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ON EQUIVARIANT BIJECTIONS RELATIVE TO THEDEFINING CHARACTERISTICOLIVIER BRUNAT AND FRANK HIMSTEDTAbstra
t. This paper is a 
ontribution to the general program introdu
edby Isaa
s, Malle and Navarro to prove the M
Kay 
onje
ture in the repre-sentation theory of �nite groups. We develop new methods for dealing withsimple groups of Lie type in the de�ning 
hara
teristi
 
ase. Using a generalargument based on the representation theory of 
onne
ted redu
tive groupswith dis
onne
ted 
enter, we show that the indu
tive M
Kay 
ondition holdsif the S
hur multiplier of the simple group has order 2. As a 
onsequen
e,the simple groups PΩ2m+1(pn) and PSp2m
(pn) are �good� for p > 2 and thesimple groups E7(pn) are �good� for p > 3 in the sense of Isaa
s, Malle andNavarro. We also des
ribe the a
tion of the diagonal and �eld automorphismson the semisimple and the regular 
hara
ters.1. Introdu
tionLet G be a �nite group, p a prime dividing the order of G and P a Sylow

p-subgroup of G. The M
Kay 
onje
ture asserts that the number | Irrp′(G)| ofirredu
ible 
omplex 
hara
ters of G of degree not divisible by p 
oin
ides with thenumber | Irrp′(NG(P ))| of irredu
ible 
omplex 
hara
ters of the normalizer NG(P )of degree not divisible by p.In [16℄, Isaa
s, Malle and Navarro redu
ed the proof of the M
Kay 
onje
tureto a question about �nite simple groups. They were able to prove that the M
Kay
onje
ture is true for all �nite groups if every �nite non-abelian simple group is�good� for all prime numbers p; see [16, Se
tion 10℄ for a pre
ise formulation.Malle has shown that all simple groups not of Lie type and all simple groups of Lietype with ex
eptional S
hur multiplier are �good� for all primes p [20℄. Furthermore,Malle [21℄, [19℄ and Späth [23℄ proved important results for simple groups G of Lietype and primes p di�erent from the de�ning 
hara
teristi
. The 
ase where Gis a simple group of Lie type and p the de�ning 
hara
teristi
 was 
onsidered byseveral authors. It was shown in [16℄ that the simple groups PSL2(q), 2B2(2
2n+1),

2G2(3
2n+1) and in [12℄, [13℄ that the simple groups 2F 4(2

2n+1) and 3D4(2
n) are�good� for the de�ning 
hara
teristi
. A uniform treatment of simple groups ofLie type with trivial S
hur multiplier and 
y
li
 outer automorphism group in the
ase of de�ning 
hara
teristi
 was obtained in [4℄. In parti
ular, the results in [4℄in
lude that the simple groups G2(q), F4(q) and E8(q) are �good� for the de�ning
hara
teristi
.In the present paper, we 
onsider 
ertain simple groups of Lie type with S
hurmultiplier of order 2 in the de�ning 
hara
teristi
 
ase. More pre
isely, our mainresult is the following1991 Mathemati
s Subje
t Classi�
ation. 20C15, 20C33.1

http://arxiv.org/abs/0909.1067v2


2 OLIVIER BRUNAT AND FRANK HIMSTEDTTheorem 1.1. Let G be a simple and simply-
onne
ted algebrai
 group de�nedover the �nite �eld Fq of 
hara
teristi
 p > 0 with 
orresponding Frobenius map
F : G → G. Let Z be the 
enter of G and let W denote its Weyl group (relativeto an F -stable maximal torus T 
ontained in an F -stable Borel subgroup B of G).Suppose that

• the �nite group X = G
F /Z(GF ) is simple,

• the group G
F is the universal 
over of X,

• the automorphism indu
ed by F on W is trivial,
• the prime p is good for G and
• the 
enter Z has order 2.Then the �nite simple group X is �good� for the prime p.A 
ru
ial step in the proof of Theorem 1.1 is to show the existen
e of A-equivariant bije
tions between 
ertain subsets of Irrp′(G

F ) and Irrp′(B
F ), where Bis an F -stable Borel subgroup of G

F and A is a group of outer automorphismsof G
F stabilizing B

F . We had to solve several problems whi
h do not show up inthe 
ase where the S
hur multiplier is trivial:First, we had to 
onsider the a
tion of the diagonal and �eld automorphismsof G
F on Irrp′(G

F ). Under the assumptions of Theorem 1.1, the set Irrp′(G
F ) isthe set of semisimple 
hara
ters of G

F , and these 
hara
ters are up to signs theduals (with respe
t to Alvis-Curtis duality) of the irredu
ible 
onstituents of theGelfand-Graev 
hara
ters of G
F . When the 
enter Z of G is 
onne
ted, we 
anlabel the semisimple 
hara
ters of G

F by the set of semisimple 
onjuga
y 
lassesof G
∗F∗ , where (G∗, F ∗) is a pair dual to (G, F ). When the 
enter of G is not
onne
ted, there is a similar, but more 
ompli
ated parametrization. It dependson some additional parameters whose 
hoi
e is not 
anoni
al, and it is a prioria di�
ult problem to des
ribe the a
tion of the automorphisms of G

F on these
hara
ters with respe
t to this labelling. To solve this problem (see Subse
tion 3.3),we use the theory of Gelfand-Graev 
hara
ters for 
onne
ted redu
tive groups withdis
onne
ted 
enter developed by Digne-Lehrer-Mi
hel in [9℄ and [10℄.Se
ond, we had to �nd a suitable parametrization of Irrp′(B
F ). When the 
en-ter Z of G is 
onne
ted, the set of orbits of TF on the linear 
hara
ters of the unipo-tent radi
al of B

F 
an be parametrized by subsets of the set of simple roots, andCli�ord theory leads to a parti
ularly ni
e parametrization of Irrp′(B
F ). When Zis not 
onne
ted, Cli�ord theory still applies, but the parametrization be
omesmore 
ompli
ated. To solve this problem, we had to introdu
e, as above, additionalparameters whose 
hoi
e is not 
anoni
al.Third, the above bije
tions have to be 
ompatible with linear 
hara
ters of the
enter Z

F of G
F . To prove the existen
e of su
h bije
tions we use 
ounting argu-ments based on the norm map NF ′m/F ′ : Z

F ′m

→ Z
F ′ , where m is some positiveinteger and F ′ : G → G a Frobenius map indu
ing some �eld automorphism of GF .One of the di�
ulties we had to fa
e is, that, in general, the norm map is not sur-je
tive (be
ause the 
enter of G is not 
onne
ted).Finally, in the situation of Theorem 1.1, the 
ohomology 
ondition o

urring inthe de�nition of �good� be
omes non-trivial and has to be treated. In parti
ular,we had to study extensions of the 
hara
ters of p′-degree of G

F and B
F .Some of our results on equivariant bije
tions are also true in the more general
ontext where the group of diagonal automorphisms has prime order (possibly > 2).



ON EQUIVARIANT BIJECTIONS RELATIVE TO THE DEFINING CHARACTERISTIC 3This might be helpful in proving that the remaining simple groups of Lie type are�good�.We point out that we prove Theorem 1.1 using general methods (essentially thetheory of Deligne-Lusztig and the theory of Gelfand-Graev 
hara
ters for 
onne
tedredu
tive groups with dis
onne
ted 
enter). Theorem 1.1 applies to �nite simplegroups of Lie type Bm, Cm and E7 in the de�ning 
hara
teristi
. So we get as
onsequen
e:Corollary 1.2. Let p be a prime and m, n positive integers. The following simplegroups are �good� for the prime p:(a) PΩ2m+1(p
n) if p > 2 and m ≥ 2,(b) PSp2m(pn) if p > 2 and m ≥ 2,(
) E7(p

n) if p > 3.Independently of this work, J. Maslowski obtains in his PhD thesis partial resultson the indu
tive M
Kay 
ondition for 
lassi
al groups in de�ning 
hara
teristi
.Note that his approa
h relies on the natural matrix representations of these groupsand is 
ompletely di�erent from ours; see [22℄.This paper is organized as follows. In Se
tion 2, we introdu
e the notationand general setup. In Se
tions 3 and 4, we des
ribe a parametrization of the setsof irredu
ible 
hara
ters of p′-degree of G
F and B

F , respe
tively, and study thea
tion of �eld and diagonal automorphisms on these sets of 
hara
ters. Se
tion 5is at the heart of this paper. We prove the existen
e of bije
tions between the setsof irredu
ible 
hara
ters of p′-degree of G
F and B

F whi
h are equivariant withrespe
t to �eld and diagonal automorphisms, and whi
h are 
ompatible with the
entral 
hara
ters of Z
F . In Se
tion 6, we prove our main result. A large part ofthis se
tion is devoted to the proof of the 
ohomology 
ondition.2. Notation and SetupIn this se
tion, we introdu
e the general setup and notation whi
h will be usedthroughout this paper.2.1. Group theoreti
al setup. Le G be a 
onne
ted redu
tive group de�ned overa �nite �eld Fq of 
hara
teristi
 p > 0 with q elements and 
orresponding Frobeniusmap F : G → G. We do not assume that the 
enter Z of G is 
onne
ted. As ageneral referen
e for the representation theory of �nite groups of Lie type withdis
onne
ted 
enter, we refer to [1℄.The algebrai
 group G 
an be embedded in a 
onne
ted redu
tive group G̃with an Fq-rational stru
ture obtained by extending F to G̃, su
h that the 
enterof G̃ is 
onne
ted and the groups G̃ and G have the same derived subgroup (see forexample [8, p. 139℄ for this 
onstru
tion). Let T be an F -stable maximal torus of G
ontained in an F -stable Borel subgroupB ofG and write T̃ for the unique F -stabletorus of G̃ 
ontaining T. Fix an F -stable Borel subgroup B̃ of G̃ 
ontaining T̃and B. Write U for the unipotent radi
al of B and let ∆ = {αi | i ∈ I} be the set ofsimple roots de�ned by B and T, and let Φ be the root system of G relative to T.We write Φ+ for the set of positive roots de�ned by B. Note that U is the unipotentradi
al of B̃. Furthermore, Φ 
an be identi�ed with the root system of G̃ relativeto T̃, and ∆ 
an be identi�ed with the set of simple roots of G̃ de�ned by T̃ and B̃.Let W ≃ NG(T)/T be the Weyl group of G. So, W is isomorphi
 to the Weyl



4 OLIVIER BRUNAT AND FRANK HIMSTEDTgroup of G̃. Note that, sin
e T and T̃ are F -stable, F indu
es an automorphismof W . Throughout this paper, we assume that F a
ts trivially on W .For α ∈ Φ, we write Xα for the unipotent subgroup of G 
orresponding to α.That is, Xα is the minimal non-trivial 
losed unipotent subgroup of G normalizedby T, su
h that T a
ts on Xα by α, where α is viewed as a 
hara
ter of T. Re
allthat Xα and (Fp,+) are isomorphi
 as algebrai
 groups. Fix an automorphism
xα : Fp → Xα for every α ∈ Φ. Sin
e F a
ts trivially on W , we 
an 
hoose it insu
h a way that for every t ∈ Fp, we have Fxα(t) = xα(tq). In parti
ular, Xα is
F -stable. We have U =

∏
α∈Φ+

Xα. Put(1) U0 =
∏

α∈Φ+, α6∈∆

Xα.Then U0 is a normal subgroup of U and the quotient U1 = U/U0 is abelian. Notethat U0 is the derived subgroup of U; see [8, 14.17℄. Moreover, there is an F - and
T-equivariant isomorphism of algebrai
 varieties(2) U1 ≃

∏

α∈∆

Xα,and in the following, we will identify the left and right hand side of (2) via thisisomorphism. Note that the groups U and U0 are F -rational and(3) U
F
1 =

∏

α∈∆

X
F
α .2.2. Chara
ter theoreti
al notation. For a �nite group H , we write Irr(H)for the set of 
omplex irredu
ible 
hara
ters of H and 〈 ·, · 〉H for the usual s
alarprodu
t on the spa
e of 
lass fun
tions. If ζ is an irredu
ible 
hara
ter of a normalsubgroup N of H , we de�ne Irr(H |ζ) := {χ ∈ Irr(H) | 〈ResHN (χ), ζ 〉N 6= 0}. Notethat, if N is 
entral in H , then χ ∈ Irr(H |ζ) if and only if ResHN (χ) is a multipleof ζ.Furthermore, let Irrp′(H) be the set of all χ ∈ Irr(H) su
h that χ(1) is notdivisible by p, and similarly, Irrp′(H |ζ) the set of all χ ∈ Irr(H |ζ) su
h that χ(1) isnot divisible by p.2.3. Semisimple and regular 
hara
ters. Let (G∗, F ∗) be a pair dual to (G, F )and let (G̃∗, F ∗) be a pair dual to (G̃, F ) in the sense of [7, Se
tion 4.3℄. Thenatural embedding i : G → G̃ indu
es a surje
tive homomorphism i∗ : G̃

∗ → G
∗
ommuting with F ∗, whi
h indu
es a surje
tive homomorphism i∗ : G̃∗F∗

→ G
∗F∗ ,see [1, 2.D, 2.F℄. Let T

∗ be an F ∗-stable maximal torus of G
∗ in duality with T.Note that there is a natural anti-isomorphism between W and the Weyl group of

G
∗ relative to T

∗, and we will identify the sets of elements of these two Weyl groupsvia this anti-isomorphism. For w ∈W , we write Tw for a F -stable maximal torus of
G obtained from T by twisting with w. Write T

∗
w for an maximal torus in dualitywith Tw. Re
all that, for w ∈W , there is an isomorphism T

∗F∗

w → Irr(TF
w).For s ∈ T

∗F∗

w , we 
an de�ne the 
orresponding Deligne-Lusztig 
hara
ter RG

Tw
(s)as follows. Using the above isomorphism, we asso
iate to s ∈ T

∗F∗

w the linear
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hara
ter θs ∈ Irr(TF
w) and put RG

Tw
(s) = RG

Tw
(θs), where RG

Tw
(θs) is the Deligne-Lusztig 
hara
ter 
orresponding to θs ∈ Irr(TF

w). For more details on the 
on-stru
tion and properties of Deligne-Lusztig 
hara
ters, we refer to [7, Se
tion 7℄or [8℄.For a semisimple element s ∈ G
∗F∗ , letW ◦(s) ⊆W be the Weyl group of C◦

G∗(s).We de�ne
ρs =

1

|W ◦(s)|

∑

w∈W◦(s)

RG

Tw
(s),(4)

χs =
εGεC◦

G∗(s)

|W ◦(s)|

∑

w∈W◦(s)

ε(w)RG

Tw
(s),(5)where ε is the sign 
hara
ter of W and εG = (−1)rkFq (G). Here rkFq(G) is the

Fq-rank of G; see [8, 8.3℄. Note that χs and ρs only depend on the semisimple 
lassof s in G
∗F∗ and that the 
lass fun
tions ρs and χs are multipli
ity free 
hara
tersof GF , see [1, 15.11℄. Moreover, if s̃ denotes a semisimple element of G̃

F su
h that
i∗(s̃) = s, then we have

χs = Res
eG

F

GF (χes) and ρs = Res
eG

F

GF (ρes).The irredu
ible 
onstituents of ρs and χs are the so-
alled semisimple and theregular 
hara
ters of G
F , respe
tively.To obtain a better understanding of these 
hara
ters, we now des
ribe theGelfand-Graev 
hara
ters of G

F . Fix φ0 ∈ Irr(UF
1 ) su
h that φ0|XF

α
is non-trivialfor all α ∈ ∆. The 
orresponding linear 
hara
ter of UF , obtained by in�ation andalso denoted by φ0 in the following, is 
alled regular. As explained in [8, 14.28℄,the set of T

F -orbits of regular 
hara
ters of U
F is in bije
tion with H1(F,Z) asfollows. For z ∈ H1(F,Z), we 
hoose tz ∈ T su
h that t−1

z F (tz) ∈ z. Then the reg-ular 
hara
ter φz = tzφ0 of U
F is a representative for the 
orresponding T

F -orbit.For z ∈ H1(F,Z), we de�ne the 
orresponding Gelfand-Graev 
hara
ter of G
F by

Γz = IndG
F

UF (φz).Thanks to [8, 14.49℄, the 
onstituents of Γz (for any z ∈ H1(F,Z)) are the regular
hara
ters of GF . More pre
isely, for every z ∈ H1(F,Z), the multipli
ity free 
har-a
ters χs and Γz have exa
tly one irredu
ible 
onstituent in 
ommon, denoted by
χs,z, su
h that

Γz =
∑

s∈S

χs,z,where S is a set of representatives for the semisimple 
onjuga
y 
lasses of G∗F∗ ; see[8, 14.49℄. Let DG be the Alvis-Curtis duality fun
tor [8, 8.8℄, de�ned for g ∈ G
Fand χ ∈ Z Irr(GF ) by(6) DG(χ)(g) =

∑

P⊇B

(−1)r(P)RG

L
◦∗RG

L
(χ)(g),where the summation is over the set of F -stable paraboli
 subgroups ofG 
ontaining

B and where L is an F -stable Levi 
omplement of P, r(P) is the semisimple Fq-rank of P, RG

L
denotes the Harish-Chandra indu
tion and ∗RG

L
the Harish-Chandra



6 OLIVIER BRUNAT AND FRANK HIMSTEDTrestri
tion (i.e., the adjoint fun
tor of RG

L
); see [8, 4.6℄. For every semisimpleelement s ∈ G

∗F and z ∈ H1(F,Z), de�ne
ρs,z = εGεC◦

G∗(s)DG(χs,z).Note that the 
hara
ters ρs,z are the semisimple 
hara
ters of G
F and {ρs,z | z ∈

H1(F,Z)} is the set of 
onstituents of ρs. Moreover, we have
DG(Γz) =

∑

s∈S

εGεC◦

G∗(s)ρs,z.Let T̃ be the maximal F -stable torus of G̃ 
ontaining T. Then the group T̃
Fa
ts on G

F by 
onjugation. Note that the indu
ed outer automorphisms of G
Fobtained in this way are the diagonal automorphisms of G

F . The group generatedby the diagonal automorphisms of GF will be denoted by D in the following. Write
G̃
F (s) for the inertia subgroup of ρs,1 in G̃

F and AG∗(s) := CG∗(s)/CG∗(s)◦. Then
|G̃F /G̃F (s)| = |AG∗(s)F

∗

|, see [1, 11.E, 15.13℄. In parti
ular, the 
hara
ter ρs has
|AG∗(s)F

∗

| irredu
ible 
onstituents and they form a single T̃
F -orbit.2.4. The norm map. Let H be an abelian algebrai
 group de�ned over Fq with
orresponding Frobenius map F ′. For any positive integer m we de�ne(7) NF ′m/F ′ : HF ′m

→ H
F ′

, h 7→ hF ′(h) · · ·F ′m−1(h).For a 
lass fun
tion θ ofHF ′ , we setN∗
F ′m/F ′(θ) := θ◦NF ′m/F ′ . So, for θ ∈ Irr(HF ′

),the map N∗
F ′m/F ′(θ) is an F ′-stable irredu
ible 
hara
ter of H

F ′m .Lemma 2.1. If NF ′m/F ′ is surje
tive, then
IrrF ′(HF ′m

) = {N∗
F ′m/F ′(θ) | θ ∈ Irr(HF ′

)},where IrrF ′(HF ′m

) is the set of F ′-stable linear 
hara
ters of H
F ′m . Moreover, forall generalized 
hara
ters θ, θ′ ∈ Z Irr(HF ′

), one has
〈N∗

F ′m/F ′(θ), N∗
F ′m/F ′(θ′) 〉HF ′m = 〈 θ, θ′ 〉

HF ′ .Proof. By [15, 6.32℄, one has | IrrF ′(HF ′m

)| = |HF ′

| and, if NF ′m/F ′ is surje
tive,then the map N∗
F ′m/F ′ : Irr(HF ′

) → Irr(HF ′m

), θ 7→ θ ◦NF ′m/F ′ is inje
tive. Sin
e
N∗
F ′m/F ′(θ) ∈ IrrF ′(HF ′m

), the �rst equality follows. Now, let θ, θ′ ∈ Z Irr(HF ′

).
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〈N∗

F ′m/F ′(θ), N∗
F ′m/F ′(θ′) 〉HF ′ =

1

|HF ′m |

∑

h∈HF ′m

θ ◦NF ′m/F ′(h) θ′ ◦NF ′m/F ′(h)

=
1

|HF ′m |

∑

k∈HF ′

∑

h∈N−1

F ′m/F ′
(k)

θ(k) θ′(k)

=
1

|HF ′m |

∑

k∈HF ′

|N−1
F ′m/F ′

(k)|θ(k) θ′(k)

=
1

|HF ′m |

∑

k∈HF ′

|HF ′m

|

|HF ′ |
θ(k) θ′(k)

=
1

|HF ′ |

∑

k∈HF ′

θ(k) θ′(k)

= 〈 θ, θ′ 〉
HF ′ .This yields the 
laim. �Note that if H is 
onne
ted, then NF ′m/F ′ is surje
tive. Indeed, if y ∈ H

F ′ ,then the Lang-Steinberg theorem implies that there is x ∈ H with y = x−1F ′m(x).Then the element x−1F ′(x) lies in H
F ′m and NF ′m/F ′(x−1F ′(x)) = y.2.5. Semisimple 
hara
ters and 
entral 
hara
ters. As in Subse
tion 2.1,let G be a 
onne
ted redu
tive group de�ned over Fq (with Frobenius map F )and let (G∗, F ∗) be a pair dual to (G, F ) as above. Note that for every positiveinteger m, the map Fm is a Frobenius map on G de�ning a rational stru
tureover Fqm , and (G∗, F ∗m) is in duality with (G, Fm). Moreover, if s is an F ∗-stablesemisimple element of G

∗ 
ontained in an F ∗-stable maximal torus T
∗ of G

∗ andif (T, θ) is a pair in duality with (T∗, s), then (T, N∗
Fm/F (θ)) is in duality with

(T∗, s) with respe
t to the Frobenius map Fm.Lemma 2.2. Fix a positive integer m and let s ∈ G
∗F∗ be a semisimple ele-ment 
ontained in the F ∗-stable maximal torus T

∗. Let ρs (resp. ρ[m]
s ) be the
orresponding sum of semisimple irredu
ible 
hara
ters of G

F (resp. of G
Fm). If

NFm/F : ZF
m

→ Z
F is surje
tive, then one has

ResG
F m

ZF m (ρ[m]
s ) = ρ[m]

s (1) ·N∗
Fm/F (ν),where ν is a linear 
hara
ter of Z

F su
h that ResG
F

ZF (ρs) = ρs(1) · ν.Proof. We use the notation from Subse
tions 2.3 and 2.4. By the 
onstru
tion of G̃,we have Z = Z(G) ⊆ Z(G̃) and so Z
Fm

⊆ Z(G̃)F
m

= Z(G̃Fm

), see also [1, 6.2℄.Thus, there is some ν ∈ Irr(ZF
m

) su
h that
ResG

F m

ZF m (ρ[m]
s ) = Res

eG
F m

ZF m (ρ
[m]
es ) = ρ

[m]
es (1) · ν = ρ[m]

s (1) · ν,where s̃ in an F ∗-stable element of G̃ satisfying i∗(s̃) = s. For w ∈ W ◦(s), let θ[m]
sbe the linear 
hara
ter of T

Fm

w asso
iated with s. Thanks to [1, 9.D℄, we have
Res

T
F m

w

ZF m (θ[m]
s ) = ν.



8 OLIVIER BRUNAT AND FRANK HIMSTEDTFurthermore, s is F ∗-stable. Thus, θ[m]
s is F -stable (see the proof of [4, 1.1℄),implying ν is F -stable. Sin
e NFm/F : ZF

m

→ Z
F is surje
tive, Lemma 2.1 impliesthere is a linear 
hara
ter ν0 of Z

F satisfying N∗
Fm/F (ν0) = ν. Write θs for thelinear 
hara
ter of TF

w asso
iated with s. By the remarks pre
eding Lemma 2.2, wehave N∗
Fm/F (θs) = θ

[m]
s . Let z0 ∈ Z

F . Then there is z ∈ Z
Fm with NFm/F (z) = z0.It follows

ν0(z0) = ν0 ◦NFm/F (z)

= ν(z)

= Res
TF m

w

ZF m (θ[m]
s )(z)

= θ[m]
s (z)

= θs ◦NFm/F (z)

= θs(z0).In parti
ular, we have Res
T

F
w

ZF (θs) = ν0 and [1, 9.D℄ implies
ResG

F

ZF (ρs) = ρs(1) · ν0,as required. �2.6. Central produ
ts. We re
all some general fa
ts about 
hara
ters of 
entralprodu
ts. If N is a normal subgroup of a �nite group G, then we 
an asso
iate toeveryG-invariant irredu
ible 
hara
ter χ of N an element [χ]G/N of the 
ohomologygroup H2(G/N,C×) of G/N ; see [15, 11.7℄ for more details. If G = HK is a 
entralprodu
t with Z = H ∩ K and ν a linear 
hara
ter of Z, then for χH ∈ Irr(H |ν)and χK ∈ Irr(K|ν), one de�nes(8) (χH � χK)(hk) = χH(h)χK(k)for all h ∈ H and k ∈ K. Note that χH � χK is a well-de�ned irredu
ible 
hara
terof HK and every irredu
ible 
hara
ter of HK has this form; see [16, 5.1℄.3. A
tion of automorphisms on semisimple 
hara
ters of finiteredu
tive groupsLet F ′ : G → G be a Frobenius map of G 
ommuting with F su
h that T and Bare F ′-stable. In parti
ular, for α ∈ Φ, F ′(Xα) is a non-trivial minimal 
losedunipotent subgroup of G normalized by T. Write F ′(α) ∈ Φ for the 
orrespondingroot. Moreover, we suppose that for every α ∈ Φ, there is a non-negative integer
m ≥ 0 su
h that for all t ∈ Fp we have F ′(xα(t)) = xF ′(α)(t

pm

). Note thatU andU1are F ′-stable (be
ause F and F ′ 
ommute), so F ′(Φ+) = Φ+ and F ′(∆) = ∆.In this se
tion, we study the a
tion of F ′ on Irrp′(G
F ). In a �rst step, we showthat Irrp′(G

F ) is exa
tly the set of semisimple irredu
ible 
hara
ters of GF . Then,we determine the a
tion of F ′ on these semisimple 
hara
ters. As an intermediateresult, we obtain the a
tion of F ′ on the set of regular irredu
ible 
hara
ters of GF .3.1. F ′-stable linear 
hara
ters of U
F
1 . We assume the setup from Se
tion 2.For J ⊆ ∆, let ω̃J be the set of 
hara
ters of U1 of the form ∏

α∈J φα where φα isa non-trivial irredu
ible 
hara
ter of X
F
α .
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ontains an F ′-stable
hara
ter.Proof. Let Λ be the set of F ′-orbits on J . For λ ∈ Λ, �x αλ ∈ λ and write rλ fora non-negative integer su
h that F ′rλ(αλ) = αλ. Then F ′rλ is an automorphismof X
F
αλ

(be
ause F and F ′ 
ommute). Sin
e F ′rλ(xαλ
(1)) = xαλ

(1), it followsfrom [15, Theorem (6.32)℄ that X
F
αλ

has an F ′-stable 
hara
ter. Fix su
h a 
hara
ter
φλ ∈ Irr(XF

αλ
). For 0 ≤ i ≤ rλ − 1, the map F ′i : X

F
αλ

→ X
F
F ′i(αλ) is a groupisomorphism, and hen
e indu
es a natural bije
tion Irr(XF

αλ
) → Irr(XF

F ′i(αλ)). Wewrite F ′i

φλ for the image of φλ under this bije
tion. Therefore, the 
hara
ter
φ =

∏

λ∈Λ

rλ−1∏

i=0

F ′i

φαλis in ω̃J and is F ′-stable. �Remark 3.2. Note that Lemma 3.1 is also true for a non-split Frobenius F .3.2. A
tion on the semisimple and regular 
hara
ters. In this subse
tion,we study the a
tion of F ′ on the set of semisimple and the set of regular irredu
ible
hara
ters of G
F .In the following, we say that the prime p is nonsingular if

• if p = 2, then G has no simple 
omponent of type Bn, Cn, F4 or G2.
• if p = 3, then G has no simple 
omponent of type G2.Lemma 3.3. We keep the notation of Subse
tion 2.1. If p is a nonsingular primefor G, then the set of irredu
ible p′-
hara
ters of G

F is the set of semisimpleirredu
ible 
hara
ters of G
F .Proof. Let (G̃, F ) be as above. Note that p is a nonsingular prime for G if andonly if p is a nonsingular prime for G̃. In parti
ular, the simple 
omponents of

G̃
F are not one of the groups Bm(2), G2(2), G2(3), F4(2), 2B2(2), 2G2(3), 2F4(2).Moreover, Sin
e the 
enter of G̃ is 
onne
ted, the proof of [4, Lemma 5℄ also holdsfor G̃

F , and so
Irrp′(G̃

F ) = {ρes | s̃ ∈ S̃},where S̃ is a set of representatives for the semisimple 
lasses of G̃∗F∗ . In parti
ular,the semisimple 
hara
ters of GF , whi
h are the 
onstituents of the restri
tion of ρes,are p′-
hara
ters of G
F .Conversely, let χ̃ be a non semisimple irredu
ible 
hara
ter of G̃

F , that is pdivides χ̃(1), and let γ be an irredu
ible 
onstituent of Res
eG

F

GF (χ̃). By [15, 11.29℄,we have χ̃(1) = m · γ(1) where m is an integer dividing |G̃F /GF |. Sin
e |G̃F /GF |is not divisible by p, it follows that γ(1) is a multiple of p. Thus
Irrp′(G

F ) = {ρs,z | s ∈ S, z ∈ H1(F,Z)}.

�Remark 3.4. Note that, in Lemma 3.3 we do not need to suppose that p is a goodprime for G. Moreover, if G is simple and p is singular for G (the prime p issaid singular for G if it is not nonsingular), then the p′-
hara
ters of G
F are well-known, see for example [4, Remark 2℄. In parti
ular, the groups Bm(2) are treatedin [5℄.



10 OLIVIER BRUNAT AND FRANK HIMSTEDTLet S be a set of representatives for the semisimple 
lasses of G
∗F∗ . Sin
e F ′stabilizes ω̃∆, Lemma 3.1 implies that there is an F ′-stable 
hara
ter in ω̃∆. We�x su
h a 
hara
ter φ0 ∈ ω̃∆ and use it for the 
onstru
tion of the Gelfand-Graev
hara
ters as des
ribed in Subse
tion 2.3.Lemma 3.5. For w ∈W , let Tw denote the F -stable maximal torus of G obtainedfrom T by twisting with w. Then for all semisimple elements s of G̃
F and w ∈W ,one has

F ′
(
RG

Tw
(s)

)
= RG

TF ′(w)

(
F ′∗−1(s)

)
.Proof. In the proof of [4, Proposition 1℄, it is shown that

F ′
(
RG

Tw
(s)

)
= RG

F ′(Tw)

(
F ′∗−1(s)

)
.Sin
e F and F ′ 
ommute, the maximal torus F ′(Tw) is F -stable. We 
laim that

F ′(Tw) is obtained from T by twisting with F ′(w). There is x ∈ G su
h that(9) x−1F (x) = nw and Tw = xTx−1,where nw ∈ NG(T) and nwT = w. Let nF ′(w) := F ′(nw). Sin
e T is F ′-stable,
nF ′(w) ∈ NG(T) and nF ′(w)T = F ′(w) and equation (9) implies

F ′(Tw) = F ′(x)TF ′(x)−1,and
F ′(x)−1F (F ′(x)) = F ′(x−1F (x)) = F ′(nw) = nF ′(w).This yields the 
laim. �Theorem 3.6. We make the same assumptions as in Lemma 3.5. Additionally, wesuppose that F ′ a
ts trivially on the root system Φ. Let U be the unipotent radi
alof B. For all s ∈ S and z ∈ H1(F,Z), one has

F ′(ρs,z) = ρF ′∗−1(s),F ′(z) and F ′(χs,z) = χF ′∗−1(s),F ′(z).Proof. For s ∈ S, let As be the set of 
onstituents of χs. For z ∈ H1(F,Z), write
Az for the set of 
onstituents of Γz. We have

As ∩Az = {χs,z}.Let φz be a regular linear 
hara
ter of UF su
h that Γz = IndG
F

UF (φz). Sin
e F and
F ′ 
ommute, we have F ′(UF ) = U

F . It follows
F ′(Γz) = IndG

F

UF (F ′(φz)).Let tz ∈ T su
h that t−1
z F (tz) ∈ z. Then, for u ∈ U

F , one has
F ′(φz)(u) = φ0(t

−1
z F ′−1(u)tz)

= φ0(F
′−1(F ′(tz)

−1uF ′(tz)))

= F ′(tz)φ0(u),be
ause F ′(φ0) = φ0. Furthermore,
F ′(tz)

−1F (F ′(tz)) = F ′(t−1
z F (tz)) ∈ F ′(z).Thus, F ′(tz)φ0 = tF ′(z)φ0 and(10) F ′(Γz) = ΓF ′(z).
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F ′(χs) =

εGεC◦

G∗(s)

|W ◦(s)|

∑

w∈W◦(s)

ε(w)RG

TF ′(w)
(F ′∗−1(s)).Sin
e (TF ′(w))

∗ = T
∗
F ′∗−1(w) (see [7, 4.3.2℄), it follows(11) F ′(χs) = χF ′∗−1(s).Relations (10) and (11) say that
F ′(As) = AF ′∗−1(s) and F ′(Az) = AF ′(z).Therefore

{F ′(χs,z)} = F ′({χs,z}) = F ′(As ∩Az)

= F ′(As) ∩ F
′(Az) = AF ′∗−1(s) ∩AF ′(s)

= {χF ′∗−1(s),F ′(z)}.Thus(12) F ′(χs,z) = χF ′∗−1(s),F ′(z).Sin
e F ′ a
ts trivially on the set of roots, F ′ stabilizes every F -stable paraboli
subgroup P 
ontaining B and every F -stable Levi 
omplement of P. Be
ause Fand F ′ 
ommute, F ′ also stabilizes P
F and L

F . Hen
e, we have F ′(RG

L
(φ)) =

RG

L
(F ′(φ)) for every φ ∈ Irr(LF ). To prove that F ′(∗RG

L
(χ)) = ∗RG

L
(F ′(χ)) forevery χ ∈ Irr(GF ) it is su�
ient to show that we have 〈F ′(∗RG

L
(χ)), F ′(ψ) 〉LF =

〈 ∗RG

L
(F ′(χ)), F ′(ψ) 〉LF for every ψ ∈ Irr(LF ). We have

〈F ′(∗RG

L (χ)), F ′(ψ) 〉LF = 〈 ∗RG

L (χ), ψ 〉LF

= 〈χ,RG

L (ψ) 〉GF

= 〈F ′(χ), F ′(RG

L (ψ) 〉GF

= 〈F ′(χ), RG

L
(F ′(ψ)) 〉GF

= 〈 ∗RG

L
(F ′(χ)), F ′(ψ) 〉LF .Using the de�nition of the duality fun
tor DG in (6), we dedu
e that F ′(DG(χ)) =

DG(F ′(χ)). Applying DG to equation (12), we get
F ′(ρs,z) = ρF ′∗−1(s),F ′(z).This yields the 
laim. �3.3. Automorphisms and Jordan de
omposition. In this subse
tion, we 
on-sider how the a
tion of a Frobenius map F ′ 
ommuting with F on the set of regular
hara
ters and the set of semisimple 
hara
ters behaves with respe
t to the Jordande
omposition of 
hara
ters.For every semisimple s ∈ G

∗F∗ , let E(GF , s) ⊆ Irr(GF ) be the 
orrespondingLusztig series. Note that the Lusztig series give rise to a partition of Irr(GF ); see [1,11.2℄. Moreover, For every semisimple element s ∈ G
∗F∗ , there is a bije
tion

ψs : E(C(s)F
∗

, 1) → E(GF , s),where C(s) = CG∗(s); see [8, 13.23℄. When the 
entralizer C(s) is not 
on-ne
ted, the set E(C(s)F
∗

, 1) is de�ned as the set of 
onstituents of Ind
C(s)F∗

C(s)◦F∗ (φ)



12 OLIVIER BRUNAT AND FRANK HIMSTEDTwhere φ runs through E(C(s)◦F
∗

, 1). Note that the trivial 
hara
ter 1C(s)◦ and theSteinberg 
hara
ter StC(s)◦ of C(s)◦F
∗ (we identify these two 
hara
ters when C(s)is a torus) extend to C(s)F

∗ . So, [15, 6.17℄ implies that the extensions of these 
har-a
ters are labelled by the irredu
ible 
hara
ters of C(s)F
∗

/C(s)◦F
∗

≃ AG∗(s)F
∗ .For ǫ ∈ Irr(AG∗(s)F

∗

), let 1ǫ and Stǫ be the 
orresponding extension of 1C(s)◦ and
StC(s)◦ , respe
tively. Put Bs = {1ǫ, Stǫ | ǫ ∈ Irr(AG∗(s)F

∗

}.Now, we will dedu
e from Theorem 3.6 that ψs 
an be 
hosen su
h that ψs|Bsis 
ompatible with the a
tion of a Frobenius map F ′ : G → G 
ommuting with F .This 
an be obtained as follows. Let i : G → G̃ be the embedding as above. Put
ker′(i∗) = ker(i∗)∩ [G̃∗, G̃∗] and let Z(G) be the 
omponent group of the 
enter Zof G. Re
all that there is an isomorphism ω̂ : Z(G) → Irr(ker′(i∗)) whi
h indu
esan isomorphism ω̂0 : H1(F,Z) → Irr(ker′(i∗)F

∗

); see [1, (4.11)℄. Moreover, forevery semisimple s ∈ G
∗F∗ , we de�ne an inje
tive homomorphism(13) ϕs : AG∗(s) → ker′(i∗), g 7→ g̃ s̃ g̃−1 s̃−1,where g̃ and s̃ are elements of G̃ su
h that i∗(g̃) = g and i∗(s̃) = s. This morphismindu
es a surje
tive morphism ϕ̂s : Irr(ker′(i∗)) → Irr(AG∗(s)). Note that ϕ̂s in-du
es a surje
tive morphism from Irr(ker′(i∗)F

∗

) to Irr(AG∗(s)F
∗

). Composing thislast morphism with ω̂0, we obtain a surje
tive map ω̂0
s : H1(F,Z) → Irr(AG∗(s)F

∗

);see [1, 8.A℄ for more details. The Frobenius map F ′ indu
es an automorphism on
H1(F,Z), be
ause F and F ′ 
ommute. Moreover, F ′∗ indu
es an isomorphism from
AG∗(F ′∗−1(s)) to AG∗(s). Thus, by dualizing, we obtain the following isomorphism

F ′∗ : Irr (AG∗(s)) → Irr
(
AG∗(F ′∗−1(s))

)
, φ 7→ φ ◦ F ′∗.Now, 
onsider the diagram:(14) H1(F,Z)

ω̂0
s

//

F ′

��

Irr(AG∗(s)F
∗

)

F ′∗

��

H1(F,Z)
ω̂0

F ′∗−1(s)
// Irr(AG∗(F ′∗−1(s))F

∗

)Fix z ∈ H1(F,Z) and g ∈ AG∗(F ′∗−1(s))F
∗ . Equation (13) implies

ϕs(F
′∗(g)) = F ′∗

(
ϕF ′∗−1(s)(g)

)
.Then one has

F ′∗
(
ω̂0
s(z)

)
(g) = ω̂0

s(z)(F
′∗(g))

= ω̂0(z) ◦ ϕs(F
′∗(g))

= ω̂0(z)
(
F ′∗

(
ϕF ′∗−1(s)(g)

))

= ω0
(
F ′∗(ϕF ′∗−1(s)(g))

)
(z)

= ω0
(
ϕF ′∗−1(s)(g)

)
(F ′(z))Here, ω0 is de�ned as in [1, 4.11℄, and the last equality 
omes from [1, 4.10℄. Itfollows that

F ′∗
(
ω̂0
s(z)

)
= ω̂0

F ′∗−1(s) (F ′(z)) .Hen
e, diagram (14) is 
ommutative. Now, we de�ne ψs on Bs by setting
ψs(1ω̂0

s(z)) = ρs,z and ψs(Stω̂0
s(z)) = χs,z.



ON EQUIVARIANT BIJECTIONS RELATIVE TO THE DEFINING CHARACTERISTIC 13Note that, by [1, 11.13℄, we have ρs,z = ρs,z′ (resp. χs,z = χs,z′) if and only if
z′z−1 ∈ ker(ω̂0

s). Thus ψs|Bs is well-de�ned. Put
Ψ :

⋃

s

Bs → Irr(GF ), 1ω̂0
s(z) 7→ ρs,z, Stω̂0

s(z) 7→ χs,z,where s runs through a set of representatives for the geometri
 
onjuga
y 
lasses ofsemisimple elements of G∗F∗ . The 
ommutativity of diagram (14) and Theorem 3.6imply that Ψ is F ′-equivariant, as required.4. Chara
ters of Borel subgroupsWe 
ontinue to use the setup from Se
tion 2. Additionally, we assume that Gis simple and that G̃
F is not one of the groups Bm(2), Cm(2), G2(2), G2(3), F4(2).Let F ′ : G → G be a Frobenius map of G 
ommuting with F su
h that T and Bare F ′-stable as in Se
tion 3. In this se
tion, we 
onsider the a
tion of T̃

F andthe Frobenius morphism F ′ on the set of irredu
ible p′-
hara
ters of the Borelsubgroup B
F .4.1. p′-
hara
ters of the Borel subgroup and automorphisms. Let U0 bethe subgroup de�ned in equation (1) and U1 = U/U0, see also equation (2). Set

B0 = U1 ⋊ T.The group B0 is an algebrai
 group with a rational stru
ture over Fq given by theFrobenius map F . Sin
e G̃
F is not one of the groups listed at the beginning of thisse
tion, [17, Lemma 7℄ implies that U

F
0 is the derived subgroup of U

F , so the sets
Irrp′(B

F ) and Irr(BF
0 ) are A-equivalent, where A denotes the set of automorphismsof B

F
0 leaving U

F
1 and T

F invariant.Let Ω̃ and Ω be the sets of T̃
F -orbits and T

F -orbits on Irr(UF
1 ), respe
tively.For J = {αj1 , αj2 , . . . , αjl} ⊆ ∆, set

UJ := {xαj1
(u1)xαj2

(u2) · · ·xαjl
(ul) |u1, . . . , ul ∈ Fq} and

U
∗
J := {xαj1

(u1)xαj2
(u2) · · ·xαjl

(ul) |u1, . . . , ul ∈ F
×

q }.Let Irr∗(UF
J ) be the set of all χ ∈ Irr(UF

J ) su
h that Res
U

F
J

XF
α
(χ) is non trivial for all

α ∈ J . By extending every φ ∈ Irr(UF
J ) trivially, we 
an identify Irr∗(UF

J ) with asubset of Irr(UF
1 ) in a natural way. With this identi�
ation, we have(15) Irr(UF

1 ) =
⊔

J⊆∆

Irr∗(UF
J ),and ea
h Irr∗(UF

J ) is invariant under the a
tion of T̃
F , T

F and F . In the proofof [3, 5.1℄ it is shown that the irredu
ible 
hara
ters of B
F
0 (or equivalently, the

p′-
hara
ters of B
F ) 
an be labelled as follows. We 
an parametrize the elementsof Ω̃ by the subsets of ∆. More pre
isely, for J ⊆ ∆, the 
orresponding T̃

F -orbitis Irr∗(UF
J ). Fix φJ ∈ Irr∗(UF

J ) and 
hoose tj ∈ T̃
F su
h that the 
hara
ters

φJ,j = tjφJ form a set of representatives for the T
F -orbits of Irr∗(UF

J ), where we
hoose t1 = 1. Then the T
F -orbit of φJ,j will be denoted by ωJ,j. Sin
e ωJ,jand ωJ,1 are 
onjugate by an element of T̃

F , the size |ωJ,j | does not depend on j.
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J ) =

i(J)⊔

j=1

ωJ,j where i(J) = | Irr∗(UF
J )|/|ωJ,1|.Remark 4.1. Note that if LJ denotes the standard Levi subgroup 
orrespondingto J , the proof of [3, 5.2℄ shows that there is an element tzj ∈ T for some zj ∈

H1(F,Z(LJ )) satisfying t−1
zj
F (tzj ) ∈ zj and(17) φJ,j =tj φJ =tzj φJ .Let IφJ,j = U

F ⋊CTF (φJ,j) be the inertia subgroup of φJ,j in B
F
0 . Note that φJ,jextends to IφJ,j by setting, for u ∈ U

F and t ∈ CTF (φJ,j),(18) φ̂J,j(ut) = φJ,j(u).Thus, the irredu
ible 
hara
ters of Irr(BF
0 ) are the 
hara
ters Ind

B
F
0

IφJ,j
(φ̂J,j ⊗ψ) for

J and j as above and ψ ∈ Irr(CTF (φJ,j)).We now will des
ribe more pre
isely the group CTF (φJ,j). As usual, we write
(X(T), Y (T),Φ,Φ∨) for the root datum 
orresponding to (G,T) in the sense of [8,Theorem 3.17℄. In parti
ular, X(T) is the 
hara
ter group and Y (T) the 
o
har-a
ter group of T. Choose Z-bases b = {b1, . . . , br} and b′ = {b′1, . . . , b

′
r} of X(T)and Y (T) respe
tively, su
h that b and b′ are dual to ea
h other with respe
t to thenatural pairing, see [7, Se
tion 1.9℄. By [7, Proposition 3.1.2℄, we have T ≃ Y ⊗Z F

×

qas abelian groups. Every element of Y ⊗ZF
×

q 
an be written uniquely as ∑r
i=1 b

′
i⊗tiwith ti ∈ F

×

q and we write (t1, t2, . . . , tr) for the 
orresponding element of T. Notethat |b| = |b′| = |∆| be
ause G is simple.Sin
e Φ ⊂ X(T), we 
an write every element of Φ as a Z-linear 
ombination of band 
an de�ne a matrix A = (aij) ∈ Zr×r as follows: Let the ith row of A 
onsistof the 
oe�
ients of the simple root αi written as a linear 
ombination of b. For asimple root αi ∈ ∆, the a
tion of a torus element t = (t1, t2, . . . , tr) ∈ T on Xαi isgiven by(19) txαi(u) = xαi


u ·

r∏

j=1

t
aij

j


 .Fix J = {αj1 , αj2 , . . . , αjl} ⊆ ∆ as above. For x ∈ U
∗
J , we have(20) TJ := StabT(x) =



t ∈ T |

r∏

j=1

t
ajk,j

j = 1 for k = 1, . . . , l



 .In parti
ular, the stabilizers in T of all x ∈ U

∗
J 
oin
ide. Note that the stabilizer

TJ is an F -stable diagonalizable group. A

ording to [24, 13.2.5(1)℄, T
◦
J is a splitsubtorus of T and TJ = T

◦
J × HJ , where HJ is a �nite group isomorphi
 to thetorsion group of X(TJ). Note that T

◦
J and HJ are F -stable and T

F
J = T

◦F
J ×HF

J .Lemma 4.2. With the above notation, for J ⊆ ∆, the group T
F
J is the 
entralizerin T

F of all irredu
ible 
hara
ters in Irr∗(UF
J ). Write φJ,j for the 
hara
ter of

Irr∗(UF
J ) in the T

F -orbit ωJ,j 
onstru
ted from φJ as in equation (17), and let i(J)
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χJ,j,ψ = Ind

B
F
0

UF ⋊TF
J

(φ̂J,j ⊗ ψ),where φ̂J,j is the extension of φJ,j de�ned in equation (18). Then, one has
Irr(BF

0 ) =
{
χJ,j,ψ | J ⊆ ∆, 1 ≤ j ≤ i(J), ψ ∈ Irr(TF

J )
}
.Proof. This is just Cli�ord theory. �Remark 4.3. Note that TJ is the 
enter of the Levi subgroup LJ . In parti
ular,one has HJ ≃ Z(LJ ), where Z(LJ ) = Z(LJ)/Z(LJ )◦.Remark 4.4. We will make some 
hoi
es in the labelling of the irredu
ible 
har-a
ters of B

F
0 given in Lemma 4.2. In the following, if J ⊆ ∆ is F ′-stable (implyingthat F ′ a
ts on Irr∗(UF

J )), the 
hara
ter φJ of Irr∗(UF
J ) used for the parametriza-tion of ωJ,j in Lemma 4.2 will be 
hosen F ′-stable, whi
h is possible by Lemma 3.1.Lemma 4.5. For J ⊆ ∆, ψ ∈ Irr(TF

J ) and i = i(J) as in equation (16), the set
DJ,ψ,i := {χJ,j,ψ ∈ Irr(BF

0 ) | 1 ≤ j ≤ i}is a T̃
F -orbit of Irr(BF

0 ) of size i and all T̃
F -orbits of Irr(BF

0 ) of size i arise inthis way.Proof. Fix t ∈ T̃
F and let j be the integer su
h that tφJ and φJ,j are T

F -
onjugate.Note that U
F ⋊ T

F
J is T̃

F -invariant, implying that for ψ ∈ Irr(TF
J )

tχJ,1,ψ = Ind
B

F
0

UF ⋊TF
J

(
tφ̂J ⊗ tψ

)
.Furthermore, tφ̂J = t̂φJ and T

F
J is the inertia subgroup of tφJ in T

F (be
ause T
F
Jis the inertia subgroup of any 
hara
ter of U

F
J ). Moreover, TF

J and T̃
F 
ommute,so tψ = ψ and then

tχJ,1,ψ = χJ,j,ψ.Conversely, tjχJ,1,ψ = χJ,j,ψ and the result follows. �The following lemma des
ribes the a
tion of the Frobenius morphism F ′ on theset of T̃
F -orbits on Irr(BF

0 ).Lemma 4.6. We assume that the 
onvention of Remark 4.4 holds. Let F ′ : G → Gbe a Frobenius map 
ommuting with F su
h that T and B are F ′-stable. For an
F ′-stable J ⊆ ∆, an integer i = i(J) as in equation (16) and ψ ∈ Irr(TF

J ), one has
F ′(DJ,ψ,i) = DJ,F ′(ψ),i.More pre
isely, for every 1 ≤ j ≤ i, we have
F ′(χJ,j,ψ) = χJ,j′,F ′(ψ),where j′ is su
h that zj′ = F ′(zj) for zj ∈ H1(F ′, Z(LJ )) as in Remark 4.1.



16 OLIVIER BRUNAT AND FRANK HIMSTEDTProof. Note �rst that F ′ permutes the T̃
F -orbits of Irr(BF

0 ) be
ause F ′(T̃F ) = T̃
F .Let χJ,j,ψ ∈ DJ,ψ,i. Then F ′ a
ts on Irr(UF

J ) and �xes φJ (see Remark 4.4). Inparti
ular, T
F
J is F ′-stable. Let tzj ∈ T be su
h that φJ,j = tzjφJ and zj ∈

H1(F,Z(LJ )). Sin
e φJ is F ′-stable, one has
F ′(φJ,j) = F ′(tzj

)φJ =
tF ′(zj)φJ = φJ,j′ ,where j′ is su
h that F ′(zj) = zj′ . It follows

F ′(χJ,j,ψ) = IndB
F

UF TF
J

(
φ̂J,j′ ⊗ F ′(ψ)

)
= χJ,j′,F ′(ψ),be
ause F ′(φ̂J,j) = φ̂J,j′ The result follows. �4.2. Chara
ters of the Borel subgroup and 
entral 
hara
ters.Lemma 4.7. Let ν ∈ Irr(Z(GF )) and write d := |Z(GF )|. Then

| Irrp′(B
F |ν)| =

1

d
| Irrp′(B

F )|.Proof. Write Z := Z(G). With this notation, we have
Irrp′(B

F |ν) = {χ ∈ Irrp′(B
F ) | ResB

F

ZF (χ) = χ(1) · ν}and Irrp′(B
F ) = ⊔ν∈Irr(ZF ) Irrp′(B

F |ν). Let ν, ν′ ∈ Irr(ZF ). We 
an extend ν, ν′ tolinear 
hara
ters of B
F and denote these extensions also by ν and ν′, respe
tively.The map Irrp′(B

F |ν) → Irrp′(B
F |ν′), χ 7→ χ · ν · ν′ is a bije
tion, where ν isthe 
omplex-
onjugate of ν. So, | Irrp′(BF )| = |ZF | · | Irrp′(BF |ν)| and the 
laimfollows. �Lemma 4.8. Let J be a subset of ∆, ψ ∈ Irr(TF

J ) and χJ,j,ψ ∈ Irr(BF
0 ) asLemma 4.2. For ν ∈ Irr(ZF ), one has

〈χJ,j,ψ, Ind
B

F
0

ZF (ν) 〉BF
0
6= 0 ⇐⇒ 〈Res

T
F
J

ZF (ψ), ν 〉ZF 6= 0.Proof. By the de�nition of indu
ed 
hara
ters [15, (5.1)℄, we have
Res

B
F
0

ZF (χJ,j,ψ) = χJ,j,ψ(1) · Res
T

F
J

ZF (ψ)and the 
laim follows from Frobenius re
ipro
ity. �5. Equivariant bije
tionsWe use the notation and setup from the previous se
tions. In parti
ular, wehave an embedding i : G → G̃ where G̃ is a 
onne
ted redu
tive group de�nedover Fq with 
onne
ted 
enter and Frobenius map F , su
h that i(G) is the derivedsubgroup of G̃. Let T̃ be the F -stable maximal torus of G̃ 
ontaining T and
B̃ a Borel subgroup of G̃ 
ontaining T and B. The quotient T̃

F /TF = T
′F a
tson G

F . Let D be the subgroup of Out(GF ) indu
ed by this a
tion. We will assumethroughout this whole se
tion that the following hypothesis is satis�ed.Hypothesis 5.1. Let G be as above. Assume that
• The algebrai
 group G is simple.
• The prime p is nonsingular for G.
• The automorphism indu
ed by F on W is trivial.
• The order d := |D| is a prime number.



ON EQUIVARIANT BIJECTIONS RELATIVE TO THE DEFINING CHARACTERISTIC 17Remark 5.2. Note that if Hypothesis 5.1 holds, then d 6= p.In this se
tion, we are going to 
onstru
t bije
tions between the sets Irrp′(G
F |ν)and Irrp′(B

F |ν) for �xed ν ∈ Irr(ZF ), whi
h are 
ompatible with the a
tion of
ertain groups of automorphisms.Re
all that G is generated by the elements xα(t) where α ∈ Φ and t ∈ Fp(be
ause G is simple). Moreover, sin
e F a
ts trivially on W , we 
an 
hoose xαsu
h that
F (xα(t)) = xα(tq) for all α ∈ Φ and t ∈ Fp.We then de�ne a bije
tive algebrai
 group homomorphism F0 : G → G satisfying

F0(xα(t)) = xα(tp) for all α ∈ Φ and t ∈ Fp. Note that the map F0 de�nes an
Fp-rational stru
ture on G. Moreover, if q = pn for a positive integer n, then
Fn0 = F .5.1. Automorphisms of G

F . Sin
e F0 and F 
ommute, we have F0(G
F ) = G

F .Thus, F0 indu
es an automorphism of GF , also denoted by F0 in the following. Weset K = 〈F0 〉 ⊆ Out(GF ). Note that the �nite group K has order n and is thegroup of �eld automorphisms of G
F , see [6, 12.2℄.We write A ⊆ Out(GF ) for the subgroup of Out(GF ) generated by K and D.Note that, by 
onstru
tion, the groups T

F , T̃
F , B

F , B̃
F , U

F , U
F
1 are K-stable,

D-stable and then A-stable. The group A a
ts on Irrp′(G
F ) and Irrp′(B

F ). Forevery subgroup H ⊆ Out(GF ), we denote by OH and O′
H the set of H-orbits on

Irrp′(G
F ) and Irrp′(B

F ), respe
tively.In this whole Se
tion 5, let ν denote a linear 
hara
ter of Z
F and let Aν be thesubgroup of A �xing ν. Note that D a
ts trivially on Z

F . Then(21) Aν = D ⋊Kν ,where Kν is the subgroup of �eld automorphisms �xing ν. Then the group Aν a
tson Irrp′(G
F |ν) and Irrp′(B

F |ν). For every subgroup H of Aν , let OH,ν and O′
H,νbe the set of H-orbits on Irrp′(G

F |ν) and Irrp′(B
F |ν), respe
tively.Lemma 5.3. The group K a
ts on the sets OD and O′

D. And the group Kν a
tson the sets OD,ν and O′
D,ν .Proof. The �rst statement follows from D �A, see [11, 2.5.14℄. The se
ond state-ment is then 
lear. �5.2. A D-equivariant bije
tion respe
ting 
entral 
hara
ters. The followinglemma des
ribes a su�
ient 
ondition for the existen
e of a D-equivariant bije
tionbetween Irrp′(G

F |ν) and Irrp′(B
F |ν). In the subsequent remark we then show thatthis 
ondition is satis�ed if the relative M
Kay 
onje
ture is true for G̃

F and G
Fat the prime p.Lemma 5.4. Suppose that Hypothesis 5.1 is satis�ed and assume that

| Irrp′(G̃
F |ν)| = | Irrp′(B̃

F |ν)| and | Irrp′(G
F |ν)| = | Irrp′(B

F |ν)|.Then there is a D-equivariant bije
tion between Irrp′(G
F |ν) and Irrp′(B

F |ν).Proof. Fix ν ∈ Irr(ZF ). Sin
e |D| = d is prime, the D-orbits on Irrp′(G
F |ν) and

Irrp′(B
F |ν) have size 1 or d. For i ∈ {1, d}, let Ni(ν) (resp. N ′

i(ν)) be the set of
D-orbits on Irrp′(G

F |ν) (resp. Irrp′(B
F |ν)) of size i. Hen
e, we have

| Irrp′(G
F |ν)| = |N1(ν)| + d|Nd(ν)| and | Irrp′(B

F |ν)| = |N ′
1(ν)| + d|N ′

d(ν)|.



18 OLIVIER BRUNAT AND FRANK HIMSTEDTLet ω ∈ OD,ν . Then there is a semisimple element s of G∗F∗ , su
h that ω is the setof the 
onstituents of ρs. Let s̃ be a semisimple element of G̃∗F∗ satisfying i∗(s̃) = s.Then ρes ∈ Irrp′(G̃
F |ν) and every s̃′ restri
ting to ρs also lies in Irrp′(G̃

F |ν). Let
χ ∈ ω be an irredu
ible 
onstituent of ρs. Sin
e T

′F is abelian of order q−1 and ρsis multipli
ity free, Cli�ord theory [15, Problem (6.2)℄ implies
| Irr(G̃F |ρs)| =

q − 1

|AG∗(s)F∗ |
.Similarly, the results in Se
tion 4 on the a
tion of T̃

F and T
F on Irr(UF

1 )imply that, for every ω ∈ O′
D,ν , there are exa
tly (q− 1)/|ω| irredu
ible 
hara
ters

χ̃ ∈ Irrp′(B̃|ν) su
h that ω is the set of 
onstituents of Res
eB

F

BF (χ̃). So,
| Irrp′(G̃

F |ν)| = (q − 1)|N1(ν)| +
q − 1

d
|Nd(ν)| and

| Irrp′(B̃
F |ν)| = (q − 1)|N ′

1(ν)| +
q − 1

d
|N ′

d(ν)|.By assumption, | Irrp′(G̃F |ν)| = | Irrp′(B̃F |ν)| and | Irrp′(GF |ν)| = | Irrp′(BF |ν)|.So, we 
an dedu
e that
{

(|N1(ν)| − |N ′
1(ν)|) + d(|Nd(ν)| − |N ′

d(ν)|) = 0,
d(|N1(ν)| − |N ′

1(ν)|) + (|Nd(ν)| − |N ′
d(ν)|) = 0.We 
an 
on
lude |N1(ν)| = |N ′

1(ν)| and |Nd(ν)| = |N ′
d(ν)|. Thus, there is a D-equivariant bije
tion between Irrp′(G

F |ν) and Irrp′(B
F |ν) whi
h 
an be des
ribedas follows: First, for i ∈ {1, d}, we 
hoose any bije
tion fi : Ni(ν) → N ′

i(ν). For
ω ∈ Ni(ν), we 
hoose any xω ∈ ω and any yω ∈ fi(ω). We set D = 〈 δ 〉. We de�ne
f : Irrp′(G

F |ν) → Irrp′(B
F |ν) by
f(δ(xω)) = δ(yω) for ω ∈ OD,ν .So, by 
onstru
tion, the map f is a D-equivariant bije
tion. �Remark 5.5. Suppose G̃
F satis�es the relative M
Kay 
onje
ture at the prime p,that is | Irrp′(G̃F |ν̃)| = | Irrp′(B̃F |ν̃)| holds for all ν̃ ∈ Irr(Z(G̃F )). Then, for every

ν ∈ Irr(ZF ), one has
| Irrp′(G̃

F |ν)| = | Irrp′(B̃
F |ν)|.Proof. If Ind

Z( eG
F )

ZF (ν) =
∑r

k=1 ν̃i, then
| Irrp′(G̃

F |ν)| =

r∑

k=1

| Irrp′(G̃
F |ν̃k)|

=

r∑

k=1

| Irrp′(B̃
F |ν̃k)|

= | Irrp′(B̃
F |ν)|.

�
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hara
ters and automorphisms of G
F . In this subse
tion, westudy the a
tion of the �eld automorphisms on the set ofD-orbits on Irrp′(G

F |ν). Infa
t, we 
onsider the a
tion of F on the set of D-orbits on Irrp′(G
Fm

|µ) for positiveintegers m and µ ∈ Irr(ZF
m

). The following remark will be used to parametrize
F -stable semisimple 
onjuga
y 
lasses of G

∗F∗m .Remark 5.6. Suppose that F and F ′ are Frobenius maps on G whi
h 
ommute.Let s be an F ∗- and F ′∗-stable element of G
∗. For α ∈ H1(F ∗, AG∗(s)), we
hoose gα ∈ G

∗ su
h that the 
lass of g−1
α F ∗(gα) in H1(F ∗, AG∗(s)) equals α.Let sα := gαsg

−1
α . Then sα ∈ G

∗F∗ and
[s]G∗ ∩ G

∗F∗

=
⊔

α∈H1(F∗,AG∗(s))

[sα]G∗F∗ .Moreover, sin
e s is F ′∗-stable, one has F ′∗(sα) = F ′∗(gα)sF ′∗(gα)−1, implyingthat F ′∗(α) is equal to the 
lass of F ′∗(g−1
α F ∗(gα)) = F ′∗(g−1

α )F ∗ (F ′∗(gα)) in
H1(F ∗, AG∗(s)), be
ause F ∗ and F ′∗ 
ommute. We then dedu
e that F ′∗(sα) and
sF ′∗(α) are G

∗F∗-
onjugate.Lemma 5.7. Suppose that G is simple and d = |D| a prime number. Let s ∈ G
∗F∗be a semisimple element su
h that |AG∗(s)F

∗

| = d and {sα |α ∈ H1(F ∗, AG∗(s))}be a set of representatives for the F -rational semisimple 
lasses 
orresponding to sas in Remark 5.6 (we 
hoose the notation su
h that s1 = s). Let Sα be the set of
onstituents of ρsα and να ∈ Irr(ZF ) the 
hara
ter satisfying 〈ResG
F

ZF (χ), να 〉ZF 6= 0for all χ ∈ Sα. Then we have να 6= να′ for α 6= α′.Proof. Sin
e d = |D| is prime, we have |AG∗(s)| = |ZF | = d; see [25, p. 166℄and [2, II.4.4℄. So, |AG∗(s)F
∗

| = d implies AG∗(s)F
∗

= AG∗(s). Following [1,Subse
tion 8℄, there is a group homomorphism
ω1
s : H1(F ∗, AG∗(s)) → Irr(ZF ).Again, sin
e d is a prime ω1
s is an isomorphism. Hen
e, [1, 9.14℄ implies ναν−1

1 =
ω1
s(α) for all α ∈ H1(F ∗, AG∗(s)). Sin
e ω1

s is inje
tive (even bije
tive), the resultfollows. �Lemma 5.8. Suppose that G is simple and d = |D| a prime number. Assume that
p is a good prime for G, and �x a positive integer m and an F -stable 
hara
ter
µ ∈ Irr(ZF

m

). For i ∈ {1, d}, let
Ni,m(µ) = {ρs | s ∈ S [m], 〈 ρs, ρs 〉GF m = i, 〈ResG

F m

ZF m (ρs), µ 〉ZF m 6= 0},where S [m] is a set of representatives for the semisimple 
onjuga
y 
lasses of G∗F∗m .Sin
e Z
F ∈ {1, d}, we have the following two 
ases:

• Suppose NFm/F : Z
Fm

→ Z
F is trivial. Then N1,m(µ)F = ∅ for µ 6= 1ZF mand N1,m(1ZF m )F = {ρs | s ∈ S, F ∗([s]G∗F∗m ) = [s]G∗F∗m , |AG∗(s)| = 1},where S is a set of representatives for the semisimple 
lasses of G

∗F∗ .Moreover, for µ, µ′ ∈ Irr(ZF
m

), one has |Nd,m(µ)F | = |Nd,m(µ′)F |.
• Suppose NFm/F : ZF

m

→ Z
F is surje
tive. Then for every µ, µ′ ∈ Irr(ZF

m

)and i ∈ {1, d}, one has |Ni,m(µ)F | = |Ni,m(µ′)F |.Proof. Let t be a semisimple element of G∗F∗m su
h that F ∗([t]G∗F∗m ) = [t]G∗F∗m .Then one has F ∗([t]G∗) = [t]G∗ and by the Lang-Steinberg theorem, [t]G∗ 
ontains



20 OLIVIER BRUNAT AND FRANK HIMSTEDTan F ∗-stable element s. As in Remark 5.6, let {sα |α ∈ H1(F ∗m, AG∗(s))} bea set of representatives for the F ∗m-rational 
lasses of s. In parti
ular, one has
[t]G∗F∗m = [sα]G∗F∗m for some α ∈ H1(F ∗m, AG∗(s)).Suppose i = d and let Cs = {ρsα | 〈 ρsα , ρsα 〉GF m = d, α ∈ H1(F ∗m, AG∗(s))}.Therefore, Lemma 5.7 implies

|Nd,m(µ) ∩Cs| = 1.We then dedu
e that the number |Nd,m(µ)F | is equal to the number of F ∗-stablegeometri
 semisimple 
lasses in G
∗ whose 
entralizer is dis
onne
ted. In parti
ular,this number does not depend on µ. Hen
e, for all F -stable µ, µ′ ∈ Irr(ZF

m

), onehas
|Nd,m(µ)F | = |Nd,m(µ′)F |.Suppose now that i = 1. Note that if ρs ∈ N1,m(µ)F , the pre
eding dis
ussionimplies that we 
an suppose F ∗(s) = s. Fix a maximal F ∗m-stable torus T

∗
ontaining s and (T, θs) a pair dual to (T∗, s). Sin
e F ∗(s) = s, the 
hara
ter θsof T
Fm is F -stable. Moreover, Lemma 2.1 implies (be
ause T is 
onne
ted) thatthere is θ ∈ Irr(TF ) satisfying θs = N∗

Fm/F (θ). Now, if NFm/F : Z
Fm

→ Z
Fis trivial, then for every z ∈ Z

Fm , one has θs(z) = θ(1) = 1. In parti
ular,
ResT

F m

ZF m (θs) = 1ZFm , implying ρs is over 1ZFm . Thus ρs ∈ N1,m(1ZFm )F . If
NFm/F : Z

Fm

→ Z
F is surje
tive, then by Lemma 2.1, there is µ0 ∈ Irr(ZF )su
h that µ = N∗

Fm/F (µ0). Lemma 2.2 then implies that |N1,m(µ)F | equals thenumber N of semisimple 
hara
ters ρ′s of G
F su
h that the 
entralizer of s in G

∗is 
onne
ted and 〈ResG
F

ZF (ρ′s), µ0 〉ZF 6= 0. In the proof of [3, 6.6℄, it is shown that
N =

1

|ZF |
〈Γz ,Γz′ 〉GF ,for some �xed z 6= z′ ∈ H1(F,Z) not depending on µ0 (note that the part of theproof of [3, 6.6℄ whi
h we use requires p to be good). So, N does not depend on µand the result follows. �5.4. Central 
hara
ters and automorphisms of B

F . In this subse
tion, westudy the a
tion of the �eld automorphisms on the set of D-orbits on Irrp′(B
F |ν).In fa
t, we 
onsider the a
tion of F on the set of D-orbits on Irrp′(B

Fm

|µ) forpositive integers m and µ ∈ Irr(ZF
m

).Lemma 5.9. Suppose that G is simple and d = |D| is a prime number. Fix apositive integer m and an F -stable 
hara
ter µ ∈ Irr(ZF
m

). For i ∈ {1, d} let
N ′
i,m(µ) be the set of D-orbits on Irrp′(B

F
0 |µ) of size i. Then we have the followingtwo 
ases:

• Suppose NFm/F : Z
Fm

→ Z
F is trivial. Then N ′

1,m(µ)F = ∅ for µ 6= 1ZF mand N ′
1,m(1Z)F

m

= {χJ,1,ψ |ψ ∈ Irr(TFm

J ), F (ψ) = ψ, |HFm

J | = 1}, where
χJ,1,ψ is the irredu
ible 
hara
ter of B

Fm

0 de�ned in Lemma 4.2. Moreover,for µ, µ′ ∈ Irr(ZF
m

), one has |N ′
d,m(µ)F | = |N ′

d,m(µ′)F |.
• Suppose NFm/F : ZF

m

→ Z
F is surje
tive. Then for every µ, µ′ ∈ Irr(ZF

m

)and i ∈ {1, d}, one has |N ′
i,m(µ)F | = |N ′

i,m(µ′)F |.



ON EQUIVARIANT BIJECTIONS RELATIVE TO THE DEFINING CHARACTERISTIC 21Proof. Re
all that the set of 
hara
ters χJ,j,ψ for 1 ≤ j ≤ i = i(J) is a D-orbit of
Irrp′(B

Fm

0 ) and(22) T
Fm

J = T
◦Fm

J ×HFm

J .Let LJ be the standard Levi subgroup of G
F 
orresponding to J . Then thanks toRemark 4.3, the group HJ is isomorphi
 to the 
omponent group Z(LJ ) and thesetwo groups are F -equivalent. Re
all that the in
lusion Z ⊆ Z(L) indu
es an F -equivariant surje
tive homomorphism hLJ : Z(G) → Z(LJ ), see [1, 4.2℄. Moreover,

Z(G) = Z be
ause G is simple. Then hLJ is the proje
tion of Z on HJ in the dire
tprodu
t TJ = T
◦
J ×HJ . Write IrrF (HFm

J ) for the set of F -stable linear 
hara
tersof HFm

J . Let ψ be a linear 
hara
ter of T
Fm

J . Then there are ψ◦ ∈ Irr(T◦Fm

J ) and
ψHJ ∈ Irr(HFm

J ) satisfying ψ = ψ◦ ⊗ ψHJ . Let ψ′ = ψ◦ ⊗ ψ′
HJ

be su
h that
Res

T
F m

J

ZF m (ψ) = Res
T

F m

J

ZF m (ψ′).Now, for h ∈ HFm

J there is zh ∈ Z
Fm with hLJ (zh) = h (this is a 
onsequen
e of thefa
t that hLJ is surje
tive and HFm

J equals {1} or HJ). Hen
e, there is t ∈ T
◦Fm

Jsatisfying zh = th. Sin
e ψ(zh) = ψ′(zh), it follows
ψ◦(t)ψHJ (h) = ψ◦(t)ψ′

HJ
(h).Hen
e, one has ψHJ (h) = ψ′

HJ
(h) for all h ∈ HFm

J implying ψHJ = ψ′
HJ

. We thendedu
e from this dis
ussion that the 
hara
ters ψη = ψ◦ ⊗ η for η ∈ Irr(HFm

J ) havedistin
t restri
tions on Z
Fm .Let N ′

i,m be the set of D-orbits on Irr(BFm

0 ) of size i. Note that Remark 4.1implies i = |HFm

J |, be
ause |HFm

J | = |Z(LF
m

J )| = |H1(Fm, Z(LJ ))|. Then N ′
i,mis the set of DJ,ψ,i for J ⊆ ∆ with |HFm

J | = i and ψ ∈ Irr(TFm

J ). Moreover, byLemma 4.6, DJ,ψ,i is F -stable if and only if F (J) = J and F (ψ) = ψ. Now, let
ψ ∈ Irr(TFm

J ) be F -stable. If we write ψ = ψ◦ ⊗ ψHJ as above, then F (ψ◦) = ψ◦and F (ψHJ ) = ψHJ , implying
N ′F
i,m = {DJ,ψ◦⊗η,i ∈ N ′

i,m | J ⊆ ∆, F (ψ◦) = ψ◦, η ∈ IrrF (HFm

J )}.Suppose i = d. In parti
ular, this implies |HFm

J | = d. Then for J ⊆ ∆ and
ψ◦ ∈ T

◦Fm

J with F (ψ◦) = ψ◦, the F -stable D-orbits DJ,ψ◦⊗η,d for η ∈ IrrF (HFm

J )are over distin
t F -stable 
hara
ters of ZFm . For all µ, µ′ ∈ IrrF (ZF
m

), we dedu
e
|N ′

d,m(µ)F | = |N ′
d,m(µ′)F |.Suppose i = 1. Then HJ is trivial and TJ is 
onne
ted. Using Lemma 2.1, the

F -stable 
hara
ters of T
Fm

J are the 
hara
ter ψ = ψ0 ◦ NFm/F for any ψ0 ∈ T
F
J .If NFm/F : Z

Fm

→ Z
F is trivial, then N ′

1,m(1ZF m )F = N ′F
1,m. In parti
ular, forevery µ 6= 1ZFm one has N ′

1,m(µ)F = ∅. If NFm/F : Z
Fm

→ Z
F is surje
tive, thenLemma 2.1 implies that every 
hara
ter µ ∈ IrrF (ZF

m

) has the form µ0 ◦NFm/Ffor some µ0 ∈ Irr(ZF ) and
〈Res

T
F m

J

ZF m (ψ), µ 〉ZF m = 〈Res
T

F
J

ZF (ψ0), µ0 〉ZF .Note that ψ0 lies inN ′
1,1 be
auseHJ is trivial. This implies |N ′

1,m(µ)F | = |N ′
1,1(µ0)|.Furthermore, the dis
ussion at the beginning of the proof implies that the numbers
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|N ′

d,1(µ0)| do not depend on µ0 ∈ Irr(ZF ). In parti
ular, for every µ0 ∈ Irr(ZF )one has
|N ′

d,1(µ0)| =
1

d
|N ′

d,1|.Moreover, one has |N ′
1,1(µ0)| = | Irrp′(BF

0 |µ0)| − d|N ′
d,1(µ0)|. Using Lemma 4.7, wededu
e that |N ′

1,1(µ0)| does not depend on µ0, proving, for all µ, µ′ ∈ IrrF (ZF
m

)

|N ′
1,m(µ)F | = |N ′

1,m(µ′)F |.This yields the 
laim. �5.5. An A-equivariant bije
tion respe
ting 
entral 
hara
ters. We keep theabove notation and suppose that Hypothesis 5.1 holds. In parti
ular, let d bethe order of D. For ν ∈ Irr(ZF ), we write Aν for the subgroup of A de�ned inequation (21). In this subse
tion, we will give 
onditions to �nd an Aν -equivariantbije
tion between Irrp′(G
F |ν) and Irrp′(B

F |ν).As before, let OD,ν be the set of D-orbits on Irrp′(G
F |ν) and O′

D,ν be the set of
D-orbits on Irrp′(B

F |ν). Furthermore, for i ∈ {1, d}, we de�ne Ni(ν) (resp. N ′
i(ν))to be the set of D-orbits on Irrp′(G

F |ν) (resp. Irrp′(B
F |ν)) of size i.Proposition 5.10. Suppose that (G, F ) satis�es Hypothesis 5.1. Let ν ∈ Irr(ZF ).If there are Kν-equivariant bije
tions fi : Ni(ν) → N ′

i(ν) for i ∈ {1, d}, then thereis an Aν-equivariant bije
tion between Irrp′(G
F |ν) and Irrp′(B

F |ν).Proof. We de�ne η : OD,ν → O′
D,ν by η(ω) = f1(ω) if ω ∈ N1(ν), and η(ω) = fd(ω)if ω ∈ Nd(ν). Sin
e OD,ν = N1(ν) ⊔ Nd(ν) and O′

D,ν = N ′
1(ν) ⊔ N ′

d(ν) and
fi : Ni(ν) → N ′

i(ν) are Kν-equivariant bije
tions, we dedu
e that η is a Kν-equivariant bije
tion between OD,ν and O′
D,ν . Write Ω = {Ωi | i ∈ I} (resp. Ω′)for the set of Kν-orbits on OD,ν (resp. O′
D,ν). For every Ωi ∈ Ω, we �x ωi ∈ Ωi.Then η(ωi) is a set of representative for Ω′, be
ause η is anKν-equivariant bije
tion.If |Ωi| > 1, we 
hoose any 
hara
ter χωi ∈ ωi and any 
hara
ter χ′

ωi
∈ η(ωi).Let γ be a generator of the 
y
li
 group Kν . Note that γ is the restri
tion ofa Frobenius map F ′ : G → G. Now, suppose that |Ωi| = 1 (resp. |Ω′

i| = 1), i.e.
ωi is �xed by γ. Re
all that there is a semisimple element s of G

∗F∗ su
h that ωiis the set of 
onstituents of ρs. Sin
e F ′(ωi) = ωi, we dedu
e that s and F ′∗(s)are G
∗F∗ -
onjugate. In parti
ular, Theorem 3.6 implies that the 
onstituent ρs,1of ρs is F ′-stable. We put ρs,1 = χωi . Moreover, η(ωi) is �xed by γ. Furthermore,following the notation of Lemma 4.5, one has η(ωi) = DJ,ψ,k for some J ⊆ ∆,

ψ ∈ Irr(TF
J ) and k ∈ {1, d}. Using Lemma 4.6, F ′(DJ,ψ,k) = DJ,ψ,k implies

F ′(J) = J and F ′(ψ) = ψ. Thus, the 
hara
ter χJ,1,ψ ∈ η(ωi) is F ′-stable and weput χ′
ωi

= χJ,1,ψ.Let χ ∈ Irrp′(G
F |ν). We denote by ω its D-orbit. Then there is a unique i ∈ Isu
h that ω ∈ Ωi implying there exists a unique l ∈ N su
h that ω = γl(ωi). Hen
efor every χ ∈ Irrp′(G

F ), there are unique i ∈ I, k, l ∈ N su
h that
χ = δkγl(χωi).We de�ne Ψ : Irrp′(G

F |ν) → Irrp′(B
F |ν) by setting

Ψ(χ) = δkF ′l(χ′
ωi

),where i, j, k are as above. Then Ψ is an Aν -equivariant bije
tion. �
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all that the 
hara
teristi
 p > 0 of Fq is a good prime for G if p does notdivide the 
oe�
ients of the highest root of the root system asso
iated to G (see[8, p. 125℄).Theorem 5.11. Suppose that p is a good prime for G and that (G, F ) satis-�es Hypothesis 5.1. We suppose the subgroup of �eld automorphisms of G
F a
tstrivially on Z

F . Then for ν ∈ Irr(ZF ), the sets Irrp′(G
F |ν) and Irrp′(B

F |ν) are
A-equivalent.Proof. Write q = pn. Re
all that K = 〈F0 〉 and F = Fn0 . For any divisor j of
n, we put Fj = F j0 and for i ∈ {1, d}, let Ni,j and N ′

i,j be the set of D-orbits on
Irrp′(G

Fj ) and Irrp′(B
Fj ), respe
tively.For i ∈ {1, d} and j a divisor of n, let T [j]

i be a set of representatives s for the
F ∗
j -stable geometri
 semisimple 
lasses of G

∗, su
h that |AG∗(s)F
∗

j | = i. By theLang-Steinberg theorem, we 
an suppose that the elements of T [j]
i are F ∗

j -stable.Let
Ti,j = {s ∈ T

[n]
i |F ∗

j ([s]G∗) = [s]G∗}.Remark 5.6 implies
|N

Fj

i,n| =
∑

s∈Ti,j

|H1(F ∗, AG∗(s))F
∗

j |.Let s be in Ti,j . Again, by the Lang-Steinberg theorem, there is t ∈ [s]G∗ satisfying
F ∗
j (t) = t. Furthermore, j divides n implies F ∗(t) = t. We 
an then suppose thatevery s ∈ Ti,j is F ∗

j -stable and F ∗-stable. By assumption, F0 a
ts trivially on Z
F .For every F ∗

j -stable semisimple element s ∈ G
∗, one has AG∗(s) = AG∗(s)F

∗

j . Inparti
ular, one has Ti,j = T
[j]
i and |H1(F ∗, AG∗(s))F

∗

j | = i for every s ∈ Ti,j . Thus,we have(23) |Ni,j | =
∑

s∈T
[j]

i

|H1(F ∗
j , AG∗(s))| =

∑

s∈T
[j]

i

i =
∑

s∈Ti,j

i = |N
Fj

i,n|.By [3, 1.1, 6.5℄ and [18, Theorem 1℄, the relative M
Kay 
onje
ture holds for G
Fjand G̃

Fj (here we need that p is a good prime for G). So, by Lemma 5.4, forevery µ ∈ Irr(ZF
n

), there is a D-equivariant bije
tion between Irrp′(G
Fj |µ) and

Irrp′(B
Fj |µ). So, in parti
ular, we get(24) |Ni,j | = |N ′

i,j |.Moreover, with the notation of Lemma 4.5, for i ∈ {1, d}, one has
N

′Fj

i,n = {DJ,ψ,i | J ⊆ ∆, Fj(ψ) = ψ}.Re
all that TJ = T
◦
J × HJ and Fj a
ts trivially on HF

J (be
ause the groups HJand Z(LJ ) are F0-equivalent, and if HF0

J is non trivial, then HF0

J = HJ ). For
ψ ∈ Irr(T

Fj

J ), we write ψ = ψ◦ ⊗ η for the de
omposition of ψ with respe
t to thedire
t produ
t T
Fj

J ×H
Fj

J . Then Fj(ψ) = ψ if and only if Fj(ψ◦) = ψ◦. Put
ϕi : Ni,j → N

Fj

i,n, DJ,ψ◦⊗η,i 7→ DJ,ψ◦◦NF/Fj
⊗η,i.Note that on the right hand side, the 
hara
ter η is 
onsidered as an Fj -stable linear
hara
ter of HF

J . This is possible be
ause HF
J = H

Fj

J . Sin
e NF/Fj
: T

◦F
J → T

◦Fj

J
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es a bije
tion between the linear 
hara
ters of T
◦Fj

J and the Fj -stable linear
hara
ters of T
F
J (see Lemma 2.1), we 
on
lude that ϕi is bije
tive for i ∈ {1, d}.In parti
ular, one has(25) |N

′Fj

i,n | = |N ′
i,j |.From relations (23), (24) and (25), we dedu
e

|N
Fj

i,n| = |N
′Fj

i,n | for all divisors j of n.Let ν ∈ Irr(ZF ). Suppose that NF/Fj
: ZF → Z

Fj is surje
tive. Then by Lemma 5.8and 5.9, the numbers |Ni,n(ν)F | and |N ′
i,n(ν)

F | do not depend on ν. In parti
ular,
|N

Fj

i,n| = |N
′Fj

i,n | implies(26) |Ni,n(ν)
Fj | = N ′

i,n(ν)
Fj |,where Ni,j(ν) and N ′

i,j(ν) are the sets of D-orbits on Irrp′(G
Fj |ν) and Irrp′(B

Fj |ν),respe
tively. Suppose that NF/Fj
: ZF → Z

Fj is trivial. Using the same argument,Lemma 5.8 and 5.9 imply |Nd,n(ν)Fj | = |N ′
d,n(ν)

Fj |. Moreover, for ν 6= 1ZF , wehave(27) N1,n(ν)
Fj = ∅ = N1,n(ν)

Fj .In parti
ular, equation (27) implies
|N1,n(1ZF )Fj | = |N

Fj

1,n| and |N ′
1,n(1ZF )Fj | = |N

′Fj

1,n |.Sin
e |N
Fj

1,n| = |N
′Fj

1,n |, we have(28) |N1,n(1ZF )Fj | = |N ′
1,n(1ZF )Fj |Thus, equations (26), (27) and (28) imply that, for all divisors j of n and all

ν ∈ Irr(ZF ), one has
|Ni,n(ν)

Fj | = |N ′
i,n(ν)

Fj |.Using [15, 13.23℄, we dedu
e that the sets Ni,n(ν) and N ′
i,n(ν) are K-equivalent for

i ∈ {1, d}. We 
on
lude with Proposition 5.10. �Remark 5.12. Note that, in the proof of Theorem 5.11, we need the assumptionthat p is a good prime for G only in order to apply the results of [3℄.Corollary 5.13. Suppose (G, F ) satis�es Hypothesis 5.1 and d = 2. If p is agood prime for G, then for ν ∈ Irr(ZF ), the sets Irrp′(G
F |ν) and Irrp′(B

F |ν) are
A-equivalent.Proof. If d = 2, then every automorphisms of G

F a
ts trivially on Z
F . The resultis then as dire
t 
onsequen
e of Theorem 5.11. �6. Indu
tive M
Kay 
onditionIn this se
tion, we prove our main result, Theorem 1.1. Our main ingredient willbe the equivariant bije
tion 
onstru
ted in Corollary 5.13. The largest part of thisse
tion will be devoted to the veri�
ation of the 
ohomology 
ondition.



ON EQUIVARIANT BIJECTIONS RELATIVE TO THE DEFINING CHARACTERISTIC 256.1. Setup. Throughout this whole Se
tion 6, let G be a simple simply-
onne
tedalgebrai
 group de�ned over Fq of 
hara
teristi
 p > 0 with 
orresponding Frobeniusmap F su
h that the quotient
X = G

F /Z(GF )is a �nite simple group and G
F is the universal 
over of X . Let Z = Z(G) be the
enter of the algebrai
 group G and suppose that |Z| = 2. As in Se
tion 2.1, weembed G in a 
onne
ted redu
tive group G̃ with an Fq-rational stru
ture obtainedby extending F to G̃, su
h that the 
enter of G̃ is 
onne
ted and the groups G̃and G have the same derived subgroup. We assume that p is a good prime for G.Fix an F -stable maximal torus T of G 
ontained in an F -stable Borel subgroup Bof G and write T̃ for the unique F -stable torus of G̃ 
ontaining T. Fix an F -stableBorel subgroup B̃ of G̃ 
ontaining T̃ and B. Let U be the unipotent radi
al of B.As in Se
tion 5, we put K = 〈F0 〉. Let D be the group of diagonal automorphismsof G

F indu
ed by the a
tion of G̃
F /GF on G

F . We set
A = G̃

F
⋊K.We assume that F a
ts trivially on the Weyl group of G. Note that our assumptionsimply that |D| = 2 and that G

F has no graph automorphisms.6.2. Extensions of 
hara
ters. We assume the setup from Subse
tion 6.1. Fix
ν ∈ Irr(ZF ) and let Φν : Irrp′(G

F |ν) → Irrp′(B
F |ν) be an A-equivariant bije
tionfrom Corollary 5.13. For a D-stable 
hara
ter χ ∈ Irrp′(G

F |ν), we de�ne
Gχ = G̃

F
⋊ StabK(χ) and G′

χ = B̃
F

⋊ StabK(Φν(χ)).Lemma 6.1. Let χ ∈ Irrp′(G
F |ν) be D-stable. Then, there is an extension of χto Gχ and an extension of Φν(χ) to G′

χ.Proof. There is an integer i > 0 dividing |K| su
h that StabK(χ) = 〈F i0 〉. Let
F ′ = F i0 and m = |K|/i. Then F ′m = F .First, we show that χ extends to Gχ. Sin
e χ is semisimple, there is a semisimpleelement s ∈ G

∗F∗ satisfying χ = ρs, where ρs is de�ned in equation (4). So, onehas F ′(ρs) = ρs if and only if F ′(s) and s are 
onjugate in G
∗F∗ (see Theorem 3.6).Sin
e G̃

F stabilizes ρs, we have AG∗(s)F
∗

= {1}. In parti
ular, we 
an supposethat s is F ′-stable. Choose an F ′-stable element s̃ ∈ G̃
∗F∗ su
h that i∗(s̃) = s.Then ρes is an extension of ρs and F ′(ρes) = ρes be
ause F ′(s̃) = s̃ by Theorem 3.6.Moreover, sin
e StabK(ρs) is 
y
li
, ρes extends to Gχ and so χ = ρs extends to Gχ,as required.Next, we prove that Φν(χ) extends to G′

χ. In the notation of Lemma 4.2, we have
Φν(χ) = χJ,j,ψ for some J ⊆ ∆, some positive integer j and some ψ ∈ Irr(TF

J ),where TJ is the stabilizer of x ∈ U
∗
J in T as in equation (20). Sin
e χJ,j,ψ is

B̃
F
0 -stable, it follows that i(J) = 1 and j = 1. Let T̃J be the stabilizer of x ∈ U

∗
Jin T̃ and write φJ for the irredu
ible 
hara
ter of U

F
J 
hosen for the 
onstru
tionof χJ,1,ψ in Lemma 4.2. As in equation (18), we extend φJ to the 
hara
ters φ̂J and

φ̌J of UF
1 ⋊T

F
J and U

F
1 ⋊ T̃

F
J , respe
tively. The groups TJ and T̃J are 
onne
ted.Then by [8, 0.5℄, there is an F -stable torus H su
h that T̃J = TJ×H. In parti
ular,
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T̃
F
J = T

F
J × H

F and by [15, 6.17℄
Ind

U
F
1 ⋊eT

F
J

UF
1 ⋊TF

J

(φ̂J ⊗ ψ) =
∑

η∈Irr(HF )

φ̌J ⊗ ψ ⊗ η.Then we dedu
e
Ind

eB
F
0

BF
0
(χJ,1,ψ) =

∑

η∈Irr(HF )

χ̃J,1,ψ⊗η,where χ̃J,1,ψ⊗η is the irredu
ible 
hara
ter of B̃
F
0 
onstru
ted in Lemma 4.2. Inparti
ular, the 
hara
ters χ̃J,1,ψ⊗η are the extensions of χJ,1,ψ to B̃

F
0 . Be
ause Φν is

A-equivariant, we have StabK(χJ,1,ψ) = StabK(Φν(χ)) = StabK(χ) = 〈F ′ 〉 where
F ′m = F as at the beginning of the proof. Sin
e F ′(χJ,1,ψ) = χJ,1,ψ, Lemma 4.6implies F ′(ψ) = ψ. Thus, ψ̃ = ψ ⊗ 1HF is F ′-stable. Hen
e, the 
hara
ter χ̃J,1, eψ isan F ′-stable extension of χJ,1,ψ to B̃

F
0 . So, there is an F ′-stable extension of Φν(χ)to B̃

F . Sin
e G′
χ/B̃

F is 
y
li
, we get an extension of Φν(χ) to G′
χ, and the proofis 
omplete. �6.3. Proof of Theorem 1.1. We assume the setup from Subse
tion 6.1. As de-s
ribed in [16, Se
tion 10℄, for ea
h irredu
ible 
hara
ter χ of a 
overing group of

X , we have to 
onstru
t a group Gχ satisfying 
ertain 
onditions. Be
ause Z
F hasorder 2, there is only one non-trivial 
overing group of X , namely S = G

F . Insteadof treating the faithful irredu
ible 
hara
ters of S and the irredu
ible 
hara
ters of
X separately, we 
onsider the latter as (non-faithful) 
hara
ters of S and deal withboth 
ases simultaneously; see also the proof of [16, (15.3)℄. In 
ase χ is not faith-ful, all of the groups 
onstru
ted in the following have to be 
onsidered �modulo
ker(χ)�.Sin
e G

F has no graph automorphisms, the 
onjugation a
tion of A indu
es thegroup of automorphisms of G
F stabilizing U

F . Fix a linear 
hara
ter ν ∈ Irr(ZF ).Then A �xes ν, sin
e Z
F has order 2. By Corollary 5.13, there is an A-equivariantbije
tion Φν : Irrp′(G

F |ν) → Irrp′(B
F |ν). In parti
ular, we see that the 
onditions(1),(2),(3),(4) of [16, Se
tion 10℄ are satis�ed. The di
tionary between our notationand the one in [16, Se
tion 10℄ is: U
F ↔ Q, BF ↔ T , Φν ↔ ()∗ and A ↔ A (morepre
isely: A 
orresponds to the set of automorphisms indu
ed by the 
onjugationa
tion of A on G

F ).Next, we 
onstru
t the group Gχ. Fix χ ∈ Irrp′(G
F |ν). First, suppose that χ isnot D-stable. In this 
ase, we set

Gχ = G
F

⋊ StabKD(χ) and G′
χ = B

F
⋊ StabKD(Φν(χ)).We have to verify 
onditions (5)-(8) of [16, Se
tion 10℄. We have Z

F ⊆ Z(Gχ) andthe stabilizer of χ in A is indu
ed by the 
onjugation a
tion of NGχ(UF ). Notethat NGχ(BF ) = G′
χ. Moreover, the group C = CGχ(GF ) = Z(GF ) is abelianand the set Irr(C|ν) 
ontains the Gχ-invariant 
hara
ter γ = ν. Thus, 
onditions(5)-(7) are true in this 
ase. Note that the fa
tor groups Gχ/GF and G′

χ/B
F areisomorphi
 to a subgroup of K and hen
e are 
y
li
. So, the 
ohomology groups

H2(Gχ/G
F ,C×) and H2(G′

χ/B
F ,C×) are trivial, and therefore 
ondition (8) holdsin this 
ase, too.Now suppose that χ ∈ Irrp′(G
F |ν) is D-stable. In this 
ase, we set

Gχ = G̃
F

⋊ StabK(χ) and G′
χ = B̃

F
⋊ StabK(Φν(χ)).
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onditions (5)-(8) of [16, Se
tion 10℄. We have Z
F ⊆ Z(Gχ)and the stabilizer of χ in A is indu
ed by the 
onjugation a
tion of NGχ(UF ). Notethat NGχ(BF ) = G′

χ. Moreover, the group C = CGχ(GF ) = Z(G̃F ) is abelian. So,
onditions (5) and (6) of [16, Se
tion 10℄ are satis�ed.By Lemma 6.1, there exists an extension χ̃′ of χ′ = Φν(χ) ∈ Irrp′(B
F |ν) to G′

χ.For abbreviation, we setM = B
F . Sin
eM ⊆MC ⊆ G′

χ, the 
hara
ter Res
G′

χ

MC(χ̃′)is irredu
ible. Sin
e MC is a 
entral produ
t, there are χ′
M ∈ Irr(M) and χ′

C ∈
Irr(C) satisfying(29) Res

G′

χ

MC(χ̃′) = χ′
M � χ′

C ,see Subse
tion 2.6. Furthermore, for g ∈ M , one has Res
G′

χ

MC(χ̃′)(g) = χ′(g), so
χ′
M = χ′. Moreover, sin
e χM and χ̃′ are G′

χ-stable, it follows from equation (29)that χ′
C is G′

χ-stable. Note that
Res

G′

χ

Z(M)(χ̃
′) = ResMZ(M)(χ

′) = χ′(1) · ν.Hen
e, equation (29) implies ResCZ(S)(χ
′
C) = ν. We put(30) γ = χ′

C .It follows that γ is a G′
χ-stable and hen
e Gχ-stable element of Irr(C|ν). So,
ondition (7) of [16, Se
tion 10℄ holds in this situation.We 
hoose a positive integer i dividing |K| su
h that StabK(χ) = 〈F i0 〉. Let

F ′ = F i0 and m = |K|/i. Then F ′m = F . Put
E(χ) = {ϑ ∈ Irr(G̃F ) | Res

eG
F

GF (ϑ) = χ}.Sin
e the semisimple 
hara
ter χ is F ′-stable, there is an F ′-stable semisimpleelement s ∈ G
∗F∗ satisfying χ = ρs. Choose an F ′-stable semisimple element

s̃ ∈ G̃
∗F∗ su
h that i∗(s̃) = s. Then,

E(χ) = {ρest | t ∈ Z(G̃∗)F
∗

}.In parti
ular, |E(χ)| = |Z(G̃F )|. Moreover, note that ρest is F ′-stable if and only if
F ′∗(t) = t. In parti
ular, one has

|E(χ)F
′

| = |Z(G̃∗)F
′∗

| = pi − 1.Put
L(χ) = {ϕ ∈ Irr(GFC) | ResG

FC
GF (ϕ) = χ}.Sin
e G

FC is a 
entral produ
t, every 
hara
ter of G
F extends to G

FC. Now,using [15, 6.17℄, one has L(χ) = {ϕ ⊗ ξ | ξ ∈ G
FC/GF }. In parti
ular, |L(χ)| =

|C|/2. Sin
e χ is F ′-stable, we have ϕ = χ⊗ξ ∈ L(χ)F
′ if and only if ξ is F ′-stable.Be
ause C = Z(G̃F ), it follows that(31) |L(χ)F

′

| =
1

2
· |Z(G̃)F

′

| =
1

2
(pi − 1) =

1

2
|E(χ)F

′

|.Consider the map
Θ : E(χ)F

′

→ L(χ)F
′

, ϑ 7→ Res
eG

F

GFC(ϑ).Note that Θ is well-de�ned be
ause
F ′(Θ(ϑ)) = Θ(F ′(ϑ)) = Θ(ϑ).



28 OLIVIER BRUNAT AND FRANK HIMSTEDTBy [1, 6.B℄, we know that |G̃F /GFC| = 2. So Cli�ord theory (see [15, 6.19℄) andequation (31) imply(32) |Θ(E(χ)F
′

)| ≥
1

2
|E(χ)F

′

| = |L(χ)F
′

|.So, Θ is surje
tive. In parti
ular, for the irredu
ible F ′-stable 
hara
ter γ ∈ Irr(C|ν)de�ned in equation (30), the 
hara
ter χ � γ (whi
h lies in L(χ)F
′) extends to an

F ′-stable 
hara
ter χ̃ of G̃
F . So, by [15, 11.22℄, the 
hara
ter χ̃ extends to Gχ,be
ause StabK(χ) is 
y
li
 and stabilizes χ̃. In parti
ular, χ � γ extends to Gχ.So, we have shown that there is a Gχ-stable irredu
ible 
hara
ter γ of C over νsu
h that χ � γ and Φν(χ) � γ extend to extend to Gχ and NGχ(M), respe
tively.Then, by [15, 11.7℄ we have

[χ � γ]Gχ/GFC = [Φν(χ) � γ]NGχ (M)/MC .Thus, 
ondition (8) of [16, Se
tion 10℄ is satis�ed, too. Hen
e, X is �good� for pand the proof of Theorem 1.1 is 
omplete. �Remark 6.2. The following 
an be said about those �nite simple groups of type
Bm, Cm or E7 whi
h are not in
luded in Corollary 1.2:(a) By [4, Remark 2℄ and [5℄, all simple groups Bm(2n) (isomorphi
 to Cm(2n))are �good� for the de�ning 
hara
teristi
 p = 2.(b) Theorem 5 in [4℄ implies that all simple groups E7(2

n) are �good� for p = 2.(
) Our methods were not su�
ient to show that the simple groups E7(3
n) are�good� for p = 3. By Remark 5.12, it is enough to prove that the followingproperties hold. First, the group G

F (here, G denotes a simple simply-
onne
ted group of type E7 de�ned over a �nite �eld of 
hara
teristi
 3 and
F denotes the 
orresponding Frobenius map) satis�es the relative M
Kay
onje
ture at the prime p = 3. Se
ond, the number of semisimple 
hara
ters
ρs of G

F lying over ν ∈ Irr(Z(GF )) and su
h that the group CG∗F∗ (s) is
onne
ted, does not depend on ν.A
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