map

S(V)R @r RG @5 S(V)E — H. := H./mH,

is an isomorphism of R-modules.
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Restricted Cherednik algebras

Recall: S(V)R @r RG @5 S(V*)R = H. as R-modules.

Theorem (Gordon, 2003; generalized)

(a) The image m of S(V)E’R ®R S(V*)E’R is contained in Z(H.).
(b) The induced map

S(V)R ®r RG ®r S(V*)E — H. := H./mH,

is an isomorphism of R-modules. Hence, H¢ is an R-free
R-algebra of dimension |G|3
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Restricted Cherednik algebras

Recall: S(V)R @r RG @5 S(V*)R = H. as R-modules.

Theorem (Gordon, 2003; generalized)

(a) The image m of S(V)E’R ®R S(V*)E’R is contained in Z(H.).
(b) The induced map

S(V)R ®r RG ®r S(V*)E — H. := H./mH,

is an isomorphism of R-modules. Hence, H¢ is an R-free
R-algebra of dimension |G|3, called the restricted rational
Cherednik algebra of G in c.
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Restricted Cherednik algebras

Assume that R is a field.
Theorem (Gordon, 2003; generalized)
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Restricted Cherednik algebras

Assume that R is a field.
Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable
finite-dimensional H.-module M.())
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Restricted Cherednik algebras

Assume that R is a field.

Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable

finite-dimensional H.-module M.()), which has absolutely simple
head L.(\)
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Restricted Cherednik algebras

Assume that R is a field.

Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable
finite-dimensional H.-module M¢(\), which has_absolutely simple
head L.(\), and these are precisely the simple H.-modules.
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Restricted Cherednik algebras

Assume that R is a field.

Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable
finite-dimensional Hc-module Mc(A), which has absolutely simple
head L.()\), and these are precisely the simple H.-modules.
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Restricted Cherednik algebras

Assume that R is a field.

Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable
finite-dimensional Hc-module Mc(A), which has absolutely simple
head L.()\), and these are precisely the simple H.-modules.

The block structure of H, yields a partition CM, of Simp(KG),
called the Calogero—Moser c-blocks of G.
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Restricted Cherednik algebras

Assume that R is a field.

Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable
finite-dimensional Hc-module Mc(A), which has absolutely simple
head L.()\), and these are precisely the simple H.-modules.

The block structure of H, yields a partition CM, of Simp(KG),
called the Calogero—Moser c-blocks of G.
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Restricted Cherednik algebras

Assume that R is a field.

Theorem (Gordon, 2003; generalized)

For each A € Simp(KG) there is an indecomposable
finite-dimensional Hc-module Mc(A), which has absolutely simple
head L.()\), and these are precisely the simple H.-modules.

The block structure of H, yields a partition CM, of Simp(KG),
called the Calogero—Moser c-blocks of G.

Cherednik Iwahori—Hecke

G
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For any ¢ : §/G — K we would like to understand:
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Questions

For any ¢ : §/G — K we would like to understand:
e The block structure of H..
e The dimension of the simple modules L.(\).
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Questions

For any ¢ : §/G — K we would like to understand:
e The block structure of H..

e The dimension of the simple modules L.(\).
e The decomposition matrix of the Verma modules M.()).
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Conjecture (Martino, 2009)
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For any ¢ : §/G — K we would like to understand:
e The block structure of H..
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Conjecture (Martino, 2009)

The generic CM-blocks of G
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For any ¢ : §/G — K we would like to understand:
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e The decomposition matrix of the Verma modules M.()).
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The generic CM-blocks of G coincide with the generic Rouquier
blocks of G.
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For any ¢ : §/G — K we would like to understand:
e The block structure of H..
e The dimension of the simple modules L.(\).
e The decomposition matrix of the Verma modules M.()).

Conjecture (Martino, 2009)

The generic CM-blocks of G coincide with the generic Rouquier
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Theorem (Martino, 2009; Bellamy 2009)
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Questions

For any ¢ : §/G — K we would like to understand:
e The block structure of H..
e The dimension of the simple modules L.(\).
e The decomposition matrix of the Verma modules M.()).

Conjecture (Martino, 2009)
The generic CM-blocks of G coincide with the generic Rouquier
blocks of G.

A\

Theorem (Martino, 2009; Bellamy 2009)

Martino's conjecture holds for the imprimitive series G(m, p, n) and
for the exceptional group Gg.
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Questions

For any ¢ : §/G — K we would like to understand:
e The block structure of H..
e The dimension of the simple modules L.(\).
e The decomposition matrix of the Verma modules M.()).

Conjecture (Martino, 2009)

The generic CM-blocks of G coincide with the generic Rouquier
blocks of G.

A\

Theorem (Martino, 2009; Bellamy 2009)

Martino's conjecture holds for the imprimitive series G(m, p, n) and
for the exceptional group Gg.

v

Theorem (T., 2011)
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Questions

For any ¢ : §/G — K we would like to understand:
e The block structure of H..
e The dimension of the simple modules L.(\).
e The decomposition matrix of the Verma modules M.()).

Conjecture (Martino, 2009)

The generic CM-blocks of G coincide with the generic Rouquier
blocks of G.

Theorem (Martino, 2009; Bellamy 2009)

Martino's conjecture holds for the imprimitive series G(m, p, n) and
for the exceptional group Gg.

v

Theorem (T., 2011)

All questions above answered generically for the exceptional groups
Ga, ..., G16, Goo, G22, G2z = Hs, Gog.
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Questions

For any ¢ : §/G — K we would like to understand:
e The block structure of H..
e The dimension of the simple modules L.(\).
e The decomposition matrix of the Verma modules M.()).

Conjecture (Martino, 2009)

The generic CM-blocks of G coincide with the generic Rouquier
blocks of G.

Theorem (Martino, 2009; Bellamy 2009)

Martino's conjecture holds for the imprimitive series G(m, p, n) and
for the exceptional group Gg.

v

Theorem (T., 2011)

All questions above answered generically for the exceptional groups
Ga, ..., G16, Goo, G22, G2z = Hs, Gog.
Martino's conjecture holds in all these cases.
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For any ¢ : §/G — R there is an explicitly defined non-trivial
central element in H.



Euler blocks

For any ¢ : §/G — R there is an explicitly defined non-trivial
central element in H., the Euler element.
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Euler blocks

For any ¢ : §/G — R there is an explicitly defined non-trivial
central element in H., the Euler element.

If R is a field, then the values of the central characters of the

simple H.-modules on eu, yield a partition EU. of Simp(KG),
called the Euler c-blocks, which is coarser than CM..
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Euler blocks

For any ¢ : §/G — R there is an explicitly defined non-trivial
central element in H., the Euler element.

If R is a field, then the values of the central characters of the
simple H.-modules on eu, yield a partition EU. of Simp(KG),

called the Euler c-blocks, which is coarser than CM..

~ EUc is a first approximation of CM ¢
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Euler blocks

For any ¢ : §/G — R there is an explicitly defined non-trivial
central element in H., the Euler element.

If R is a field, then the values of the central characters of the
simple H.-modules on eu, yield a partition EU. of Simp(KG),

called the Euler c-blocks, which is coarser than CM..

~ EUc is a first approximation of CM ¢

Theorem (T., 2011)
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Euler blocks

For any ¢ : §/G — R there is an explicitly defined non-trivial
central element in H., the Euler element.

If R is a field, then the values of the central characters of the
simple H.-modules on eu, yield a partition EU. of Simp(KG),

called the Euler c-blocks, which is coarser than CM..

~ EUc is a first approximation of CM ¢

Theorem (T., 2011)

Two simple KG-modules A, v lie in the same generic Euler block if
and only if
Xu(1)xa(s) = xa(1)xuls)

for all s € S.
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The exceptional group G,

Generalized Coxeter diagram of Gg:

—0B

s t

There are two conjugacy classes of reflections:
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The exceptional group G,

Generalized Coxeter diagram of Gg:

—0B

s t

There are two conjugacy classes of reflections:

{s,t,s%ts,sts?} | {5, 12, st?s?, s%t2s}.
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The exceptional group G,

Generalized Coxeter diagram of Gg:

—0B

S

t

There are two conjugacy classes of reflections:

{s, t,s%ts, sts®} |

Character table:

{s?, %, st?s%, s%t%s).

id s s
1,0 1 1 1
P14 | 1 Cz ¢
1
sl ¢ = ep().
¢23 | 2 -¢ ¢+1
$21 | 2 ¢(+1 (¢
¢32 | 3 0 0
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The generic Euler blocks are isolated.



The exceptional group G,

The generic Euler blocks are isolated.

~» The generic CM blocks are isolated!
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The exceptional group G,

The generic Euler blocks are isolated.
~» The generic CM blocks are isolated!
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The exceptional group G,

The generic Euler blocks are isolated.
~» The generic CM blocks are isolated!

o~ (C2? @ (C?)*)/ Gy admits a symplectic resolution (already
proven by Bellamy).
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The exceptional group G,

The generic Euler blocks are isolated.
~» The generic CM blocks are isolated!

o~ (C2? @ (C?)*)/ Gy admits a symplectic resolution (already
proven by Bellamy).

Theorem (T., 2011)
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The exceptional group G,

The generic Euler blocks are isolated.
~» The generic CM blocks are isolated!

o~ (C2? @ (C?)*)/ Gy admits a symplectic resolution (already
proven by Bellamy).

Theorem (T., 2011)

(a) All questions answered for G4 for all parameters c.
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The exceptional group G,

The generic Euler blocks are isolated.

~» The generic CM blocks are isolated!

o~ (C2? @ (C?)*)/ Gy admits a symplectic resolution (already
proven by Bellamy).

Theorem (T., 2011)

(a) All questions answered for G4 for all parameters c.
(b) The ¢ : §/G — C for which CM. is non-trivial form a union
of hyperplanes in C?.
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Let ¢:S/G — R and let A € Simp(KG).



Supersingular modules

Let ¢: S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)
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Supersingular modules

Let ¢: S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dim Lc(X) < G].
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Supersingular modules

Let ¢: S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dim Lc(A) < [G].
(b) If dim Lc(A) < |G|, then Lc(A) lies in a non-isolated CM-block.
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Supersingular modules

Let ¢: S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dim Lc(A) < [G].
(b) If dim Lc(A) < |G|, then Lc(A) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)
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Supersingular modules

Let ¢: S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dimLc(N) < IG|.
(b) If dim Lc(M\) < |G|, then L(\) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)

If dim Lc(A) = |G|, then

im bx
Proy(®) = T oWl ¢ gy
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Supersingular modules

Let ¢:S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dimLc(N) < IG|.
(b) If dim Lc(M\) < |G|, then L(\) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)
If dim Lc(A) = |G|, then

dim(\) o> P
PLoy(t) = ( )th(t)S(vn(t)

€ Z[t].

V.

Corollary
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Supersingular modules

Let ¢:S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dimLc(N) < IG|.
(b) If dim Lc(M\) < |G|, then L(\) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)
If dim Lc(A) = |G|, then

dim(\) o> P
PLoy(t) = ( )th(t)S(vn(t)

€ Z[t].

V.

Corollary

If £\(t) does not satisfy the divisibility condition above
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Supersingular modules

Let ¢:S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dimLc(N) < IG|.
(b) If dim Lc(M\) < |G|, then L(\) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)
If dim Lc(A) = |G|, then

dim(\) o> P
PLoy(t) = ( )th(t)S(vn(t)

€ Z[t].

V.

Corollary

If £\(t) does not satisfy the divisibility condition above, then
dim L.(N\) < |G|
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Supersingular modules

Let ¢:S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dimLc(N) < IG|.
(b) If dim Lc(M\) < |G|, then L(\) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)
If dim Lc(A) = |G|, then

dim()\)tb* PS(V)(;(t)
A(t)

Corollary

If £\(t) does not satisfy the divisibility condition above, then
dim Lc(X\) < |G| and thus Lc(\) lies in a non-isolated CM-block.

Preoy(t) =

€ Z[t].
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Supersingular modules

Let ¢:S/G — R and let A € Simp(KG).

Theorem (Etingof-Ginzburg, 2002; Gordon, 2003)

(a) dimLc(N) < IG|.
(b) If dim Lc(M\) < |G|, then L(\) lies in a non-isolated CM-block.

Theorem (Gordon, 2003; Bellamy, 2009)
If dim Lc(A) = |G|, then

dim()\)tb* PS(V)(;(t)

Preoy(t) = 0

€ Z[t].

Corollary

If £\(t) does not satisfy the divisibility condition above, then
dim Lc(X\) < |G| and thus Lc(\) lies in a non-isolated CM-block.
Call such X\ supersingular.
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The exceptional group Goys

Generalized Coxeter diagram of Gos:
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There is only one non-isolated generic Euler block, namely

{36, Pa5, 0,7}
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There is only one non-isolated generic Euler block, namely

{36, Pa5, 0,7}

But all these are supersingular, so this is already a generic CM
block!
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The exceptional group Goys

Generalized Coxeter diagram of Gos:

B—0B—0

s t u

There is only one non-isolated generic Euler block, namely

{36, Pa5, 0,7}

But all these are supersingular, so this is already a generic CM
block!

In the generic Rouquier blocks we have on the other hand:

{036} {da,5, Po7}-

Ulrich Thiel (TU Kaiserslautern) On restricted rational Cherednik algebras for CRGs



The exceptional group Goys

Generalized Coxeter diagram of Gos:

B—0B—0

s t u

There is only one non-isolated generic Euler block, namely

{36, Pa5, 0,7}

But all these are supersingular, so this is already a generic CM
block!
In the generic Rouquier blocks we have on the other hand:

{36}, {do5, Po7}.
Theorem (T., 2011)

Martino’s conjecture is wrong!
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