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WEYL GROUPS FOR NON-CLASSICAL RESTRICTED LIE ALGEBRAS
AND THE CHEVALLEY RESTRICTION THEOREM

JEAN-MARIE BOIS, ROLF FARNSTEINER and BIN SHU

ABSTRACT. Let (g, [p]) be a finite-dimensional restricted Lie algebra, defined over an algebraically
closed field k of characteristic p > 0. The scheme of tori of maximal dimension of g gives rise to a
finite group S(g) that coincides with the Weyl group of g in case g is a Lie algebra of classical type.
In this paper, we compute the group S(g) for Lie algebras of Cartan type and provide applications
concerning weight space decompositions, the existence of generic tori and polynomial invariants.

INTRODUCTION

In the structure- and representation theory of complex semi-simple Lie algebras, root systems
and their Weyl groups play a fundamental réle. For fields of positive characteristic the situation is
similar, provided one studies Lie algebras g = Lie(G) that are associated with a reductive group G.
By contrast, the maximal tori of arbitrary restricted Lie algebras usually are no longer conjugate,
so there are many root systems available, whose structure and utility crucially depend on the
initially chosen maximal tori. Accordingly, it is not clear which maximal tori are appropriate for
defining finite groups that take on the réle of Weyl groups. In his article [19], Premet studied
this problem for the Jacobson-Witt algebras W (n). He identified a maximal torus ty C W (n),
whose automorphism group allowed to establish an analogue of the Chevalley restriction theorem
on polynomial invariants.

One way to address the problem of choosing tori is the systematic study of schemes of tori.
Roughly speaking, this geometric approach seeks to identify generic properties of tori and their
root systems. In the context of Lie algebras of complexity < 2, that naturally arise in the study of
restricted enveloping algebras of tame representation type, this method has produced satisfactory
results, cf. [8,0]. A detailed investigation of the scheme of tori of maximal dimension u(g) of a
restricted Lie algebra g in [7] led to the definition of a group S(g) that turned out to coincide with
the Weyl group in case g is of classical type.

Aside from the analogues of the complex simple Lie algebras there are usually four additional
classes of simple restricte Lie algebras, the so-called restricted Lie algebras of Cartan type. These
Lie algebras, which include the abovementioned Jacobson-Witt algebras, already differ significantly
from their classical precursors in that their maximal tori are no longer conjugate. The main object
of the present paper is to identify the corresponding finite groups along with providing applications.

Our paper is organized as follows. After recalling basic results on the scheme Ty of tori of a
restricted Lie algebra g, we show in Section [Il that the toral stabilizer S(g) of g is isomorphic to the
“Weyl group” associated with any generic torus of g. For future reference, we also provide criteria
for a given torus or Cartan subalgebra to be generic. Section [2] is concerned with the behavior
of toral stabilizers under passage to subalgebras and factor algebras. In particular, we show that
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the toral stabilizer of a product of restricted Lie algebras is the product of the toral stabilizers
of the factors. Using basic results on tori and automorphism groups, due to Demuskin [3] [4] and
Wilson [24] 25], respectively, we identify in Section [3] the generic tori of the restricted Lie algebras
of Cartan types types W, S and H. Accordingly, the Weyl groups of these tori coincide with the
toral stabilizers, whose computation relies on embeddings of certain subalgebras, particularly those
of the form W(u(g)) < g. Section [Hlis devoted to the proof of our main result:

Theorem A. Suppose that p > 3 and let g be a restricted Lie algebra of Cartan type. Then there
s an isomorphism

S(g) = GLy(g) (Fp)
and the scheme Ty of embeddings of tori of mazimal dimension is irreducible.

Along the way, a few other toral stabilizers need to be computed, notably those of the Poisson
algebras P(2r) with toral center.

The final section presents applications of our methods and results. With regard to weight space
decompositions defined by tori of maximal dimension, the group S(g) exhibits features analogous
to those of Weyl groups: There is an action of S(g) on the set of weights such that the dimensions
of weight spaces are constant on the orbits. As a result, only three types of weight sets can occur
for Lie algebras g with S(g) = GL,,q)(F,). In particular, all root spaces of such Lie algebras have
the same dimension.

In [22], Chap.7] Strade shows that the contact algebras K (2r+1) possess infinitely many conjugacy
classes of tori of dimension (K (2r+1)) = r+1. Using explicit information on Weyl groups and
toral stabilizers of the aforementioned Poisson algebras, we prove that K (2r+1) does not possess
any generic tori.

Given a restricted Lie algebra (g, [p]), we denote by Sy the variety of semi-simple elements. By
modifying Premet’s approach concerning W (n), we finally establish the following analogue of the
Chevalley restriction theorem:

Theorem B. Suppose that p > 3 and let (g, [p]) be a restricted Lie algebra of Cartan type W, S or H
with generic torus t C g. Then the restriction map induces an isomorphism k[Sg)¢ = k[t]GLu(s)(FP).
In particular, k‘[Sg]G is a polynomial ring in p(g) variables.

1. GENERIC TORI AND WEYL GROUPS

Throughout, we shall be working over an algebraically closed field k of characteristic char(k) =
p > 0. Unless mentioned otherwise, all algebras and modules are assumed to be finite-dimensional.
Given a restricted Lie algebra (g, [p]), we let G := Aut,(g)° be the identity component of its
automorphism group. We denote by p(g) and rk(g) the maximal dimension of all tori t C g and
the minimal dimension of all Cartan subalgebras b C g, respectively. According to [7, (7.4)], the
set
Tor(g) :={t C g ; ttorus, dimyt= u(g)}

of tori of maximal dimension is locally closed within the Grassmanian Gr,4) (g) of g. Thanks to

[8, (1.6)] and [7, (3.5)], the variety Tot(g) is irreducible of dimension dim Totr(g) = dimy g — rk(g).
Let M, and Ens be the categories of commutative k-algebras (of arbitrary dimension) and sets,

respectively. For a torus t € Tor(g), we consider the scheme T, : M}, — Ens, given by

Ty(R) := {p € Hom,(t®y R, gQk R) ; ¢ is a split injective R-linear map}
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for every R € Mj. Here Hom, (t®; R, g®R) denotes the set of homomorphisms of restricted R-Lie
algebras and g®; R carries the natural structure of a restricted R-Lie algebra, with bracket and
p-mapping defined via

[zT@7ry®s|:=|z,y®rs and (az®r)[p] =Pl g v T,YyE€ g, rsecR,

respectively. According to [8, (1.4),(1.6)], T4 is a smooth affine scheme of dimension dimy, g —rk(g).

In what follows, we shall be mainly concerned with the variety T;(k) of k-rational points of Ty,
that is, the variety of embeddings ¢ : t — g of restricted Lie algebras. The automorphism groups
Auty(g) and Aut,(t) naturally act on Ty(k) via

gpi=goyp and h.p:=poh ' Ve Tyk), g€ Auty(g), h € Auty(t),
respectively. Both actions commute, and Aut,(t) = GL,g) (F,) is a finite group. We shall also
consider the canonical action of G on g and write
gx:=g(x) VgeG, xegqg.

Let ¢ : t < g be the standard embedding, defined by the inclusion t C g. Since T4(k) is smooth,
its irreducible components coincide with its connected components. Hence there exists exactly one
irreducible component X¢(k) C T4(k) containing the inclusion ¢. We let

S(gv t) = StabAutp(t) (xt(k))

be the stabilizer of the component X¢(k) in Aut,(t). For future reference, we recall the following
result, cf. [7, (4.1)]:

Theorem 1.1. Let (g,[p]) be a restricted Lie algebra, t C g be a torus of dimension pu(g). Then
the following statements hold:

(1) Ty(k) = UhEAutp(t) h.X¢(k) and Ty(k) has [Aut,(t):S(g,t)] irreducible components.

(2) If¥ C g is another torus of dimension u(g), then there exists an isomorphism h : t — ¢
such that S(g,t') = hS(g,t)h 1. O

We let Norg(t) and Centg(t) be the normalizer and the centralizer of t in G, respectively. In view
of the above result, we make the following:

Definition. Let (g, [p]) be a restricted Lie algebra with automorphism group G = Aut,(g)°, t C g
be a torus of dimension p(g). Then

S(g) :==S(g, 1)
is called the toral stabilizer of g. The group
W(g,t) :== Norg(t)/ Centg(t)

is referred to as the Weyl group of g relative to t.

The group G naturally acts on the variety Tot(g) of tori of maximal dimension. Since W (g, g.t) =
W (g, t) for every g € G, the Weyl group W (g, t) only depends on the orbit G.t C Tor(g).

Lemma 1.2. Let (g,[p]) be a restricted Lie algebra with connected automorphism group G :=
Aut,(9)°, t C g be a torus of dimension p(g). Given ¢ € X¢(k), the map

0, : Norg(p(t)) — Aut,(t) ; g ¢ togoyp
s a homomorphism of groups that induces an injective homomorphism

Op : W(g, p(t) = S(g,t) ; gy logoep.
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Proof. Since the connected group G acts morphically on Ty(k), [I1, (8.2)] ensures that G stabi-
lizes the connected component X(k). Let g € Norg(¢(t)). Setting h := ©4(g), we consider the
automorphism

pr : Tg(k) — Tg(k) ;3 Yv—=oh
of the variety T4(k). Then pj,(X¢(k)) is a connected component of Ty(k). Since
pr(p) = 9 00Ou(g) = gow € X(k),
we obtain pp(X¢(k)) = Xi(k). As a result, ©,(g) € S(g,t). Directly from the definition we obtain

the identity ker ©, = Centg(p(t)), so that the induced map O, : W (g, p(t)) — S(g, t) is actually
injective. ([l

By virtue of Theorem [Tl every torus ' C g of dimension p(g) is of the form t' = ¢(t) for some
@ € X¢(k). The foregoing Lemma then provides an embedding

égo : W(g7t,) — S(gvt)y

sending the Weyl group W (g, t') of t’ into the toral stabilizer S(g,t). If g is of classical type, then
this map is an isomorphism, see [7, (4.6)] or Theorem [L.5] below.

Our main goal of this section is to provide a criterion ensuring that W(g,t) = S(g) for some
torus t € Tor(g).

Definition. A torus t € Tor(g) is called generic if the orbit G.t is a dense subset of Tor(g).

Let g := Lie(G) be the Lie algebra of a connected algebraic group. In view of [10} (13.3),(13.5)]
(see also [7l, (4.4)]), any two tori of g of maximal dimension are conjugate via the adjoint action.
Accordingly, each of these tori is generic.

Lemma 1.3. Let (g,[p]) be a restricted Lie algebra with connected automorphism group G :=
Aut,(G)°, t C g be a torus of dimension p(g). Then

dim G.¢(t) = dim G.¢ + u(g)
for every ¢ € Xy(k).

Proof. We consider the morphism

(1) = t)
of irreducible varieties. Given t € t, we let (kt), denote the p-subalgebra of g generated by kt.
Lemma 3.2 of [7] provides a non-empty open subset U C t with t = (kt),, for every t € U. Let (p,t)
be an element of X((k)xU. If (1,s) € w™ (w(ip,t)), then 1(s) = ¢(t), so that

o(t) € im .

By choice of t, this implies that im ¢ C im, whence im ¢ = im. Hence there exists an element
h € Aut,(t) with

w:{xt(k‘)xt — g

Y=poh L.
In particular, o(h=1(s)) = ¥(s) = ©(t), so that s = h(t). As a result, the fiber w=!(w(p,t)) C
{(poh™ h(t)) ; h € Auty(t)} is finite.
Now let ¢ € X((k) be arbitrary. Then w induces a surjective homomorphism

w: (Gup) xt — G.p(t)
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of irreducible varieties. By the above argument, the fibers of this morphism are finite on the dense
open subset (G.p)xU of (G.¢)xt. By virtue of [16, 1.§8, Corollary 1], we obtain
dim G.p(t) = dim((G.p) xt) = dim G.p + dimy t
= dim G.p + p(g),
as desired. ]

Let Sy denote the set of semi-simple elements of g. The following result relates dense orbits in
Tor(g) and X¢(k) to dense G-saturations of tori in Sy relative to the canonical action of G on g.

Proposition 1.4. Let (g, [p]) be a restricted Lie algebra, G = Aut,(g)° be its connected automor-
phism group, and t C g be a torus of mazximal dimension. For a torus ty € Tor(g), the following
statements are equivalent:

(1) The torus ty is generic.

(2) There exists oo € Xi(k) such that po(t) = tg and G.pg = X¢(k).

(3) G.to is a dense subset of S.

Proof. (1) = (2). According to [7, p. 4226], the map
Ce: Xe(k) — Tor(g) 5 = @(b)

is a surjective morphism with finite fibers between two irreducible varieties of dimension dimy g —
rk(g). Let ¢ € ¢, (to), so that @g(t) = to. Since {; is G-equivariant, our present assumption implies
that the morphism <‘|G-7<po : G.pg —> Tor(g) is dominant. Consequently,

dim G.¢p = dim Tor(g) = dim X¢(k),

so that X¢(k) = G.ipp. B
(2) = (3). According to [7, (4.1)] and [7, (3.7)] (see also [I7, Theorem 2(iii)]), the variety Sy is
irreducible, and of dimension
dim Sy = dim X¢(k) + u(g).
Lemma [[3] now implies
dim G.tg = dim G.¢g + p(g) = dim Sy,

so that G.tg is a dense subset of the irreducible variety S,;.
(3) = (1). Thanks to Theorem[LT], there exists an element ¢ € X¢(k) with ty = ¢o(t). According
to Lemma [[.3] we have

dim G.pp = dim G-ty — p(g) = dim Sy — p(g) = dim X¢(k),
so that the orbit G.pg lies dense in X(k). Hence
Tor(g) = G(Xe(k)) = G(G-0) € G(Gao) = G.to,

and ty is a generic torus. O

Theorem 1.5. Let (g, [p]) be a restricted Lie algebra with connected automorphism group G :=
Auty,(g)°. If t € Tor(g) is a generic torus, then the map
Norg(t) — Aut,(t) ; g+~ gl

o~

induces an isomorphism W (g,t) = S(g,t) of groups.
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Proof. Thanks to Proposition [[.4] there exists ¢y € X((k) with @g(t) = t such that the orbit
G.pg lies dense in X¢(k). It follows that G.pg is an open subset of the irreducible variety X(k).
Consequently, G.pq is the unique dense orbit of X((k).
Given h € S(g,t), we consider the automorphism
wp, : Xe(k) — Xi(k) 3 ¢ > poh
of the variety X¢(k). Then wy, is G-equivariant, so that

wp(Gpo) = Gawp (o)

is a dense orbit of X(k). By our observation above, we have G.wp(¢9) = G.¢p, and there exists
an element g € G with
(L.1) wh(0) = g © Po.
In particular, we obtain

9(po(t)) = wo(h(t)) € po(t) =t
for every ¢ € t, whence g € Norg(pg(t)) = Norg(t). Consequently, (LI implies h = Oy, (g), so that
Oy, is surjective. Thanks to Lemma [[.2, the homomorphism O, : W(g,t) — S(g, t) is bijective,

so that the groups W (g, t) and S(g,t) have the same order. We may now apply Lemma to the
canonical embedding ¢ : t < g to see that O, is the desired isomorphism. g

We provide another density result which compensates for the lack of a generic torus to some extent.
Given a torus t C g, we let Cy(t) be the centralizer of t in g.

Lemma 1.6. Let (g, [p]) be a restricted Lie algebra. Then T := Jicqoq) t @5 a dense subset of Sy

Proof. We put A = k[X(] and g = g ®; A. Let j : t < g be the universal embedding. The torus t
acts on g via j; we denote by go C g the corresponding zero weight space. For any homomorphism
x € Specy(A)(k), let ¢, = (idg®x) o j € Ty(k) denote the corresponding embedding. Then
go(z) = (idg ®x)(go) is the zero weight space relative to the torus ¢, (t). Consider the variety

V= {(z,y) € Xe(k) x g; v € go with (idg ®z)(v) = y}.
Owing to [7, (3.4)], the projection 7y : V — g is a dominant morphism with image

mrg= () fo@)= J Cylealt).

z€X¢(k) z€X¢(k)

Also, for n = dimy, g, the morphism ¢ : g — 5*9 .y ylP" is dominant. Thus, ¢ o Ty is dominant,
and we have

(1.2) im¢om= |J Colea)?" = |J wult).
zeX(k) z€X(k)

Since the right hand set is dense in 5*9 and contained in T, our assertion follows. g

Remark. In the proof, we used the fact that the morphism g — g ; y — y" is dominant for
n = dimy g. In fact, there are lower values of n for which this property holds, see the Remark p. [
and Corollary [6.3.4]
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We next record analogous properties of Cartan subalgebras. Thanks to [7, (7.2),(7.4)]
Car(g) := {h C g ; h Cartan subalgebra, dimy h = rk(g)}

is a locally closed subset of the Grassmann variety Gr(g)(g). In view of [7, (8.2)], the variety
Car(g) is irreducible of dimension dimy g—rk(g). Note that G naturally acts on Car(g).

By general theory, the Cartan subalgebras of g are precisely the centralizers of the maximal tori,
see for instance [23, (II.4.1)]. Moreover, Cy(t) € Car(g) for every t € Tor(g), cf. [7, (3.5(1))].

Remark. Let ¢ :=1k(g) —p(g),and (s : g — g y — y[f”]z. Then (; induces a dominant morphism
g— S'g. Indeed, since 7y : V — g is dominant, it is enough to show that ¢y o my is dominant. We
first check it under for g nilpotent. Then the set N(g) of p-unipotent elements form a p-subalgebra
of g of dimension ¢. Hence, for all z;,, € N(g), we have a:[;f I 0. Furthermore, g affords a unique
torus t of dimension p(g). Then it is then easy to see that 2P € t, whence gwZ
needed. Now when g is arbitrary, we have

imGomg=|J Cylea(t)?,
xeX¢(k)

=t= 5, as we

Since each b := Cy(p,(t)) is a nilpotent subalgebra of dimension rk(g) with p(h) = u(g), we have
f)[p}e = ¢, (t). Comparing with Equation (L.2) yields im (; o 7y = im { o 7y, a dense subset of Sy.

Definition. A Cartan subalgebra h € €ar(g) is called generic if the orbit G.h is dense in Car(g).

As before, the Cartan subalgebras of the Lie algebras that are associated with algebraic groups are
generic.

Proposition 1.7. Let (g,[p]) be a restricted Lie algebra with connected automorphism group G :=
Auty(g)°. Suppose that tg € Tor(g) is a torus, and let hy = Cy(ty) € Car(g) be the corresponding
Cartan subalgebra. Then the following statements are equivalent:

(1) The Cartan subalgebra by is generic.

(2) The torus ty is generic.

(3) The G-saturation G.hy C g is a dense subset of g.

Proof. (1) = (2). A consecutive application of [7, (9.3)] and [7, (8.2)] shows that
Cqy : Tor(g) — Car(g) ; t— Cy(t)

is an injective morphism, whose image im Cy = {h € Car(g) ; p(h) = p1(g)} is a dense open subset
of €ar(g). Since Cy is G-equivariant, we obtain

CE(G'tO) = G'hO)
so that the morphism Cy : G.tg — Car(g) is dominant. Consequently,
dim G.tp = dim €ar(g) = dim Tor(g).

As Tor(g) is irreducible, we conclude G.ty = Tor(g), showing that ty is a generic torus.
(2) = (3). It follows from [7, (1.6)] that the variety

Vi={(z,90) € 9 x Xy (F) 5 @ € Co(o(to)) }
is irreducible. Moreover, [7, (3.1)] implies that the morphism

mg:V—9; (x,p) =z
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is dominant. Since ty is generic, Proposition [[.4] provides an element ¢y € X, (k) with image
wo(to) = to and such that G.py = X, (k). Hence G.ypp is open in Xy, (k), and

0 :=(g x G.py) NV

is open in V. Thus, O is a dense subset of V, and we obtain

g=1y(V) = 79(6) C m3(0) = G.Cy(wo(to)) = G -ho,

as desired.
(3) = (1). Suppose that g = G.hg. Setting ¢ := dimy, g, we recall that

. . [p]¢
firg—9g; z—=x
is a G-equivariant morphism, whose image coincides with Sy. Moreover,

f(bo) = ho NSy = to,
so that f(G.hg) = G.tg. Consequently,

Sy =f(a) = f(G-ho) C f(G.hy) = G-,
and Proposition [[4] implies that ty is generic. Thus,
Car(g) = Cy(Tor(g)) C Cy(G.tg) = G.ho,

proving that hg is a generic Cartan subalgebra of g. O

Lemma 1.8. Let (g, [p]) be a restricted Lie algebra, V C g be a subspace of g.
(1) Tor(g)V := {t € Tor(g) ; tNV = (0)} is open in Tor(g).
(2) Tor(g)y :={t € Tor(g) ; t C V} is closed in Tor(g).
(3) Car(g)” :={heCar(g); hNV =(0)} is open in Car(g).
(g)v :={h € Car(g) ; h CV} is closed in Car(g).

Proof. Let d € N. According to [7, (7.3)], the map
fd,V :Grg(g) — Ny 3 X —»dimp XNV

is upper semicontinuous. Consequently, Tot(g)" = Tor(g) \ fu_(;) v({n € Ng ; n > 1}) is open in

Tor(g). By the same token, Tor(g)y = Tor(g) N f;é) v({n €No; n>pu(g)}) is closed. The proofs
of (3) and (4) follow analogously. O

2. BAasiC PROPERTIES OF TORAL STABILIZERS

Our computations of toral stabilizers necessitate information concerning their behavior with
respect to inclusions and passage to factor algebras. Let (g, [p]) be a restricted Lie algebra with
torus t C g of maximal dimension. Recall that S(g,t) is a subgroup of Aut,(t).

Lemma 2.1. Let b C g be a p-subalgebra of the restricted Lie algebra (g, [p])-

(1) If u(h) = u(g), then S(h,t) C S(g,t) for every torus t C b of dimension u(h).

(2) If b <gis an ideal such that g/b is p-unipotent, then u(h) = u(g) and S(h,t) = S(g,t) for
every torus t C b of dimension u(h).
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Proof. (1) Let t C b be a torus of dimension u(h). The canonical inclusion ¢ : h < g induces an
injective morphism

bt Tp(k) — Tg(k) 5 @ 1o
Consequently, ¢.(X¢(k)) € T4(k) is a connected subspace containing the canonical inclusion ¢y :
t — g, so that

L (Xe(k)) € Xi(k),

where the latter space denotes the connected component of Ty(k) containing ¢|¢. Let h be an element
of S(h,t). Denoting the inclusion t < b by 7, we obtain

hotly = ts(h.7) € Xi(k).

Since ¢ — h.@ is a morphism, we see that h.X{(k) C X{(k). This implies h € S(g, t), as desired.

(2) Since g/b is p-unipotent, we have p(g/h) = 0 and [9, (3.3)] implies p(h) = p(g). Let
7 : g — g/b be the canonical projection. Given ¢ € T4(k), the p-subalgebra (m o ¢)(t) C g/h is a
torus, so that (m o ¢)(t) = (0) and ¢(t) C kerm = h. Consequently, ¢ factors through b, and the
morphism

et Tp(k) — T4(k)

is bijective. As a result, t.(X¢(k)) = X{(k) and S(g,t) = S(b,t). O

Corollary 2.2. Let t C g be a torus of dimension u(g), s C t be a subtorus. Then we have a
natural inclusion

5(09(5)’1‘) C{g €S ; gls =ids}.

Proof. We consider the p-subalgebra h := Cy(s). By definition, u(h) = p(g), and Lemma 21
provides an inclusion S(h,t) C S(g,t). In view of [7, (5.11)], each element of S(h,t) belongs to the
centralizer of s in Autp(t). O

For a direct sum t; @ ty of vector spaces, we denote by ¢, and 7, the canonical injection from ;
and the projection onto t;, respectively. Recall the identification

Endk(tl) Homk(tg, fl)

(2.1) End;(t; ® t2) =
Homk(tl,tg) ‘ Endk(fg)

where the maps from Endg(t; @ t2) to any of the blocks arise via composition with +’s and #’s: For
example, the projection Endg(t; @ to) — Homyg(t2, 1) is given by g — ¢, 0 g 0 iy,.

The groups GL(t;) and GL(t2) canonically act on Homy(tz,t;) from the left and right, re-
spectively. The semi-direct product GL(t3) x Homyg/(t2, t;) can be identified with a subgroup of
GL(t; @ t2), namely:

I’q Homk(tg, ’tl)

GL(tg) X Homk(tg,tl) =

0 ‘ GL(t)

(Note that the sizes of boxes are given by the dimensions of the relevant subspaces of t, so that
there is no entry in the first row and column for ¢; = (0), say.)

For tori t, ¢, let Liey(t, t') denote the additive group of restricted homomorphisms t — . It affords
a natural right action by Aut,(t) and a natural left action by Aut,(t'). We first generalize a basic
result from [7].
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Proposition 2.3. Let (g,[p]) be a restricted Lie algebra, n < g be a p-ideal. Then the following
statements hold:

(1) Ift C g is a torus of mazximal dimension, then t N n and (t + n)/n are tori of mazrimal
dimension of n and g/n, respectively.

(2) The restriction map Homg(t,g) — Homyg(t N n,g) induces a morphism res : Xy(k) —
X (k).

(3) Lett Ctbe a torus such that t = (tNn)@t. Then the canonical identification (1) induces
an injective homomorphism

S(n,tNn)

0 ‘ S(g/n,t)

Lie, (¥, tNn)

S(g,t) —

of finite groups.

Proof. (1) According to [9, (3.3)], the p-subalgebra (t+n)/n C g/n is a torus of g/n of maximal
dimension. By the same token, we have

p(g) = p(n) + plg/n).
Since dimy t = dimg (tNn) +dimg (t+n)/n, it follows that tNn is a torus of n of maximal dimension.
(2) Let ¢ : t < g be the canonical embedding. We first verify
(x) We have o(tNn) C n for every ¢ € Xi(k) and g(tNn) =tNn for every g € S(g,t).
According to [7, (5.2)], there exists a subtorus t, C t such that ¢~!(n) = t, for every ¢ € X((k).

Specializing ¢ = ¢, we obtain t, = t N n, whence p(tNn) C n for every ¢ € X(k).
Now let g € S(g,t). Then we have g = g~1.. € Xi(k), so that g(tNn) C tNn. o

Owing to (*), the canonical restriction map induces a morphism
res: X¢(k) — Tu(k) 5 @ — Ol

of affine varieties. As res is continuous, we have imres C X, (k).
(3) Let g be an element of S(g,t). Owing to (x), we have g(tNn) = tNn. Thus,

tliom © glinn = (¢ © g)|trm = res(e 0 g) € Xy (K),

proving glim € S(n,tNn).
According to [7, (5.3)], the natural projection 7 : g — g/n induces a morphism

IT: X¢(k) — Xp(k) ; o= mog|y

of affine varieties. Property (x) implies that each g € S(g,t) induces a unique element g € Aut,((t+
n)/n) such that gor|¢ = mog. Since 7 restricts to an isomorphism ' — (t+mn)/n, there is a unique
automorphism § € Aut,(t') such that go n|y = 7|y o g. Note that n|y : ¥ < g/n is the canonical
inclusion, defining the connected component Xy (k) C Ty, (k). Hence we obtain for g € S(g, t)

g,ﬂ"t/ = 7'(’{/ O g—l =TT O g_llt’ = H(g_l) (= xt’(k)7

so that g € S(g/n,t'). Since g — g defines a homomorphism of groups, we obtain the desired
embedding of finite groups. O

Remarks. (1) Let ¥ C t be tori. Let {t1,...,t,} be a toral basis of t and denote by V the Fp-
subspace of t generated by {¢i,...,t,}. Since V is the set of toral elements of t, there exists a
subspace V' C V, whose k-span coincides with t. Choose a complement W’ of V/ in V. Then its
k-span s is a subtorus of t such that t =t @ s.
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(2) One can show that the restriction morphism res : X((k) — Xinn(k) is smooth. In particular,
res is open and dominant.

Corollary 2.4. Let gq,g2 be restricted Lie algebras and t; C g; be tori of maximal dimension for
i€{1,2}. Then t; ®ty C g1 ® g2 is a torus of mazximal dimension, and

S(g91 D g2, t1 D ta) = S(g1,t1) xS(g2, t2).

Proof. We put g := g1 @ go and t := t; @ t2, and denote by ¢ : t — g the canonical embedding. Let
Ty be the scheme of embeddings of g and X C T be the connected component containing ¢. For
i € {1,2}, we denote similarly ¢; : t; < g; and the schemes X; C T;,. According to Proposition 2.3]
we have

(%) p(ti) Cgi VeeX(k) and g(t) =t VgeS(gt)
for each i € {1,2}. Consequently, Proposition [2.3] shows that

S(g,t) — S(g1,t1) x S(g2,t2) ; g+ (mogor,mogoury)

is an injective homomorphism of groups.
Given i € {1,2}, the map

{xxk) — A(k)
G
Yi = ©; DLz

is a morphism of affine varieties. As a result, given g; € S(gi, t;), the elements ¢; @ idy, and idy, Bgo
belong to S(g,t), and the above map is also surjective. O

3. AUTOMORPHISMS AND GENERIC TORI FOR LIE ALGEBRAS OF CARTAN TYPE

Henceforth, we will assume that k is an algebraically closed field of characteristic p > 3. We
shall apply the results of Section [Il in the situation where g is a restricted Lie algebra of Cartan
type. By definition, these simple restricted Lie algebras possess a restricted Z-grading

S
o=@ ;5 o0 Cois 5 0V Cam  (rs>1),

t=—T

where we set g; := (0) for i« € {—r,...,s}. Given such an algebra g, we consider the associated
descending filtration (g;))i>—r, defined via

86) = 9
j>t

By definition, the restricted Lie algebras of Cartan type are p-subalgebras of the algebra of deriva-
tions of the truncated polynomial rings

A, = k(X1 Xl /(KT XD) (0> 1),

whose canonical generators will be denoted x1, ..., x,.

The Lie algebra W (n) := Derg(2,) is called the n-th Jacobson-Witt algebra. Its p-map is the
standard p-th power of linear operators. We let 9; € W (n) denote the partial derivative with respect
to the variable x;. Then {01,...,0,} is a basis of the 2,,-module W (n), so that dim; W (n) = np™.
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Here and further, we use the standard multi-index notation and write z® := z{'--- 22" and
la) == >0 @ for @ = (aq,...,ap) € Nj. Setting 7 := (p—1,...,p—1), the Lie algebra W (n)

obtains a restricted grading W(n) = @lfz‘:ll W(n); via

n

Win);=> Y ka0

i=1 |a|=j+1

We briefly describe the other Cartan type Lie algebras in terms of differential forms; the reader is
also referred to [23, Chap. IV] and [13] for further details.

We set Q0(21,,) = 2, as well as Q1(2,,) := Homgy, (W (n),2l,,). The latter space carries canonical
structures of an A,-module and a W (n)-module (cf. [I3] or [23]) via

(u.f)(D) :=u.f(D) and (E.f)(D) = E(f(D)) - f([E, D),

for all u € A, D, E € W(n), f € QY (A,). Let Q"(A,) := A" QY(2,) be the r-fold exterior power

over 2,, and define

Q) = Q" (Ay,).
r=0
Let r > 2. Direct computation shows that

D(fihfaN--Nf) =D finfaN-Afit ADfi A fiza Avo A fr,
i=1
D € W(n), f; € QY(A,) endows Q7 (2,,) with the structure of a W (n)-module.
Consider the k-linear map d : Q°(21,) — Q(2A,,), given by

du(D)=D(u) VYue,, DeW(n).

Associated with the Cartan differential forms wg = dx1 A -+ Adap; wg = Y., da; A dzy, for
n = 2r, and wg = dzor41 + iy (zi4rde; — xid2ig,) for n = 2r+1, there are the simple Cartan
type Lie algebras X (n) = X”(n)?, where X”(n) = {D € W(n) ; Dwyx = 0} if X = S, H and
K'"(n) :={D e W(n) ; Dwg € 2wk}

Recall that, given a 2r-dimensional k-vector space with a non-degenerate symplectic form (, ) :
V x V — k, the group

GSp(V):={g€ GL(V); T c(g) €k, (9(2),9(y)) = c(9)(z,y) Vz,y eV}
is referred to as the group of similitudes of the symplectic space (V,(, )).

Theorem 3.1 (|24, 25]). Let g be a restricted Lie algebra of Cartan type X (n) over a field k of
characteristic p > 3. If g = W(1) or H(2), assume that p > 5. Then the following statements hold:
(1) The group G := Aut,(g) is connected.
(2) The group G is a semidirect product G = U x G, where G consists of those automorphisms
preserving the Z-grading of g, and U := {g € G ; (9—idg)(9u;)) € 8@it+1)}- Furthermore, U is
unipotent and Gq is reductive with

Go GL(n), for X =W, S,
= GSp(2r), for X = H and K with n = 2r and 2r+1, respectively.

(3) We have g(g;)) = 8¢y for every g € G and i € Z.
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Proof. According to Wilson’s results [24, Thm. 2|, the theorem holds for the group of automor-
phisms which preserve the standard filtration. So we need to show that under the assumptions
of the theorem, all automorphisms of g preserve it. Since this is the standard filtration defined
with respect to the maximal subalgebra g < g [22) Definition 3.5.1], we have to show that any
automorphism preserves this subalgebra. By [22 (4.2.6)], g(0) is the unique maximal subalgebra
of lowest codimension, except when p = 3, and g = W (1), H(2) or K(3). When g = K(3) and
p =3, [22, (4.2.6)] states that g is the unique maximal subalgebra h of codimension 3 such that
the h-module g/b is not irreducible. It readily follows that g is stable under all automorphisms
of g in all relevant cases, so the proof is complete. O

Owing to (3) of Theorem [3.1] the subsets Tor(g)g,, and Tor(g)?® of Tor(g) are G-invariant. It also
follows that the function

fo: Sot(g)g(fl) — Ny ; t—=dimgtn 9(0)

is constant on the G-orbits of Tor(g)g _,,-

The following result, which states that fy forms a complete set of invariants for the G-orbits of
Tor(g)g_,,, is based on Demuskin’s work [3, 4], as corrected in [22, §7]. In our statement below,
we represent the contact algebra as in 23] (IV.5)].

Theorem 3.2. Let g be a Lie algebra of Cartan type X (n), where X € {W,S,H,K}. Then the
following statements hold:

(1) Two tori t,t' € Tor(g)g._,, belong to the same G-orbit if and only if fo(t) = fo(t').

(2) Each of the following tori represents the unique orbit G.ty of Tov(g)g_,, with fo(G.t) = {0}:
S) to=((14x1)01 — xn0n, ..., (14+xp—1)0n—1 — x,0) for g = S(n)
H) to = <(1—|—$1)81 — l‘r+18r+1, RN (1+:1:T)8r+1 — $2r82r> for g= H(QT‘)
K) to= (@1(14+zrs1), ... xr(I422r), Doty Tilpgi—Topy1) for g = K(2r+1). O

P

The foregoing results yield the following description of the toral stabilizers of the Lie algebras of
Cartan types W, S and H.

Proposition 3.3. Let g be a Lie algebra of Cartan type W, S or H. Then ty is a generic torus and
W(g,to) = S(a)-

Proof. According to Lemma [[.8 and Theorem B.Il Tor(g)
Tot(g). By the same token,

g(_1y 18 a closed, G-invariant subset of
O := Tor(g)g,_,, N Tor(g)*®

is an open, G-invariant subset of Tot(g)y_, . In view of Theorem B.2(1), we thus have O = G.to.

In particular, the orbit G.t is open in Tor(g)y_,,. Since g = g(_1) for g = W(n), S(n), H(2r), it

follows from the irreducibility of Tor(g) that ty actually is a generic torus of g. Our second assertion

is now a direct consequence of Theorem O

Remark. 1f g is of type K, then G.to is a subset of g(_;). Since Sy \ g(_1) is not empty, the G-
saturation of to is contained in the proper, closed subset SyN g-1) & Sy, and Proposition [[.4 shows
that the torus ty is not generic. In fact, we will see in (6.2.3]) that contact algebras do not afford
generic tori.
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4. EMBEDDINGS OF W (n)

In preparation for our computation of the toral stabilizers and Weyl groups of the generic tori of
the Lie algebras of Cartan types W, .S and H, we provide in this section embeddings W (u(g)) — g
for such Lie algebras.

The map

div: W(n) — 2, 5 Y £0; = > 9i(f))
=1 =1

is called the divergence of W (n). The special algebra S(n) is the derived algebra of the subalgebra
ker div, cf. [23, (IV.3)].

Let r < n. In the sequel, we shall identify 2, with the subalgebra of 2, that is generated
by z1,...,2,. A derivation D € Derg(2,) will be regarded as an element of Dery(2,,) by setting
D(zj) = 0 for r+1 < j < n. As before, we shall employ multi-index notation. In particular, ¢;
denotes the vector, whose coordinates are given by the Kronecker symbols ;;.

Lemma 4.1. Letn > 2. Then
on:W(n—-1)— S(n) ; D~ D —div(D)x,0,
s an injective homomorphism of restricted Lie algebras.
Proof. Let D be an element of W(n—1). Since
div(on (D)) = div(D) — 9, (div(D)x,) = div(D) — div(D) = 0,
we have 0,(W(n—1)) C kerdiv. According to [23, (IV.3.1)], the map div is a derivation. Given
D,E € W(n—1), we thus obtain
[on(D),0n(E)] = [D—div(D)x,0p, E — div(E)x,0,]
= [D,E] — D(div(E))x,0, + E(div(D))x, 0y + [div(D)xy,0n, div(E)x, 0y
[D, E] — div([D, E))x,0p + [div(D)x,0p, div(E)x, 0]
= on([D, E]),

so that o, : W(n—1) — kerdiv is a homomorphism of Lie algebras. As W (n—1) is simple, we
have

im o, = o, ([W(n—1), W(n—1)]) C (kerdiv)¥) = S(n).

Moreover, the map o, is obviously injective.
In view of Jacobson’s formula, it suffices to verify the identity o, (z[?)) = o, (x)P! on a basis of
W(n—1). Let a < 7 be an element of Nj~!. By virtue of [23] (IV.2.7)], we have

(z9;)lP) = { 0 a#e

r%90; a=¢j
for every j € {1,...,n—1}. Since
0 (290;) = 20; — a;x*" T x,0p
there exist A\; € k such that
an(azaaj)[p](a;,-) = \; gPotEiTre; Vie{l,...,n—1}.

This expression vanishes unless a = ¢;. In the remaining case, we readily obtain o, (z;0;) =
2j0j — 2,0y, so that o, (x;0;)P! = o, (x;0). O
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We denote by P(2r) the Poisson algebra, i.e., the space g, endowed with the standard Poisson
bracket {, }. By definition, {, } is an associative bi-derivation, defined on the generators z1, ..., zo,
by the rule:

{zi, wir} = 1= ~{Zigr, 2} 1<i<m,
and the remaining {x;,z;} = 0 (see [23] p.168]). The center of P(2r) consists of the space k of
constant polynomials, and there is an exact sequence

(0) — k — P(2r) 25 H"(2r)

of Lie algebras, where H”(2r) is the annihilator of the Hamiltonian form (see [23] p.163]). In
particular, H”(2r) is a p-subalgebra of W(2r). The image H'(2r) of Dy has codimension 1 in
H"(2r), and the derived algebra H'") = H(2r) is the Hamiltonian algebra.

The Lie algebra P(2r) is restrictable, and any p-mapping of P(2r) renders the above exact
sequence an exact sequence of restricted Lie algebras. We define a p-mapping by the following
formula (cf. [22], p. 403]):

ayp _ J 0 for a {0, +¢eiqr; i=1,...,1},
(4.1) (=) {:1:“ for a€{0,e;+¢eiqr;i=1,...,1}

In particular, 1! = 1, and the center is a torus.

Lemma 4.2. Letr > 1. Then the map
or : W(r) — P(2r) ija n—)Zx]fj (Trg1y.-.yTop)

s an injective homomorphism of restricted Lze algebms.

Proof. We check that ¢, is a Lie algebra homomorphism. Given f,g € 2, and ¢,5 € {1,...,r},
we have [f0;, g0;] = f0i(9)0; — g0;(f)0; in W (r). Writing f(z’) for f(zr41,...,22r), we therefore
obtain

') + zi{ f(2)), 259(2")}

F(a") + zi{ ("), 25} g(2")

Nf(a") = 20 (f(2"))g(z)

)

{zif (@), z9(a")} = {=i,2;9(2")

= xj{zi 9(a’)

= 2;0;4,(g(a'

= ¢r([f0i, 90,

Recall that (%0;)P! = 0 if a # &, and (2;0;)P = 2;0; for all i € {1,...,7}. A comparison

with (4.1]), shows that gor((:n‘l@i)[p}) = ¢, (2%0;)IP! for all a € Njj. Consequently, ¢, is an injective
homomorphism of restricted Lie algebras. O

As a corollary, we readily obtain:

Lemma 4.3. Let r > 1. The map Dy o ¢, induces an embedding W (r) < H(2r) of restricted Lie
algebras. O

5. TORAL STABILIZERS OF CARTAN TYPE LIE ALGEBRAS

In this section, we turn to the computation of the toral stabilizers of restricted Lie algebras of
Cartan type. Our approach involves embeddings of suitable p-subalgebras.
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5.1. Poisson algebras. We begin by determining the toral stabilizers of the Poisson algebra with
toral center. For » > 1, we consider the Lie algebra

T
[ = kz @ kxy © P kti,
i=1
whose bracket and p-mapping are given by

[p]

[ti, 1] = d;121 and tz[-p] =t , x =z= 2P

I

respectively, with all unspecified products being zero.

Lemma 5.1.1. For the restricted Lie algebra (I, [p]), we have S(I,.) ~ Z/pZ.
Proof. Setting t := @;_, kt;, we obtain a direct sum decomposition
[L=Lat
of I, whose second summand is a torus. Consequently, Corollary 2.4l implies
S(l) =~ S(lh) x S(t) ~ S(hy).
According to [7, p.4215], we have S(l;) = Z/pZ, as desired. O

A restricted Lie algebra g is referred to as trigonalizable if it can be embedded into a restricted
Lie algebra of triangular matrices. This is equivalent to every restricted simple g-module being
one-dimensional.

Theorem 5.1.2. Let P(2r) be the restricted Poisson algebra in 2r variables with toral center. Then
S(P(2r)) ~ GL,(F,) x (Fp)". Moreover, for any torus t C P(2r) of maximal dimension, we have

S(P(2r),t) = {g € Auty(t) ; g(1) =1}

Proof. We first show that S(P(2r)) ~ GL,(F,) x W, where W = (0) or W = (F,)" with the natural
action by GL,(F,). In view of Lemmald.2] there exists an embedding k® W (r) < P(2r) originating
in the direct sum of the one-dimensional torus k with W(r). Let t = k & t', where t C W (r) is
any torus of maximal dimension. Thanks to Lemma [21] Corollary [24] and Proposition 2.3I(3), we
obtain inclusions

1‘ 0 1] (F,)
C S(P(2r),4) €
O‘S(W(r),t’) 0| GL.(F,)

Owing to [19, Thm. 1] and Proposition [3.3] the group S(W (r),t') is isomorphic to GL,(F,). Since
the matrix group on the right identifies with the semi-direct product of GL,(FF,) with the standard
module (F,)", we obtain embeddings

GL,(F,) x (0) C S(P(2r),t) C GL,(F,) x (F,)".

Consequently, S(P(2r),t) ~ GL,(Fp) x W, where W := S(P(2r),t) N [(1)x (F,)"] is a GL,(F,)-
submodule of (IF,)". Since (F,)" is irreducible, we have W = (0) or W = (Fp,)".
In order to show that W # (0), we consider the subspace

(=k+k(l+z) + > ki (1+i,)
i=1
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of P(2r). We claim that [ is a p-subalgebra of P(2r) which is isomorphic to [.. Using the fact that
the Poisson bracket is a bi-derivation for the associative structure, we obtain

{zi(1+zitr), 142} = {2, 1421 A+ 2i4r) = {25, 21 FA 4+ Tigr) = 61 (14 Ti4r).
Since polynomials in x; and z;+, commute with polynomials in the remaining variables, we see that

all other brackets are 0. Hence, [ ~ [, as abstract Lie algebras. We have 1Y) = 1 by definition.
Also, using Jacobson’s formula, we obtain

(1+z,1)P = 1P 4 :E[ij_l 1

Setting t; = x;(14+x;4,), we show that tz[p] = t;. One can easily check (adt;)? = adt; by comparing
the action of these derivations on the associative generators z1,...,x, and 1+x,41,...,14x9, of
P(2r). As the center C'(P(2r)) coincides with k, there exists A € k such that tz[-p} = t;+ Al. Consider
the decomposition t; = x;+z;z;4,. Jacobson’s formula in conjunction with (4.1]) yields

p—1 p—1
7 = e 1 ()P + > si(@i witigr) = Tiigr + Y 85(@0, Tii).
=1 =1

Observe that both, x; and x;z;4,, belong to the subspace E := x;-k[z;1,|. It is easy to check that
E is stable under ad z; and ad x;z;+,. Hence all the s;(z;, z;xi;,) belong to E. Consequently, we
obtain A1 +¢; = tz[.p] = x;x;4,» mod F, forcing A = 0, as required.

According to [22, (7.5.10)], the space t := k 4 >/ | kt; C [is a torus of P(2r) of maximal
dimension. By Lemma [5.1.T] we have S(I,t) ~ Z/pZ. Since the factor algebra [/k is trigonalizable
with torus t' := t/k of maximal dimension, [7, (6.1)] implies S(I/k,t') = {1}. Proposition 23] now
provides an embedding £ in the top line of the following diagram:

sy e <(1) Liepl(jl,k)>
‘| |
S(P2r),Y) == ( é (}Lzsz) >’

The map « is the inclusion given by Lemma 2 and the matrices on the right describe the
endomorphisms of t = k & t' according to the block decomposition (ZII). By construction of all
these maps, the diagram is commutative. Since im & ~ S(I,t) # {1}, we have W # (0), as desired.

For the last statement of the theorem, observe that a maximal torus t always contains n = k.1
as a subtorus. Corollary 2.2 provides an inclusion S(P(2r),t) C {g € Aut,(t) ; g(1) = 1}. As these
groups have same order, this inclusion is an equality. O

5.2. Lie algebras of Cartan type. The main result of this section reads:

Theorem 5.2.1. Let g be a Lie algebra of Cartan type. Then there is an isomorphism
5(9) = GLyyg) (Fp)-

Proof. Assume first that g is of type W. Also, if p = 3 assume that g # W(1). Proposition B3l
provides a generic torus tg C g and an isomorphism

W (g, to) = S(g)-
The isomorphism W (g, to) = GL, 4 (F,) was established in [I9, Thm. 1]. Now assume that p = 3
and g = W(1) = sly. Then Aut,(g) is no longer connected, so we cannot use Premet’s result. Note
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that S(g) — GL1(F3) = Z/(2), so that we only need to see that S(g) is not trivial. This follows
from [7, Remark (1), p.4201].

When g is of type S or H, Lemmas [£.1] and [£3] furnish embeddings W (u(g)) < g. Lemma 2.]
thus yields GL,, ) (F,) < S(g), so that S(g) = GL,,g)(Fp).

The rest of the proof is devoted to contact algebras. Let n = 2r+1 be an odd number. Following
[23, (IV.5)], we endow the truncated polynomial ring 2, with the structure of a restricted Lie
algebra; the corresponding Lie bracket (, ) is called contact bracket. In the sequel, K" (n) will
denote the vector space 2, endowed with this bracket. Then K(n) = K”(n)!) is the contact
algebra.

Let t := @;_; kx;zr1; ® k(1+x,) € K(n). Then t is a torus of maximal dimension in K (n), and
we claim that

S(K(n),t) ~ GLy11(Fp).

We identify Aut,(t) with GL,;(F,), using the ordered basis {14z, z12y41,. .., T,z }. Hence-
forth, all matrix representations will describe automorphisms of t by means of this basis.

By [22, (7.5.15)], we know that the centralizer ¢ = Cgw(,)(1+z,) is isomorphic to the Poisson
algebra P(2r) with toral center. Since t C ¢, Theorem yields the following matrix description:

(5.1) <(1) Gﬁ%,,)) = S(c,t) C S(K"(n), 1),

with the inclusion following from Lemma 211
We will now embed lower triangular matrices into S(K”(n),t), by means of a method similar to
the one used in Theorem [5.1.21 Consider the subspace

[:= kx, 20, ® kxpxor(1+2,) ® k(14+2,) C K" (n).

We first prove that [ is a restricted Lie algebra isomorphic to the one in [7, p. 4216] (or to [; in
Lemma [5.1.1]). We check that such an isomorphism is defined by the assignment

2 TpZop, T TpTop(l4my), e 14a,.
Indeed, directly from the rules given in [23, p.173], we obtain
(Trmor, 1+2n) = 0 = (@29, Tr@or (1420))
as well as

<1+mn7mrm2r(1+mn)> = <1,$r$2r(1+$n)> + <xn7mrm2r(1+xn)>
= 2x,Tor + 22, Top Ty = 2@, 29 (14 2y,).

In view of [23], p.177], we also have
(I+z,)P =1+ 2P =142,
Moreover, since (z,xa, X, xox,) = 0, we finally obtain
(zrxor(142,))P) = 2,29,

Now let t' := Z:;ll kx;xiyr, so that t = k(1+z,) + t + kz,zo.. Write ¢ = k(1+x,) + kx, 2o,
to ease notation. Since (¥,[) =0, there is an embedding t' & [ — K" (n) of restricted Lie algebras,
which in turn yields an embedding

SHaLtat)~ (1) xS(t) — S(K"(n),t)
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of finite groups. According to [7, p. 4216|, the group S(I, ) is generated by the transformation
TpZop > TpTop, (14x,) — zpxe, + (142,). Using the previous matrix identification, this yields

0

1 O 7 o :
(v [r> € S(K"(n),t), where v = 0
1

In view of (B.1)), the group S(K”(n),t) also contains <(1) GLTO(]FP)), so the irreducibility of the
GL,(F,)-module (F,)" yields

02 (@ anitey) 5o,

Using (5.)) and (5.2), we see that S(K”(n),t) contains the subgroup generated by all shear matrices,
which, owing to [I2, Lemma 6.7.1], coincides with SL,;(F,). By (5.2)), it also contains matrices of
arbitrary determinant, whence S(K”(n),t) = GL,4+1(F,). Since the factor algebra K”(n)/K(n) is
p-unipotent, Lemma 2.1 now yields the result. O

Taking into account Theorem [I.T] (1), we obtain the following remarkable corollary:

Corollary 5.2.2. Let g be a Lie algebra of Cartan type. Then the variety Ty(k) is irreducible. O

5.3. The Melikian algebra. For the sake of completeness, we mention the case of the restricted
Melikian algebra. Recall that this is a simple graded Lie algebra over a field of characteristic p = 5,
which is neither classical nor of Cartan type. We refer the reader to [20] for the details. As for
contact algebras, it can be shown that this algebra affords infinitely many conjugacy classes of tori
of maximal dimension.

Theorem 5.3.1. Assume that k has characteristic p = 5. Let M be the restricted Melikian algebra.
Then there is an isomorphism

S(M) = GLy(Fp),
and the variety of embeddings Tyi(k) is irreducible.

Proof. By construction, there exists an embedding W (2) < M (see [20, Sect. 1]). By [20, Cor.
4.4], all maximal tori in M have dimension 2, so that u(W(2)) = u(M). Let t C W(2) C M be a
torus of dimension 2. Using Lemma [2.T], we obtain embeddings S(W (2),t) C S(M,t) C Aut,(t). By
Theorem [5.2.1] this forces S(M, t) = Aut,(t) = GLy(F,). The fact that the variety of embeddings
is irreducible now follows from Theorem [L.1] U

6. APPLICATIONS

The applications to be discussed in this final section pertain to weight space decompositions,
the non-existence of generic tori and invariants for certain Lie algebras of Cartan type. While the
second topic originates in Demuskin’s early work [3, 4] along with Strade’s corrections [22], our
observations on invariants are motivated by Premet’s paper [19].
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6.1. Irreducibility and Weights. Our first result illustrates why it is reasonable to consider toral
stabilizers as a replacement for Weyl groups when dealing with arbitrary restricted Lie algebras.

By definition, a restricted g-module M is a g-module such that for every x € g, the operator
m — zPl.m is the p-th power of the transformation of M effected by x. If t C g is a torus, then M
is a completely reducible t-module, giving rise to the weight space decomposition

M = EB M.

AEAN

Each A € Ay is a linear form satisfying A(tP)) = A\(t)P for every t € t. As a result, Ayy C Lie,(t, k)
is a subset of the character group of t, i.e., the additive group of all homomorphisms t — k of
restricted Lie algebras, where the p-map on k is the associative p-th power. The group Aut,(t) acts
contragrediently on Liey(t, k) via

h.p:=poh™? V h € Aut,(t), ¢ € Liey(t, k).
If t C g is a torus of maximal dimension, then S(g,t) C Aut,(t) also acts on Liey(t, k).

Theorem 6.1.1. Let (g, [p]) be a restricted Lie algebra, t C g be a torus of mazximal dimension. If
M is a restricted g-module with weight space decomposition

then Ay C Liey(t, k) is S(g,t)-stable and the dimensions of the weight spaces are constant on the
S(g, t)-orbits.

Proof. As in the proof of Lemma [[LO put A := k[X;] and let j : t — g®; A be the universal
embedding of t. In particular, given a commutative k-algebra R, an element ¢, : t - g ®; R
corresponds to z € Specy(A)(R) if and only if ¢, = (idg®x) o j. Consider the restricted A-Lie
algebra § := g®y A. Then M := M ®; A is a restricted g-module, and the universal embedding
gives rise to a weight space decomposition

M= @ i,
Y€l 7

of the t-module M, whose constituents are A-submodules of M. Let 2 € Spec;,(A)(k) be a k-rational
point. As observed in [7], (4.2)], we have
M= @ M),
'YEFN{
where M, (z) = Myw;l is the weight space with weight 7 o ¢, ! relative to the torus o, (t) C g.
Since each M'y is a finitely generated projective module over the integral domain A, it has constant
rank and [15, p.166] yields

dimy, M, (z) = rk(M,) vV x e X(k).

In particular, these dimensions are non-zero integers which depend only on 7.
Let ¢ : t < g be the canonical inclusion. Given g € S(g,t), we have g.. = 1o g~! € Xy(k), and

M= EB Mg
’YEFM
is the weight space decomposition of M relative to t. Thus, Ayy = g.I'y; for all g € S (g,t) and
dimy, M.\ = rk(]\%\) = dimy, M) for every A € Ayy;. O
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Corollary 6.1.2. Let t C g be a torus of maximal dimension, M = @AEAM M)y be a restricted
g-module. If the variety T4(k) is irreducible, then the following statements hold:

(1) Ap = {0}, or Ay contains Liey(t, k) \ {0}.

(2) All weight spaces of M belonging to non-zero weights have the same dimension.

Proof. Let t C g be a torus of maximal dimension, M = @, Ay M be the corresponding weight
space decomposition of M. By Theorem [6.1.1], the set Ay C Liey(t, k) is S(g, t)-stable.

According to Theorem [[T], the variety Ty(k) has [Auty(t) : S(g,t)] irreducible components. In
view of our assumption, this yields S(g,t) = Aut,(t). Consequently S(g,t) = GL, ) (F,) acts via

two orbits on Lie,(t, k) = Homg, (Fg(g),Fp), namely {0} and Lie,(t, k) \ {0}. O

Remark. Let g be such that Ty(k) is irreducible. For any restricted g-module M = @, Ay Mo,
we have Ajy; = {0}, Lie,(t, k) \ {0} or Liey(t, k). We consider the Jacobson-Witt algebra g = W (n)
acting via derivations in the truncated polynomial ring 2,,. Then, k C 2, is a submodule, and the
three possibilities occur for k, 2, /k, and 2, respectively.

We record the particular case given by the adjoint representation:

Corollary 6.1.3. Let g = go ® @, 9o be the ro0t space decomposition of g relative to a torus
t C g of maximal dimension. If the variety Ty(k) is irreducible, then ® U {0} = Liey(t, k), and all
root spaces of g have the same dimension.

Proof. If ® = (), then g = go is nilpotent and, being an irreducible variety of dimension zero, Ty(k)
is a singleton. Consequently, t = (0), so that Lie,(t,k) = {0}. The case where ® # 0 follows
directly from Corollary O

6.2. Non-generic tori. We will prove that the Weyl groups of the Poisson algebra P(2r) do not
coincide with the toral stabilizer, and obtain as a consequence that contact algebras do not afford
generic tori. This result strengthens Strade’s observation [22], who showed that K (2r+1) possesses
infinitely many conjugacy classes of maximal tori.

To do so, we first gather some observations concerning automorphisms of P(2r). Any Lie algebra
automorphism of P(2r) stabilizes the center k& C P(2r). The simple Lie algebra H(2r) can be
realized as the derived subalgebra of the quotient algebra P(2r)/k. There results a homomorphism

7 Aut(P(2r)) — Aut(H(2r))

of groups. Our analysis of Aut(P(2r)) involves two classes of automorphisms. A Lie algebra
automorphism o € Aut(P(2r)) is a semi-Poisson automorphism if there exists a non-zero scalar
a € k* such that ao preserves the associative structure of P(2r). If o = 1, then o is referred to
as a Poisson automorphism. The set of semi-Poisson automorphisms is a subgroup of Aut(P(2r)),
which we denote by Autsp(P(2r)).

Let A\ € P(2r)* be a linear form which vanishes on P(2r)()). Then

[ P@r) - P2r)
9‘“'{ foo= fEA

is an automorphism of the Lie algebra P(2r) and H := {¢y ; A € (P(2r)/P(2r)M)*} is a subgroup
of Aut(P(2r)) such that Autgp(P(2r)) NH = {idp@y) }-
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Theorem 6.2.1. Let 7 : Aut(P(2r)) — Aut(H(2r)) be the natural map. Then ker(m) = H, and
we have
Aut(P(2r)) = Autsp(P(2r)) x H.

Proof. Tt follows from [22, (7.3.6)] that the restriction of 7 to Autgp(P(2r)) is surjective. We will
proceed to verify ker(w) = 3. This will prove that the restriction of m to Autgp(P(2r)) is also
injective, so that Aut(P(2r)) = Autgp(P(2r)) x H. Given o € ker(rw), there exists a linear map
o P(2r)M) — k such that o(f) = f 4 u(f) for all f € P(2r)). Consequently,

{frgy = {f+ulf)g+uwg)}={o(f) 09}
= o({f.9}) ={f, 9} +u({f.9}),

so that p({f,g}) =0forall f,g € P(2r)M. Since P(2r)M) is a perfect Lie algebra, we have p = 0,
ie. o(f) = f for every f € P(2r)D.

We have a vector space decomposition P(2r) = P(2r)V) @ ka™, where 27 =
unique monomial of maximal degree d = 2r(p—1). Let o € k and g € P(2r)1) be such that
o(x™) = ax” + g. Note that g is a linear combination of monomials of degree lower than d. To see
that o € H we need to show that a =1 and g € k.

Recall the notation ¢ = i+ (resp. i—r) for i < r (resp. ¢ > r), so that {z;,z;} = 0, ;. Since
the element

p—1 p—1 .
-+ Ty, is the

{xh xT} = —g;p_l ces xf/_2 . xg;1

lies in P(2r)M, it is fixed by o. Hence,
—fTal b = o({an,aT)) = {o(a), 0(eT)} = {2, 77 +g)
-1 —2 -1
g _O[;Up xf’/ xgr _‘_{x“g}’
so that
-1 -2 -1

for alli € {1,...,2r}. Since bracketing by z; lowers the degree by 1, {x;, g} is a linear combination
of monomials of degree < d—1. Consequently, both sides are zero, so that « = 1 and {x;,9} =0
for all ¢. The latter condition implies that g is central, i.e. g € k as desired. g

We turn to Weyl groups of the Poisson algebra.

Proposition 6.2.2. Let t C P(2r) be a torus of mazimal dimension, H C Aut,(P(2r)) be a
subgroup. Then the following statements hold:

(1) There exists an embedding Nory (t)/ Centy (t) — Fj, x GL.(F).

(2) W(P(2r),1) C SP(2r),0).

(3) The Poisson algebra P(2r) affords no generic torus.

Proof. (1) Let m C P(2r) denote the subspace of polynomials without constant term. Being the
unique maximal ideal of the local algebra 2As., m is stable under semi-Poisson automorphisms.
Owing to [22] (7.5.10)], the torus t is conjugate under a Poisson automorphism to one of the

following tori:
q

T
Iy=ko Z k(142)xipr © Z TiTiqr, q€{0,...,7}.
i=1 i=q+1
(But the conjugating automorphism is not restricted in general.) FEach of these tori has the
form k @ T for some torus 7/ C m. Since Poisson automorphisms stabilize m, we also obtain
a decomposition t = k @ tg, where ty C m is a torus.
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Let g € Norg(t). Thanks to Theorem [6.2.T] the automorphism g is a composite g = gg o h, where
go is a semi-Poisson automorphism and i € H. Now, t being a torus, we have t C '.P(27‘)(1), so that
h acts trivially on t. Thus, g and gy induce the same automorphism of t, whence g(k) C k and
g(to) CtNm =ty. We obtain a well-defined mapping

Norg (t) — Auty(k) x Aut,(to) ; g+ (9lk, 9lt)

which induces the desired embedding Nory (t)/ Cent (t) < F, x GL,.(FF,).

(2) According to Lemma [[.2] the Weyl group W (P(2r),t) is contained in S(P(2r),t). By part
(1), there is an embedding W (P(2r),t) < F, x GL.(FF,), while Theorem [£.1.2] yields S(P(2r),t) ~
GL,(F,) x (F,)'"

(3) This is a direct consequence of (2) and Theorem O

Theorem 6.2.3. The contact algebra K(2r+1) affords no generic torus.

Proof. We write g := K”(2r+41) to ease notation, so that g') = K(2r+1). Note that gV is a
p-ideal of g such that the factor algebra is p-unipotent. As a consequence, all tori of g are contained
in g(l), and we have S5 = Sg(l)- Furthermore, if t C g(l) is a torus of maximal dimension, then
Lemma 21 and Theorem 21 yield S(g,t) = S(gM), t) = Aut,(t).

Let us prove that restriction to the derived subalgebra induces a surjective homomorphism res :
Aut,(g)° — Aut,(g(V)). By Theorem 3] the group on the right is connected. Thanks to [T, Prop.
7.4 B], it therefore suffices to show the surjectivity of the map Aut,(g) — Aut,(g")). Setting
®,(D):=poDopu! for every u € Autg(™Uo,41) and D € W(2r+1), we obtain an isomorphism

O Auty,(UAgp11) — Aut,(W(2r+1)) ; p— 0,

of groups. The automorphisms of 2o, 1 naturally act on differential forms, and we consider the
subgroup

Gr = {p € Autyp(Azr11) 5 pwr € A5 WK}

According to [22 (7.3.2)], ® induces an isomorphism Gx =~ Aut,(g")). From the definition g =
{D e W(2r+1) ; Dwg € Ao,1wk}, we see that for p € Gk, the map ®, induces a restricted
automorphism of g. Thus, any restricted automorphism of g(!) extends to g, as we wanted to show.

In the sequel, we write G := Aut,(g)° and Gx := Aut,(g(")). Assume that there exists a
generic torus t C gM). In view of Proposition [4] the saturation Gg.t is dense in 59(1). The above
observations yield

G.t=res(G).t = Gg t,

so that G.t is a dense subset of Sg = 79(1). Applying Proposition [[.4] again, we conclude that t is
also a generic torus of g.

Note that the argument of the remark following Proposition B.3] applies to any generic torus of
g, yielding t Z ggl_)l). Since t C g™, this means t Z g(—1)- Owing to [22, (7.5.14)], we may assume
that 1+, € t. Then t is also a torus of maximal dimension of the centralizer ¢ := Cy(1+xy,).
By [22 (7.5.15)], there is an isomorphism ¢ : ¢ — P(2r) of restricted Lie algebras such that
o(14+x,) = 1, the canonical central element in the Poisson algebra. Applying Theorem B.1.2] we
obtain S(c,t) = Centpy, (1 +2y,). Since t C g is generic, Theorem in conjunction with the
above observation S(g, t) = Aut,(t) ensures that the map Norg(t) — Aut,(t) is surjective. Thus,
given g € Auty(t), there exists ¢ € G such that ¢|y = g. Since g fixes 14z, we have ¢|, € Auty(c).
Setting H := Aut,(c), we obtain a surjection Nory(t) — Aut,(t), which contradicts Proposition
622(1). O
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6.3. Invariants for Lie algebras of Cartan Type. Given a restricted Lie algebra (g, [p]) with
connected automorphism group G = Aut,(g)° and maximal torus t C g, we are interested in
comparing the invariants k[g] and k[t]°® of the respective rings of polynomial functions. In case
S(g) = GL(g)(FFp), the generators of the latter algebra were explicitly determined by Dickson, cf.

[5].

We begin with some general observations concerning invariants of polynomial functions of a
finite-dimensional associative k-algebra A. Let G C Aut(A) be a connected, closed subgroup of
the automorphism group of A. Given a finite-dimensional A-module M, we let ap; : M — M be
the left multiplication effected by the element a € A. Let T be an indeterminate. For a € A, we
consider the characteristic polynomial

PM(T; a) = det(T-idM —aM) € k[T]
Then deg Py (T';a) = dimy M =: n and the functions ¢ys; : A — k, given by

n

Py(T;a) = > ai(a)T

=0

belong to the ring k[A] of polynomial functions on A. Note that ¢y; = ¥n; whenever M = N.
The group G acts contragrediently on k[A] via

(g-)(a) := (g " (a)) VgeG, ¢eck[A],ac A

We record the following basic observation:

Lemma 6.3.1. Let M be a finite-dimensional A-module. Then we have ¥n; € k[A]C for every
i€{0,...,dimy M}.

Proof. Given g € G, we let M9 be the A-module with underlying k-space M and twisted action
defined via

a.m:=g (a)m VYaecA meM.

Then we have a,;,) = ¢~ (a)um, so that

Uaro (a) = Yari(g™ ' (a))

for every a € A and ¢ € {0,...,dimy M}.
Let S be a simple A-module. Since the connected group G acts trivially on the set of primitive
central idempotents of the algebra A/ Rad(A), it follows that

SW=g vged.
Consequently,
(9-¥s:3)(a) = si(g7 " (a)) = g 4(a) = ¥si(a) Va€cA gegq,

whence 15, € k[A]% for i € {0,...,dimy, S}.
Let (0) — M' — M — M" — (0) be an exact sequence of finite-dimensional A-modules.
The identity
Py(T;a) = Py (Tya)Pyn(Tia) Yae A
implies that the 157 ; belong to the subalgebra of k[A] generated by the elements ¢y j and ¥ .
Our result now follows by induction on the length of M. O
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Returning to our standard set-up, we let (g, [p]) be a restricted Lie algebra with automorphism
group G = Aut,(g)°. Consider the two-sided ideal I < U(g) of the universal enveloping algebra
that is generated by the set {zP — 2l oz e g}. The finite-dimensional algebra

Uo(g) := U(g)/1

is the restricted enveloping algebra of g, see [23| (V.5.3)] for more details. By the universal property
of Up(g), the group G can be considered a connected subgroup of the automorphism group of
Up(g). Any finite-dimensional Up(g)-module M thus gives rise to invariant polynomials 1y ;, whose
restrictions to g are elements of the ring k[g]“ of invariants of polynomial functions on g. We shall
henceforth consider the 157; as elements of this ring.

Let (t,[p]) be a torus of dimension m. Then Aut,(t) = GL,,(FF,) acts contragrediently on the
ring k[t]. The following subsidiary result interprets Dickson’s work [5] in this context.

Lemma 6.3.2. Let (t,[p]) be a torus of dimension m. Then
k[ OLm () = k{Yu,pi 3 0 < i <m—1}]
with algebraically independent generators.

Proof. Let X(t) be the character group of t. By definition, X () is the group of algebra homo-
mophisms A : Uy(t) — k. If {t1,...,t,,} is a toral basis of t, then the map X\ — (A(¢1),..., \(tn))
provides an isomorphism X (t) = F}" of groups. Since t is a torus, the free Up(t)-module of rank 1
decomposes into a direct sum of one-dimensional restricted t-modules:

Ut) = P ka
)

AEX(t

Consequently, we obtain for ¢t = ", z;t; € t the identities

PowTity= [ @-xt)= ][] @T-azi—- —amzm).

)‘EX(t) (alv---vam)EF;n

Our result now follows directly from Dickson’s Theorem [5], (8.1.1)]. O

Let M be a Up(g)-module, t C g be a torus of maximal dimension. Thanks to Theorem [6.1.1], the
restrictions 47| belong to the subring k[t]%(®).

Given a commutative k-algebra A, we set AP := {a”" ; a € A}. The Krull dimension of A will be
denoted dim A. Also, for a restricted Lie algebra (g, [p]), we define d(g) := max{dimy(kz), ; = € g}.
By [7, (8.6(3))], we have u(g) < d(g) < rk(g). In particular, if g admits a self-centralizing torus,
then p(g) = d(g) = rk(g).

Lemma 6.3.3. Let (g, [p]) be a restricted Lie algebra and t C g be a torus of mazimal dimension.
Set £ :=d(g)—pu(g). Then the following statements hold:
(1) There exists a p-polynomial Q(T';x) € klg][T] of the form

(g) »
Qi) =Y i),
i=0
with ¢, = 1 and po # 0, such that for all z € g, Z’;:(%) gpi(x):n[p]iH
coefficients ; belong to k[g]®.
2) Let M be a Ug(g)-module such that M|y o is free of rank p™. Then Py (T;z) = Q(T;x Pt
o(t)

1

(3) For allt € t, we have Q(T';t) = Py, (T;t)P .

= 0. Furthermore, all
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(4) For alli € {0,...,u(g)}, the function x — <,0i(:13)1/p‘Z restricts to a rational function on Sy.

Proof. We set v := u(g) and d := d(g) to ease notation. Also, for z € g we denote by x = x5+, its
Jordan-Chevalley decomposition, where x5 and x,, are p-semi-simple and p-nilpotent respectively,
and x4, z, € (kx), (see [23, (I1.3.5)]).

(1) Let v be the smallest integer for which there exists a non-empty open subset {2 C g such that
Q" ¢ Sg- By [18, Theorem 2], there exist polynomial functions ¢o,..., ¢, € k[g], with ¢, = 1,
such that >~ ¢i(x) 2Pl = 0 for all # € g. We need to check that v = £. Since ou(z) =1, we
have 21" ¢ Z;Ié‘_l k:n[p]j, so that v+pu < dand v < d—p = /.

For the reverse inequality, we consider the subset Qg := {x € Q ; dimy(kx), = d and dimy(kz;),
= p} of g. We first show that it is not empty. It suffices to check that the following two sets are
non-empty open subsets of g:

V= {reg; dimg(kr), =d} and Q":={zcg; dimy(key), = p}.

By construction Q' is not empty; for Q" it follows for example from [7, 3.5(1)]. An element = € g
belongs to € if and only if the system of vectors {z,z[!, ... ,w[p]dil} has maximal rank over k.
This condition can be expressed in terms of non-vanishing of certain minors depending regularly
on z, so ' is open. Regarding Q”, consider the morphism ¢ : g — Sy ;x — 2P The set
Sg :={x € Sy ; dimy(kz), = p} is an open subset of Sy, so that Q" = ¢~ (SY) is open as well.

Given ¢ = =5 + x, € €y, we have zlPl” = xL”]V. Our condition dimg(kzs), = p implies :L'L?D]H €

Z’Z-:Ol a;Lp ]Z, so that taking p¥-th powers yields
p—1 el )
g = P Z kP = Z kP
i=0 i=0

Consequently, d = dimy (kz), < v+p, whence d—p < v, as desired.

The G-invariance of the coefficients ¢; will be proved at the end of (2).

(2) First we show that Py (T;z) is a p-polynomial in T. Note that for any torus ¢ C g of
maximal dimension, the module M| Uo(v) 18 also free of rank p”. Indeed, consider the weight space
decompositions M = @ycp My = @ycpr My relative to t and ' respectively. By [7, (4.2)],
there exists an isomorphism ¢ : t' — t such that A — X o ¢ is a bijection A — A’ satisfying
dimy, Mo, = dimy M) for every A € A. Because restricted modules over a torus are determined
by weights and multiplicities of weight spaces, it readily follows that M|y, ) is free if and only if
M|y, is free, of the same rank.

Let t C g be a torus of dimension . Since M|y, ) = Uo(t)P", we obtain

Pa(T3t) = Py (T )7

for every t € t. Let O :={t € t; A(t) # N(t) VA # X € X(t)}, which is a dense open subset of
t. For t € O, the polynomial Py, (T;t) € k[T] is square-free, and its set of roots is an additive
subgroup of k. Then [IT] §20] implies that Py, (T';t) is a p-polynomial, whence ¢y, ), = 0 for
iZ{p’; 0<j<u} Givent € t, we obtain

Yum,i(t) = { Zl};(to),pj(t) for i =p™7,j €{0,...,p}

0 otherwise.

Suppose that 4 is not of the form p"+7 with j € {0,..., u}. Then the polynomial function 9 ;(z)
vanishes on ¥ := Ute%t(g) t. By Lemma [L.6] ¥ is dense in Sy, so that tys; vanishes on Sy. Thus
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we obtain
Ind ) _
(6.1) Py(Tia) = > g prei (@) V€S
§=0

For arbitrary * = x5 + z, € g, the elements z; and x, act as commuting semi-simple and
nilpotent endomorphisms on M, so that Py (T;z) = Py(T;zs). Since x5 € Sy, the above formula
implies 1p7;(x) = 0 unless i = p"™7 for some j € {0,...,u}, showing that Formula (61 holds for
all z € g.

Next we check that Py (T;2) = Q(T, x)prfl, considered as elements of k[T]. It suffices to verify
the identity for all  in some dense open subset of g. Since Py (T;z) and Q(T; )P " are monic
p-polynomials in T of the same degree, it is enough to show that they have the same set of roots.
For each = € g, denote by Racg(x) and Racp(z) the set of roots of Q(T';x) and Py (T;x). Since
Q(T; x) annihilates x in g, it also annihilates z); € Endg (M), the action of x in M. Therefore,
it must be divisible by the minimal polynomial of zj;. Since the latter has the same roots as
Py (T; x), we obtain Racp(z) C Racg(x) for all € g. Conversely, for x = =5 + x,, we have
Racp(z) = Racp(xs). When z € Qy as above, the torus (kz;), has dimension p, and Racp(zs) is
an elementary abelian p-group of rank g. On the other hand, since Q(T';x) has degree p? and is
the p’-th power of a p-polynomial of degree p*, Racg(z) is an elementary abelian p-group of rank
at most d—¢ = p. This forces Racp(x) = Racg(x) when z € Q, as we needed.

We now show that the coefficients of Q(T;x) are G-invariant. Note that there always exists a
module M such that M|y, is free of rank p” for some 7: for example, take M = Up(g) with the left
regular action, and r = dimg g—p. By Lemma [631] the coefficients of Py (7T';z) are G-invariant.
Since the coefficients of Q(T';x) are their p"*-th powers, they are G-invariant as well: this is clear
when r—/¢ > 0, and easy to check if r—¢ < 0.

(3) readily follows from the proof of (2).

(4) Let /8 be an alternating p-linear form on g, and let Qg := {z € g ; Bz, 2Pty £ 0}
The collection of all €23 forms an open covering of the set of all x € g such that {:L'[p]z, e ,x[p}dfl}
is a linearly independent family. Using the relation L —— >, gpi(a:)x[p}”i, we obtain for all
ie€{0,...,u—1}:
5($[p]z, . ,x[p}d, .. ,:E[p]dfl)
Bzl xPI gl
Now let t € Tor(g). If tN Qg # 0, then 5 does not vanish on t, and there exists A\ € k* such that
ﬂ(t[lp]l, .. ,t,[f]z) = M\B(t1,... ,tu)pe for all t1,...,t, € t. Indeed, the pt-th root of the left hand side
defines an alternating pu-linear form on t, and so must be proportional to 8. It follows that
B(x,...,zP" ... ,a;[p]kl)p

Bla,... xpl . gt )pt

(6.2) vi(x) =— vV x e Qg.

1

(6.3) vilr) =— VxetnQg.
This shows that x — @;(x)Y/ ?" is a rational function on the Zariski closure of TN Q. For a suitable
choice of 3, this is a non-empty open subset of T, so by Lemma its Zariski closure is S. O

We record the following corollary:

Corollary 6.3.4. Let (g,[p]) be a restricted Lie algebra and ¢ = d(g)—u(g). Then the morphism

g—>0; x— 2P’ induces a dominant morphism g — Sg. In particular, £ = 0 if and only if
p(g) = rk(g).
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Proof. Since the p-mapping is invertible on Sy, we always have Sy C ng. In the proof of Lemma
633 (1), we showed that there exists a dense open subset € such that QP ¢ Sy. Taking Zariski
closures yields g[p]z C Sy, sO g[p]z is dense in Sy. If £ = 0 then g = S, and [7, (3.7)] yields
rk(g)—p(g) = 0. The reverse implication is clear. O

Let f: A — B be an injective homomorphism of finitely generated, commutative k-algebras. If
there exists r € Ny such that BP" C im f, then f is called an inseparable isogeny of exponent < r.
In that case, the comorphism f* : Maxspec(B) — Maxspec(A) is a homeomorphism.

If G is a group acting on A via automorphisms such that A® is finitely generated, then the
variety Maxpec(A) /G := Maxspec(A%) is called the algebraic quotient of Maxspec(A) by G. If, in
addition, all orbits are closed, then Maxpec(A)/G := Maxspec(AY) is referred to as the geometric
quotient of Maxspec(A) by G, see [14, (I1.3.2)] for more details.

Theorem 6.3.5. Let (g,[p]) be a restricted Lie algebra with connected automorphism group G =
Auty(g)° and t a torus of mazimal dimension. Set £ := d(g)—pu(g). )

(1) The canonical restriction map klg] — k[t] induces an algebra homomorphism res : k[S,]¢ —
kWY whose image ‘contains (k:[t]GL“(g)(Fp))pl.

(2) We have dim k[Sy]% > u(g). Equality holds if and only if res is injective.
Assume further that g affords a generic torus to. Then:

(3) The algebra k[S,]¢ is finitely generated and of Krull dimension u(g).

(4) If W(g,to) = GLyq)(Fp), then res : k[S]¢ — Elto]V(©1) s an inseparable isogeny of
exponent < £. In particular, the varieties Sq//G and to/W (g, t0) are homeomorphic.

Proof. We will write GL,, instead of GL,,4)(Fp) to ease notation.

(1) Clearly, the restriction map induces a homomorphism res : k[Sy]¢ — k[ (@Y. Let Q(T;x)
be as in Lemma [6.3.3] so that its coefficients ¢; belong to k[g]®. By Lemma [6.3.3(3), we have

res(p;) = I(}i)(t)mi for all i € {0,...,pu}. In view of Lemma B.3.2] the vy () i generate K[ G,

whence (k[|%Lr )P C im res.

(2) We have (k:[t]GL“)pe C A :=imres C k[t]. By the Theorem of Hilbert-Noether [I, (1.3.1)],
k[t] is a finitely generated module over the noetherian ring k[{]%#. So it is also a finitely generated
module over B := (k:[t]GL“)pe. Being a B-submodule of k[t], the algebra A is noetherian as well.
Consequently, A is a finitely generated integral domain.

Owing to Lemma [6.3.2, the algebras (k;[t]GL“)pe and k[t] have common Krull dimension pu(g).
Using [6, (8.2.1.A)], we obtain dim A = u(g). It readily follows that dim k[S;]“ > u(g). Further-
more, since Sy is irreducible (see [I7, §2] or [7, (3.7)]), k[S4]® is an integral domain. Therefore,
dim k[Sy]% = dim A if and only if ker res = (0).

(3) Owing to Proposition [[4] the G-saturation G.ty lies dense in Sy. This readily implies that
res : k[S,]¢ — K[{]V(®1) is injective, hence k[Sy]¥ ~ A is a finitely generated algebra of Krull
dimension p(g).

(4) readily follows from properties (1) to (3). O

The following result extends Premet’s Theorem [19, Thm. 1] concerning W(n), where Sy (,) =
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Theorem 6.3.6. Suppose that p > 3 and let (g,[p]) be a restricted Lie algebra of Cartan type
W, S or H with generic torus t C g. Then the restriction map induces an isomorphism k:[gg]G =
E[(Clu@ E) - In particular, k[S4) is a polynomial ring in u(g) variables.

Proof. First we note that for g = W(n), S(n) or H(n), there exists a generic torus t C g (Proposition
[B.3), and the corresponding Weyl group W (g, t) ~ GL,))(F,) (Theorems and [0.2.7]).

(1) Let g = W(n). For p =3 and g = W (1) our assertion follows from the Chevalley Restriction
Theorem. Alternatively, consider the generic torus ty C g, so that W (g, t) = GL,(FF,). By virtue of
[23, (IV.2.5)], the algebra W (n) has a self-centralizing maximal torus; in particular ¢ = d(g)—u(g) =
0. Now Corollary yields S; = g, and our assertion follows from Theorem [6.3.5(4).

(2) Let g = H(2r) and consider the W (2r)-module sg,. Let ty be a generic torus of W (2r) such
that W (2r) = to © W(2r)(g). Since o, = Ug(W (2r)) @, (w(2r) ) k 18 @ free Up(to)-module of rank
1, Lemma [6.3.3] implies

(0)

(6.4) P, (T; ) sz T Ve W(2r),

with each v; being a homogeneous polynomial function of degree p?”—p’ on W (2r). Also note that,
for any subtorus t C ty of dimension r, s, is a free Uy(t)-module of rank p”.

Let G = Aut,(g)°. Then Py, (T;) is the characteristic polynomial of z € g acting on 2s,. By
Lemma [6.3.0], the functions );|, are G-invariant. We show that they are p"-th powers in k[g]“.
Consider the Poisson algebra P(2r) with p-unipotent center. For any f € P(2r), the linear map
Dy = {f,—} is a derivation of the associative algebra ., so that Dy € W (2r). According to [2I
Lemma 6.3], there exist polynomial functions ¢y, ..., ¢, € k[P(2r)] such that

T+

(6.5) Py, (T;Dy) Z¢ P Y f e P2r).

The map D : P(2r) — W(2r) ; f — D; induces a surjection P(2r)1) — g. Hence there exists

a linear map 4 : g — P(2r)() such that D o § = idy. In view of ([64) and (GH), the polynomial
maps @; := ¢; 00 € k[g] satisfy the identities

pi(h)? = ¢i(6()”" = ¢i(Dsny) = i(h) YV heg,ie{0,...,r}.

Since ¢ " =4 is G-invariant, we readily obtain that ¢; € k[g]¢ as well.
Let t C g be a generic torus. Theorem [6.3.5]shows that the restriction map induces an embedding
res : k[Sy]¢ — k[t]%L(Fr). As noted before, 24, is a free Up(t)-module of rank p”, so
r .
Payy, (Ts5t) = Py (T58)P = O _ms()TP )" Vet
i=0

where the coefficients ; € k[t] are the Dickson generators of k[{]%Lr(Fr) In view of the above, we

obtain ¢;(t) = k;(t) for all ¢ € {0,...,7r—1} and ¢t € t, so that x; = res(p;). Therefore, res is
surjective.

(3) Now we consider g = S(n) and check that ¢ = d(g)—pu(g) = 1. If £ = 0, then Corollary
implies rk(g) = p(g), a contradiction. Since S(n) C W(n), we have d(g) < d(W(n)) = n,
so that p(S(n)) = n—1 implies £ = d(g)—u(g) < 1. By Theorem we have an embedding
res : k[Sy]® — Kk[t]5Ln—1Fr) Consider the p-polynomial Q(T;z) = Z?:_()l oi(z)TP"" € k[g][T)
given by Lemma [6.3.3t we know that the functions g — k ; x +— gpi(a:)l/ P restrict to the Dickson
generators of k[t]GL7L*1(FP). We will show that these functions are polynomial on g, which will prove
that res is surjective.
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We use the notation of Section [3] for truncated polynomials and their derivations. Recall the
decomposition g = g(g) @ g-1, where g(g) is a G-invariant subalgebra of codimension n. For every
x € g, there is a unique decomposition (kx), = t; ® n,, where t; is a torus and n, a p-unipotent
subalgebra. We consider the set Q := {x € g ; dimg(kz), =n, dimgt, = n—1, tNge = (0)}. We
check that Q is a non-empty open set: note that Q = Q' N Q”, where

Q' :={zeg; dimy(kz), =n} and Q":={zeg; dimpt,=n—1, t,Nge = (0)}.

Since d(g) = £+ u(g) = n, the set ' is open and non-empty. For Q”, we have seen in the
proof of Lemma [6.33(1) that the condition dimgt, = n—1 defines a non-empty open subset
of g. Given any such element x, the subspace t, is spanned by the linearly independent family

{zlP1 2P The condition that t, N g(0) = (0) is equivalent to the fact that the residue

classes of {ZE[p] ool } in g/g(o) form a system of maximal rank, which is an open condition.
Hence Q" is open. We check that it is not empty. By Theorem [3.2] there exists a torus tg of maximal
dimension such that to N gy = (0). By [7, 3.5(1)], there exists t € to such that (kt), = to: then
te Q.

We will prove below that n,; C g(g) for all = € Q. First, let us show how this property yields the
result we want. Set 4 =n—1, and let 8 be a p-linear alternating form on g, whose kernel contains
8)- Let x € Q. For all ay,...,a, € (kz), with Jordan-Chevalley decompositions a; = s; + ni,
we have n; € n; C g(p). Hence, we obtain B(a1,...,a,) = B(s1,...,5,). Now consider Qg = {z €

Q; 5(:E,:1:[p], . ,:z:[p]Wl) # 0}. This is again an open subset of g, and we can choose § so that it is
not empty. Using Equation (6.2]), we obtain

-1

B(xs, ... :I:ED]#,...,;EE”]“ P

pi(x) = pi(zs) = — ( e Huﬂ)

B(xsy. ..,z .. xd
ﬂ(m,...,x[pw,...,x[pwil)p

_ﬁ(m,...,az[P]i, ol

for all z € Qg. This shows that @3/ P is a rational function on Qg, whence <,0Z-1 /P e k(g). Since its
p-th power is polynomial and k[g] is integrally closed, we obtain cpl-l P e k[g].
Let z € (, so that t;Ng(g) = (0). Consequently, t, is conjugate to the generic torus ty by Theorem

B2 and we may assume that t, = tp. For all i € {1,...,n}, let § := z; +1 € A,. Thus & =
and &1, ...,&, are invertible generators of 2,. We use the multi-index notation {* = £J* an
when a = (a1,...,a,) € Z". The “partial derivative” 0; satisfies 0;(&;) = 6;; for all 4, j. Now for

ied{l,... ,n—l}, let 6; := &0; — £,0,, so that tg = 2?211 k6;. We also set 0, := &,0, € W(n). It
is straightforward to check that

Gi(f‘l) = (ai—an)ﬁa, Vie {1,...,n—1}.
Hence, the subalgebra ! := {x € 2, ; t(x) =0 VYt € ty} of ty-constants in 2, is given by
A = K], with (=& &y

Let us compute the centralizer of ty in W (n). It is easy to check that {61,...,6,} is a basis of
the free 2A,,-module W (n). Write a derivation D € W (n) as D = Y | fn0;, where f; € 2, for all
i. Note that [ty,0,] = (0), so that 0 = [t, D] = Y"1 | t(f;)0; for all ¢ € ty. It readily follows that

Chy () (to) = ED k[C0;
=1
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If, in addition, D € (kz), € Cy(,)(to) N S(n), then

0=div(D) = S div(fif) = 3_ fidiv(6:) + 0:(f) = fu + Oa(fr).
i=1 i=1

Now f, = fn({) is a polynomial expression in . Denote formally f},({) = df,/d(. Then 0,(f,) =
11(0)0,(¢) = —Cf}(¢). Consequently, we must have f,,(¢) = (f},(¢), whence f,, € k(. Thus, there
exists A € k such that

n—1
D =" fib; + X(0n.

i=1
Thanks to the proof of [2 (2.2.3)], we get that the ring of constants ¥ # k. Since 2% = A ¢
2l = k[(], there exists a non-constant polynomial g € k[(] such that D(g) = 0. Hence

)

n—1
0= fifli(g) + A(n(g) = ACOn(g) = —A%G(C).
=0

Since ( is invertible and g ¢ k, this forces A = 0. We have thus shown that

n—1
(6.6) (kz), € K[C]6:.
i=1

The projection g — g/g() induces a linear map (kx), — g/g(). Using the inclusion (6.6])
we see that its image is spanned by the images of 64,...,60,_1, and hence has dimension n—1.
Therefore the kernel (kz), N g() has dimension 1. On the other hand, (kx),Ng() is a p-subalgebra
of (kx), = ty ® n, which doesn’t intersect to: so it must be n,, and n, C 9(0), as we wanted to
show. O
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