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TORIC ORBIFOLDS ASSOCIATED TO CARTAN MATRICES

MARK BLUME

ABSTRACT. We investigate moduli stacks of pointed chains of projective lines
related to the Losev-Manin moduli spaces and show that these moduli stacks
coincide with certain toric stacks which can be described in terms of the Cartan
matrices of root systems of type A. We also consider variants of these stacks
related to root systems of type B and C.
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INTRODUCTION

EIR Bl Emo=

The Losev-Manin moduli spaces Ly, introduced in [LMO00], parametrise isomor-
phism classes of stable n-pointed chains of projective lines. The space L, forms

a compactification of the torus (G,,)"/G,, that parametrises n points sy, ...

, Sp 10

P!\ {0,00} = G,, up to automorphisms of P! fixing the two points 0,00. It is a
smooth projective toric variety isomorphic to the toric variety X (A,,_1) associated

with the root system A, 1, see [BB11a.
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In the present paper we are concerned with a variant of the Losev-Manin moduli
spaces which arises as a compactification of the moduli space of n non-distinguishable
points in P!\ {0, 0o}, or equivalently, finite subschemes of degree n in P!\ {0, c0}.
Isomorphism classes of such subschemes correspond to polynomials of the form
y" + ap_1y" ' 4+ ...+ aiy + 1 up to multiplication of the variable y by an n-th
root of unity. The torus (G,,)" !, parametrising polynomials with non-zero coeffi-
cients ay, ..., a,_1, is compactified by the moduli stack of chains of projective lines
with finite subschemes of degree n. On the boundary both the coefficients of the
polynomials may become zero and the curve may become a reducible chain of pro-
jective lines. The category of these pointed curves, which we call degree-n-pointed
chains of projective lines, forms an orbifold £,,.

The orbifold £, is related to the Losev-Manin moduli space L, by an S,-equi-
variant morphism L, — £,,, L,, with the operation of the symmetric group S, that
permutes the n sections and £, with trivial operation, which is given by mapping
an n-pointed chain of projective lines to the corresponding degree-n-pointed chain
by forgetting the labels of the sections. The moduli stack £, is defined such that
the morphism L,, — L, is closely related to morphisms of the form Cf — C'/S,, =

C’én) = Div¢, )y from the n-fold product over ¥ to the scheme of relative effective
Cartier divisors of degree n for Cy — Y a relative smooth curve over Y, here a
chain of projective lines over Y without the poles of the components of the fibres.
Therefore the morphism L,, — £,, inherits properties like being faithfully flat and
finite of degree n! and being ramified exactly in the points corresponding to curves
with coinciding marked points, see proposition [[5l The stack £, differs from the

quotient stack [L,/Sy], it has the same points but different automorphism groups.
The coarse moduli space of £,, coincides with the quotient L, /S,.

A main result of this paper, theorem 3.1}, is an explicit description of the structure
of the stacks £,,: we show that £,, is a toric orbifold and we determine the associated
combinatorial data.

Toric Deligne-Mumford stacks over fields of characteristic 0 were introduced in
[BCS05] and constructed from combinatorial data called (simplicial) stacky fans,
consisting of a simplicial fan and some extra data, as quotient stacks [U/T] of an open
subscheme U of some affine space by a diagonalisable group scheme G, generalising
the quotient construction of a smooth toric variety described in [Co95a]. Over more
general base schemes in the same way these data give rise to toric stacks which are
not necessarily Deligne-Mumford stacks but tame stacks in the sense of [AOV0S]. As
our moduli problem results in stacks which are orbifolds, in this paper we are mainly
concerned with toric orbifolds, i.e. toric tame stacks with trivial generic stabiliser.
We will mainly work with toric orbifolds over the integers, considering the fact that
our moduli problem is naturally defined over the integers.
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It turns out that the moduli stacks £,, can be described in terms of the Cartan
matrices of root systems of type A, more precisely, £, is isomorphic to the toric
orbifold Y(A,,_1) which corresponds to the stacky fan Y (A,_1) defined in section
using the Cartan matrix of the root system A, ;. For the proof of the isomorphism
L, = Y(A,_1) we make use of a generalisation of the description of the functor of
toric varieties [Co95b| for toric stacks, which allows to characterise Y (A,_1) as a
stack Cy(a,_,) of Y (A,_1)-collections, i.e. collections of pairs of a line bundle with
a section and additional data.

We also characterise the morphism L,, — £,,, determined by forgetting the labels
of the n sections, in terms of the combinatorial data by specifying the Y(A,,_1)-
collection on X (A4, 1) = L, corresponding to this morphism, see theorem [£.14]
In doing this, in section Ml we compare the description of the functor of the toric
varieties X (A,_1) associated with root systems of type A after Cox [Co95b] in terms
of ¥(A,,_1)-collections to two other descriptions: the description of [BB11a)] in terms
of A,_j-data and a new description involving S,-invariant line bundles on X (A4,,_1).
Both of these are related to Minkowski sum decompositions of the permutohedron:
the first is a decomposition into line segments and the second corresponds to an
embedding X (A,,_1) — H;:ll PG)" and expresses the permutohedron as sum of
Sp-symmetric polytopes.

Generalisations of the Losev-Manin moduli spaces were investigated in [BB11Db].
We considered (2n+ 1)-pointed and 2n-pointed chains of projective lines with in-

volution and showed that the moduli spaces Lg’i and Z: of these objects coincide
with the toric varieties X (B,,) and X (C,,) associated with the root systems B, and
C,, see [BB11D, Thm. 4.1 and 6.15].

In the present setting it makes sense to investigate similar generalisations of the
moduli stacks £,, and to relate these to the toric orbifolds Y(R) for root systems R

belonging to other classical families as well as to the moduli spaces fg’i = X (B,)
and Z: = X(C,). In section Bl we consider moduli stacks of stable degree-(2n+1)-
pointed and degree-2n-pointed chains of projective lines with involution, Z?L’i and

Z: . We show that Z: has a main component Zi + isomorphic to Y(C,,) and that Zﬁ’i
is isomorphic to Y(B,)®", the canonical stack associated to Y(B,,) (see [FMNI0]).

We have morphisms Zf;i — Zg’i and Z: — Zi +, defined by forgetting the labels
of the sections, which are equivariant under the Weyl group.

Acknowledgements. Thanks to Victor Batyrev.
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1. MODULI STACKS OF DEGREE-n-POINTED CHAINS

We define moduli stacks of stable degree-n-pointed chains of projective lines.
Compared to the Losev-Manin moduli spaces considered in [LMO00], [BB11al], we
replace the n marked points s1, ..., s, of an n-pointed chain of projective lines by a
finite closed subscheme S of degree n.

Definition 1.1. A stable degree-n-pointed chain of projective lines over an alge-
braically closed field K is a tuple (C,s_,s.,S), where C is a chain of projective
lines over K with two distinct closed points s_, s, on the outer components such
that on each component the number of intersection points together with s_, s, adds
up to 2 (cf. [BB1la, Def. 3.1]), and S C C a finite closed subscheme of degree n
that does neither meet the intersection points of components nor s_, s, but that
does meet every component of C. We define the category L, of stable degree-n-
pointed chains of projective lines over the category of schemes. The objects over a
scheme Y are stable degree-n-pointed chains of projective lines over Y, i.e. tupels
¢ = (C—Y,s_,sy,S5), where C — Y is a locally finitely presented, flat, proper
morphism of schemes, s_,s,: Y — C are sections and S C C is a subscheme fi-
nite flat over Y, such that the geometric fibres are stable degree-n-pointed chains
of projective lines. We have the natural notion of isomorphism of degree-n-pointed
chains of projective lines over the same scheme Y and of pullback of an object over
a scheme Y with respect to a morphism f: Y’ — Y. A morphism in £, over a
morphism f: Y’ — Y is a cartesian diagram of stable degree-n-pointed chains of
projective lines over f.

Remark 1.2. (1) For a chain of projective lines (C,s_,s;) over a field K any
component is isomorphic to P} since it contains a point with residue field K.

(2) As the morphisms C' — Y are locally finitely presented, by [EGAL IV, (8.9.1)]
we can use some results which originally require some noetherian hypothesis.

Remark 1.3. The automorphism group of a chain of projective lines (C,s_,s.)
of length [ over a field K is a torus (G,,)%. A stable degree-n-pointed chain of
projective lines (C,s_,s.,S) of length | over K has a finite automorphism group
scheme which is a subgroup scheme of (G,,)%. There are objects (C,s_,s;,S)
having nontrivial automorphisms: consider for example a projective line PL with
homogeneous coordinates z, z1, two poles s =(1:0), s; =(0:1) and a subscheme
S of degree k given by the equation zi — 2F = 0; in this example we have an

automorphism group scheme isomorphic to .

Proposition 1.4. The category L, is a category fibred in groupoids over the category
of schemes. It forms a stack over the fpqc site of schemes with representable, finite
diagonal. Qver fields of characteristic 0 the diagonal is unramified.

Proof. The category L, together with the natural functor to the category of schemes
is a fibred category, the cartesian arrows being cartesian diagrams of degree-n-
pointed chains, and moreover the fibres £,(Y) over schemes Y form a groupoid.
The fibred category £, is a prestack in the fpqc topology, i.e. descent data for
morphisms are effective, see for example [Vi05, Prop. 4.31]. To show that £, is a
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stack, it remains to show that descent data for objects are effective. Let (7: C' —
Y,s_,s.,S5) be a stable degree-n-pointed chain of projective lines over a scheme Y.
The subscheme S C C'is an effective Cartier divisor in C' because this is true on
the fibres, see [KI05, Lemma 9.3.4], and so its ideal sheaf .# C O is a line bundle.
The line bundle O¢(S) = .# ! is relatively ample with respect to 7 since it is ample
on the fibres, see [EGA| III, (4.7.1)], [EGA] 1V, (9.6.5)]. In fact, Oc(S) defines a
closed embedding in the projective bundle Py (7,O¢(5)), see proposition 3.4l Given
a morphism F: (C' =Y’ s s ,5) = (C—=Y,s5_,5,,5) of two degree-n-pointed
chains over a morphism f: Y’ — Y forming a cartesian diagram, we have a natural
isomorphism F*O¢(S) = Oc(5), and further, given morphisms F' and G over
[:Y' =Y and ¢g: Y — Y’ after identifying (FG)*O¢(S) with G*F*O¢(S) the
isomorphisms (FG)*Oc(S) = Ocn(S”) and G*F*Oc(S) = G*Oci(S) = Ocn (S")
coincide. Then, by descent theory of flat proper morphisms of schemes with a
relatively ample invertible sheaf, see [Vi05, Thm. 4.38], descent data for objects of
L, are effective.

We show that the diagonal L, — L, x L, is representable and finite. For a
scheme Y and a morphism Y — £, x L, given by two objects ¢,%” € L£,(Y), the
category Y Xz .7 L, fibred over the category of Y-schemes is isomorphic to the
functor on Y-schemes Isom(%,¢”)(f: Z = Y) = Morz, 5 (f*¢, f*¢"). Using the
embedding via O¢(5) into Py (m.0¢(S)) = P} described in proposition B.4] we see
that Isom(%’, %) is a finite closed subgroup scheme of the open dense torus of P}.
In characteristic 0 it is unramified over Y, because then the fibres are reduced. [

_ The stack L, is related to the Losev-Manin moduli space L, by a morphism
L, — L, that arises by considering the n sections of an n-pointed chain over Y as
a relative effective Cartier divisor of degree n over Y.

Proposition 1.5. The morphism fn_—> L, is faithfully flat and finite of degree n!.
It is ramified exactly in the points of L, corresponding to n-pointed chains with some
coinciding marked points.

Proof. Note that the morphism is representable, since £,, has representable diagonal.
We show that for any morphism Y — L£,, Y a scheme, the morphism of schemes
Y Xz, L, — Y has the properties in question. The morphism Y — £,, corresponds
to an object € = (C — Y,s_,s,,5) over Y and the functor ¥ x; L, maps a
scheme T to the set {(f: T—=Y,(C'"—=T,5_,84,81,...,8,),a) | a: f*€ — (C"=T,
S_,Sy,81+...+8,)}, where s; 4 ...+ s, denotes the divisor of degree n associated
to the n sections and « is a morphism in £,(T). We denote by Cj the open sub-
scheme of C' obtained by excluding the poles and intersection points of components
on the fibres. Then Cj is a quasi-projective curve over Y, which is smooth over
Y since it is flat with smooth fibres (see [EGAL IV, (17.5.1)]). We may, for any
T, identify the chains C” over T occurring in the above sets with C' xy T via the
specified isomorphisms. The additional data given by the subscheme S C Cy are
equivalent to a section s: Y — Dive, = C’én) of the scheme of relative effective di-
visors of degree n, which coincides with the n-fold symmetric product of Cjy over Y,
see [SGA4(3), Exposé XVII, 6.3.9, p. 186]. Likewise, the data given by the sections
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S1,..., Sy are equivalent to a section s': T'— (C§')r of the n-fold product such that
its composition with (Cf)r — (Cén))T is the base extension sy of s, or equivalently,
to a morphism s': 7' — C{' whose composition with Cf' — Cé") coincides with so f.
Thus the functor Y xz L, is isomorphic to the functor of the scheme Y x o cy,
and this concludes the proof because the morphism Cj — Cé") has the required
properties. 0
Remark 1.6. With proposition and some general theory we can derive some
properties of the stack £,: by [LMB, Thm. 10.1], making use of the proposition,
L, is an algebraic stack (Artin stack); in characteristic 0, by [LMB], Thm. 8.1] and
the fact that it has unramified diagonal, it is a Deligne-Mumford stack. However,
the result will follow independently later in section [3] together with a more detailed
description of the structure of £,,.

On the Losev-Manin moduli space L, we have an operation of the symmetric
group S, permuting the n sections. Any S,-equivariant morphism L, — Z, Z a
scheme with trivial S,-action, factors through L, — L,. This implies that the
quotient morphism L,, — L, /S, factors as

L, — L, — L,/Sy,
and moreover, as L,, — L, is an epimorphism, £, — Ly, /Sy, forms the coarse moduli
space of L,,.

Remark 1.7. There is the quotient stack [L,/Sy], which has the same geometric
points as L,,. However, the automorphism groups of objects of [L,/S,], differ from
those of £,, which are always abelian.

In the case of the Losev-Manin moduli spaces, the boundary divisors arise as
images of closed embeddings L, X L, — Ly.n. For the stacks £, we also have
embeddings £,, X L,, — Lymin, defined as in the Losev-Manin case by concatenation
of chains, and the diagrams

Ly X Ly — Ly
(1) 4 I

Lo XL — Toven
are commutative.

The morphism L, — L, maps the open dense torus of X(A4,), the moduli
space of irreducible n-pointed chains, onto the moduli stack of irreducible degree-
n-pointed chains. This open substack of £, parametrises subschemes S of degree
n in P!\ {0, 00} modulo automorphisms of P! fixing 0 and co. An object over an
algebraically closed field K can described by a monic polynomial [ ,(y — s;) of

degree n with sq,...,s, € K* determined up to scaling by a common factor A € K*
and permutations. We can write this polynomial as

Yyt — (s sy + (=)"s1- s,
where the coefficients are the symmetric polynomials in sy, ..., s,. Assuming sy - - - s,

= (—1)", we have a polynomial of the form

Yt 4 a4 a4+ + Gp1y + 1
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with coefficients aq, ..., a,_1 € K. The isomorphism class of the object determines
these coefficients up to the equivalence (ay,...,a, 1) ~ (" tay, ..., €an 1), € an
n-th root of unity. The moduli stack of such objects is the quotient stack [A™™1/u,,],
where the group scheme p,, of n-th roots of unity acts with weights (n—1,...,1).

It contains an (n — 1)-dimensional algebraic torus 7' parametrising classes of
polynomials with non-zero coefficients. A K-valued point of T is given by an
(n—1)-tuple

R I T

7
az ag Ap—2 Ap—1

of elements b; of the field K. These expressions in the a; form a set of generators of
{n-invariants in the coordinate ring of the torus (G,,)" ! C A"~!. Equivalently, we
can express a K-valued point of T" as a collection (ay,...,a,-1,b1,...,b,_1) up to
the equivalence

(al, e, Qp1, bl, e bnfl) ~ (/ﬁal, ey RKp—1Qp—1, )\ib17 e )\nflbnfl)
for k; € K* and \; = k2/(ki_1kiy1), putting kg = K, = 1.

Allowing certain subsets of the coordinates a;, b; to become zero, we obtain a toric
tame stack which compactifies the moduli stack [A"~!/pu,| of irreducible chains. Its
definition and properties are contained in section 2l and we will show in section
that it coincides with the moduli stack £,. In particular, degenerating some of the
b; to zero can be interpreted as degenerating a projective line to a reducible chain
of projective lines. These additional divisors arise as in diagram ().

Example 1.8. We illustrate some results of this paper in the case n = 2 (see
also examples 2.2 B.8 [£T16). There is a natural embedding of degree-2-pointed
chains (C,s_, s, S) into P? determined by the line bundle O¢(S) (for arbitrary n
see section B): in P2 = P(H°(C,Oc(S5))) we can choose homogeneous coordinates
Yo, Y1, y2 such that C is given by an equation yoys = b1y?, the subscheme S C C by
an additional equation yy + a1y; + y2 = 0, and the two sections s_, s, are (1:0:
0),(0:0:1). Over an algebraically closed field K, data (ay,b;) € K%\ {(0,0)} up to
the equivalence (ay,b;) ~ (k1a1, \1by) for k2 = \; € K* correspond to isomorphism
classes of degree-2-pointed chains over K.

yo+aiyi+y2=0 l yo+ai1yi+y2=0
S_"Q.

ar =0 ar,by #0 by

Il
o
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The moduli stack L is isomorphic to the quotient stack [(A%\ {(0,0)})/G,,] for
the operation with weights (1,2), i.e. the weighted projective line P(1,2) (which
coincides with the toric orbifold Y(A,_1) for n = 2 defined in section [2). The open
substack parametrising irreducible curves, the locus where b; # 0, is the quotient
stack [A'/u,] with coordinate a; on A'. The open substack parametrising objects
without isomorphisms, the locus where a; # 0, is isomorphic to A with coordinate b;.

The morphism L, — Lo is faithfully flat and finite of degree 2. We introduce
homogeneous coordinates z_, z, of Ly = P! that measure the position of one of the
marked points of a 2-pointed chain with respect to the other marked point at (1:1)
of its component isomorphic to P!, such that the two points (0:1), (1:0) correspond
to reducible chains (cf. [BB11a]). Then the point (1:-1) corresponds to a 2-pointed
curve P! with marked points (1:1), (1:-1) giving rise to a degree-2-pointed curve
with automorphism group po. The point (1:1) corresponds to the point of £, with
nonreduced S, the morphism is ramified here and étale elsewhere.

(0:1)
Ly =P!
(1:0)
_ % a1 =0 b1 =0
L, =P(1,2) . . .
nontrivial nonreduced S reducible chain
automorphism ramification

We will see in section @ that the morphism Ly — L, is given as

(24 2y 1 2-2y): Pt — P(1,2).

2. THE TORIC ORBIFOLDS Y(A4,)

In this section we will consider a family of toric orbifolds associated to the Cartan
matrices of root systems of type A, but also comment on some generalities on toric
stacks.

We use the definitions and notations of [BCS05]. A stacky fan ¥ = (N, 3, )
defining a toric orbifold has the property that the abelian group N is free; it consists
of the data of a simplicial fan ¥ in the lattice N and elements n, € o N N for the
one-dimensional cones ¢ € ¥(1). Here we assume them to span the ambient space
Nq. The homomorphism 3: Z¥!) — N maps the elements of the standard basis to
the elements n,. Dually we have the exact sequence

0 — M=Homg(N,Z) 2 =0 25 pag) — 0
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giving rise, as sequence of character groups, to the exact sequence of diagonalisable
group schemes

1—G—Tyq — Ty — 1L

The toric orbifold Xy is defined as the quotient stack [U/G] with U C A¥() the
open subset defined by the information which of the one-dimensional cones form
higher dimensional cones of . The constructions make sense over the integers,
however, working with G-torsors, in general one may have to choose an appropriate
Grothendieck topology on the base category possibly finer than the étale topology
(see also remark [2.8)). The resulting algebraic stacks Xs are tame stacks in the sense
of [AOVO0S].

Definition 2.1. We define the toric orbifold Y(A,,) associated to the Cartan matrix
of the root system A, in terms of the stacky fan Y'(A,,) = (N, T(A,.),B): let N = Z"
and let the linear map 3: Z** — N be given by the n x 2n matrix

21 0 -~ 1 0 0
1 -21 - 0 1 O

o1 -2 ... 0 0 1

i.e. the matrix consisting of two blocks (-C'(4,) I,,), where C'(4,,) is the Cartan ma-
trix of the root system A,, and I,, the n x n identity matrix. The fan T(A,,) consists
of the 2n one-dimensional cones g1, ..., 0n, T1,...,T, generated by the columns of
the above matrix. A subset of one-dimensional cones generates a higher dimensional
cone if it does not contain one of the sets {o1,71}, ..., {0n, 7n}. This defines a fan
containing 2" n-dimensional cones o; generated by sets {o; : i € [} U{7; : i € I} for
subsets I C {1,...,n}.

For the stacky fan Y (A,) the map 3: Z>* — N gives rise to the exact sequence
of lattices

-C
0 —s a2z ) 70 () pag =z

where C' = C(A,)" = C(A,) is (the transpose of) the Cartan matrix, and the exact
sequence of tori

1 — G=2(G,)" — (Gp)* — T2 (Gp)" — 1

where G = (G,,)" — (Gn)*™, (K1,--s6n) > (K1yoe oy Bny Ay - ooy Ay) With A =
Kk7/(Ki1Kip1) setting kg = kny1 = 1 (cf. last section). Note that the toric orbifold
Y(A,) arises as quotient [U/G]| by a torus G.

Example 2.2. The toric orbifold Y (A;) is isomorphic to the weighted projective
line P(1,2): we have the matrix (-2 1) and the stacky fan looks as follows:

Y(A) TR R | ; 4 R — e
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Example 2.3. The toric orbifold Y(As) arises from the matrix <_12 _12 (1] ? )

We have the stacky fan

The description of the functor of a smooth toric variety given by Cox [Co95b] in
terms of collections of line bundles with sections determined by the combinatorial
data has been extended to toric Deligne-Mumford stacks by Iwanari [Iw07] and
Perroni [Pe0§]. For the stacky fan Y(A,,) we have:

Definition 2.4. An Y (A, )-collection on a scheme Y is a collection
L = ((Lois ai)i=1
where (.%,,,a;) and (.Z,, b;) are line bundles with a section and

€1 LnRLIPR Ly, = Oy, o L RLYy R LE 0Ly — Oy, oo
...... Cn1: Lpy 0L, s RLE2RYL,, = Oy, eyt L5,0%,, \QLE? = Oy

are isomorphisms. These data are subject to the nondegeneracy condition that for
every point y € Y and i = 1,...,n not both a;(y) = 0 and b;(y) = 0.

A morphism £’ — £ between two Y (A, )-collections .Z = ((.Z,,, a:)i, (L5, bi)i,
(ci)i) on Y and &' = ((Z,,, a})i, (£, )i, (c;)i) on Y over a morphism of schemes
f:Y' = Y is a collection ((7)i=1,...n, (ti)i=1....n) consisting of isomorphisms of line
bundles r;: f*.%, — £, t;: f*Z;, — £/ such that r;i(f*a;) = aj, t;(f*b;) = b; and
the diagrams

[ [ Ly @ LR L, TS Oy

(2) i o
37{2 ® "g’ﬂéiﬂ ® "g’ﬂéi@_Q ® Z, i> Oy

Qi+1

(1=1,...,n; for i = 1,n omit the factors indexed by g, 0,+1) commute.
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We denote the fibred category of Y (A, )-collections over the category of schemes
by Cx(4,)- It comes with the cleavage given by pull-back of line bundles: for f: Y —
Y we have an arrow f*.% — £ in Cy(4,). The definition describes a morphism
&' — £ in Cy(a,) as composition of a morphism Z" — f*Z over idy with
L — ZLover f[:Y =Y.

Remark 2.5. For an affine scheme Y a morphism of Y (A, )-collections &' — ¥
over idy, after fixing isomorphisms of the line bundles with the structure sheaf, cor-
responds to a collection ki, ..., Ky, A1, ..., Ay € O3 (Y) such that the isomorphisms
Oy =24, - 2, =0y and Oy 2.7, — £ = Oy are given by multiplication
by k; and A;. The condition expressed in diagram (2)) translates into the equations
N = K2/(Ki_1Kiy1), putting kg = K1 = 1.

The category of X-collections Cx for a stacky fan 3 is a category fibred in
groupoids (CFG) over the base category of schemes. By descent theory for quasi-
coherent sheaves the CFG Cyx forms a stack in the fpqc topology, see [Vi05, Thm.
4.23]. By Iwanari [Tw07, Thm. 1.4] (for toric orbifolds) and Perroni [Pe08, Thm. 2.6]
(for toric Deligne-Mumford stacks) over fields of characteristic 0, working with the
étale topology, there is an isomorphism of stacks Xs = Cx. Also over more general
base schemes we have an isomorphism A5y = Cs;; we make some comments on this
issue.

Construction 2.6. Explicitely, one can construct an isomorphism As = Cs as
follows, here for simplicity we stick to the orbifold case and assume that the one-
dimensional cones generate the ambient space Ng.

Note that we have a natural G-equivariant X-collection ((Oy ®@V,, x,),, (id).,) on
U, where V, is the one-dimensional representation such that the coordinate x, of
U c A*W is an invariant section of Oy ® V, (in the case of smooth toric varieties
as considered in [Co95a] this G-equivariant collection descents to the universal col-
lection on the toric variety). Since both fibred categories are Zariski-stacks we can
restrict to the base category of affine schemes.

Starting with an object of Xy over Y, that is a G-torsor p: £ — Y together
with a G-equivariant morphism ¢: £ — U, the pull-back t*((Oy ® V,, z,),, (id)m)
is a G-equivariant X-collection on E and gives rise to the 3-collection p&t*((Oy ®
Vi Zy) g, (id)m) on Y (the functor p¢ takes the G-invariant part of the push-forward).

On the other hand, for a given 3-collection ((.Z,, u,),, (¢m)m) on an affine scheme
Y we construct a G-torsor with a G-equivariant morphism to U. Let £ be the
contravariant functor on the category of Y-schemes

3-collections ((Oyr @ Vy,ul), (id)y) on Y'
E: (¢:Y' —=Y) — < with an isomorphism of 3-collections

(L4 Ug)gs (Em)m) = ((Oyr @V, ulg)ga (id)m)
where V,, the one-dimensional representation as above, is used to define an op-
eration of G on this functor. Then one can show that the functor E with this
G-action is represented by a G-torsor p: E — Y together with a universal isomor-
phism p* (L}, tg) g, (Cm)m) = (O @ V,,ul),, (id)ym) of G-equivariant 3-collections,
provided that the original X-collection is locally trivial in the sense that there is a
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covering f:Y' — Y such that f*((-Z,,up)es (¢m)m) is isomorphic to a collection of
the form ((Oy+, u},),, (id)m); collections of this form correspond to trivial G-torsors.
We will assume that the topology on the base category is such that any 3-collection
has this property, see also the following remarks. The sections (uf ), of the universal
S-collection on F then define a G-equivariant morphism £ — U C AW,

Making use of the fact that for a G-torsor p: £ — Y we have the equivalence
QCoh(Y) <+ QCoh®(E) given by the functors p* and p¢, one can show that these
constructions define functors A, <+ Csx whose compositions are isomorphic to the
identity functors.

Remark 2.7. We can interpret the construction of the GG-torsor as the coboundary
homomorphism d in the exact sequence (see [Gi, Ch. III, §3])

0 — H(Y,G) — HO(Y, Tsq)) — HO(Y, Ty) - H'(Y,G)

where elements of H!(Y,G) are isomorphism classes of G-torsors over Y: given a X-
collection ((Oy,uy),, (¢m)m) on Y, the automorphisms (¢, )., of the structure sheaf
can be interpreted as a morphism Y — Ty or section of Ty x Y — Y, and fitting
into the cartesian diagram

EF — Tg(l)

{ +

Yy — aY;

we obtain a G-torsor E — Y which is trivial if and only if (¢,,),, € H(Y, Ths) comes
from an element of H°(Y, Txy)-

Remark 2.8. Working with G-torsors, we usually assume that the Grothendieck
topology on the base category is fine enough in the sense that we have the same
G-torsors as we have with respect to the canonical topology. We have seen that this
assumption was necessary to derive the isomorphism Xs; = Cx: whereas the notion of
G-torsor depends on the topology, this is not the case for the notion of 3-collections.
For X-collections we have the corresponding assumption that 3-collections are lo-
cally trivial with respect to the topology (in the sense of construction 2.6]). In
characteristic 0 this is always true for the étale topology. In general we may have
to take a finer topology, for example the fppf topology.

In the case of the stacky fan Y (A,) the lattice M is a direct summand of Z>(") and
the group scheme G a torus, so the following result also holds in weaker topologies
like étale or Zariski.

Corollary 2.9. There is an isomorphism of stacks Y(A,) = Cy(a,)-

In particular, a K-valued point of Y(A,,) corresponds to (ay,...,ay,b1,...,b,) €
K" such that for any 7 not both a; = 0 and b; = 0, up to the equivalence relation
given by multiplication by a collection (K1, ..., fp, A1, ..., Ay) € (K*)?" as in remark
2.9l
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3. Y(A,_1) AS MODULI STACK OF DEGREE-n-POINTED CHAINS

In this section we will prove the following theorem.
Theorem 3.1. There is an isomorphism of stacks L, = YV(A,_1).

Because the fibred categories under consideration are stacks we can restrict to
the base category of affine schemes. We will relate families of pointed chains over
affine schemes to Y (A,_1)-collections and prove an equivalence of fibred categories
L, = CT(An—1)'

Let (C,s_,s4,S) be a degree-n-pointed chain of projective lines over a field K.
We look at the closed embedding C' — Py (H°(C,0c(S5))) = P determined by
Oc(9).

First assume that C'is irreducible, that is C = P%.. The vector space H°(C, O¢(S))
is (n + 1)-dimensional and we have a basis yq,...,¥y, such that the divisor of y;
satisfies div(y;) = is_ + (n —i)s;. The ideal sheaf & = O¢(—S) — O¢ defining
S is a line bundle. Tensored with O¢(S) we have an inclusion O — O¢(S) with
cokernel Og, and the image of the 1-section of O¢ is a global section ., a;y; €
HY(Y,Oc(S)). The subscheme S C C'is given by the equation Y " a;y; = 0, where
ag, a, # 0 as S does not meet s_,s,. We can choose the basis ¥y, ..., y, such that
ap = a, = 1.

The embedding defined by O¢(S), the n-fold Veronese embedding or n-uple em-
bedding, gives an isomorphism of C' onto the subscheme in P’ determined by the
equations

YiYj+1 = biv1-- 'bjyi+1yj

for 0 <i < j < n and certain numbers by, ...,b, 1 € K*. These equations express
the condition that the rank of the matrix

Yo biyr .. bibniyn

Yy Y2 .- Yn

is less than 2. The subscheme S in the embedded curve is given by the additional
linear equation
Yn + Qn1Yn1 + ... + a1y1 + yo = O.
Similarly, we have a natural embedding of reducible degree-n-pointed chains of
projective lines into P’ .

Proposition 3.2. Let (C,s_,s.,S) be a degree-n-pointed chain of projective lines

over a field K. It decomposes into irreducible components C1, ..., Cp,, = PL with
poles (py,pf), ..., (., D) such that s_ = p;, sy = pf and C; intersects Ciy1 in
pS = Piy1- Let ny, ..., ny be the degrees of S on the components Cy,...,Cy, and

Ny =S¥ ni. Then there is a basis yo, . . ., yn of HY(C,Oc(S)) characterised up to
nonzero scalars by the following conditions: y; is nonzero only on the components Cj,
satisfying Nx—1 < i < Ny and in this case div(y;)|c, = (i—Np—1)p, +(Np—i)p; . We
scale Yo, Yo, such that the image of the 1-section under the inclusion Oc — O¢(S) is
St oaiy € HY(Y,Oc(S)) with ag = a, = 1, that is, S is given by an equation

(3) Yn + Qp-1Ypn—1 + ... + a1y1 + yo = 0
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for some aq,...,a,_1 € K. These sections vy, ..., Yy, satisfy the equations
(4) YiYj+1 = big1 -+ bjYir1y;
for 0 <i < j <n and certain numbers by, ..., b,_1 € K such that b; = 0 ezactly if

je{Ny, ..., Ny}

The curve C embeds into P (H®(C,Oc(S))), the image being the subscheme de-
fined by the equations ([@l). The subscheme S of the embedded curve is given by the
additional equation [B)). The sections s_, sy are (1:0:...:0), (0:...:0:1).

The numbers ay,...,a,_1 and by, ..., b,_1 in B) and {@l) have the property that
not both a; = 0 and b; = 0.

We will not work out the proof in detail, but add some remarks.

Remark 3.3. The component C} is embedded into the projective subspace of
Px(H°(C,Oc(S))) spanned by the coordinates yn, ,,--.,yn, via a Veronese em-
bedding, the image is given by the equations corresponding to the condition that
the rank of the matrix

YN, _, ka,1+1yNk,1+1 . ka,1+1 . 'kaflyNkfl
YNp—_1+1 YNp_1+2 s YNy

is less than 2. The equation (B]) reduces on Cy to an,yn, + ... + an,_,Yn,_, = 0
which defines a finite subscheme Sy of degree ny in Cy C P7*. A subscheme S}, of
this form does not meet the poles of Cj provided that ay,,an,_, # 0.

We generalise this to degree-n-pointed chains over affine schemes.

Proposition 3.4. Let (m: C—Y,s_,s.,S5) be a degree-n-pointed chain of projective
lines over an affine scheme Y. Then there is a decomposition m.Oc(S) = D), Oy y;
characterised on the fibres by the properties of proposition [3.2. The generators
Yoy -, Yn € HY(Y, m,.0c(S)) of the individual summands, after possibly rescaling
by a global section of O3, satisfy:

(i) The image of the 1-section under the inclusion Oc — Oc(S) is of the form

UYn + Gn1Yn—1 + ... + a1y1 + Yo-

(ii) The kernel of the homomorphism of algebras Sym m,(Oc(S)) = Brey mOc (kS)
15 generated by the equations

YiYj+1 = biy1-- 'bjyi+1yj

for 0 <i<j<mn and some by,...,b,_1 € Oy(Y).

The line bundle Oc(S) determines a closed embedding C — C' C Py (m.(Oc(9)))
= PV over Y. Its image C' in the coordinates yy, . ..,y is defined by the equations
in (ii), the image of S in C" by the additional equation in (i), and the sections s_, s
are (1:0:...:0), (0:...:0:1).
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Proof. Given a point y € Y, we construct a decomposition of 7,.O¢(S) into a direct
sum of structure sheaves over an open subscheme containing y. The decomposi-
tion of €y into irreducible components C;, = C; U ... U (), determines over an
open subscheme Y’ C Y containing y a decomposition of S into divisors S, ..., S,
which are disjoint and such that Sy only meets one component on each fibre and
the component Cy over y. Each S;, determines a morphism onto a P'-bundle P}/,
which on the fibres is an isomorphism on the component containing S; and con-
tracts the other components (similar as the contraction morphisms in [Kn&83], cf.

also [BB11al 3.3]). We have global sections yék), oy of OJP;, (Sk) with the prop-
erty that y](\z)fl, . ,y](\lf) satisfy div(y™) = (i — Ny_1)s_ + (N}, — i)s4 (using the

k
notation Sy, s_,s; also for their images in P},). Let the other yi(k) be constant
nonzero. Using the pull-backs of these to C|y+ denoted by the same symbols, we de-

fine y; =y - y™ € HY(Clyr, 0c(S)) = HY(Clyr, Oc(51) ®. .. @ Oc(Sp)). These
sections 1, . . . , Y, define a decomposition with the required properties over Y’. The
decompositions 1.0¢(S) |y = @), Oy+y; over the open subschemes Y’ C Y deter-
mine a decomposition of m,O¢(9).

The image of the 1-section under the inclusion Oc — O¢(S) gives a global section
Sy € HY(Y, m.Oc(S)) with a; € Oy (Y). Since ag, a,, € O3 (Y) we can assume
that ag, a, = 1.

Using what is known about the fibres and results from [EGA] ITI] (cf. also [Kn83]),
we derive that m,(O¢(kS)) for k > 0 is locally free of rank kn + 1, further that the
homomorphism 7*7,Oc(S) — Oc(S) is surjective and defines a closed embedding
C = Py(m.Oc(9)) = Py

The embedding ' — PY{ corresponds to the surjection of graded algebras
Sym . (Oc(S)) = Brey mOc(kS). Its kernel & is the graded ideal that defines
the embedded curve C" C P}.. Each part .#; of .# is locally free, being the kernel of
a surjective homomorphism of locally free sheaves. The graded ideal .# is generated
in degree 2 since this is the case on the fibres .# ® k(y) for each point y € Y. The
part %, of degree 2 is a vector bundle of rank %n(n —1). For ¢ < j the subsheaves
(Yit1Y5, Yiyj+1) and (yi11y;) of m.Oc(5), i.e. the subsheaves generated by the respec-
tive sections, coincide as this is true on the fibres. Considering the case j = i+1, the
kernel of the surjective homomorphism Sym?*m.(Oc(S)) D OyyZ,; ® Oyyivire —
<yi2+1, yiyi+2> C m.Oc(29) is a line bundle, so isomorphic to Oy and generated by
a global section y;y;+o — bip1y7, for some b1 € Oy(Y). For general i < j we
have as kernel y;y;41 — biy1jyir1y; for some b1 ; € Oy(Y) and from the equa-
tion (yivo - Yp)bir1, Y1y = Wive Y)yilser = (biv1- b)) Wir2 -+ ¥5)¥ir1y; in
m.Oc(S) we conclude that b1 ; = bipq1---b;. O

We define a morphism of fibred categories £,, — Cr(an_1)-

Construction 3.5. Let ¥ = (C — Y,s_,s.,5) be a degree-n-pointed chain of
projective lines over an affine scheme Y.  We construct a decomposition
oY =~ 71.00(S) and a basis 9,...,y, as in proposition B4, and obtain
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functions as,...,an-1,b1,...,0,—1 € Oy(Y). We define (%Z,,,a;) = (Oy,a;),
(L5, bi) == (Oy, b;) and have the isomorphisms ¢;: £,®.%, ®2L2?Q.%,,, — Oy
(again omit .Z,,, .Z,,) given by the identities on Oy. These data form a Y (A,,_1)-
collection .Z, the nondegeneracy condition that not both a; = 0 and b; = 0 in
each point is satisfied by construction and proposition 3.2l Different choices of
bases yo, ..., yn and v, ..., y, are related by y; = k;y; for some x; € O3 (Y). The
corresponding Y (A,,_1)-collections .Z and £’ are connected by the isomorphism
L' — £ consisting of isomorphisms Oy =.%,, — £, =0y, Oy =%, — £ =0y
given by a collection K1, ..., Kn_1,A1,..., \p1 € O3 (Y) as in remark 2.5

For a morphism ¥’ — % of degree-n-pointed chains over f: Y’ — Y ie. a
cartesian diagram consisting of f, a morphism F': C" — C that maps s”,s',, 5" to
s,sy,Sand 7m: C — Y, n': C" = Y’ we have a morphism of the corresponding
Y (A,_1)-collections .’ — £ that arises as above (we have given trivialisations
£, L. =0y and %, f*2Z, = f*Oy = Oy/) by comparing the chosen bases
Yoy -y [yn and yg, . . ., y), of f*m.Oc(S) =2 . F*Oc(S) = w0 (5").

One checks that this defines a functor ®: £,, — Cy(a,_,)- The functor ® is base-
preserving and sends cartesian arrows to cartesian arrows.

We also construct a functor in the opposite direction.

Construction 3.6. Let .Z = ((.%,,, a:)i, (L, bi)i, (¢;)i) be a Y (A,_1)-collection
on an affine scheme Y. We choose trivialisations .Z,,, . Z;, = Oy such that the
isomorphisms ¢;: £, ® L, @ L2? ® ZL,,, — Oy fori =1,...,n —1 (omit
Ly Z,,) are the identities on Oy. Let C be the closed subscheme of P} given by
the equations y;y;+1 = biy1---byi1y; for 0 <7 < 53 < n —1, where yp,...,y, are
homogeneous coordinates of P} and by, ...,b,_1 are considered as regular functions
on Y via the isomorphisms .Z;, = Oy, and let 7: C' = Y be induced by P} — Y.
By construction, the subscheme C' C PY is isomorphic to Projy . where . is
the graded algebra Oy [yo, ..., Yn| / (ViYj+1 = bit1 -+ bjyir1y;; ¢ < j). The morphism
m: C' — Y is flat since each graded piece of .7 is locally free ([EGA] III, (7.9.14)]).
Indeed, we have .7}, = OP*"*! with basis y* and yf~'y!,, for i = 0,...,n—1 and
I =0,...,k—1. Let s_,s; be the sections (1:0:...:0), (0:...:0:1) with
respect to the co-ordinates vy, ..., y, and let S C C be the subscheme given by the
additional equation ¥y, + an_1Yn_1 + ... + a1y1 + yo = 0, where again aq,...,a,_1
are considered as regular functions via .Z,, = Oy. This defines a degree-n-pointed
chain of projective lines € = (C' — Y,s_, s, 5).

For a morphism .’ — £ of Y (A,_1)-collections over f: Y’ — Y we have a mor-
phism €’ — % of degree-n-pointed chains. The curve € associated to £ consists
of subschemes of P} defined with respect to homogeneous coordinates yo, . .., y, in
terms of the functions a;,b; € Oy (Y) after choice of isomorphisms .Z,,, . %, = Oy,
and its pullback f*%, coming with an embedding into P} xy Y’ = P}, coincides
with the subschemes of P}, defined with respect to homogeneous coordinates f*y;
in terms of the functions f*a;, f*b; € Oy/(Y’), making use of the natural isomor-
phism f*Oy = Oy/. The curve ¢ associated to £’ consists of subschemes of P,
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defined with respect to homogeneous coordinates yy, . . ., ., in terms of the functions
a;,b; € Oy/(Y") after choice of isomorphisms ., ,.%, = Oy.. The composition of
isomorphisms Oy & f*Oy = %, — £, = Oy is given by multiplication by some
ki € O3, (Y"), so we have k;f*a; = a,. The isomorphism P}, — P%, = PL xy Y’
such that x;y; corresponds to f*y; induces a morphism ¢’ — f*%. Its composition
with f*¢ — € (induced by P} xy Y' — Pyt gives the morphism ¢ — .

This defines a functor ¥: Cy(4,_,) — £, which is base-preserving and sends
cartesian arrows to cartesian arrows.

These two functors give the equivalence of fibred categories stated in the theorem.

Proof of theorem [Z.1. We show that the fibred categories £,, and Cy(a,_,) are equiv-
alent using the functors ¥: Cy(4,_,) — L, and ®: L, — Cr(an_1)-

We have an isomorphism of functors ¥ o & = Id, where for an object
¢ = (C—Y,s_,5.,5) in L, the isomorphism ¢ — WU®(¥) is given as the em-
bedding C' — Py (m.Oc(S)) determined by O (S) together with an isomorphism
Py (m.0¢(S)) = P} prescribed by choice of trivialisations of the line bundles of the
data ®%. More precisely, the data @€ consists of (£, = Oy, a;), (Z;,= Oy, b;) and
the functions a;, b; determine the embedded object in Py (m,O¢(.S)) with respect to
a basis Yo, . . ., Yn, see proposition 3.4 Applying the functor ¥, we choose isomor-
phisms .%,,, %, — Oy as in construction [3.6] giving rise to functions a;, b;, and these
define the object &% in P} with homogeneous coordinates y;. The isomorphisms
Oy = Z,, — Oy are multiplications with some x; € O} (Y), and the isomorphism
Py (m.0¢(S)) = P} such that coordinates y; correspond to k;3; induces an isomor-
phism between the object ¢ embedded in Py (7,.O¢(5)) and V®% embedded in P}.
One checks that these isomorphisms form an isomorphism of functors.

Starting with data .Z, we define an object V.2 = (C' — Y,s_,sy,S) in P}
with homogeneous coordinates v, ..., ¥, using functions a;,b; obtained by choice
of an isomorphism .Z = ((Oy,a;)i, (Oy,bi)i, (id);)), and then extract data ¢V.¥
consisting of line bundles with sections (£, = Oy, d;), (Z.. = Oy, b;) after choice of
a basis 9, . . ., n of T.(Oc(S)) as in construction 3.5 Let S C P} be the hyperplane
determined by the equation ) . a;y; = 0, putting ag, a,+1 = 1 (its restriction to the
curve C' C P} is the subscheme S). The isomorphism P} — Py (m,Opr (5)) =
Py (1.0¢(S)) induces the embedding C' — Py (m,.O¢(S)). Since the coordinates y;
also satisfy the conditions of proposition 3.4, y; corresponds to r;y; for some x; €
O3 (Y). Thus the functions a;, b; and a;, b; are related via k;a; = a;, \;b; = b; where
N = Kk2/(Ki_1Kkip1) (set ko = K, = 1), and the data ®U.Z is related to the original
data via an isomorphism ®¥.¥ — £ consisting of isomorphisms .7, = Oy — Oy,
%, = Oy — Oy composed of the chosen trivialisations and multiplication by x;, A;.

7

One verifies that this gives an isomorphism of functors ® o ¥ == Id. U
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Corollary 3.7. The coarse moduli space of L., which coincides with the quotient
L, /Sy, is isomorphic to the toric variety Y (A,_1) corresponding to the simplicial
fan Y(A,_1) underlying the stacky fan Y (A, ).

Example 3.8. In the case n = 2 we have the isomorphism £, = Y(A;). The stacky
fan of Y(A;) was pictured in example 221 We have the following types of pointed

chains over £ 2 Y(A;) (cf. also example [L8):

— S

Lo : :

a1 =0 a1, by #0 b1 =0
01 1

Example 3.9. In the case n = 3 we have the isomorphism L3 = Y(A5). The stacky
fan of Y(A,) appeared in example Here we picture the types of pointed chains
over the torus invariant divisors of the moduli stack Ls.

H2 u3 M2
m % m

b1,bo =0 bs =0 ba,a; =0 ar =0 ai,az2 =0 a2 =0 az,b; =0 b1 =0 bo,b1 =0
0{1,2} T2 0{2} 01 ap 02 0{1} T1 9{0,1}
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4. THE FUNCTOR OF X(A,,_1), LOSEV-MANIN MODULI SPACES
AND THE MORPHISM TO L,

We start by comparing three descriptions of the functor of the toric variety asso-
ciated with root systems of type A. We use notations as in [BB11al, Section 2.1], in
particular we have the lattice M(A,_1) = (u; —u; : 1,5 € {1,...,n}) C B, Zu,,
generated by the roots 3;; = u; — u; and forming the character lattice for the toric
variety X (A,—1). Its dual N(A,_1) = @, Zv;/ >, v;, where (u;); and (v;); are
dual bases, is the lattice for the fan ¥(A,,—1) of X (A4,1).

The functor of the toric variety X(A,_;) was described in [BBIlal] in terms of
Ap_1-data, i.e. families (ZLj+p,;y, {ts,,,t -5, }){2p,,} of line bundles with two generat-
ing sections that satisfy t,tst_, =t_ot_gt, if v = a + [, up to isomorphism of line
bundles with a pair of sections. With pull-back of line bundles and its sections we
have the functor Fa, , of A,_;-data, see [BB1lal Def. 1.17].

On X(A,_1) we have the universal A, _;-data, which can be defined using the
morphisms @141 X(An—1) = P! induced by pairs of opposite roots {£/;;} in
A1 (see [BB11al Ex. 1.5 and 1.13]). We have homogeneous coordinates zg,, z_s,; €
H°(P!, Op1(1)) such that 2% = cp?iﬁij}(zﬁij/z_ﬁij), where z* for u € M(A,—1) is
the rational function corresponding to an element of the root lattice. Let Z1p, ) =
Plap,;yOp1(1) and tg, t_g, be the pull-back of 25, 2z_g,;.

By [BBI1la, Thm. 1.20] the toric variety X (A,_1) together with the universal
A, _1-data represents the functor Fjy, _,.

We can also apply the description of the functor of a smooth toric variety of Cox
[Co95b] to X (A,_1). The fan ¥(A,,_1) gives rise to the notion of a ¥(A,,_1)-collection
(&1, wr)1, (¢i5)i;) on a scheme Y, consisting of line bundles on Y with a global
section (L, wy) for  # I C {1,...,n} and isomorphisms ¢;;: (®z‘el,j¢l‘$f) ®
(®i¢17j61 .,2”1@_1) — Oy fori,j € {1,...,n}, i # j, such that identifications of the
form c¢;; ® ¢;r = ci hold. These data have to satisfy the nondegeneracy condition
that for any point y € Y there are sets [; C ... C I,,-qy C {1,...,n} with |[;| =1
such that w;(y) # 0if I # I, ..., I,_1. We denote the functor of ¥(A,,_;)-collections
by Cs(a,-1)-

On X (A,-1) we have the universal ¥(A,,_1)-collection given by the line bundles
21 = Ox(a,_,)(Dy), where Dy is the torus invariant prime divisor corresponding
to the ray generated by ), ; v;, with the section w; arising as the image of the 1-
section under the natural inclusion Ox(4,_,) = Ox(a,_,)(Ds) and the isomorphisms
Cij: Ox(an 1) icrjor P1=2 igrjer P1) = Ox(a,_,) induced by multiplication with
the rational functions % on X (A,_;).

By [Co95b)] the toric variety X (A,_1) together with the universal ¥(A,,_;)-collec-
tion ((Ox(a,_.)(Dr),wr)1, (¢ij)i;) represents the functor Cya,_,).

As both functors Cxa,_,) and F4,_, are isomorphic to the functor of the toric
variety X (A,—1), we have an isomorphism of functors Cx4,_,) — Fa,_,, which we
describe explicitely.
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Proposition 4.1. By the following procedure we can construct A, _i-data
(L3 Atsiy L=, }){xpyy out of a X(An,_1)-collection ((£7,wr)r, (cij)ij) over a
scheme Y : for a pair of opposite roots £B;; in A,_1 we have isomorphisms
®ZEM¢I L o ®i€l,jel Zr of line bundles on' Y defined by c;;,c;; inverse to
each other, and we let Z1p,.y be a line bundles in the same isomorphism class, with
the sections tg,;,tg,; defined as the images of [Licr iorwr, [Ligr jerwr in Lixs,
under isomorphisms compatible with the above. This construction defines an iso-
morphism of functors Csya,_,) = Fa,_,, mapping the universal 3(A,_1)-collection
to the universal A,,_1-data.

Proof. This construction defines a morphism of functors Csx,_,) — Fa,_,, in
particular the requirement that the two sections tis,, as defined in the construc-
tion generate the line bundle .4,y follows from the nondegeneracy condition of
Y (A,,—1)-data. One can show that this morphism of functors is an isomorphism
by showing that it coincides with the composition of isomorphisms Cy4,_,) —
Mor( -, X(A,-1)) = Fa, ,. This follows from the fact that the universal ¥(A,_;)-
collection is mapped to the universal A,_;-data, which is easy to verify. U

Considering the wuniversal data on X(A,_;), we have isomorphisms
Ricr <1 = ®jel % via multiplication by the rational function x%:. For any
chosen j € {1,...,n} we may define z1,...,x, € HO(X(An,l),®j€ID§fI) as im-
ages of the sections [[,.; wr, ..., ], c; wr under these isomorphisms. We then have
2P = q;/x;.

Definition 4.2. Given an ordering iy,...,4, of the set {1,...,n}, we define line
bundles .2, ...,.%,-1 on X(A,_1) and sections z; of Z;. Let

o?j _ ®[ $I®(|{i1,...,z'j}ﬂl\fmax{o,\I\Jrjfn})

be defined in terms of the universal ¥(A,_;)-collection. The line bundles
®, 2 WHmmax{OlIE=nh) for any J < {1,...,n} of cardinality j are isomorphic
to .Z; via multiplication by [[,c; i/ [[i_; #i, (can also be expressed in terms of
the isomorphisms ¢;; being part of the universal ¥(A,_;)-collection). We define
r; € H'(X(A,-1),-%;) as the image of []; w‘IJm‘_maX{O’mﬂ_n} under this isomor-
phism.

For these sections z; € H*(X(A,_1),-Z,) we have equations of rational functions
[eszi/ Wer s = xs/wr = er 2o onid/ Thes 2. nnin-
Remark 4.3. The line bundle .Z; was defined as Ox (4, _,)(D) in terms of the divisor
D =5",d;D;, where d; = [{i,...,i;} NI| —max{0, |I| 4+ j —n}, which corresponds
to the lattice polytope

Aj(An-1) = Nfue M(Au1)q : iepvilu) = —dr }
= conv{} e ui— D vy [J =4}

in M(A,_1)q; the elements z; € HY(X(A,_1),%;) for |J| = j form a basis of
global sections. Different choices of the ordering fixed in the definition give rise to
translated polytopes.
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The line bundle .Z; with its basis of global sections x4, ..., z, defines a morphism
X(A,_1) = P" 1. This morphism is a composition of toric blow-ups as described in
[Ka93, (4.3.13)]. It maps the divisors Dy; of X (A,_;) to the torus invariant prime
divisor D; = {x; = 0} of P"~!, and more generally D; to (,.; D;. Similarly, we have
a morphism X (A4,_;) — P"~! defined by the line bundle .%,_; mapping the divisor

_____ .1 D7, see also [Ka93, (4.3.14)]. We also
consider the morphisms defined by the other line bundles .Z:

Proposition 4.4. The line bundle Z; is generated by the basis of global sections
(27))51=j, it determines a projective toric morphism

X(Ay) — P(lay: |J] =) =p0)

which is birational onto its image. Together, these morphisms form a closed embed-
ding
i

(5) X (A1) = [Py < ] = 5) = [T pG)

The subscheme X (A,_1) in this product is defined by homogeneous equations

l l
(6) [Tz = Tlie x

where O # J;, J. C {1,...,n} such that |J;| = |J!| and the equation for the charac-

1 -

teristic functions Y ; Xy, = Y _; X 1s satisfied.

Proof. That .Z; is generated by global sections (x;)|s=; and determines a projec-
tive toric morphism follows from the fact that .Z; can be reconstructed from the
polytope Aj(A,_1), see remark A3l This morphism is birational onto its image
since the polytope is full-dimensional. We describe these morphisms in terms of the
corresponding maps of fans.

For the toric variety P((x; : |J| = j)) we have the character lattice M(A,_;); C
EBM:]‘ Zuy generated by differences u; — uy and the dual lattice N(A4,_1); =
(Bs=; Zvs)/ (>, vs). The fan of P({z; : |J| = j)) has the one-dimensional
cones generated by the v;. The morphism X (A, 1) — P((z; : |J| = j)) is de-
termined by the map of lattices M(A,_1); — M(A,—1), ug = > ,c; u;, or dually
N(An-1) = N(An_1)j, vi = >, ; v, which defines a map of fans.

The product of these morphisms is given by the map of lattices @?:1 M(A,—1); —
M (A1) with kernel generated by elements of the form };n;, — >, ny such that
|Jil = [Ji| and 3, x5, = >_; X~ This gives rise to the homogeneous equations.

The maximal cones of the fan of P({(x, : |J| = j)) are the cones o, generated
by {vy | J* # J,|J'| = j}. For an ordering iy,...,4, of {1,...,n} the preimage
of the maximal cone o,y X 04, 4,1} X ... X Ofi,,..ipy Of the product fan is the

maximal cone of (A, _1) generated by v;,,vi, + Vi, ..., 05+ ...+ v;,_,, thus the
open sets corresponding to maximal cones of this form cover the image of X (A,_1).
The corresponding maps of coordinate algebras are surjective, so the morphism is a
closed embedding. O
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Remark 4.5. The (n—1)-dimensional permutohedron, usually defined in an n-
dimensional vector space as convex hull of the orbit of (n,n—1,... 1) under the
action of the symmetric group S, permuting the given basis (cf. for example [Ka93|
(4.3.10)]), can be considered as a lattice polytope in M(A,_1)qg C Q™ after a trans-
lation moving one of its vertices, specified by fixing an ordering i1, ..., 1, of the set
{1,...,n}, to the origin:

A(A,—1) = conv { 3321 (n — K)oy — Sop—y (n — k)uy, 2 0 € S, }.
We have Minkowski sum decompositions of the permutohedron, first

A(An—l) = Zk<j lijik

into line segments [;; = {r - B;; | 0 < r < 1} corresponding the line bundles .23, 3
forming the universal A,_i-data (choosing Ox(a,_.)(3 i er,¢r P1) in the isomor-
phism class of f{iﬁwk} if k < j), and second

A(Ap—1) = A(An1) + .o+ A1 (An)
into the polytopes corresponding to the line bundles .Z;.

Remark 4.6. The closed embedding (B) together with the functor of projective
spaces gives another description of the functor of the toric variety X (A,-;). We
have a contravariant functor on the category of schemes: its data on a scheme Y
are line bundles with generating sections (.}, (27)|s/=;);j=1,...n—1 Up to isomorphism
such that the sections satisfy the relations (6], and for morphisms of schemes we
have the pull-back of line bundles with sections. We call the data on X (A, 1)
introduced in definition the universal data on X(A,_1). Then, the toric variety
X (A,,—1) together with the universal data represents this functor. Further, the
method of definition applied to ¥(A,,_1)-data over arbitrary schemes gives a
morphism from Cxa,_,) to this functor, mapping the universal 3(A,_;)-collection
to the universal data. As in the proof of proposition .1l this implies that we have
an isomorphism of functors.

The following observation can be directly calculated from the definition of the line
bundles .Z;.

Lemma 4.7. We have isomorphisms
(7) L@ LT LR = Qe L
where we set £y = 2, = Ox(4,_1)-

Definition 4.8. We define the divisors C1,...,C,_; and Dy, ..., D, on X(A,_1).
Let D; =3, ;-,_; D and let C; be the zero divisor of the section }_ ;_;x of the
line bundle .Z;.

Remark 4.9. We may write the isomorphism (7)) as linear equivalence of divisors

QCj — Cj_l — Cj-l-l ~ Dj .
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The rational function

(8) (Zm:j—1 xl)(Zm:jH r)
(Zmzj xr)?

has divisor D; + C;_1 + Cj41 — 2C;.

Lemma 4.10. For j =1,...,n—1 we have C; N D; = 0.

Proof. Can easily be checked locally using the covering of the following remark. [J

Remark 4.11. Given a X(A,_;)-collection ((-Z7,wr)r, (ci5)ij) on a scheme Y, by
nondegeneracy we have the following covering of Y by open subschemes: for a
permutation o € S, set Z, = {{o(n)},{o(n),c(n—1)},...,{o(n),...,0(2)}} and
let W, be the open subscheme of Y where w; # 0 for I € Z,,.

In the case of the universal ¥(A,,_1)-collection on X (A,,_1) the subscheme W, C
X (An-1) corresponds to the maximal cone (Vy(n), - - -, Uo(n) +- - - +Vo2)) C N(An-1)q
dual to the cone generated by the simple roots us(,) — Ug(n—1), - - -, Us(2) — Us(1) and

has as coordinate algebra the polynomial ring generated by ;;’(")1) s i"g;

By [BB1la, Thm. 3.19] there is an isomorphism between the functor Fls,_, and
the moduli functor of n-pointed chains of projective lines L, mapping the universal
A,,_1-data to the universal n-pointed chain (X (A4,) — X(An-1),5-,54+,51,-..,5n)
defined in [BB11al, Con. 3.6]. This means that the toric variety X (A,_1) coincides
with the Losev-Manin moduli space L,, (we use the same symbol for the functor and
the moduli space). The construction uses an embedding of n-pointed chains into

(PH)".

This also implies that there is an isomorphism between the functor Cy(4,_,) and

n—1

the moduli functor L, compatible with the other isomorphisms of functors. We
make this isomorphism explicit using an embedding of n-pointed chains into P™.

Construction 4.12. Let ((-Z7, wy)r, (¢ij)i;) be a £(A,_1)-collection over a scheme
Y. We construct an n-pointed chain of projective lines (C' — Y,s_,s4,81,...,8y)
using the covering of Y by (W, )ses, (see remark A.TT]).

For ¢ € S, the restricted X(A,_1)-collection ((-Zrlw,,wr|lw,)r, (cijlw,)ij) is
isomorphic to a (A, 1)-collection ((Z7,w7)s, (cf;)i;) on W, with the
property (Z7,wy) = (Ow,,1) for I ¢ Z,, and for i = 1,...,n — 1 we have
isomorphisms ¢7 ;1 ot L ory — Ow,. Let wi € Ow, (W) be the
image of Wiy(n),. s(i+1)}- Equivalently, we can use the restricted original data
(Zrlw,» wilw, )1, (cijlw, )i;) and the image of the respective product of the restricted
wr's under Cy(iy1),00)|w, -

From these functions wy,...,wJ_; we construct an n-pointed chain over W, em-
bedded in the projective space Py, with homogeneous coordinates yo, ..., y,. Let
C, be the subscheme of Py, defined by the equations y;y;11 = wf ;- - - wiyi11y; for
0 <i < j < n (cf construction B6), the sections Sg(;) defined by the additional
equation y;—y = y; # 0, and let 57, s be the sections (1:0:...:0),(0:...:0:1).

These n-pointed chains (C, — Wy, 57,57, 57,...,57) can be glued to an n-pointed
chain (C' = Y,s_,s.,s1,...,8,) over Y.



24 MARK BLUME

Proposition 4.13. Construction[{.13 is valid and defines an isomorphism between
the functor Csa,_,) and the moduli functor of n-pointed chains of projective lines
mapping the universal X(A,_1)-collection ((Oxa,_)(Dr),wr)r,(cij)i;) to the uni-
versal n-pointed chain (X (A,) — X(An_1),5_, 81,51, -, n)-

Proof. Given (A, _1)-data over a scheme Y, it is easy to show that construction
A T2 1ocally over the open subschemes W, C Y defines n-pointed chains of projective
lines (compare also to construction [3.6]).

We show that, applying the isomorphism of functors L,, — F,_, to these objects
over W,, we obtain A, _;-data which coincide with the data we get by applying
the functor Cxa,_,) — Fa,_, to the restricted data. According to [BB11al Section

3.3] we extract A,_;-data from an n-pointed chain (C, — W,,s7,57,57,...,s7) via
projections to Py, such that s7,s7 become the (1:0),(0:1)-section and a given
section s7 becomes the section (1:1). In the present case for ¢ = 1,...,n the mor-

phism determined by the rational functions 1, y;/y;_; restricted to the component of
C, containing sg(i) after contracting the other components transforms the sections
s?, 89,55, into the (1:0),(0:1),(1:1)-sections. For n =1,...,n—1 the section
Sq(i1) becomes the section (wf :1), and this gives (f—g, ) 1) " L8y mipn) = (W] 1)
which coincides with the data obtained via proposition 411

Thus, the chains over the open subschemes W, can be glued to an n-pointed chain
over the scheme Y and construction defines a morphism of functors Cxa,_,) —
L, such that its composition with L, — Fy,_, coincides with the isomorphism of
functors Cs,a,_,) — Fa,_, defined in proposition .1l Since the other morphisms of
functors are isomorphisms and map the given universal objects to the given universal
objects, this is also true for Cxa,_,) — L,. O

Theorem 4.14. The morphism L, — L, that arises by forgetting the labels of
the n sections is given by the following Y (A, _1)-collection on L, = X(A,_1): for
i=1,...,n=1let &£, = Of (C;) and £, = O (D;), let

Ci: gnggiﬂgg?(img@wl:Ofn<Di_Ci71+20i_Ci+1) — Ofn

be given by multiplication by the rational function (), and let the sections a;, b; be
defined as the images of the 1-sections under the inclusions O — %£,,, O, — 2.

Proof. The data defined form an Y(A,_;)-collection, nondegeneracy follows from
C;ND; =0, see lemma

We use the covering by W,, o € S, (see remark [L1T]). We have an isomor-
phism ((Zy,, ai)i, (L7, bi)i, (¢i)i)lw, — ((Ow,, a7 )i, (Ow,, 07)i, (id);) of Y (Ap_1)-
collections on W, consisting of isomorphisms %, |w, — Oy, given by multiplication
with Zo(i11)/%s@) (compare to construction 4.12) and %, |w, — Ow, by multiplica-
tion with (31—, £1)/%(o(1),...o(0)} -

We show that the degree-n-pointed chain constructed from these data coincides
with the degree-n-pointed chain that arises by forgetting the labels of the universal
n-pointed chain coming from the universal ¥(A,,_;)-collection by proposition
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Applying constructionB.6lto these data, we get a chain of projective lines C' C Py,
defined by the functions by = %4(;41)/%0(;) and a subscheme S C C' finite of degree
n over W, defined by the functions af = (Zm:i 1)/ Tio),...o6)}-

Applying construction [.12] to the universal »(A,,_;)-collection on X (A4,,_1), lo-
cally over W, C X (A,—1) again we get the chain of projective lines C' C P, defined
by the functions bf = 2,11 / Zq(;)- The n sections are

2

— . o (3) L Te® g .1 . Telt) L To(4DTo(i42)

Soiy = (... ¢ : :1:1: :

(i) ( To(i—2)To(i=1)  To(i—1) To (i) z2 )

in terms the coordinates yo,...,y, of P, , that is, we have y;_1(so:)) = ¥i(S03))

which we may set to 1, and then yg(s,@) = xff’(g %

tained in the hyperplane defined by >";_,(—)*afy, = 0 (set a§ = aJ = 1):

. The sections are con-

Zzzo(_)kagyk(sa(i)) T - D G A ey

o(1) %o {o(1),., k)}mo(z)
_ a(z) LI Ty (1) Lo (k) I To(1) " Lo (k)
- U=k ——— & _ "‘ =k ———— & _
0(1) Lo (i) Ek 0< ) (E o(i)gl T{o(1),..., a(k)}x Eo(z)el T{o (1), U(k)}xl;(i))
- U(,) LTI To(1)" To(k) (k-1 LTI ZTo(1)" " To(k—1)
To(1) Ty Z’“ o ()" ‘,‘Z:,c Lo (1),n00 (K} T 1) ( ) m;_l T(o(1),... o(k—l)}xﬁ(ﬁ)
(i) g1 o(i)g1

= 0

The relative effective divisors ), s; and S in C over W, coincide since they coincide
over the open dense subscheme of L,, parametrising chains with distinct sections. [

Remark 4.15. The results of this section imply a construction of a morphism
of fibred categories from the functor of (A, _i)-collections, considering the S,-
operation on this functor, to the category of Y(A,_1)-collections such that the
diagram

~

CE(An—l) <——>
1

CT(An—l) —

D«

commutes.

Example 4.16. In the case n = 2 the functor F, = Cx4,) — Cy(a,) maps an
object (L(ap10}s {ta1s: t-p1a}) Of Fa, over a scheme Y to the object

(Oy(Ch),a1), (Oy(D1),b1),c1: Oy(D1) ® Oy (C1)#2 = Oy) =
((g{i512}7t512 + t*512)7 (g{;tﬁlg}? tﬁlz 512) 3{12512} g{iﬁ 2} = OY)

of Cy(a,), cf. example [L.§
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5. POINTED CHAINS WITH INVOLUTION AND CARTAN MATRICES
OF TYPE B AND C

As a natural variation of £, we consider moduli stacks Z: of stable degree-2n-
pointed chains of projective lines with an involution.

Definition 5.1. We define the fibred category Z: of stable degree-2n-pointed chains
of projective lines with involution. An object over a scheme Y is a collection
(C =Y, I s_,s.,5), where (C — Y,s_,s,,S) is a stable degree-2n-pointed chain
of projective lines over Y (definition [[T]), / an automorphism of C' over Y such that
I? =4dc and I(s_) = sy, and S is invariant under /. Morphisms between objects
are morphisms of degree-2n-pointed chains which commute with the involution I.

As in the case of L, see proposition [[4] the fibred category Z: is a stack in the
fpqc topology with representable finite diagonal.

Considering degree-2n-pointed chains of projective lines with involution as degree-
2n-pointed chains defines a morphism of stacks Z: — Lo, which makes Z: a sub-

category of L, but in general not a substack, because a stable degree-2n-pointed
chain may have automorphisms not commuting with an additional involution.

The moduli stack Z: decomposes, unless we are working in characteristic 2, into
two components Z: = Zi LU Zi,, where the component Zi 4 parametrises iso-
morphism classes of stable degree-2n-pointed chains with involution (C, I,s_, s, 5)
such that the degree of S in each of the fixed points under the involution is even.

. . . —+
We first consider this main component £, _ .

The component Zi + is related to the moduli space Z: =~ X(C,) of 2n-pointed
chains with involution defined in [BBI11bl Section 6]. There is a morphism Z: —
Zi 4 forgetting the labels of the sections. This morphism is equivariant with respect
to the natural action of the Weyl group W(C,,) = (Z/2Z)" x S, on f:, the coarse
moduli space of Zi 4 is Z: /W (C,). Similar as in proposition [[.5l one can show that
the morphism Z: — Zi 4 is faithfully flat and finite of degree |W(C,)| = 2"n!.

These morphisms together with the morphisms Loy — Loy (see section [I) and
f: — Ly, (see [BBI1D, Rem. 6.16]) form a commutative diagram
L. — Lo,

¥ A
Em + T Lo,
where Z: is a component of the fibred product.
The stack Zi . compactifies the space of finite subschemes of degree 2n in
P!\ {0,00} which are invariant under the involution and of even degree in each

of the fixed points of the involution. Equivalently, this is the space of polynomials
2?20 aly’ of degree 2n with the symmetry aj,, , = a} in the coefficients, up to change
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of the variable by multiplication by —1. These polynomials can contain y — 1 and
y+1 only with even multiplicity. After dividing by the coefficient a},, = af, we have
a polynomial of the form

Yyt anay " ay et eyt anay T Y
determined by the isomorphism class up to multiplication of y with —1 (together
with multiplication of the whole expression by (—1)").

In general, embedding a chain (C,I,s_,s;,S) into the projective space P?" =
P(H®(C,0c(S))), the image of C is given by equations arising from the 2 x 2
minors of a matrix of the form (decompose into several matrices if some of the b;
are zero, cf. remark 3.3} symbol /by introduced for symmetry reasons)

( Y-2 Y1 Vboyo  Vbobiin )
Vbobiyr Voo 1 v

where i, ..., Yo, - - ., Yn is a basis of H%(C, O¢(S)) defined similar as in proposition
B.2] B.4] and such that the involution maps y.; <> y;. The sections s_, s, become the
sections (1:0:...:0),(0:...:0:1) and the subscheme S C C' C P?*" is determined
by an equation

Y + Cn—1Y-(n—1) + ...+ @1Y1 + aoYo + a1y1 + ... + @p—1Yn—1 + Yn.

For an algebraically closed field K a K-valued point of Zi 4 corresponds to a
collection (a,_1,...,a0,bp_1,...,by) € K*" up to the equivalence

(@100, bp—1,...,00) ~ (Kn_1Gn_1, - -, Koo, An—1bn—1, - - -, Aobo)
with (Kn_1,--+, K05 An_1,---, o) € (K*)?" satisfying
M1 = K2y B2, Ao = Ko o) (Fn_3kn_1), --., M\ = K1/ (Koka), Ao = Kg/K].
This gives rise to a toric orbifold whose exact sequence of tori
1 — G2(Gp)" — (Gp)* — Tn=(G,)" — 1

corresponds to the exact sequence of lattices

(%)

0 — Mazr g gzon (G

7" — 0

where C' = C(C,,)" is the transpose of the Cartan matrix

102
0
ClCn) = : 2 1 0
102
0 0 2 2

of the root system C,.
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Definition 5.2. We define the toric orbifold Y(C,,) associated to the Cartan matrix
of the root system C,, in terms of the stacky fan Y(C,) = (N, Y(C,), ), where
N = 7" and the linear map : Z*" — N is given by the nx2n matrix (-C(C,,) I,,).
The fan Y(C,) consists of the 2n one-dimensional cones g, _1,..., 00, Tn_1, -, 70
generated by the columns of the matrix (-C(C,,) I,,). A subset of one-dimensional
cones generates a higher dimensional cone if it does not contain one of the sets
{00,170}, -+, {0n—1,Tn_1}. This defines a fan containing 2" n-dimensional cones o;
generated by sets {0; }igr U {7 }ier for subsets I C {0,...,n —1}.

The functor of Y (C,)-collections CT(Cn) =~ Y(C,) has objects of the form
((Loss i)izo...n—15 (Lry bi)izo....n—1, (Ci)izo0...n—1) Over a scheme Y, where the ¢; are
isomorphisms of line bundles on Y

Cn1: Lo 1®$§3j RLY = Oy, o L L, 1®$§3j®$gn_3 — Oy,

""""" » C1 gﬁ®$92®$§ 2®$00 _>OY7 Co: gm(g)gg?Z@gg;_Q—)(')y.
We have a morphism of stacks Cy(c,) — Cy(4,,_,) by considering the collection

(9) ((ggnfla an—1)7 ceey (Zgoa (1,0), DRI (ggnfla an—l)a (ngfp bn—l)a s
. s (37—0, bo), ceey (D?Tnil, bn—l)a Cpn—1y.--,C0y... ,Cn_l),

built out of an Y(C,)-collection, as an Y (Ay,_1)-collection. This morphism can
be described by the map of fans T(Cn) — Y (Ay,_1) mapping €/, | — eg, 1 +
€1,...,€] > enp1+en_1,€, > ey, wheree! ..., e[ are the generators of 7,,_1, ..., 7
of T(C’ ) and e, _1,...,e; are those of 79, _1,...,71 of Y (As,_1). It corresponds to
a toric morphism Y(C ) — Y(Ag,—1) making y( C,) a subcategory of Y(Aa,—1).

Theorem 5.3. There is an isomorphism of stacks Z:Hr = Y(C,).

Proof. Applying construction to a degree-2n-pointed chain with involution, it
is possible to choose v, ..., 42, such that the involution maps y; <> vy2,_;, and
we obtain a Y (Ag,_1)-collection of the form (@). Applying construction to a
Y (Ay,_1)-collection of the form (), making symmetric choices, we can introduce
an involution on the resulting degree-2n-pointed chain by y; <> yo,—;. A Y (Az,_1)-
collection of the form (9)) is equivalent to a Y (C,,)-collection, and further, morphisms
of the corresponding degree-2n-chains with involution that commute with the invo-
lution are equivalent to morphisms of Y (C,,)-collections. U

The case of the other component E _ is very similar. The stack E para-
metrises isomorphism classes of stable degree—Qn—pomted chains with 1nvolut10n
(C,1,s_,s4,S) such that the degree of S in each of the fixed points of the in-
volution is odd if there are two fixed points, and positive if there is only one fixed
point. It is related to the moduli stack X'(C),_1) defined in [BB11b, Section 6]: there

is a morphism X(C,_;) — Zi* determined by forgetting the labels of the sections
and adding the fixed point subscheme of the involution as a subscheme of degree 2
to the 2n — 2 sections.

The stack Zi* compactifies the stack of finite subschemes S of degree 2n in
P!\ {0, 00} invariant under the involution such that S has odd degree in (1:1) and
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(1:-1) (positive degree in (1:1) = (1:-1) in characteristic 2). Equivalently we may
consider polynomials 32" a}y’ of degree 2n with the symmetry aj, ; = —a/ in the
coefficients and a], = 0. We may represent each isomorphism class by an expression
of the form

—y " =y " = —ay T 0+ @yt ap Yy Y

determined up to multiplication of y with -1 (together with multiplication of the
whole expression by (-1)"). It has a factor (y — 1)(y~' + 1), occurring with odd
multiplicity in characteristic # 2.

In general, similar as in the case of Zi +» a not necessarily irreducible chain can
be naturally embedded into P?* = P(H°(C,O¢(S))) and described by equations
arising from the 2 x 2 minors of a matrix of the form

(- - Ya ya Yo by - )
by Yoo Y2 oo
and the subscheme S C C' C P?" is given by an equation
Y + 1Y (n-1) + ...+ @1y +@y1 + ... + @Gp-1Yn—1 + Yn-
Over an algebraically closed field K a K-valued point of Zi_ corresponds to a
collection (@, 1,...,a1,bp_1,...,b1) € K* 2 up to the equivalence
(@n—1y 01,01, 01) ~ (Kp_1Gp_1, ., K101, Au_1bn—1, . . ., A1b1)

with (Kn_1,--+, K1, A1, -, A1) € (K*)?"72 satisfying

M1 = K2 1 /Kn—2, Ao = K> o/ (Kn_3kn_1), ..., Ao = K3/ (K1K3), \] = K> /K3.

We will see that this stack can be described by a toric stack that differs from

Y(C,,—1) by replacing the matrix (-C(C),—1) I,—1) defining the map f of the stacky
fan Y (C,—1) by the matrix

'C(Cn—l)

In the case n = 1 we define it to be Bus. This toric stack corresponds to the
category of collections of the form ((-Z,,, a;)i=1,..n—1, (Zr s 0i)iz1...n—1, (¢i)iz1,..n—1)
over a scheme Y, where the ¢; are isomorphisms of line bundles

Cn-1" 37—"*1 ®$Q%;21 ®$Qn72 — OY7 Cp—2: grn,g ®$Qn71 ®Z£;22 ®$Qn73 — Oy,
""""" » C2: $72®$Qs®g£_2®$91 — Oy, ¢ 37?2@)"%9%2@3@?_2 — Oy.

Proposition 5.4. The stack Zif can be embedded into Zi+ as the divisor D,
corresponding to the cone o9 and defined by ag = 0. It is tsomorphic to the above
toric stack.

Proof. A chain with involution (C' — Y,I,s_;s,) with a central component iso-
morphic to P{. comes with the following relative effective divisors of degree 2: the
invariant subschemes S7, Sr; under the involutions I, I.J of P}, where J is the in-
volution that leaves the poles fixed and interchanges the two points (1:1),(1:-1)
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of S;. A degree-2n-pointed chain with involution (C' — Y, I, s_,s,,.S) is contained
in Zii if S is of the form S = S; + 5 and contained in the divisor D,, defined
by ag = 0 if S = S;; + 5 for some relative effective divisor S’ that may contain
St only with even multiplicity. We have an isomorphism Zi_ = D,, mapping
(C =Y, I,s_,s:,51+95) < (C—Y. I s ,si,S+5"). The divisor D,, is the
toric orbifold corresponding to the fan defined by the above matrix. O
Example 5.5. The toric orbifold Zi + s isomorphic to the weighted projective line

P(1,2) = Y(C}). Here the inclusion as subcategory Zi + — L5 is an isomorphism of
stacks as any degree-2-pointed chain is isomorphic to a symmetric object under an
involution whose isomorphisms commute with the involution. So we have the same

situation as in examples [[.8] 2.2] The component Zi_ is isomorphic to Bps.
Example 5.6. The stacky fan of the toric orbifold Z; 4 =2 Y(Cy) is given by the

i (7201 10,
mar1x2_201.

We picture the types of pointed chains over the torus invariant divisors of the moduli
stack Z; 4

DD
oD P

2 H2 2 M2
e ry e e

bo,b1 =0 bg =0 bo,a1 =0 a; =0 ap,a1 =0 ap =0 ag,b1 =0 b1 =0 bo,b1 =0
00,1} To J{0} 01 op 00 o{1} T1 9{0,1}
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The toric orbifold Z;f = P! /uy corresponds to the stacky fan given by the matrix
(—2 2 ). We have the following types of pointed chains over Zziﬁ

H2 M2
—+ % %
L, : :
) a1 =0 a1,b1 #0 b1 =0
01 1

One also may consider chains with involution and a subscheme of odd degree.

Definition 5.7. Let the fibred category Zﬁ’i of stable degree-(2n+1)-pointed chains
of projective lines with involution be defined analogously to definition [5.11

The fibred category Z?f is a stack in the fpqc topology with representable finite
diagonal.

The moduli stack Zi’i forms a subcategory of La,,1. It is related to the moduli
space Z?;i = X (B,,) of (2n+1)-pointed chains with involution defined in [BB11bl Sec-
tion 1]. We have a morphism Zo’i — Zo’i forgetting the labels of the sections, which
is equlvarlant with respect to the action of the Weyl group W (B,,) = (Z/27Z.)" x S,
on L . The coarse moduh space of E is L /W( n)- As in the C-case the

morphism Ln — En is faithfully flat and finite of degree |W(B,,)| = 2"n!, and we
have a commutative diagram

—0,+ —
L, —  Lopt
—0,+ —

L, — Lopt1

Embedding a degree-(2n+1)-pointed chain with involution (C,I,s_, s;,S) into
the projective space P*"*1 = P(H°(O¢(S))), the image of C is given by equations
arising from the 2 x 2 minors of a matrix of the form

Y-5/2 Y32 Y-1/2 bly1/2 5152?/3/2
5152?/-3/2 bly-1/2 Y12 Y3/2 Ys /2
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and the subscheme S by
Y-2n+1)/2 + @n¥Y-(2n—1)/2 T ... + @1Y12 + a1y1/2 + ...+ @rYn—1)/2 T Y@n+1)/2-

where Yo@nt1)/25 - - > Y3725 Y172, Y1725 Y3/25 - - - Y2nt1)/2 1S @ basis of HO(OC(S)) de-
fined similar as in proposition 3.2, [3.4land such that the involution maps y.;/2 <+ ¥/

Definition 5.8. We define the toric orbifold Y(B,,) in terms of the stacky fan Y (B,,)
as in definition replacing the Cartan matrix C'(C,,) of the root system C,, by the
Cartan matrix C(B,) of the root system B,.

It turns out that Zf;i is not quite Y(B,), but coincides with the underlying
canonical toric stack Y(B,)®" (as defined in [FMNI0]). So instead of the Cartan
matrix of the root system B, we have the matrix

2 -1 0 0

-2

0

: 2 -1 0
-1 2 -1

0 - -~ 0 -1 1

where the rightmost column is half of the column of the Cartan matrix. The
functor of Y (B,)®"-collections Cy(p,yean = Y(B,)™ has objects of the form
(Lo i)iet...ms (Lrisbi)iz,..ms (¢i)iz1,..n) Over a scheme Y, where the ¢; are iso-
morphisms of line bundles

Cn: (Zm@fg%*z@fgnﬂ — Oy, Cp_1: ZTnﬂ@ZQn@Zgjf@ZQn% — Oy,
......... , O Ly QL QLET2RLy, — Oy, ¢1: L5, 0%, 0L5 — Oy.

The inclusion as subcategory YV(B,)*" — Y(As,) can be described as Cy(p,,)ean —
Cy(4,,) by considering the collection

(("g’ﬂgnva’n)v ceey ("g’ﬂmva’l)v (ngal)a s (ggnva'n)a
(37—”, bn), ceey (D?Tl,bl), (ZTl,bl), ey (Zm,bn),cn, ...,C,C1, .. .,Cn),

formed out of an Y (B,,)*"-collection, as an Y (As,)-collection.
As in the case of degree-2n-pointed chains with involution one can prove:

Theorem 5.9. There is an isomorphism of stacks Zg’i = Y(B,)®".
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Example 5.10. In the case n = 1 we have a scheme Z(l)’i = Y(Bp)®™ isomorphic

to the projective line P*.

Example 5.11. The toric orbifold Zg’i = Y(By)® is given by <_12 _11 (1) (1]) In

the picture of the stacky fan Y (Bs)®" the dotted arrow corresponds to the generator
of the ray p; determined by the stacky fan Y (B>).

We picture the types of pointed chains over the torus invariant divisors of the moduli
—0,%
stack £, .

b1,b2 =0 b1 =0 b1,a2 =0 a2 =0 ai,az2 =0 a1 =0 ai,ba =0 by =0 b1,b2 =0
O{1,2} T1 o{1} 02 a9 01 o2} T2 0{1,2}
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