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PBW FILTRATION AND BASES FOR IRREDUCIBLE
MODULES IN TYPE 4,

EVGENY FEIGIN, GHISLAIN FOURIER AND PETER LITTELMANN

ABSTRACT. We study the PBW filtration on the highest weight rep-
resentations V() of sl,11. This filtration is induced by the standard
degree filtration on U(n™). We give a description of the associated
graded S(n~)-module grV () in terms of generators and relations. We
also construct a basis of grV(A). As an application we derive a graded
combinatorial character formula for V()), and we obtain a new class of
bases of the modules V() conjectured by Vinberg in 2005.

INTRODUCTION

Let g be a simple Lie algebra and let g = n™ @ h @ n~ be a Cartan de-
composition. For a dominant integral A we denote by V'(\) the irreducible
g-module with highest weight A. Fix a highest weight vector vy € V(\).
Then V(X)) = U(n™)vy, where U(n™) denotes the universal enveloping alge-
bra of n~. The degree filtration U(n™)s on U(n™) is defined by:

Un™)s =span{x; ...z : x; €n 1 < s}.

In particular, U(n™)p = C and grU(n~) ~ S(n™), where S(n~) denotes the
symmetric algebra over n~. The filtration U(n™)s induces a filtration V' (\)
on V(A):

V(N)s =Un7)suy.

We call this filtration the PBW filtration. In this paper we study the asso-
ciated graded space grV (A) for g of type A,.

So from now on we fix g = sl,11. Note that grV(\) = S(n")v, is a cyclic
S(n~)-module, so we can write

grV(A) = Sm7)/I(N),

for some ideal I(\) C S(n™). For example, for any positive root o the power
fé*"’)“ of a root vector f, € n_, belongs to I(\) since fa)"a)Hv)\ =0
in V(X\). To describe I(\) explicitly, consider the action of the opposite
subalgebra n™ on V()). It is easy to see that n™V(\)s — V(\)s, so we

obtain the structure of an U(n")-module on grV(\) as well. We show:

Theorem A. I(\) = S(n7) (U(n+) o span{f(g)"a)ﬂ, a > 0})
1


http://arxiv.org/abs/1002.0674v3

2 EVGENY FEIGIN, GHISLAIN FOURIER AND PETER LITTELMANN

Theorem A should be understood as a commutative analogue of the well-
known description of V' (\) as the quotient

V(A) = Um™)/(fOH a > 0)

(see for example [HJ).

Our second problem (closely related to the first one) is to construct a
monomial basis of grV(\). The elements [] ., fo*va with s, > 0 obviously
span grV(A) (recall that the order in [] ., f5* is not important since fq
are considered as elements of S(n™)). For each A we construct a set S(\) of
multi-exponents s = {s, }o>0 such that the elements

foon =[] firva, s € SO
a>0
form a basis of grV(X). To give a precise definition of S(\) we need to
introduce the notion of a Dyck path, which occurs already in Vinberg’s con-
jecture:

Let a, ...,y be the set of simple roots for sl,,+1. Then all positive roots
are of the form oy 4 = ap + - + g for some 1 < p < g < n. We call a
sequence

p = (8(0), 8(1),...,B8(k)), k>0,
of positive roots a Dyck path (or simply a path) if it satisfies the following
conditions: either k& = 0, and then p = («;) for some simple root «;, or
k > 1, and then 3(0) = a4, B(k) = a; for some 1 < i < j < n and the
elements in between obey the following recursion rule:

if B(s) = apq then B(s+1) =apg1 or B(s+1) = api1q.
Denote by D the set of all Dyck paths. For a dominant weight A = >~7" | m,w;

%n(n—l—l)
let P(A) CRE, be the polytope

v D: If = oy, B(k) = a;, then
01 PO) = {(ra)aa | [P D7 A0 Z00 50 = then |,
and let S(A) be the set of integral points in P(\). We show:
Theorem B. The set of elements fSvy, s € S(A), forms a basis of grV (X).
For s € S(\) define the weight

wt(s) 1= Z 55,100 k-

1<j<k<n

As an important application we obtain

Corollary.

i) For each s € S(\) fix an arbitrary order of factors fo in the product
[loso foe. Let f5 = [loso fo be the ordered product. Then the
elements fSvy, s € S(N), form a basis of V(A).

i) dim V() =4S(A).

iii) charV(A) = > ses0n) eAwHs),
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We note that the order in the corollary above is important since we are
back to the action of the (in general) not commutative enveloping algebra.
We thus obtain a family of bases for irreducible sl,,1-modules. Motivated
by a different background, the existence of these bases (with the same in-
dexing set) was conjectured by Vinberg (see [V]). Using completely different
arguments, he proved the conjecture for sly, for sp, and Go. Note also that
the data labeling the basis vectors is similar to that for the Gelfand-Tsetlin
patterns (see [GT]). However, these bases are very different from the GT
basis.

Example 0.1. For g = sl3(C), there are only three Dyck paths, the two of
length 1 corresponding to the simple roots, and the path which involves all
positive roots. In the following we write the elements of P(\) in a triangular
form, where we put 71 = r,, and ry = ry, in the first row and 712 = 74,4+,
in the second row. For A = mjwi + mows the associated polytope is

3 1 0< 71 <mq,0 <y <meg,
A) = e Ry | )
r1+ 1o+ 112 <mp+mo
For the set of integral points we get for example

[0[0] [1]0] [0]0] _ {[0T0] [0]T] [0]0]
Slen) = {u 0] u} —{M’wm}'

and

[0[0] [1]0] (2[0] [0]0] [0]0] [0]0] [10] [1]0]
S+ wn) = {u O] o] O 2] B [ 2]

HUTRITRITR RIS

We finish the introduction with several remarks. The PBW filtration for
representations of affine Kac-Moody algebras was considered in [FEJMT],
[E'1], [F2]. Tt was shown that it has important applications in the represen-
tation theory of current and affine algebras and in mathematical physics.

There exist special representations V' (\) such that the operators f$ consist
only of mutually commuting root vectors, even before passing to grV(\).
These modules can be described via the theory of abelian radicals and turned
out to be important in the theory of vertex operator algebras (see [GGI,
[FET], [FL]).

Let Viy(A) <= V(A) be a Demazure module for some element w from the
Weyl group. For special choices of w there exists a basis of V,,(\) similar to
the one given in Theorem B. We conjecture that this should be true for all
w € W and we will discuss this elsewhere.

Finally we note that grV (\) carries an additional grading on each weight
space V(A)H of V/(N):

ng()\)“:EBgrs ”—EBV WV (A

s>0 s>0
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The graded character of the weight space is the polynomial
pau(@) =D (dim V(N4 /V (VL )g®.

s>0
Define the degree deg(s) := > 1< j<k<, Sjk for s € S(A), and let S(A\)* be
the subset of elements such that = A — wt(s). Then

Corollary. p) ,(q) = Eses(/\)# qaees,

We note that our filtration is different from the Brylinski-Kostant filtra-
tion (see [Bi], [KI).

Our paper is organized as follows:
In Section 1 we introduce notations and state the problems. Sections 2 and
3 are devoted to the proof of Theorem B (see Theorem [L5]). In Section 2
we prove the spanning property and in Section 3 the linear independence.
In Section 4 we summarize our constructions and prove Theorem A (see
Theorem [4.5]).

1. DEFINITIONS

Let R* be the set of positive roots of sl,11. Let oy, w; © = 1,...,n be
the simple roots and the fundamental weights. All roots of sl,, 11 are of the
form a4+ 1+ - -+ for some 1 < p < ¢ < n. In what follows we denote
such a root by «y, 4, for example a; = oy ;.

Let sl,.1 = nt @ h @ n~ be the Cartan decomposition. Consider the
increasing degree filtration on the universal enveloping algebra of U(n™):

(1.1) Un™)s =span{z;...z;: x; €n 1 < s},

for example, Un")p =C- 1.

For a dominant integral weight A\ = mywy + -+ - + myuwy, let V() be the
corresponding irreducible highest weight sl,, . ;-module with a highest weight
vector vy. Since V(\) = U(n")v,, the filtration (1) induces an increasing
filtration V' (A)s on V/(A):

V(A)s =Um")svx.
We call this filtration the PBW filtration and study the associated graded
space grV (A). In the following lemma we describe some operators acting on
grV(A). Let S(n™) denotes the symmetric algebra of n™.

Lemma 1.1. The action of U(n™) on V(\) induces the structure of a S(n™)-
module on grV (\) and

gr(V(A) = Sn7)ux.
The action of U(nt) on V() induces the structure of a U(n™)-module on
grV ().

Proof. The first statement is obviously true by the definition of the filtrations
U(n™)s and V(A\)s. The inclusions Un™)V(A)s < V(A)s imply the second
statement. U
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Our aims are:

e to describe grV(\) as an S(n~)-module, i.e. describe the ideal
I(\) = S(n7) such that grV(\) =~ S(n™)/I(\);
e to find a basis of grV (\).

The description of the ideal will be given in the last section. To describe the
basis we recall the definition of the Dyck paths:
Definition 1.2. A Dyck path (or simply a path) is a sequence

p = (8(0),5(1),...,8(k)), k=0

of positive roots satisfying the following conditions:
i) If k =0, then p is of the form p = («;) for some simple root a;;
it) If k > 1, then
a) the first and last elements are simple roots. More precisely,
B(0) = o and B(k) = a; for some 1 <i < j < n;
b) the elements in between obey the following recursion rule: If
B(s) = oy then the next element in the sequence is of the
form either 5(s + 1) = apg+1 or B(s + 1) = apy14-

Example 1.3. Here is an example for a path for slg:

p = (a2, a2 + as, g + ag + ay, az + ag, g, ag + as, as).

For a multi-exponent s = {s3}>0, 53 € Z>0, let f° be the element
=11 £ €sw).
BERT
Definition 1.4. For an integral dominant s, i-weight A = >~ | m;w; let
S(A) be the set of all multi-exponents s = (s3)ger+ € Zgg such that for all
Dyck paths p = (5(0),...,8(k))
(1.2) sy +Sp) + - T 8pk) < My + My + - +my,
where 3(0) = o; and B(k) = a.
In the next two sections we prove the following theorem.

Theorem 1.5. The set fSvy, s € S(N\), form a basis of grV (\).

Proof. In Section 2 we show that the elements f5vy, s € S()), span grV(\),
see Theorem 241 In Section 3 we show that the number §5()) is smaller
than or equal to dim V' (\) (see Theorem B.IT]), which finishes the proof of
Theorem O

2. THE SPANNING PROPERTY

The space grV (\) is endowed with the structure of a cyclic S(n~)-module,
ie. grV(A) = S(n)vy and hence grV(A) = S(n~)/I()\), where I()\) is some
ideal in S(n™). Our goal in this section is to prove that the elements fSvy,
s € S(A), span grV ().
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Let A = mywy + -+ - + muw,. The strategy is as follows: fé/\’a)ﬂv,\ =0
in V(X) for all positive roots «, so for & = o + - -+ + «;, i < j we have the
relation

itetmy+1
f;?:—l-'”—l-aTJ € I(N).

In addition we have the operators e, acting on grV (), and I(\) is stable
with respect to e,. By applying the operators e, to fgjf:;?ﬂ +1, we obtain
new relations. We prove that these relations are enough to rewrite any
vector ftvy as a linear combination of fSv, with s € S()).

We start with some notations. For 1 <7 < 7 <n set
ai,j = &y +---+ Oéj, Si,j - Sai,ju fhj - fai,ju

and for convenience we set a;; = ;, S;; = 5o, and f;; = fa,-

By the degree deg s of a multi-exponent we mean the degree of the corre-
sponding monomial in S(n~), i.e. degs =) s; ;.

We are going to define a monomial order on S(n~). To begin with, we
define a total order on the set of generators f; ;, 1 <1i < j < n. We say that
(i,7) = (k,0)if i > k or if i = k and j > [. Correspondingly we say that
fi,j - fk,l if (Zvj) - (k7l)7 S0

fn,n >~ fn—l,n >~ fn—l,n—l - fn—2,n SRR f2,3 - f2,2 > fl,n SRR fl,l-
We use the associated homogeneous lexicographic ordering on the set of
monomials in these generators of S(n™).

We use the “same” total order on the set of multi-exponents, i.e. s >t

if and only if f5 = f%. More explicitly: for two multi-exponents s and t we
write s > t:

e if degs > degt,
o if degs = degt and there exist 1 < ip < jo < n such that s;,;, >
tiojo and for i > ip and (i = ip and j > jo) we have s; ; = t; ;.

Proposition 2.1. Let p = (p(0),...,p(k)) be a Dyck path with p(0) = «;
and p(k) = «;. Let s be a multi-exponent supported on p, i.e. sq = 0 for
a ¢ p. Assume further that

k
Zsp(l) >my + -+ my.
=0
Then there exist some constants cg labeled by multi-exponents t such that

(2.1) P afteIn

t<s

(t does not have to be supported on p).

Remark 2.2. We refer to ([2.1)) as a straightening law because it implies
ff=- thft in S(n7)/I(\) =~ grV(A).

t<s
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Proof. We start with the case p(0) = a1 and p(k) = «a,, (so, k = 2n — 2).
This assumption is just for convenience. In the general case one has p with
p(0) = oy, p(k) = a; and one would start with the relation mattmitl

2%
I()\) instead of the relation f"1+ ™1 ¢ 1(X) below.

,n
So from now on we assume without loss of generality that p(0) = a; and
p(k) = ay,. Let Si(hdnt) C S(h@nT) be the maximal homogeneous ideal
of polynomials without constant term. The adjoint action of U(n™) on g
induces an action of U(n™) on S(g) and hence on

S(n7) =~ S(g)/S(n7)S(h @ n).
In the following we use the differential operators 0, defined by

—a, ff—a€e AT,
Oufp = {fﬁ B

0, otherwise.

The operators d, satisfy the property
6af6 = Coc,ﬁ(ad ea)(fﬁ)a

where ¢, g are some non-zero constants. In the following we use very often
the following consequence: if fg, ... fg, € I()), then for any aq, ..., a,

o Do fin - f5 € T(N).
Since f{"lﬁ+"'+m”+1v,\ =01in grV(A), it follows that
PSANRRRCY (PY)

Write ; j for J,, ;. For instance, we have

(2.2) 817if17j = fz'+17j, 8j,nfi,n = fi7j_1 for 1 < 7 <j <n.

Fori,7=1,...,n set

J n
S'?j = : : Sivj’ Siv. = : : Sivj’
i—1 j=i

We consider first the vector

Sen—1 nSe,n—2 Se,1 sp(0)+"'+sp(k)
(2.3) O 0, - 095 fim e I(N).
Because of the formulas in (22]) we get:
PR Spoy T FSpk) c SpO) Tt Sp(k)—se 1 p5e1
on J1,n — ClJ1n 1,1

for some nonzero constant ¢, and

Se,2 nSe,1 Sp(0) T FSp(k) _ Sp(0)FFSp(k) ~Se1 7502 £se1 rSe2
O30 0oy f1,n —C2f1,n f1,'1 12

for some nonzero constant cp etc. Summarizing, the vector (23] is propor-
tional (with a nonzero constant) to

AR €T,

J1n
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To prove the proposition, we apply more differential operators to the mono-

mial fs° ! 18:2'2 ls'n" Consider the following element in I(\) C S(n™):
(2.4) A=05005 O AT RS A
We claim:
(2.5) A= thft for some cg # 0.
t<s

Now A € I()\) by construction, so the claim proves the proposition.

Proof of the claim: In order to prove the claim we need to introduce some

more notation. For j =1,...,n —1 set
5]+1 e NSj+2e Sn,e Se,1 pSe,2 Se,n
(2.6) A;j =0 817].“ ...al,n_l 11 fis - fins

so A; = A. To start an 1nductive procedure, we begin with A,_1:

__ AaSn,e Se,1 pSe,2 Se,n
An— _al,n—l 1,1 /1,2 -+ J1in -

Now $y,.6 = Sp,n and 01 ,—1f1,; = 0 except for j = n, so
S S —S S
(2.7) Ap_1 = Cfl,.il . 1' I

for some nonzero constant c.

The proof will now proceed by decreasing induction. Since the induction
procedure is quite involved and the initial step does not reflect the prob-
lems occurring in the procedure, we discuss for convenience the case A, _»
separately.

Consider A,,_o, up to a nonzero constant we have:

Sn— S —S S
An_Q — 61:’;1_1,2. 101 . fl. m n,n n:’bﬁn
Now 01, n—2f1,; = 0 except for j =n — 1,n, and 01 ,—2fnn =0, so
Sn—1,e
_ Se,1 pSe,2 Sen—1—5n—1,06 1+, rSen—5n,n—"C pSn—1,e—L ¢ Sn,n
Ap—o = E , C€f1,1 1,2 < Jin—1 1n fn—l,n—l n—1nJnn -
/=0
We need to control which powers ff;_l ,, can occur. Recall that s has support

inp. If a,—1 € p, then s,_1,—1 =0 and s,_1,6 = Sp—1,n, 50 S’flf;l” is the

highest power occurring in the sum. Next suppose «,_1 € p. This implies
o, & p unless j =n — 1 or n. Since s has support in p, this implies

Sen =Sint ...+ Sn—1n+ Snn = Sn—1,n + Snn,

and hence again the highest power of f,,_1, which can occur is fl’flf;:, and
the coefficient is nonzero. So we can write
(2.8)
Sn—1,n
o Se,1 s-,nfl_snfl,-‘i‘g So,n_sn,n_e Sn—1,0— Sn n
Ap—o = E , Cff e J1in—1 1,n fn 1n— 1 .
£=0

For the inductive procedure we make the following assumption:
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Aj is a sum of monomials of the form

Se,1 Se,j pSe,j+1—% Se.n—%* plit1,j+1 plj+1,j+2 tn—1,n ptn,n
(2.9) 1,1 ---fl,j f1,j+1 WA fj+1,j+1fj+1,j+2"‘fn—l,n n,n
X Y

having the following properties:

i) With respect to the homogeneous lexicographic ordering, all the
multi-exponents of the summands, except one, are strictly smaller
than s.

i1) More precisely, there exists a pair (kg,fy) such that kg > j + 1,
Skoty > trot, and sge = tge for all k > ko and all pairs (ko.¢) such
that £ > £.

iii) The only exception is the summand such that ty,, = sy, for all
£>7+1 and all m.

The calculations above show that this assumption holds for A,,_; and A,,_».

We come now to the induction procedure and we consider A;_1 = 8;3’_114]-.
Note that 01 ;1 f1, = 0 except for £ > j, and in this case we have 0 j_1f1¢ =
fj,e. Farthermore, 01 ;_1fr¢ = 0 for £ > j + 1, so applying 0; j_1 to a sum-
mand of the form in ([2.9]) does not change the Y-part in (2.9). Summarizing,
applying Off]’-'_l to a summand of the form in (2.9]) gives a sum of monomials
of the form

(2.10)
Se,1 fs.,j,lfs.,j—* Se,n—* ftj,j tim ptit1,+1 pli+1,542 tn,n
L1 - J1,-1 /1, ol B3 dgm il g4l g2 s Jnn -
X/ Z Y

We have to show that these summands satisfy again the conditions i)—iii)
above (but now for the index (j — 1)). If we start in (2:9]) with a summand
which is not the maximal summand, but such that i) and i) hold for the
index j, then the same holds obviously also for the index (j — 1) for all
summands in (ZI0) because the Y-part remains unchanged.

So it remains to investigate the summands of the form (2.I0) obtained by
applying 83:1 to the only summand in (2.9) satisfying iii).

To formalize the arguments used in the calculation for A,_o we need the
following notation. Let 1 < ky < ko < --+ < k, < n be numbers defined by

ki =max{j: a;; € p}.
For convenience we set kg = 1.

Example 2.3. Forp = (o1, 012, ..., Q1n, Q2p, - . ., Qp ) we have ki = n for
alli=1,...,n.

Since s is supported on p we have

k;
(2.11) Sie= D St Ser= > Sie

l=k;_1 i ki1 <<k;
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Suppose now that we have a summand of the form in (2.I0) obtained by
applying 8;;: , to the only summand in (23)) satisfying 4ii). Since the Y-part
remains unchanged, this implies already t,, = Spns - -5 tjt1,j41 = Sj4+1,j+1-
Assume that we have already shown ¢;, = s;j,,...,tj 041 = Sj¢+1, then
we have to show that t;,, < s, 4.

We consider five cases:

e /o > kj;. In this case the root «; 4, is not in the support of p and
hence sj¢, = 0. Since fg > k; > kj_1 > ... > kq, for the same
reason we have s; ¢, = 0 for 7 < j. Recall that the power of fi 4,
in A;_; in (Z0) is equal to Sey,. NOW Seg, = Zi>j Si 0, by the
discussion above, and hence fi'g’(fo has already been transformed
completely by the operators i 4, i > j, and hence t; ¢, = 0 = 5 4,.

o ki1 < /ly < kj. Since g > kj_1 > ... > ki, for the same reason
as above we have s; 4, = 0 for i < j, so se¢, = Zizj Si - The
same arguments as above show that for the operator 0 ;_1 only
the power flJ ‘o

necessarily tMo < 5540-

e kj_1 = ly = kj. In this case sj, = s;4, and thus the operator

is left to be transformed into a power of f;,,, so

8?)' 1= 81 ;24 can transform a power ff', in A; only into a power
f;”zo with ¢ at most s, 4.

® kji_1 = o < kj. In this case sjo = Sjs, + Sjlo+1 + -+ + Sjk;-
Applying E?ij]’-'_l to the only summand in (29 satisfying iii), the
assumption tin = Sjmy--->tjre+1 = Sjro+1 implies that one has to

gkfl

apply 81 -1 to fi & and 0, 21 to ffk _; etc. to get the demanded

powers of the root vectors. So for f} 2o only the operator 81 0y s

left for transformations into a power Of fie0 and hence t; 50 < 554,
o /o < kj_1. In this case s;4 = 0 because the root is not in the

support. Since tj = s for £ > £y and s;, = 0 for £ < £y (same

reason as above) we obtain

. Si
o, = ({)123'?1[0 "
But by assumption we know that 81 Sy ls needed to transform the

power fll into fj‘?él for all £ > £y, so no power of 0y j_1 is left and
thus ¢, =0 = sj4,.
It follows that all summands except one satisfy the conditions i), ) above.
The only exception is the term where the powers of the operator 8 J ", are
distributed as follows:

Se,1 Se,j—1 s s s 1 pSe,j41—% S5, Se,n—*\ pSj41,5+1 Sn,
1 O A O ) O s O fa

By construction, this term is nonzero and satisfies the condition 4ii), which
finishes the proof of the proposition. O

Theorem 2.4. The elements fSvy with s € S(\) span the module grV ().
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Proof. The elements fSvy, s arbitrary multi-exponent, span S(n™)/I(\) ~
grV (X). We use now the equation (2.]]) in Proposition 2] as a straightening
algorithm to express ftvy, t arbitrary, as a linear combination of elements
f5vy such that s € S()\).

Let A = >"" |, m;w; and suppose s ¢ S(X), then there exists a Dyck path
p = (p(0),...,p(k)) with p(0) = a4, p(k) = a; such that

Z Sp() > mi+ -+ mj.
We define a new multi-exponent s’ by setting

s — Say, €D,
0, otherwise.

For the new multi-exponent s’ we still have

Zs >my e+ my.

We can now apply Proposition ZIlto s’ and conclude
7= et i ST)/I0).
s/ >t/
We get f5 back as f5 = % Hﬁgp f;ﬁ. For a multi-exponent t’ occurring in
the sum with ¢y # 0 set ft = ¥ Hﬁ@ f;B and ¢y = ¢y. Since we have a
monomial order it follows:
(2.12) F=r L= aff i Smo)/I.
B¢p s>t

The equation (2.I2) provides an algorithm to express f* in S(n™)/I(\) as
a sum of elements of the desired form: if some of the t are not elements of
S(A), then we can repeat the procedure and express the f* in S(n=)/I(\)
as a sum of f* with r < t. For the chosen ordering any strictly decreasing
sequence of multi-exponents is finite, so after a finite number of steps one
obtains an expression of the form f% = > ¢ f* in S(n~)/I(\) such that
r € S(\) for all r. O

3. THE LINEAR INDEPENDENCE
In the following let R; denote the subset
={a € R" | (wj,a) =1}
We define for a dominant weight A € Pt
Ry={a € R"|()\a)>0}.
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Recall that we use «; j as an abbreviation for o;+a;41+. ..+«  (see Section
). The set R; can then be described as

Ri={oj,|1<j<i<k<n}

We say a path p has colori if 3 j s.t. 5(j) € R;. Note that a path can have
several different colors.

To simplify the notation we often just write (j, k) for the root oy (if no
confusion is possible).

Let A = > " m;jw; and let i be minimal such that m; # 0. For s € S(\),
we denote

R; ={(j,k) € Ri | sjx # 0}.
We define two different orders on R, a partial order “<”:
(J1, k1) < (G2, k2) & (1 < ja Ak < ko),
and a total order “<”:
(J1,k1) < (Jo, ko) < if (k1 < ko) or (k1 = ka A j1 < ja2).
By definition, “<” covers “<”.

Example 3.1. For g = sl4 and ¢ = 2, the minimal element of R; with respect
to both orders is (1,2) = a12 = a1 + 2. Note that a; + s + a3 < ag, but
the two are not comparable with respect to “<”.

A tuple s € S(\) will be considered as an ordered tuple with respect to
the order “<”:

s = (51,1, 51,2, 52,2, 51,3, 52,3, 53,35 - - - s Snyn) -

The induced lexicographic order on S(\) is a total order which we again
denote by “<”.

Remark 3.2. The total order < is different from the order < used in Sec-
tion 21

Example 3.3. For g = sl let s be defined by

513 = 1,590 = 1 and s, = 0 otherwise,
and let t be defined by

t12 = 1,t23 = 1 and t;;, = 0 otherwise.
Then s = (0,0,1,1,0,0) and t = (0,1,0,0,1,0), and so s < t.

Definition 3.4. For s € S(\) denote by M? the set of minimal elements in
RS with respect to <. We denote by m$ the tuple m;, = 1if (j,k) € M?
and m; , = 0 otherwise.

Example 3.5. 1) If R = R;, then M? = {ay;}.
2) If RS = {ovi, i—1,i+1,..-,®i—gite} for some £ < i, then M = RS.
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Remark 3.6. 1). For any multi-exponent s we have
MP ={oj,p, | 1=1,...,m}
for some m, and the indices have the property
1<in<jo<...<jm<li<k,<- - <ky<k <n.

If s € S(w;), then for the associated tuple m§ we get: m$ = s.

2). The sets M} satisfy the following important property: any Dyck path
contains at most one element of M?, because the elements of a Dyck path
are linearly ordered with respect to “>”.

Proposition 3.7. Fors € S(\) let M be the minimal set. Then mS €
S(w;), and if 8’ is such that s = s’ + mS$, then s’ € S(A — w;).

Proof. Note that m$ € S(w;) by Remark[B.6l Let s’ be such that s = s'+m}.
We claim that s’ € S(A —w;). Let A = Z;L:Z mjw;. For a Dyck path p let
qf‘) =3 j color ofp ™ b€ the upper bound for the defining inequality (I.2]) of
S(A) associated to p.

If p is a Dyck path such that i is not a color, then qf‘) = qg_“’i and sg = S/B
for 8 ¢ R;, so s’ satisfies the defining inequality for S(\ — w;) given by p.

Let p be a Dyck path of color 7, so qg_wi = qf; — 1. I pn M? # (), then
Z(j,k)ep 3;',1@ = Z(j,k)Ep sjp—1< qf‘) —1= ql’;_“’i, so s’ satisfies the defining
inequality for S(A —w;) given by p.

Suppose now that p is a Dyck path of color ¢ but p N M = (. Recall
that the elements in supp p are linearly ordered. Let ¢y ,, be the minimal
element in R N suppp. Since ¢ is minimal such that m; > 0, note that
sg = 0 for all 8 € supp p be such that 8 < «ay,,. By assumption, oy ,, & M?,
so let a,.; € M? such that a,; < oy . Let p be the Dyck path

(ar,ra Qppgly ey Qpty Qpttly v oy Opmy Qb 1 my - -+ 5 Xy /817 v 7BN)7

where {f1,...,n} are the elements in supp p such that 5; > «a,,. Since

oy € supp p we know:
D sk< D sin<ap
(4.k)ep (J,k)ep

and hence z(j,k)Ep Sj,k = Z(j,k)ep S;’,k S qé _ 1 — qé—uh, D
For s € S(\) we define a mutation of s as follows:

B= D sikajn

(J,k)ER

B = Z k0 K

(4,k)ER

Definition 3.8. Let

and suppose
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where
tir=01f (j,k) € Ry ; tjr > 0if (4,k) € Ry,
for some t = (t; 1) ¢ S(A). Then we call t a mutation of s.
Example 3.9. Let g = sl3 and A = wy. Define
s by s13=1,s22 =1 and s; ; = 0 else,

and
t by t172 == 1,75273 =1 and ti,j = 0 else.

Then t is a mutation of s.

Proposition 3.10. For s € S()\) let M? be the minimal set. If t' is a

mutation of m$, t =t2 +t! € S(\) and t;,k‘ >0, then m$ < m}.

Proof. Recall (see Remark B.0) that M? = {(ji, k) |l =1,...,m} with
I<pn < <jm<i<kn<- <k

Let t! be a mutation of m$, so t;,k‘ =0 for (j,k) ¢ R;. Then there exists

o € Sy \{id} such that if t;q # 0, then (p, q) = (ji, kyq)) for some 1 <1 < m.

We can even assume that o(l) # [ for all [, because otherwise (j;, k;) is not

mutated and appears in m$ and th.

It is clear that mlt-1 < m! (or equal), so it suffices to show that m$ < m".

Let 2 = o~ *(m), we claim that M{ C {(j1, ko)), - - - (o> Ko(z)) }- Let 1 >z,

then j, < ji and &y, > ko (since o(l) # m). So (ju, km) < (ji, ko) for all

> O

Theorem 3.11. Let A =3 mjw; € P*. For eachs € S(\) fiz an arbitrary
order of factors fo in the product [] .o fax. Let f5 = [[oso fa> be the
ordered product in U(n™). Then the elements fSvy, s € S(A), form a basis

of V(X).

Proof. We will prove the claim by induction on m = Z?:l m;. By Theo-
rem [2.4] we know that the fSvy span the representation V(\), so dim V() >
#S(X). For the initial step m = 1 the description of S(w;) in Remark
shows that the tuples have all different weights and hence the fSv,, are also
linearly independent, which proves the claim for the fundamental represen-
tations.

We assume that the claim holds for A, we want to prove it for A + w;.
We may assume again that 4 is minimal such that m; # 0. The highest
weight vector vy ® v, generates V(A + w;) C V() ® V(w;). We assume
in the following that the roots are ordered in such a way that the f, with
a € R; are at the beginning. Every element s € S(\ 4+ w;) defines a vector
of fS(vA®uy,;) € V(A+w;). We want to show that these vectors are linearly
independent, so we have to show

(3.1) Z asf3(vy ®@vy,;,) =0=0as=0Vs € S\ +w).
s€S(A+w;)
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We may assume without loss of generality that all s have the same weight,
say s € S(A+w;)*. By Proposition 37 we can split an element in S(\ + w;)
such that s = s + m$, where so € S(\). Assume that we have a non-trivial
linear dependence relation in [B). Fix s € S(A + w;)* such that ag # 0
in this relation and a¢ = 0 for all t such that m$ < mf. Consider first
S = 82 + m$, so we have

(3.2) 5 (oA ® vy,) = s f520) ® fmfvwi + other terms,

where Cms IS a nonzero constant (product of binomial coefficients).

All the terms occurring in the linear dependence relation ([B.I) can be
rewritten as sums of terms of the form f"2v)\ ® fv,,. So in order to prove
that necessarily ag = 0 for all terms in ([B.]), it is sufficient to show that that
the terms fT2vy\ ® flv,, satisfying wt(re) = wt(s2) and wi(ry) = wt(m?)
are linearly independent.

Let us first consider the possible terms in ([3.2]) occurring among the other
terms. It is a sum of elements f*2v)\® f"v,,, wherera+r; =sand ry # mf.
If wt(r1) = wt(m$), then either r; € S(w;), but then r; = m$ for weight
reasons, or r1 € S(w;). In the latter case the entries in ry are zero for all
are € R; because of the special choice of the ordering, and hence r; has
to be a mutation of m$. Then by Proposition B0, m$ < m}'**? = m?
which is a contradiction. So the other terms consist only of tensors of the
form f*2v) ® f"v,,, where wt(ra) # wt(s2) and wt(r;) # wt(m$), hence for
proving linear independence we can neglect these terms.

To obtain a non-trivial linear combination such that at # 0 for some
t # 8, one needs an element t € S(\+ w;)* which can be splitted t = to + t1
such that wt(t2) = wt(s2), wt(t1) = wt(m?), and f*2vy #£ 0, ft1v,, # 0.

Suppose that one has such a t = to + t; and t; ¢ S(w;). By the same
arguments as above, t1 is a mutation of m$ and hence by Proposition BI0,
m? < mf. But in this case we have by assumption a¢ = 0, contradicting
the fact ay # 0.

It follows t; € S(w;) and hence, by weight arguments, t; = m$ and
t =ty + m?, where ty # so.

So if a term of the form f*2v) ® ft1u,, wt(ta) = wt(S2), wt(t1) = wt(mS)
occurs in the linear dependence relation (B), then necessarily t; = ms.
Hence, by Proposition B, te € S(A). Since the possible ty are different
from § and by induction the terms {f*2vy ® f™iv,, | t2 € S(\)} are linearly
independent, it follows ag = 0, contradicting the assumption ag # 0.

Summarizing, we have shown that for the order fixed at the beginning
of the proof the fSvyiy,, s € S(A + w;), are linearly independent and form
a basis. This implies in particular that §S(\ + w;) = dim V(A + w;). Now
by Theorem [2:4] we know that the fSvyiy,, s € S(A + w;), span V(A + w;)
for any chosen total order. So, for dimension reason, they also have to be
linearly independent for any chosen order. U
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4. PROOF OF THEOREM A AND APPLICATIONS

In this section we collect some immediate consequences of the construc-
tions in Sections 2 and 3. The proof of Theorem B.I11] shows:

Corollary 4.1.
dim V(X) = #S(A\) = number of integral points in the polytope P(\).

By the defining inequalities (see [0.I]) for the polytope P()) it is obvious
that for two dominant integral weights \, u we have P(\)+ P(u) € P(A+p),
and hence for the integral points we have S(\) + S(u) € S(A + p), too. In
fact, the reverse implication is also true:

Proposition 4.2. S(\) + S(p) = S(A + ).

Proof. Set v = A+ p and write v = ) k;w; as a sum of fundamental weights.
Proposition 3.7 provides an inductive procedure to write an element s in
S(v)asasums =) 12 * ,m; j such that m; ; € S(w;) for all 1 <z < n,

1 < j < k;. This sum can be reordered in such a way that s = s + s2,
st € S(\), s2 € S(u),sos € S(\) + S(u). O

As an interesting application we obtain a combinatorial character formula
for the representation V(\). Let P be the weight lattice and for s € S()\)

define the weight
wt(s) := Z 55,100 k-
1<j<k<n

Let S(A)* be the subset of elements such that y = A—wt(s) and let S(\)* :=
#{s € S(\) | p = X — wt(s)} be the number of elements of this set. We
obtain as a consequence of Theorem

Proposition 4.3.

charV (\) = Z S(A) et
pepP

The big advantage of our approach is that it provides also a combinatorial
formula for the graded character. Recall that grV (\) carries an additional
grading on each weight space V(A\)#* of V/(\):

ng()\)“:EBgrs “—EBV WV (A
5>0 $>0
The graded character of the weight space is the polynomial
Pau(@) =Y _(dim V)L / V)LL)
s>0
and the graded character of V() is
charg(V(A) = D paula)e”
pepP
We have a natural notion of a degree for the multi-exponents:
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Definition 4.4.
deg(s) := Z S5 k-

1<j<k<n
As an immediate consequence of Theorem we get

Corollary. px.(q) = > sesn q4°8s and

charq(V (X)) = Z A WHs) gdes(s)
seS(N)

Finally, we note that the results of Sections 2l and [Blimply the description
of the annihilating ideal ().

Theorem 4.5.
(4.1) I = Sn) (U(n+) o span{ fM9*1 o > 0}) .

Proof. Since f(g)"a)ﬂv)\ =0 in V(A) for all positive roots «, the right hand
side of (1)) belongs to I(\). Section [2 shows that the relations in the RHS
of (@I are enough to rewrite any element of grV () in terms of the basis
element fSvy, s € S(A). This proves our theorem. O
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